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Exploring the phenomena






Chapter 1

Introduction

When a PhD student in Physics picks up a textbook about elementary parti-
cles, or cosmology, or condensed matter, there is little doubt about what will
be found inside the covers. There are questions, perhaps, about the level and
style of presentation, or about the emphasis given to different subfields, but
the overall topic is clear. The situation is very different for books or courses
that attempt to bring the intellectual style of physics to bear on the phenom-
ena of life. The problem is not just in how we teach, but also in how we do
research. The community of physicists interested in biological problems is in-
credibly diverse, it spills over into more amorphously defined interdisciplinary
communities, and individual physicists often are more connected to biologists
working on the same system than they are to physicists asking the same con-
ceptual question in other biological systems. None of this is necessarily good or
bad, but it can be confusing for students.

1.1 About our subject

Ours is not a new subject, but over its long history, “biophysics” or “biological
physics” has come to mean many different things to different communities.! At
the same time, for many physicists today, biophysics remains new, and per-
haps a bit foreign. There is an excitement to working in a new field, and I
hope to capture this excitement. Yet our excitement, and that of our students,
sometimes is tempered by serious concerns, which can be summarized by naive
questions: Where is the boundary between physics and biology? Is biophysics
really physics, or just the application of methods from physics to the problems of
biology? My biologist friends tell me that “theoretical biology” is nonsense, so
what would theoretical physicists be doing if they got interested in this field? In

1The use of these two different words also is problematic. I think that, roughly speaking,
“biophysics” can be used by people who think of themselves either as physicists or biologists,
while “biological physics” is an attempt to carve out a subfield of physics, distinct from biology.
The difficulty is that neither word really points to a set of questions that everyone can agree
upon. So, we need to dig in.
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the interaction between physics and biology, what happens to chemistry? How
much biology do I need to know in order to make progress?” Why do physicists
and biologists seem to be speaking such different languages? Can I be inter-
ested in biological problems and still be a physicist, or do I have to become a
biologist? Although there has been much progress over the last decade, T still
hear students (and colleagues) asking these questions, and so it seems worth a
few pages to place the subject of this book into context.

To put things in perspective, we need to have in mind at least a cartoon
sketch of the intellectual landscape that we are trying to explore. I'm not a
sociologist or historian of science, and cartoons can be, by definition, cartoonish,
so there are myriad dangers here. Indeed, the dangers are sufficiently great
that at least one colleague recommended scrapping this discussion completely.
There is a school of thought which says, roughly, “I don’t care if it’s biology or
physics, I just want to do interesting science,” and according to this view one
needn’t worry about the place of biophysics in relation to the larger, separate
enterprises of physics and biology. This sounds good, and hints at a nirvana in
which disciplinary boundaries are erased, and (by extension) universities have no
departments. But this position isn’t interdisciplinary or multidisciplinary, it’s
anti—disciplinary, and it assumes, implicitly, that the definition of “interesting”
is objective, independent of our intellectual backgrounds. I find this very hard
to believe.? One might hope that we could construct an objective definition
of interesting science, but certainly practicing scientists don’t automatically
subscribe to such a thing. Indeed, faced with the same natural phenomena, my
experience is that physicists and biologists (and mathematicians and chemists
and engineers) will ask different questions. By the time we find answers, we
ought to be able to convince one another that we have accomplished something.
But at the stage where we still formulating questions, I think that any search for
unanimity about what is a “good” or “interesting” question would devolve into
one group insisting that they alone have the right to determine what is relevant.
I believe there really are physics problems motivated by the phenomena of life,
and that these problems can be different from the problems that engage our
biologist friends—mnot better or worse, but different. So, with this in mind, let
us draw that sketch, cartoonish though it may be.

Academic disciplines can define themselves either by their objects of study
or by their style of inquiry. Physics is firmly in the second camp. Physicists
make it their business to ask certain kinds of questions about Nature, and to seek
certain kinds of answers. Exactly which aspects of the world capture the interest
of the physics community can and does change, not least as new phenomena
become accessible to the physicists’ style of inquiry. Throughout these changes,

2Full disclosure: As an undergraduate at Berkeley, I took philosophy of science from Paul
Feyeraband, who was a particularly eloquent (and amusing) critic of the idea that there is
something objective that we could point to as a universally interesting scientific question;
this was part of a larger critique of attempts to codify “the scientific method.” I think his
arguments were meant to make us look more carefully at our own assumptions about the
nature of the scientific enterprise, and I think this worked for me. Some found him too much,
and construed his approach as anti-scientific. I encourage you to explore for yourself in the
references at the end of this section.
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“thinking like a physicist” is supposed to mean something, and it is this, above
all else, that we try to convey to our students. We take ourselves (not without
hubris) to be the intellectual heirs of Galileo, embracing his evocative claim that
the book of Nature is written in the language of mathematics.

Biology translates from its Greek roots as the study of life. The style of in-
quiry may change, from studies of animal behavior and anatomy to genetics and
molecular structure, but the objects remain the same. It is especially important
for physicists to appreciate the vastness of the enterprise that is labeled “biol-
ogy,” and the divisions within biology itself. A geneticist, for example, studying
the dynamics of regulatory networks in a simple organism such as yeast, has
relatively little in common with a colleague who studies the dynamics of neural
networks for the regulation of movement in higher organisms. Not only is biol-
ogy defined by the objects of study, but subfields of biology are similarly defined,
so that networks of neurons and networks of genes are different subjects.

Differences in our view of the scientific enterprise translate rather directly
into different educational structures. In physics, we (try to) teach principles and
derive the predictions for particular examples. In biology, teaching proceeds
(mostly) from example to example, system to system. Although physics has
subfields, to a remarkable extent the physics community clings to the romantic
notion that Physics is one subject. Not only is the book of Nature written in
the language of mathematics, but there is only one book, and we expect that if
we really grasped its content it could be summarized in very few pages. Where
does biophysics fit into this view of the world?

There is something different about life, something that we recognize imme-
diately as distinguishing the animate from the inanimate. But we no longer
believe that there is a fundamental “life force” that animates a lump of inert
stuff.? Similarly, there is no motive force which causes superfluid helium to
crawl up the sides of a container and escape, or which causes electrical current
in a superconducting loop to flow forever; the phenomena of superfluidity and
superconductivity emerge as startling consequences of well known interactions
among electrons and nuclei, interactions which usually have much more mun-
dane consequences. As physicists studying the phenomena of life, we thus are
not searching for a new force of Nature. Rather we are trying to understand
how the same forces that usually cause carbon based materials to look like rocks
or sludge can, under some conditions, cause some of this material to organize
itself and walk (or swim or fly) out of the laboratory. What is special about the
state of matter that we call life? How does it come to be this way? Different
generations of physicists have approached these mysteries in different ways.

Looking back

Some of the giants of classical physics—Helmholtz, Maxwell, and Rayleigh, to
name a few—routinely crossed borders among disciplines that we now distin-

3This now obvious statement reflects centuries of hard work, and not a little real fighting.
Einstein’s explanation of Brownian motion, among other things, put to rest the idea that the
spontaneous movements of microscopic particles reflected a life force.
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guish as physics, chemistry, biology, and even psychology. Some of their forays
into the phenomena of life were driven by a desire to test the universality of
physical laws, such as the conservation of energy. A very different motivation
was that our own view of the world is determined by what we can see and hear,
and more subtly by what we can reliably infer from the data that our eyes and
ears collect. These physicists thus were drawn to the study of the senses; for
them, there was no boundary between optics and vision, or between acoustics
and hearing. Helmholtz in particular took a very broad view, seeing a path not
just from acoustics to the mechanics of the inner ear and from the properties of
light to the optics of the eye, but all the way from the physical stimuli reaching
our sense organs to the nature of our perceptions, to our ability to learn about
the world, and even to what makes some sights or sounds more pleasing than
others. Reading Helmholtz today I find myself struck by how much his insights
still guide our thinking about vision and hearing, and by how the naturalness of
his cross—disciplinary discourse remains something which few modern scientists
achieve, despite all the current fanfare about the importance of multidisciplinary
work. Most of all, I am struck by his soaring ambition that physics should not
stop at the point where light hits our eyes or sound enters our ears, and that we
should search for a physics that reaches all the way to our personal, conscious
experience of the world in all its beauty.

The rise of modern physics motivated another wave of physicists to explore
the phenomena of life. Fresh from the triumphs of quantum mechanics, they
were emboldened to seek new challenges and brought new concepts. Bohr won-
dered aloud if the ideas of complementarity and indeterminacy would limit our
ability to understand the microscopic events that provide the underpinnings of
life. Delbriick was searching explicitly for new principles, hoping that a modern
understanding of life would be as different from what came before as quantum
mechanics was different from classical mechanics. Schrédinger, in his influen-
tial series of lectures entitled What is Life?, seized upon the discovery that our
precious genetic inheritance was stored in objects the size of single molecules,
highlighting how surprising this is for a classical physicist, and contrasted the
order and complexity of life with the ordering of crystals. Along the way he
outlined a strikingly modern view of how non—equilibrium systems can generate
structure out of disorder, continuously dissipating energy.

In one view of history, there is a direct path from Bohr, Delbriick and
Schrédinger to the emergence of molecular biology. Certainly Delbriick did play
a central role, not least because of his insistence that the community should
focus (as the physics tradition teaches us) on the simplest examples of crucial
biological phenomena, reproduction and the transmission of genetic information.
The goal of molecular biology to reduce these phenomena to interactions among
a countable set of molecules surely echoed the physicists’ search for the funda-
mental constituents of matter, and perhaps the greatest success of molecular
biology is the discovery that many of these basic molecules of life are universal,
shared across organisms separated by hundreds of millions of years of evolution-
ary history. Where classical biology emphasized the complexity and diversity
of life, the first generation of molecular biologists emphasized the simplicity
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and universality of life’s basic mechanisms, and it is not hard to see this as an
influence of the physicists who came into the field at its start.

Another important idea at the start of molecular biology was that the struc-
ture of biological molecules matters. Although modern biology students, even
in many high schools, are taught that “structure determines function,” this was
not always obvious. To imagine, in the years immediately after World War 11,
that all of classical biochemistry and genetics would be reconceptualized once
we could see the actual structures of proteins and DNA, was a revolutionary
vision—a vision shared only by a handful of physicists and the most physical
of chemists. Every physicist who visits the grand old Cavendish Laboratory
in Cambridge should pause in the courtyard and realize that on that ground
stood the MRC hut, where Bragg nurtured a small group of young scientists
who were trying to determine the structure of biological molecules through a
combination of X-ray diffraction experiments and pure theory. To make a long
and glorious story short, they succeeded, perhaps even beyond Bragg’s wildest
dreams, and some of the most important papers of twentieth century biology
thus were written in a physics department.

Perhaps inspired by the successes of their intellectual ancestors, each sub-
sequent generation of physicists offered a few converts. The idea, for example,
that the flow of information through the nervous system might be reducible to
the behavior of ion channels and receptors brought one group, armed with low
noise amplifiers, intuition about the interactions of charges with protein struc-
ture, and the theoretical tools to translate this intuition into testable, quan-
titative predictions. The possibility of isolating a single complex of molecules
that carried out the basic functions of photosynthesis brought another group,
armed with the full battery of modern spectroscopic methods that had emerged
in solid state physics. Understanding that the mechanical forces generated by a
focused laser beam are on the same scale as the forces generated by individual
biological molecules as they go about their business brought another generation
of physicists to our subject. The sequencing of whole genomes, including our
own, generated the sense that the phenomena of life could, at last, be explored
comprehensively, and this inspired yet another group. Proximal stimuli were
not always experimental: the idea that networks of neurons could be described
in the language of statistical mechanics energized a whole theoretical commu-
nity, and their results gradually fed back into the investigation of cells, circuits
and systems in the brain. These examples are far from complete, but give a
sense for the diversity of challenges that drew physicists toward problems which
traditionally had been in the domain of biologists.

Through these many generations, some conventional views arose about the
nature of science at the borders between physics and biology. First, there is a
strong emphasis on technique. From X-ray diffraction to the manipulation of
single molecules to functional imaging of the human brain, it certainly is true
that physics has developed experimental techniques that allow much more direct
exploration of questions raised by biologists. Second, there is a sense that in
some larger classification system, biophysics is a biological science. Certainly
when I was a student, and for many years afterwards, physicists would speak
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(sometimes wistfully) of colleagues who were fascinated by the phenomena of
life as having “become biologists.” For their part, biologists would explain that
physicists were successful in these explorations only to the extent that they
appreciated what was “biologically important.” Finally, biophysics has come to
be organized along the lines of the traditional biological subfields. As a result,
the dynamics of ion channels in single neurons and the collective behavior of
large neural networks are separate subjects, and the generation of physicists
exploring noise in the regulation of gene expression is disconnected from the
previous generation that studied noise in ion channels.

Without taking anything away from what has been accomplished, I believe
that much has been lost in the emergence of the conventional views about the
nature of the interaction between physics and biology. By focusing on methods,
we miss the fact that, faced with the same phenomena, physicists and biologists
will ask different questions. In speaking of biological importance, we ignore the
fact that physicists and biologists have different definitions of understanding. By
organizing ourselves around structures that come from the history of biology,
we lose contact with the dreams of our intellectual ancestors that the dramatic
qualitative phenomena of life should be clues to deep theoretical insights, that
there should be a physics of life and not just the physics of this or that particular
process. It is, above all, these dreams that I would like to rekindle in my students
and in the readers of this book.

Looking forward

At present, most questions about how things work in biological systems are
viewed as questions that must be answered by experimental discovery. The sit-
uation in physics is very different, in that theory and experiment are more equal
partners. In each area of physics we have a set of general theoretical principles,
all interconnected, which define what is possible; the path to confidence in any
of these principles is built on a series of beautiful, quantitative experiments
that have extended the envelope of what we can measure and know about the
world. Beyond providing explanations for what has been seen, these princi-
ples provide a framework for exploring, sometimes playfully, what ought to be
seen.* In many cases these predictions are sufficiently startling that to observe

4Reading an earlier draft, one friend found my use of “ought” here quite jarring, as if
theoretical predictions were moral imperatives: children should mind their manners, and the
Higgs boson should have a mass of 127 GeV. Surely physics does not make normative claims,
that the world should be one way or another, but rather tries to describe the world as we find
it. I was about to choose another word, but coincidentally found myself reading David Foster
Wallace’s essay Authority and American Usage. Nominally a book review of a dictionary (!),
Wallace discusses many things, including the distinction between prescriptive and descriptive
approaches to language. Descriptivists write dictionaries with the goal of cataloguing the
language as it is used, without claiming that some patterns of usage are superior to others,
only more common, while prescriptivists write dictionaries with the goal of defining what is
correct, establishing norms for usage. According to Wallace, the descriptivists often claim their
program to be the more scientific, being based on data about what native speakers actually do.
One can hear echoes of this conflict in the interactions between the intellectual traditions of
physics and biology. A more empirically minded biologist might insist that models be based on
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the predicted phenomena (a new particle, a new phase of matter, fluctuations
in the radiation left over from the big bang, ...) still constitutes a dramatic
experimental discovery.

Can we imagine a physics of biological systems that reaches the level of
predictive power that has become the standard in other areas of physics? Can
we reconcile the physicists’ desire for unifying theoretical principles with the
obvious diversity of life’s mechanisms? Could such theories engage meaningfully
with the myriad experimental details of particular systems, yet still be derivable
from succinct and abstract principles that transcend these details? For me, the
answer to all of these questions is an enthusiastic “yes.” T hope that this book
will convey both my enthusiasm and the reasons that lie behind it.

Although we aim at questions that have the generality and abstraction that
are familiar from our experience in the rest of physics, our attention is attracted
first not by abstractions, but by the concrete and dramatic phenomena of life, so
we should start there. There are so many beautiful things about life, however,
that it can be difficult to choose an appropriate starting point. Before explaining
the choices I made in writing this book, I want to emphasize that there are many
equally good choices. Indeed, if we choose almost any of life’s phenomena—the
development of an embryo, our appreciation of music, the ability of bacteria
to live in diverse environments, the way that ants find their way home in the
hot desert—we can see glimpses of fundamental questions even in the seemingly
most mundane events.

It is a remarkable thing that, pulling on the threads of one biological phe-
nomenon, we can unravel so many general physics questions. In any one case,
some problems will be presented in purer form than others, but in many ways
everything is there. Thus, if we think hard about how crabs digest their food (to
choose a particularly prosaic example), we will find ourselves worrying about
how biological systems manage to find the right operating point in very large
parameter spaces. This problem, as we will see in Chapter 5, arises in many
different systems, across levels of organization from single protein molecules to
short—term memory in the brain. Thus, in an odd way, everything is fair game.
The challenge is not to find the most important or “fundamental” phenomenon,
but rather to see through any one of many interesting and beautiful phenomena
to the deep physics problems that are hiding underneath the often formidable
complexity of these systems.

“everything that we know is there” in the real system. A more theoretically inclined physicist
would feel comfortable writing down simplified models that leave out many details; indeed,
much of the art of theorizing is in separating what we suspect is essential from the ignorable
details. Such theories thus make a normative claim, namely that the world should behave in
a way such that the things we leave out of our models aren’t important. So, I think the use
of “ought” in this context really gets at an essential aspect of what we do when we construct
theories in the physics tradition: the theoretical physicist’s relation to Nature is prescriptivist.
I cannot resist noting that Wallace comes down on the side of prescriptivism, not least because
a genuinely complete and unbiased descriptivism is impossible, much as it may be impossible
to know everything about the components and interactions in a complex biological system.
In the end, even descriptivists make normative claims about what constitutes a “good” data
set, and so we might as well be honest about our prescriptions.
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The first problem, as noted above, is that there really is something different
about being alive, and we’d like to know what this is—in the same way that we
know what it is for a collection of atoms to be solid, for a collection of electrons
to be superconducting, or for the vacuum to be confining (of quarks). This
“What is life?” question harkens back to Schrodinger, and one might think that
the molecular biology which arose in the decades after his manifesto would have
answered his question, but this isn’t clear. Looking around, we more or less im-
mediately identify things which are alive, and the criteria that we use in making
this discrimination between animate and inanimate matter surely have nothing
to do with DNA or proteins. Even more strongly, we notice that things are
alive long before we see them reproduce, so although self-reproduction might
seem like a defining characteristic, it doesn’t seem essential to our recognition of
the living state. Being alive is a macroscopic state, while things like DNA and
the machinery of self-reproduction are components of the microscopic mecha-
nism by which this state is generated and maintained.® While we have made
much progress on identifying microscopic mechanisms, we have made rather
less progress on identifying the “order parameters” that are characteristic of
the macroscopic state.

Asking for the order parameters of the living state is a hard problem, and
not terribly well posed. One way to make progress is to realize that as we make
more quantitative models of particular biological systems, these models belong
to families: we can imagine a whole class of systems, with varying parameters,
of which the one we are studying is just one example. Presumably, most of these
possible systems are not functional, living things. What then is special about the
regions of parameter space that describe real biological systems? This is a more
manageable question, and can be asked at many different levels of biological
organization. If there is a principle that differentiates the genuinely biological
parts of parameter space from the rest, then we can elevate this principle to a
theory from which the properties of the biological system could be calculated a
priori, as we do in other areas of physics.

If real biological systems occupy only a small region in parameter space of
possible systems, we have to understand the dynamics by which parameters
arrive at these special values. At one extreme, this is the problem of the ori-
gin of life. At the opposite extreme, we have the phenomena of physiological
adaptation, whereby cells and systems adjust their behavior in relation to vary-
ing conditions or demands from the environment, sometimes in fractions of a
second. In between we have learning and evolution. Adaptation, learning and
evolution represent very different mechanisms, on different but perhaps overlap-
ping time scales, for accomplishing a common goal, tuning the parameters of a
biological system to match the problems that organisms need to solve as they

5More precisely, all the molecular components of life that we know about comprise one way
of generating and maintaining the state that we recognize as being alive. We don’t know if
there are other ways, perhaps realized on other planets. This remark might once have seemed
like science fiction, and perhaps it still is, but the discovery of planets orbiting distant stars
has led many people to take these issues much more seriously. Designing a search for life on
other planets gives us an opportunity to think more carefully about what it means to be alive.



1.1. ABOUT OUR SUBJECT 11

try to survive and reproduce. What is the character of these dynamics? Are the
systems that we see around us more or less “equilibrated” in these dynamics, or
are today’s organisms strongly constrained by the nature of the dynamics itself?
Put another way, if evolution is implementing an algorithm for finding better or-
ganisms, are the functional behaviors of modern biological systems significantly
shaped by the algorithm itself, or can we say that the algorithm solves a well
defined problem, and what we see in life are the solutions to this problem?

In order to survive in the world, organisms do indeed have to solve a wide
variety of problems. Many of these are really physics problems: converting
energy from one form to another, sensing weak signals from the environment,
controlling complex dynamical systems, transmitting information reliably from
one place to another, or across generations, controlling the rates of thermally
activated processes, predicting the trajectory of multidimensional signals, and so
on. While it’s obvious (now!) that everything which happens in living systems
is constrained by the laws of physics, these physics problems in the life of the
organism highlight these constraints and provide a special path for physics to
inform our thinking about the phenomena of life.

Identifying all the physics problems that organisms need to solve is not so
easy. On the one hand, thinking about how single celled organisms, with sizes
on the scale of one micron, manage to move through water, we quickly get to
problems that have the look and feel of problems that we might find in Lan-
dau and Lifshitz. On the other hand, it really was a remarkable discovery that
all cells have built Maxwell demons, and that our description of a wide va-
riety of biochemical processes can be unified by this observation (see Section
4.5). Efforts in this direction can be very rewarding, however, because we iden-
tify questions that connect functionally important behaviors—things organisms
really care about, and for which evolution might select—with basic physical
principles. Physics shows us what is hard about these problems, and where
organisms face real challenges. Physics also places limits on what is possible,
and this gives us an opportunity to put the performance of biological systems
on an absolute scale. This makes precise our intuition that organisms are really
very good at solving some very difficult problems.

Let us conclude this discussion with a tentative summary. The business of
life involves solving physics problems, and these problems provide us with a
natural subject matter. In particular, these problems focus our attention on
the concept of “function,” which is not part of the conventional physics vocabu-
lary,® but clearly is essential if we want to speak meaningfully about life. Of the
possible mechanisms for solving these problems, most combinations of the avail-
able ingredients probably don’t work, and specifying this functional ensemble
provides a manageable approach to the larger question of what characterizes the
living state. Adaptation, learning and evolution allow organisms to find these
special regions of parameter space, and the dynamics of these processes provide
another natural set of problems.

6This isn’t quite fair. In thermodynamics we distinguish “useful work,” which provides a
notion of function, at least in the limited context of heat engines. But we need something
more general if we want to capture the full range of problems that organisms have to solve.
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If you are excited about problems at the interface of physics and biology, you must read
Schrodinger’s “little book” What is Life?. To get a sense of the excitement and spirit of
adventure that our intellectual ancestors brought to the subject, you should also look at
the remarkable essays by Bohr (1933) and Delbriick (1949). Delbriick reflected on those early
ideas some years later (1970), as did his colleagues and collaborators (Cairns et al 1966). For a
more professional history of the emergence of modern molecular biology from these physicists’
musings, see Judson (1979). The remarkable essay about dictionaries (and so much more)
is Wallace (2006). Feyeraband’s classic books are (1975) and (1978). For some of the great
classical physicists and their relation to the phenomena of life, see Helmholtz (1924-5, 1954),
portions of Rayleigh (1945), and Ohm (1843).

Bohr 1933 Light and life. N Bohr, Nature 131, 421-423 (1933).
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Helmholtz 1924—5 Helmholtz’ Treatise on Physiological Optics. Translated from the third
German edition of 1909-11, by JPC Southall. HLF von Helmholtz (Optical Society of
America, Rochester NY, 1924-5).

Helmholtz 1954 On the Sensations of Tone as a Physiological Basis for the Theory of
Music. Second English edition, translated from the fourth and last German edition of
1877, by AJ Ellis. HLF von Helmhotz (Dover, New York, 1854).

Judson 1979 The Eighth Day of Creation HF Judson (Simon and Schuster, New York,
1979).

Ohm 1843 Ueber die Definition des Tons, nebst daran geknpfter Theorie der Sirene und
hnlicher tonbildender Vorrichtungen. GS Ohm, Ann der Phusik 59, 513-566 (1843).

Rayleigh 1945 The Theory of Sound. Second revised edition, with a historical introduction
by RB Lindsay. JW Strutt, Baron Rayleigh (Dover, New York, 1945).

Schroédinger 1944 What is Life? E Schrodinger (Cambridge University Press, Cambridge,
1944).

‘Wallace 2006 Authority and American usage, in Consider the Lobster and Other Essays.
DF Wallace (Back Bay Books, New York, 2006). An earlier version appears as Tense
Present: Democracy, English, and the Wars over Usage, in Harper’s Magazine April
2001, pp 39-58.
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1.2 About this book

This book has its origins in a course that I have taught for several years at
Princeton. It is aimed at PhD students in Physics, although a sizable number of
brave undergraduates have also taken the course, as well as a handful of graduate
students from biology, engineering, applied math, etc..” Bits and pieces have
been tested in shorter courses, sometimes for quite different audiences, at the
Marine Biological Laboratory, at Les Houches, at the Boulder Summer School on
Condensed Matter Physics, at “Sapienza” Universita di Roma, at the Rockefeller
University, and at the Graduate Center of the City University of New York.

Rationale

Many courses on biophysics address an audience drawn from multiple disciplines,
trying both to introduce physics students to the intellectual challenges posed
by the phenomena of life and to introduce biology students to the concepts and
methods of physics. Doing this for graduate students is incredibly hard. In
practice, making biophysics an interdisciplinary course means that the level of
mathematics and physics that one draws upon must be much lower than in other
courses for physics graduate students. By itself this needn’t be a bad thing, and
surely it makes the material more accessible. But if this is the only way that we
teach our subject, then there is a danger that the lack of connection to deeper
physics ideas will become a self-fulfilling prophecy. My plan in teaching was
thus the opposite of the interdisciplinary course—to produce a biophysics course
that serves as an advanced physics graduate course in the same way that my
colleagues teach condensed matter physics, quantum field theory and particle
physics, or astrophysics and cosmology.® I have the sense that, when I was
student, most physicists would have been skeptical about the feasibility of such
a project, but things have changed. Physicists have explored the phenomena
of life at many different levels, from single molecules to entire populations of
organisms, and many have brought back insights that are exciting as physics,
not just as applications of physics to other fields. Part of my point in teaching
and in writing this book has been to celebrate this transformation.

In its earliest incarnations, the course consisted of a series of case studies—
problems where physicists have tried to think about some particular biological
system. The hope was that in each case study we might catch a glimpse of
some deeper and more general ideas. As the course evolved, I tried to shift the
balance from examples toward principles. The difficulty, of course, is that we
don’t know the principles, we just have candidates. At some point I decided that
this was OK, and that trying to articulate the principles was important even

TWith apologies to colleagues elsewhere in the world, I’ll use the US terms for students at
different levels of their education.

8By now this is more than a goal, it is something of a contractual obligation. Our graduate
students are required to take several courses in different areas to demonstrate the breadth of
their knowledge of physics, and biophysics is one of the courses on the list that can satisfy
this requirement. For this plan to be meaningful, all the interchangeable courses need to be
taught on the same level.
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if we get them wrong. I believe that, almost by definition, something we will
recognize as a theoretical physics of biological systems will have to cut across
the standard subfields of biology, organizing our understanding of very different
systems as instantiations of the same underlying ideas.

Although we are searching for principles, we start by being fascinated with
the phenomena of life. Thus, I start with one particular biological phenomenon
that holds, I think, an obvious appeal for physicists, and this is the ability of the
visual system to count single photons. As we explore this phenomenon, we’ll
meet some important facts about biological systems, we’ll see some methods
and concepts that have wide application, and we’ll identify and sharpen a series
of questions that we can recognize as physics problems. The really beautiful
measurements that people have made in this system also provide a compelling
antidote to the physicists’ prejudice that experiments on biological systems are
necessarily messy; indeed, I think these measurements set a standard for quanti-
tative experiments on biological systems that should be more widely appreciated
and emulated.” Another crucial feature of the photon counting problem is that
it cuts across many levels of biological organization, from the quantum (really)
dynamics of single molecules to the macroscopic dynamics of human cognition.

I think one of the most important aspects of our field is the process of digging
around in the phenomena to find interesting physics problems. Obviously there
is a matter of taste here, and even among physicists with similar educations
different problems will leap out at us from the complexities of real biological
systems. But teaching biophysics surely involves teaching this process of formu-
lating problems,'? not by fiat but by going through real examples. So, we’ll take
an explicit pause to formulate problems, and to articulate candidate principles
(Chapter 3). What emerges are three broad ideas: the importance of noise, the
need for living systems to function without fine tuning of parameters, and the
possibility that many of the different problems solved by living organisms are
just different aspects of one big problem about the representation of informa-
tion. Each of these ideas is something which many people have explored, and I
hope to make clear that these ideas have generated real successes. The greatest
successes, however, have been when these theoretical discussions are grounded
in experiments on particular biological systems. As a result, the literature is
fragmented along lines defined by the historical subfields of biology. The goal
here is to present the discussion in the physics style, organized around principles

9Perhaps surprisingly, many biologists share the expectation that their measurements will
be noisy. Indeed, some biologists insist that physicists have to get used to this, and that this
is a fundamental difference between physics and biology. Certainly it is a difference between
the sciences as they are practiced, but the claim that there is something essentially sloppy
about life is deeper, and deserves more scrutiny. One not so hidden agenda in my course is to
teach physics students that it is possible to uncover precise, quantitative facts about biological
systems in the same way that we can uncover precise quantitative facts about non—biological
systems, and that this precision matters.

10Perhaps teaching in any field should involve teaching the process of formulating problems,
but in more mature areas of physics there are so many successful examples that we often feel
justified in assuming that this process will become clear en passant. This may or may not be
correct. One might also note that the success of theory changes this process, since one of the
roles of theory is to define what would be interesting or surprising.
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from which we can derive predictions for particular examples.

My choice of candidate principles is personal, and I don’t expect that ev-
eryone in the field will agree with me; indeed, by the time there is consensus,
perhaps the field won’t be as much fun. Even more than my choice of princi-
ples, my choice of examples is not meant to be canonical, but illustrative. In
choosing these examples, I had three criteria. First, I had to understand what
was going on, and of course this biases me toward cases which my friends and
I have studied in the past. I apologize for this limitation, and hope that I have
been able to do justice at least to some fraction of the field. Second, I want to
emphasize the tremendous range of physics ideas which are relevant in thinking
about the phenomena of life. Many students are given the impression, implic-
itly or explicitly, that to do biophysics one can get away with knowing less “real
physics” than in other subfields, and I think this is a disastrous misconception.
Finally, if the whole program of finding principles is going to work, then it must
be that a single principle really does illuminate the functioning of seemingly very
different biological systems. Thus I make a special effort to be sure that the set
of examples for each principle cuts across the subfields of biology, in particular
across the great divide between molecular and cellular biology on the one hand
and neurobiology on the other.!! Ideally I would go even further, reaching to-
ward the behavior of populations of organisms, the interactions among multiple
species in natural ecologies, and so on. I can imagine how some of the same
ideas and principles that I explore here connect to these larger scale phenomena,
but I just don’t know enough about these fields to do them justice, so I have to
stop somewhere.

In trying to provide some perspective on our subject, in the previous section,
I mentioned a number of now classic topics from across more than a century
of interaction between physics and biology. I don’t think it’s right to teach
by visiting these topics one after the other, for reasons which I hope are clear
by now. On the other hand, it would be weird to take a whole course on
biophysics and come out without having learned about these things. So I have
tried to weave some of the classics into the conceptual framework of the course,
perhaps sometimes in surprising places. There also are many beautiful things
which T have left out, and again I apologize to people who will find that I
neglected matters close to their hearts. Sometimes the neglect reflects nothing
more than my ignorance, but in some cases it is more subtle. I felt strongly
that everything I discuss should fit together into a larger picture, and that it is

111 have also resisted the temptation to organize the book by physical scale, starting with
molecules and ending (perhaps) with the brain. One can teach a great course in this way, but
I think it’s misleading. First, as I hope will be clear, there are actually physical principles
about how biological systems function as systems that cut across these multiple scales. Sec-
ond, ordering by scale encourages the illusion that we actually know how to build from our
microscopic understanding of biological molecules “up” to the macroscopic behaviors of higher
organisms. We certainly don’t know how to do this, and it may even be misguided as a matter
of principle—more is different, after all. Finally, starting with molecules is both historically
and, if I may use the word, emotionally wrong. What intrigues us about life are the macro-
scopic behaviors of organisms, ourselves included, and careful quantitative investigations of
these macroscopic phenomena set the stage for later molecular explorations.
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almost disrespectful to give a laundry list of wonderful but undigested results.
Thus, much was left unsaid.

User’s guide

As explained above, I am aiming at PhD students in physics, so I will assume
that the reader has a strong physics background and is comfortable with the
associated mathematical tools. While many different areas of physics make an
appearance, the most frequent references are to ideas from statistical mechanics.
In practice, this is the area where at least U.S. students have the largest variance
in their preparation. As a result, in places where my experience suggests that
students will need help, I have not been shy to include (perhaps idiosyncratic)
expositions of relevant physics topics that are not especially restricted to the
biophysical context, since this is, after all, a physics course. Some more tech-
nical asides are presented as appendices, including both matters that students
may have encountered in earlier courses and some opportunities for further ex-
ploration. Throughout the text, and especially in the appendices, I try very
hard to avoid saying “it can be shown that;” the resulting text is longer, but I
hope more useful.!?

While it’s pretty clear how much physics I expect my readers to know, it
might be less clear how much biology I am assuming. We can’t get started
without some grasp of the facts, but when we teach particle physics we don’t
start by reading from the particle data book, so similarly I won’t start by reciting
the “biological background.” Good high school biology courses now are at the
level of the introductory university courses from a generation ago. I think
everybody getting a PhD knows that the instructions for building an organism
are contained in DNA| even if they are unclear on exactly how these instructions
are read out. So, rather than starting with a condensed pure biology course, 1
just plunge in, trying to wrestle with the biological phenomena that I find most
exciting, and stopping to explain things as needed.

I should warn the reader that I have never managed, despite a decade of
good intentions, to cover all the material here in a one semester course. Indeed,
in writing the book I have been struck by those places where my lectures had
“covered” a topic with a few remarks and some pointers to the literature, rather
than a fully digested exposition. If this were a short book of lectures on limited
topics, I might be forgiven for such casualness, but surely this book is now too
long for such things. There still are pointers designed to encourage exploration,
but these really should be pointing out to the unknown rather than pointing
back toward incompletely explained background material.

If you can’t cover everything, how to use the book? Chapters 4, 5 and 6
present candidate principles, and each chapter discusses many examples; surely
some of these examples could be skipped, depending on your taste. Alterna-
tively, you might think that the discussion of photon counting (Chapter 2) is a

128pecial thanks to Phil Nelson, who noticed that an earlier draft rigorously avoided saying
“it can be shown that,” but suffered from a number of morally equivalent lapses. I hope I
have caught them all!
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bit heavily biased toward the issues of noise, so you could skip Chapter 4 com-
pletely or at least use it very selectively (it would be a shame to miss kinetic
proofreading, in Section 4.5). A completely different strategy would be to touch
the material of every section in the book, but not in too much depth, compress-
ing each section into a one hour lecture—it’s a quick pace, but possible, and
still leaves time to pull in background from the Appendices.

The most important practical comment about the structure of the book
concerns the problems. I cannot overstate the importance of doing problems
as a component of learning. One should go further, getting into the habit
of calculating as one reads, checking that you understand all the steps of an
argument and that things make sense when you plug in the numbers or make
order of magnitude estimates.'® For all these reasons, I have chosen (following
Landau and Lifshitz) to embed the problems in the text, rather than relegating
them to the ends of chapters. In some places the problems are small, really
just reminding you to fill in some missing steps before going on to the next
topic. At the opposite extreme, some problems are small research projects.
Because progress in biophysics depends on intimate interaction between theory
and experiment, some of the problems ask you to analyze real data, which can
be found at http://www.princeton.edu/~wbialek/PHY562/data.l4

Finally, a few words about references. References to the original literature
serve multiple functions, especially in textbooks. Most obviously, I should cite
the papers that influenced my own thinking about the subject, acknowledging
my intellectual debts. Since this text is based on a course for PhD students,
citations also help launch the student into the current literature, marking the
start of paths that can carry you well beyond digested, textbook discussions. In
another direction, references point back to classic papers, papers worth reading
decades after they were published, papers that can provide inspiration. Impor-
tantly, all of these constitute subjective criteria for inclusion on the reference
list, and so I think it is appropriate to collect references with some commentary,
as at the end of the previous section. Let me note that the reference list should
not be viewed as a rough draft of the history of the subject, nor as an attempt
to establish objective priorities for some work over others.

If the reference to “more is different” didn’t ring a bell, by all means read Anderson (1972).

131n some sections I found it difficult to formulate manageable problems. I worry that this
reflects poorly on my understanding. KG Wilson once remarked that if you really understand
something, then you can do a series of calculations in which the accuracy of the prediction is
in reasonable proportion to the effort of the calculation. A corollary seems to be that one can
assign problems that allow students to test their own understanding.

14In these problems, and also in problems that involve simulation rather than analytic
calculations, I have chosen to phrase all the computations in MATLAB. This makes me slightly
uneasy—while the language of mathematics is universal, programming languages really aren’t
(at least not in the practical sense). MATLAB also is a commercial product, although there
is a free alternative, http://www.gnu.org/software/octave/. But numerical analysis of data
certainly is essential for the field, and so there isn’t really any way around doing something
like this.
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I emphasized above that a great deal of what we will be doing in this text is wrestling with
rather raw phenomena in an attempt to extract some deeper physics questions. As different
areas of physics have matured, this has become a less and less common activity, so it can be
inspiring to look back. It’s difficult to remember, for example, that cosmology as a branch
of physics is quite young, and that phenomena which today constitute clear signatures of our
understanding were once much more controversial; for perspective on this see Peebles et al
(2009), and for a glimpse of the original struggles see Peebles (1971). Anderson (1984) includes
lecture notes written originally during the period when the phases of superfluid He were being
sorted out, and again captures some of the flavor of raw theory/experiment interaction. For
understanding as successive approximation, see Wilson (1993).

Anderson 1972 More is different. PW Anderson, Science 177, 393-396 (1972).

Anderson 1984 Basic Notions of Condensed Matter Physics. PW Anderson (Benjamin
Cummings, Menlo Park CA, 1984)
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Wilson 1993 The renormalization group and critical phenomena. KG Wilson, in Nobel Lec-
tures, Physics 1981-1990, T Grangsmyr & G Ekspang, eds (World Scientific, Singapore,
1993).1%
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molecules to brains. Alon (2007), Sneppen & Zocchi (2005), and Frauenfelder (2010) provide
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Chapter 2

Photon counting in vision

The goal of this Chapter is to introduce some of the beauty and richness to be
found in the phenomena of life. As explained in the Introduction, there are so
many phenomena to choose from that we can easily become overwhelmed. The
point here thus is not to enshrine particular phenomena as canonical examples,
but rather to provide a guide, encouraging your own explorations. We start with
the remarkable ability of the visual system to detect single photons, and then
dig into the more microscopic phenomena that provide the basis for this ability.
Some of these phenomena are examples of things that happen in many different
biological contexts, or which were discovered by methods of wider applicability,
and I’ll try to make these connections clear. There is a serious agenda here—
we will look back at these phenomena with an eye toward formulating physics
problems that will occupy us for most of the book—but we should start by
letting ourselves enjoy what Nature has to offer.

2.1 A first look

Imagine sitting quietly in a dark room, staring straight ahead. A light flashes.
Do you see it? Surely if the flash is bright enough the answer is yes, but how
dim can the flash be before we fail? Do we fail abruptly, so that there is a
well defined threshold—Ilights brighter than threshold are always seen, lights
dimmer than threshold are never seen—or is the transition from seeing to not
seeing somehow more gradual? These questions are classical examples of “psy-
chophysics,” studies on the relationship between perception and the physical
variables in the world around us, and have a history reaching back at least into
the nineteenth century.

In 1911, the physicist Lorentz was sitting in a lecture that included an es-
timate of the “minimum visible,” the energy of the dimmest flash of light that
could be consistently and reliably perceived by human observers. But by 1911
we knew that light was composed of photons, and if the light is of well de-
fined frequency or wavelength then the energy E of the flash is equivalent to
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an easily calculable number of photons n, n = E/hw. Doing this calculation,
Lorentz found that just visible flashes of light correspond to roughly 100 photons
incident on our eyeball. Turning to his physiologist colleague Zwaadermaker,
Lorentz asked if much of the light incident on the cornea might get lost (scat-
tered or absorbed) on its way through the gooey interior of the eyeball, or if
the experiments could be off by as much as a factor of ten. In other words, is it
possible that the real limit to human vision is the counting of single photons?

Lorentz’ suggestion really is quite astonishing. If correct, it would mean
that the boundaries of our perception are set by basic laws of physics, and that
we reach the limits of what is possible. Further, if the visual system really is
sensitive to individual light quanta, then some of the irreducible randomness of
quantum events should be evident in our perceptions of the world around us.

If we watch a single molecule and ask if it absorbs a photon, this is a random
process, with a probability per unit time proportional to the light intensity. The
emission of photons is similarly random, so that a typical light source does not
deliver a fixed number of photons in a given interval of time. Thus, when
we look at a flash of light, the number of photons that will be absorbed by the
sensitive cells in our retina is a random number, not because biology is noisy but
because of the physics governing the interaction of light and matter. One way of
testing whether we can count single photons, then, is to see if we can detect the
signatures of this randomness in our perceptions. This line of reasoning came
to fruition in experiments by Hecht, Shlaer and Pirenne (in New York) and by
van der Velden (in the Netherlands) in the early 1940s.

What we think of classically as the intensity of a beam of light is proportional
to the mean number of photons per second that arrive at some region where they
can be counted.! For most conventional light sources, however, the stream of
photons is not regular, but completely random. Thus, in any very small window
of time dt, there is a probability rdt that a photon will be counted, where r is the
mean counting rate or light intensity, and the events in different time windows
are independent of one another. These are the defining characteristics of a
“Poisson process,” which is the maximally random sequence of point events in
time—if we think of the times at which photons are counted as being like the
positions of particles, then the sequence of photon counts is like an ideal gas,
with no correlations or “interactions” among the particles at different positions.?

IMore precisely, we can measure the mean number of photons per second per unit area.

2] have used the verb “count” several times now, as if its meaning were obvious. At some
practical level in the laboratory, it is obvious—if we have a photomultiplier, for example, then
the arrival of each photon is registered (or not, since the device is not perfectly efficient) by
a pulse of current, and we can measure and count these pulses with conventional electronics.
Since the pulses are generated by photon absorption events, we say that we are counting
photons. As we shall see, the receptor cells in our eye also generate pulses of current, and
these are large enough that we—and, presumably, the brain—can detect and count them with
high reliability, so we say that the system is counting photons, just as we do in the lab with
the photomultiplier. But this colloquial discussion of counting photons smooths over some
subtleties. In principle, when we open a photodetector to a beam of light, all that happens is
that the quantum states of the detector become entangled with the quantum states of the light
beam. The notion of “counting” is a classical idea, and so to really understand what we mean
when we count photons we have to think about issues in the quantum theory of measurement.
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As explained in detail in Appendix A.1, if events occur as a Poisson process
with rate r, then if we count the events over some time 7', the mean number of
counts will be M = rT, but the probability that we actually obtain a count of
n will be given by the Poisson distribution,

P(n|M)=e""—. (2.1)

In our case, the mean number of photons that will be counted at the retina is
proportional to the classical intensity I of the light flash, M = aIT, where the
constant « includes all the messy details of what happens to the light on its
way through the eyeball. Thus, when we deliver the “same” flash of light again
and again, the actual physical stimulus to the retina will fluctuate, and it is
plausible that our perceptions will fluctuate as well.

In the simplest view, you would be willing to say “yes, I saw the flash” once
you had counted K photons. Equation (2.1) tell us the probability of counting
exactly n photons given the mean, and the mean is connected to the intensity
of the flash. Separate experiments show that if we keep the duration of the flash
shorter than ~ 100 ms, then we can trade the intensity I against the duration
T, and all that matters is the product, which we will call (abusing terminology
a bit) the “intensity of the flash” I = IT; then we have M = al. Thus we
predict that there is a probability of seeing a flash of intensity I,

Pue(I)= Y P(n|M =al)=e " Y (anﬁ (2.2)
n=K n=K ’

So, if we sit in a dark room and watch as dim lights are flashed, we expect that
our perceptions will fluctuate—sometimes we see the flash and sometimes we
don’t—but there will be an orderly dependence of the probability of seeing on
the intensity, given by Eq (2.2). Importantly, if we plot Pse vs. log I, as in Fig.
2.1, then the shape of the curve depends crucially on the threshold photon count
K, but changing the unknown constant « just translates the curve along the
x—axis. So we have a chance to measure the threshold K by looking at the shape
of the curve; more fundamentally we might say we are testing the hypothesis
that the probabilistic nature of our perceptions is determined by the physics of
photon counting.

Problem 1: Photon statistics, part one. There are two reasons why the arrival of
photons might be described by a Poisson process. The first is a very general “law of small

In our retina as in photomultipliers, the key step is in the absorption of the photon, where
the interactions with (many) other degrees of freedom destroy the coherence between the two
electronic states that are connected by the photon. We’ll see in Section 2.2 that taking care
of these issues is not just a matter of being pedantic, since the molecular events that happen
immediately after photon absorption are so fast that they actually compete with the loss of
coherence. For now, however, we can rely on our usual intuitive understanding.
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Figure 2.1: Probability of seeing calculated from Eq. (2.2), where the intnesity I is measured
as the mean number of photons incident on the cornea, so that « is dimensionless. Curves are
shown for different values of the threshold photon count K and the scaling factor . Note the
distinct shapes for different K, but when we change « at fixed K we just translate the curve
along the log intensity axis, as shown by the red dashed arrow.

numbers” argument. Imagine a point process in which events occur at times {¢;}, with some
correlations among the events. Assume that these correlations die away time, so that events i
and j are independent if |t; —tj| > 7¢, where 7¢ is the “correlation time.” Explain qualitatively
why, if we select only a small fraction of events out of the original sequence at random, then
the resulting sparse sequence will be approximately Poisson. What is the condition for the
Poisson approximation to be a good one? What does this have to do with why, for example,
the light which reaches us from an incandescent light bulb comes in a Poisson stream of
photons?

Problem 2: How many sources of randomness? The defining feature of a Poisson
process is the independence of events at different times, and typical light sources generate a
stream of photons whose arrival times approximate a Poisson process. But when we count
these photons, we don’t catch every one. Show that if the photon arrivals are a Poisson process
with rate r, and we count a fraction f these, selected at random, then the times at which
events are counted will also be a Poisson process, with rate fr. Why doesn’t the random
selection of events to be counted result in some “extra” variance beyond expectations for the
Poisson process?

Hecht, Shlaer and Pirenne did exactly the experiment we are analyzing.
Subjects (the three co—authors) sat in a dark room, and reported whether they
did or did not see a dim flash of light. For each setting of the intensity, there
were many trials, and responses were variable, but the subjects were forced to
say yes or no, with no “maybe.” Thus, it was possible to measure at each
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Figure 2.2: Probability of seeing calculated from Eq. (2.2), with the threshold photon count
K = 6, compared with experimental results from Hecht, Shlaer and Pirenne. For each observer
we can find the value of a that provides the best fit, and then plot all the data on a common
scale as shown here. Error bars are computed on the assumption that each trial is independent,
which probably generates errors bars that are slightly too small.

intensity the probability that the subject would say yes, and this is plotted in
Fig 2.2.

The first nontrivial result of these experiments is that human perception of
dim light flashes really is probabilistic. No matter how hard we try, there is a
range of light intensities in which our perceptions fluctuate from flash to flash of
the same intensity, seeing one and missing another. Quantitatively, the plot of
probability of seeing vs log(intensity) is fit very well by the predictions from the
Poisson statistics of photon arrivals. In particular, Hecht, Shlaer and Pirenne
found a beautiful fit in the range from K = 5 to K = 7; subjects of different age
had very different values for o (as must be true if light transmission through
the eye gets worse with age) but similar values of K. In Fig 2.2 I’'ve shown all
three observers’ data fit to K = 6, along with error bars (absent in the original
paper); although one could do better by allowing each person to have a different
value of K, it’s not clear that this would be supported by the statistics. The
different values of «, however, are quite important.

Details aside, the frequency of seeing experiment brings forward a beautiful
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idea: the probabilistic nature of our perceptions reflects the physics of random
photon arrivals. An absolutely crucial point is that Hecht, Shlaer and Pirenne
chose stimulus conditions such that the 5 to 7 photons needed for seeing are
distributed across a broad area on the retina, an area that contains hundreds of
photoreceptor cells. Thus the probability of one receptor (rod) cell getting more
than one photon is very small. The experiments on human behavior therefore
indicate that individual photoreceptor cells generate reliable responses to single
photons. In fact, vision begins (as we discuss in more detail soon) with the
absorption of light by the visual pigment rhodopsin, and so sensitivity to single
photons means that each cell is capable of responding to a single molecular
event. This is a wonderful example of using macroscopic experiments to draw
conclusions about single cells and their microscopic mechanisms.

Problem 3: Simulating a Poisson process. Much of what we want to know about
Poisson processes can be determined analytically (see Appendix A.1). Thus if we do sim-
ulations we know what answer we should get (!). This provides us with an opportunity to
exercise our skills, even if we don’t get any new answers. In particular, doing a simulation is
never enough; you have to analyze the results, just as you analyze the results of an experi-
ment. Now is as good a time as any to get started. If you are comfortable doing everything
in a programming language like C or Fortran, that’s great. On the other hand, high-level
languages such as MATLAB or Mathematica have certain advantages. Here you should use
MATLAB to simulate a Poisson process, and then analyze the results to be sure that you
actually did what you expected to do.

(a) MATLAB has a command rand that generates random numbers with a uniform dis-
tribution from 0 to 1. Consider a time window of length T, and divide this window into
many small bins of size dt. In each bin you can use rand to generate a number which you
can compare with a threshold—if the random number is above threshold you put an event in
the bin, and you can adjust the threshold to set the average number of events in the window.
You might choose T' = 10 sec and arrange that the average rate of the events is ¥ ~ 10 per
second; note that you should be able to relate the threshold to the mean rate 7 analytically.
Notice that this implements (in the limit d¢ — 0) the definition of the Poisson process as
independent point events.

(b) The next step is to check that the events you have made really do obey Poisson
statistics. Start by counting events in windows of some size 7. What is the mean count?
The variance? Do you have enough data to fill in the whole probability distribution Pr(n)
for counting n of events in the window? How do all of these things change as you change
77 What if you go back and make events with a different average rate? Do your numerical
results agree with the theoretical expressions? In answering this question, you could try to
generate sufficiently large data sets that the agreement between theory and experiment is
almost perfect, but you could also make smaller data sets and ask if the agreement is good
within some estimated error bars; this will force you to think about how to put error bars on
a probability distribution. You should also make a histogram (hist should help) of the times
At = t;,1 —t; between successive events; this should be an exponential, P(At) « e~#4% and
you should work to get this into a form where it is a properly normalized probability density.
What is the connection between k and 7 Check this in your data.

(c¢) Instead of deciding within each bin about the presence or absence of an event, use
the command rand to choose N random times in the big window 7. Examine as before the
statistics of counts in windows of size 7 < T. Do you still have an approximately Poisson
process? Why? Do you see connections to the statistical mechanics of ideal gases and the
equivalence of ensembles?
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Problem 4: Photon statistics, part two. The other reason why we might find photon
arrivals to be a Poisson process comes from a very specific quantum mechanical argument
about coherent states.?

(a.) Modes of the electromagnetic field (in a free space, in a cavity, or in a laser) are
described by harmonic oscillators. The Hamiltonian of a harmonic oscillator with frequency
w can be written as

H = hw(afa 4+ 1/2), (2.3)

where af and a are the creation and annihilation operators that connect states with different
numbers of quanta,

atln) = VaFin+1), (2.4)
aln)y = njn-—1). (2.5)

There is a special family of states called coherent states, defined as eigenstates of the annihi-
lation operator,

ala) = ala). (2.6)

If we write the coherent state as a superposition of states with different numbers of quanta,
oo}

lo) = > tnln), (2.7)
n=0

then you can use the defining Eq (2.6) to give a recursion relation for the .. Solve this,
and show that the probability of counting n quanta in this state is given by the Poisson
distribution, that is

2 n
Pa(n) = |(nlad| = [af? =M 2L 2.8)

n!’

where the mean number of quanta is M = |a|2.
(b.) The specialness of the coherent states relates to their dynamics and to their repre-
sentation in position space. A quantum mechanical state |¢) evolves in time as

Ldg)
ih=* = Hl9). (2.9)

Show that if the system starts in a coherent state |(0)) at time ¢ = 0, it remains in a coherent
state for all time. Find a(t).
(c.) If we go back to the mechanical realization of the harmonic oscillator as a mass m
hanging from a spring, the Hamiltonian is
1 mw? ,

H=—p° , 2.10
2mpJr 2 q ( )

where p and ¢ are the momentum and position of the mass. What is the relationship between
the creation and annihilation operators and the position and momentum operators (4, p)? In
position space, the ground state is a Gaussian wave function,

2
(q/0) = Wexp (—4({7) ) (2.11)

where the variance of the zero point motion o2 = h/(4mw). The ground state is also a “mini-
mum uncertainty wave packet,” so called because the variance of position and the variance of
momentum have a product that is the minimum value allowed by the uncertainty principle;

3These ideas may or may not be familiar from your quantum mechanics courses. I have
tried to write the problem so that it is self-contained, although obviously it is easier if you
have seen these things before. See also the references at the end of this section.
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show that this is true. Consider the state |1)(go)) obtained by displacing the ground state to
a position qo,

[v(q0)) = €'%°P10). (2.12)

Show that this is a minimum uncertainty wave packet, and also a coherent state. Find the
relationship between the coherent state parameter a and the displacement qg.

(d.) Put all of these steps together to show that the coherent state is a minimum un-
certainty wave packet with expected values of the position and momentum that follow the
classical equations of motion.

The states of light inside a laser are, to a good approximation, coherent states. Thus,
they are minimum uncertainty states, and hence push against the limits of what is allowed
by quantum mechanics, but at the same time they are very classical states, since they are
described by the same parameters as a classical light field. For our purposes the important
point is that these coherent states have exactly a Poisson distribution of photon numbers.

There is a very important point in the background of this discussion. By
placing results from all three observers on the same plot, and fitting with the
same value of K, we are claiming that there is something reproducible, from
individual to individual, about our perceptions. On the other hand, the fact
that each observer has a different value for o means that there are individual
differences, even in this simplest of tasks. Happily, what seems to be repro-
ducible is something that feels like a fundamental property of the system, the
number of photons we need to count in order to be sure that we saw something.
But suppose that we just plot the probability of seeing vs the (raw) intensity of
the light flash. If we average across individuals with different as, we will obtain
a result which does not correspond to the theory, and this failure might even
lead us to believe that the visual system does not count single photons. This
shows us that (a) finding what is reproducible can be difficult, and (b) aver-
aging across an ensemble of individuals can be qualitatively misleading. Here
we see these conclusions in the context of human behavior, but it seems likely
that similar issues arise in the behavior of single cells. The difference is that
techniques for monitoring the behavior of single cells (e.g., bacteria), as opposed
to averages over populations of cells, have emerged much more recently. As an
example, it still is almost impossible to monitor, in real time, the metabolism of
single cells, whereas simultaneous measurements on many metabolic reactions,
averaged over populations of cells, have become common. We still have much
to learn from these older experiments!

Problem 5: Averaging over observers. Go back to the original paper by Hecht, Shlaer
and Pirenne? and use their data to plot, vs. the intensity of the light flash, the probability
of seeing averaged over all three observers. Does this look anything like what you find for
individual observers? Can you simulate this effect, say in a larger population of subjects, by

4As will be true throughout the text, references are found at the end of the section.
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assuming that the factor « is drawn from a distribution? Explore this a bit, and see how
badly misled you could be. This is not too complicated, I hope, but deliberately open ended.

Before moving on, a few rather colloquial remarks about the history. It’s
worth noting that van der Velden’s seminal paper was published in Dutch, a
reminder of a time when anglophone cultural hegemony was not yet complete.
Also (maybe more relevant for us), it was published in a physics journal. The
physics community in the Netherlands during this period had a very active
interest in problems of noise, and van der Velden’s work was in this tradition.
In contrast, Hecht was a distinguished contributor to understanding vision but
had worked within a “photochemical” view which he would soon abandon as
inconsistent with the detectability of single photons and hence single molecules
of activated rhodopsin. Parallel to this work, Rose and de Vries (independently)
emphasized that noise due to the random arrival of photons at the retina also
would limit the reliability of perception at intensities well above the point where
things become barely visible. In particular, de Vries saw these issues as part of
the larger problem of understanding the physical limits to biological function,
and T think his perspective on the interaction of physics and biology was far
ahead of its time.

It took many years before anyone could measure directly the responses of
photoreceptors to single photons. As with all cells in the nervous system, these
cells respond by generating electrical signals, but the single photon signals are
especially small. They were first detected in the (invertebrate) horseshoe crab,
and eventually by Baylor and coworkers in toads and then in monkeys. The
complication in the lower vertebrate systems is that the cells are coupled to-
gether, so that the retina can do something like adjusting the size of pixels as
a function of light intensity. This means that the nice big current generated
by one cell is spread as a small voltage in many cells, so the usual method of
measuring the voltage across the membrane of one cell won’t work; you have to
suck the cell into a pipette and collect the current, as seen in Fig 2.3.

Problem 6: Gigaseals. As we will see, the currents that are relevant in biological
systems are on the order of picoAmps. Although the response of rods to single photons is on
the time scale of one second, many processes in the nervous system occur on the millisecond
time scale. Show that if we want to resolve picoAmps in milliseconds, then the leakage
resistance (e.g. between rod cell membrane and the pipette in Fig 2.3) must be ~ 10 ohm,
to prevent the signal being lost in Johnson noise.

In complete darkness, there is a ‘standing current’ of roughly 20 pA flowing
through the membrane of the rod cell’s outer segment. You should keep in mind
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Figure 2.3: (a) A single rod photoreceptor cell from a toad, in a suction pipette. Viewing is
with infrared light, and the bright bar is a stimulus of 500 nm light. (b) Equivalent electrical
circuit for recording the current across the cell membrane [really needs to be redrawn, with
labels!]. (c) Mean current in response to light flashes of varying intensity. Smallest response is
to flashes that deliver a mean ~ 4 photons, successive flashes are brighter by factors of 4. (d)
Current responses to repeated dim light flashes at times indicated by the tick marks. Note
the apparently distinct classes of responses to zero, one or two photons. From Rieke & Baylor
(1998).

that currents in biological systems are carried not by electrons or holes, as in
solids, but by ions moving through water; we will learn more about this soon.
In the rod cell, the standing current is carried largely by sodium ions, although
there are contributions from other ions as well. This is a hint that the channels
in the membrane that allow the ions to pass are not especially selective for one
ion over the other. The current which flows across the membrane of course
has to go somewhere, and in fact the circuit is completed within the rod cell
itself, so that what flows across the outer segment of the cell is compensated
by flow across the inner segment. When the rod cell is exposed to light, the
standing current is reduced, and with sufficiently bright flashes it is turned off
all together.

As in any circuit, current flow generates changes in the voltage across the
cell membrane. Near the bottom of the cell there are special channels that
allow calcium ions to flow into the cell in response to these voltage changes, and
calcium in turn triggers the fusion of vesicles with the cell membrane. These
vesicles are filled with a small molecule, a neurotransmitter, which can then
diffuse across a small cleft and bind to receptors on the surface of neighboring
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cells; these receptors then respond (in the simplest case) by opening channels in
the membrane of this second cell, allowing currents to flow. In this way, currents
and voltages in one cell are converted, via a chemical intermediate, into currents
and voltages in the next cell, and so on through the nervous system. The place
where two cells connect in this way is called a synapse, and in the retina the
rod cells form synapses onto a class of cells called bipolar cells. More about
this later, but for now you should keep in mind that the electrical signal we
are looking at in the rod cell is the first in a sequence of electrical signals that
ultimately are transmitted along the cells in the optic nerve, connecting the eye
to the brain and hence providing the input for visual perception.

Very dim flashes of light seem to produce a quantized reduction in the stand-
ing current, and the magnitude of these current pulses is roughly 1 pA, as seen
in Fig 2.3. When we look closely at the standing current, we see that it is
fluctuating, so that there is a continuous background noise of ~ 0.1 pA, so the
quantal events are easily detected. It takes a bit of work to convince yourself
that these events really are the responses to single photons. Perhaps the most
direct experiment is to measure the cross—section for generating the quantal
events, and compare this with the absorption cross—section of the rod, showing
that a little more than 2/3 of the photons which are absorbed produce current
pulses. In response to steady dim light, we can observe a continuous stream of
pulses, the rate of the pulses is proportional to the light intensity, and the inter-
vals between pulses are distributed exponentially, as expected if they represent
the responses to single photons (cf Section A.1).

When you look at the currents flowing across the rod cell membrane, the
statement that single photon events are detectable above background noise
seems pretty obvious, but it would be good to be careful about what we mean
here. In Fig 2.4 we take a closer look at the currents flowing in response to dim
flashes of light. These data were recorded with a very high bandwidth, so you
can see a lot of high frequency noise. Nonetheless, in these five flashes, it’s clear
that twice the cell counted zero photons, once it counted one photon (for a peak
current ~ 1 pA) and twice it counted two photons; this becomes even clearer if
we smooth the data to get rid of some of the noise. Still, these are anecdotes,
and one would like to be more quantitative.

Problem 7: Are they really single photon responses? What is it about the
experiments in Fig 2.4 that provides the “smoking gun” for claiming that the current pulses
are responses to single photons? Maybe it’s something which is not shown. For example, if one
pulse were generated by the coincidence of two photons, how would the distribution of peak
currents shift with changing flash intensity? I have left this deliberately vague, hoping that
you’ll explore. If you were doing these experiments, what would you do to seal the conclusion
that you were seeing single photon responses?
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Figure 2.4: A closer look at the rod cell currents. At left, five instances in which the rod
is exposed to a dim flash at ¢ = 0. It looks as if two of these flashes delivered two photons
(peak current ~ 2pA), one delivered one photon (peak current ~ 1pA), and two delivered
zero. The top panel shows the raw current traces, and the bottom panel shows what happens
when we smooth with a 100 ms window to remove some of the high frequency noise. At right,
the distribution of smoothed currents at the moment t,c,x when the average current peaks;
the data (circles) are accumulated from 350 flashes in one cell, and the error bars indicate
standard errors of the mean due to this finite sample size. Solid green line is the fit to Eq
(2.19), composed of contributions from n = 0,n = 1,--- photon events, shown red. Dashed
blue lines divide the range of observed currents into the most likely assignments to different
photon counts. These data are from unpublished experiments by FM Rieke at the University
of Washington; many thanks to Fred for providing the data in raw form.

Even in the absence of light there are fluctuations in the current, and for
simplicity let’s imagine that this background noise is Gaussian with some vari-
ance og. The simplest way to decide whether we saw something is to look at
the rod current at one moment in time, say at ¢ = tpeax ~ 2s after the flash,
where on average the current is at its peak. Then given that no photons were

counted, this current i should be drawn out of the probability distribution

1 i2 ]
Pliln=0)= ——exp |—= | . 2.13
(i ) 2770(2, p{ 20% ( )

If one photon is counted, then there should be a mean current (i) = 41, but there
is still some noise. Plausibly the noise has two pieces—first, the background
noise still is present, with its variance o3, and in addition the amplitude of the
single photon response itself can fluctuate; we assume that these fluctuations
are also Gaussian and independent of the background, so they just add o7 to
the variance. Thus we expect that, in response to one photon, the current will
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be drawn from the distribution

L 1 _ (i—in)?
P(iln=1) = —27r(ag oy exp { T o’%)} . (2.14)

If each single photon event is independent of the others, then we can generalize
this to get the distribution of currents expected in response of n = 2 photons,

. 1 (i — 2ip)? }
Pliln=2)= ————_exp |—— 21| 2.15
< ) 2m (03 + 207) P [ 2(08 + 20%) (2.15)

and more generally n photons,

in:—l ex 77(i—m'1)2 ;
P = s p[ 2(08%0%)] (2.16)

in writing these equations we are assuming that the response to each photon is
being generated independently, and so makes an independent, additive contri-
bution not just to the mean response but also to the variance of the responses.
Finally, since we know that the photon count n should be drawn out of the
Poisson distribution, we can write the expected distribution of currents as

P(i) = > P(iln)P(n) (2.17)

n=0
= Y Pl (2.18)
ne0 n.

AN —-n

> -
o n!

= 27 (02 + no?)

exp {— QEZ?}_IZ:%)] . (2.19)

In Fig 2.4, we see that this really gives a very good description of the distribution
that we observe when we sample the currents in response to a large number of
flashes.

Problem 8: Exploring the sampling problem. The data that we see in Fig 2.4 are
not a perfect fit to our model. On the other hand, there are only 350 samples that we are
using to estimate the shape of the underlying probability distribution. This is an example of
a problem that you will meet many times in comparing theory and experiment; perhaps you
have some experience from physics lab courses which is relevant here. We will return to these
issues of sampling and fitting nearer the end of the course, when we have some more powerful
mathematical tools, but for now let me encourage you to play a bit. Use the model that leads
to Eq (2.19) to generate samples of the peak current, and then use these samples to estimate
the probability distribution. For simplicity, assume that iy = 1, o9 = 0.1, o1 = 0.2, and
n = 1. Notice that since the current is continuous, you have to make bins along the current
axis; smaller bins reveal more structure, but also generate noisier results because the number
of counts in each bin is smaller. As you experiment with different size bins and different
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numbers of samples, try to develop some feeling for whether the agreement between theory
and experiment in Fig 2.4 really is convincing.

Seeing this distribution, and especially seeing analytically how it is con-
structed, it is tempting to draw lines along the current axis in the ‘troughs’ of
the distribution, and say that (for example) when we observe a current of less
than 0.5 pA, this reflects zero photons. Is this the right way for us—or for the
brain—to interpret these data? To be precise, suppose that we want to set a
threshold for deciding between n = 0 and n = 1 photon. Where should we put
this threshold to be sure that we get the right answer as often as possible?

Suppose we set our threshold at some current ¢ = 6. If there really were zero
photons absorbed, then if by chance ¢ > 6 we will incorrectly say that there was
one photon. This error has a probability

P@wnzlmzoyzémmpmn:m. (2.20)

On the other hand, if there really was one photon, but by chance the current
was less than the threshold, then we’ll say 0 when we should have said 1, and
this has a probability

0
P(sayn=0n=1) = / di P(iln = 1). (2.21)

— 00

There could be errors in which we confuse two photons for zero photons, but
looking at Fig 2.4 it seems that these higher order errors are negligible. So then
the total probability of making a mistake in the n = 0 vs. n =1 decision is

Perror(e) P(Say n = ].|TL = O)P(n = O)

+P(say n=0/n=1)P(n=1) (2.22)

= P(n=0) /000 di P(iln = 0)

+mn=n/9mpmn:n. (2.23)

— 00

We can minimize the probability of error in the usual way by taking the deriva-
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tive and setting the result to zero at the optimal setting of the threshold, 8 = 6*:

dPerror(g) o _ d < N —
Paal® P(n—O)@/G di P(iln = 0)
0
Y P(n = 1)%[ di P(iln = 1) (2.24)
— P(n=0)(~1)P(i = 0ln = 0)
+P(n=1)P(i =0|n=1); (2.25)
dpcrror(g)

=0 = P(i=0"n=0)P(n=0) =P

(2.26)

In particular, if one photon and zero photons are equally likely, then we should
place our threshold 6 at the value of the current ¢ where P(iln = 0) = P(i|n =
1), that is the observed current is equally likely to have been generated by either
one or zero photons. When we observe i > 6, it is more likely that what we
observe was generated by a real photon (n = 1), and so we should say that this
is what happened. Conversely, if we observe i < 6, what we observe was more
likely to have been generated by background noise alone (n = 0), and so this
is our best guess. Choosing these “maximum likelihood” interpretations is the
recipe for minimizing our errors, and this is how we draw the boundaries shown
by dashed lines in Fig 2.4.

Problem 9: More careful discrimination. You observe some variable z (e.g., the
current flowing across the rod cell membrane) that is chosen either from the probability
distribution P(z|+) or from the distribution P(z|—). Your task is to look at a particular x
and decide whether it came from the 4 or the — distribution. Rather than just setting a
threshold, as in the discussion above, suppose that when you see z you assign it to the +
distribution with a probability p(z). You might think this is a good idea since, if you're not
completely sure of the right answer, you can hedge your bets by a little bit of random guessing.
Express the probability of a correct answer in terms of p(z); this is a functional Peorrect [p(2)].
Now solve the optimization problem for the function p(z), maximizing Pecorrect. Show that
the solution is deterministic [p(z) = 1 or p(z) = 0], so that if the goal is to be correct as
often as possible you shouldn’t hesitate to make a crisp assignment even at values of z where
you aren’t sure (!). Hint: Usually, you would try to maximize the Peorrect by solving the
variational equation §Pcorrect/dp(z) = 0. You should find that, in this case, this approach
doesn’t work. What does this mean? Remember that p(x) is a probability, and hence can’t
take on arbitrary values.

If it is really dark outside, then the arrival of a photon is rather unlikely, and
so we should have P(n = 1) <« P(n = 0). Intuitively, we should be able to use
the knowledge to help us decide more effectively between the two alternatives,
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and lower out error probability. Indeed, the equation that determines the opti-
mal setting of the threshold [Eq (2.26)] combines the likelihood that the current
was generated by a photon vs. background noise with the overall probability
that we will see a photon (or not). How do we understand this combination?

What we are seeing in Eq (2.26) is a first look at something much more
general, something that will reappear many times, so let’s try to give a more
general formulation. Imagine that we have two variables € X and y € Y.
There is some probability that we observe particular values of x and y together,
and we will write this joint distribution as P(z,y). In many cases, it makes to
say that “z causes y,” or perhaps “y is the response of the system to the input x.”
With this picture, it is natural to say that z is chosen out of some distribution
Px (), and then given this value of the input, the system generates a response
that might be noisy, and hence is chosen out of the conditional distribution
P(y|x). The probability of observing both x and y is then the probability of
observing z, multiplied by the probability of observing y given that we have
already observed x, that is

P(z,y) = P(y|z) Py (x). (2.27)

But we can take a different point of view. Imagine that we look first at the
output y. We will find a value drawn out of the distribution Py (y), and this
distribution of outputs is determined by the other distributions,

Py(y) =) Plz.y) =) Plylr)Px(x). (2.28)

Now, having observed y, we surely know something about the value of x, because
“y is the response of the system to the input z.” But this knowledge it imperfect,
so we should describe the distribution of z values that are consistent with y,
P(z|y). The probability of observing both z and y is then the probability
of observing y, multiplied by the probability of x given that we have already
observed v,

P(z,y) = P(z|y) Py (y). (2.29)

We see that we have two different ways of decomposing the joint distribution,
Eq’s (2.27) and (2.29). These have to be consistent with one another, and so
we must have

P(zly)Py(y) = Plylz)P(z) (2.30)
= P(zly) = W. (2.31)

This seemingly innocent consequence of decomposing the joint probability in
different ways is called Bayes’ rule.

What does Eq (2.31) have to do with our problem? Let’s identify the “input”
x with the number of photons n, and the “output” y with the current ;. Then



2.1. A FIRST LOOK 37

Eq (2.31) tells us that

P(ijn)P(n)

P(nli) = P0)

(2.32)

We note that in Eq (2.26) we have precisely the combinations P(i|n)P(n) for
n =0 and n = 1. Now we see, from Bayes’ rule, that the combination P(i|n =
0)P(n = 0) is proportional to the probability that the observed current i was
generated by counting n = 0 photons, and similarly the combination P(i|n =
1)P(n = 1) is proportional to the probability that the observed current was
generated by counting n = 1 photons. The optimal setting of the threshold,
from Eq (2.26), is when these two probabilities are equal. Another way to say
this is that for each observable current i we should compute the probability
P(nli), and then our best guess about the photon count n is the one which
maximizes this probability. This guess is best in the sense that it minimizes
the total probability of errors, and it is the best way combining the knowledge
that we gain by observing the current with our “prior” knowledge about the
probability of photons being present.

Since we will see this idea again, let’s try one more way of saying what it
going on in Eq’s (2.26) and (2.31). With some grandeur, let’s say that = is
the “state of the world,” and y represents the data we can observe. We have
a model of how different states of the world can generate the data, and since
there is some noise this model will be described by a probability distribution
P(data|state of the world). But the problem we usually face is to draw infer-
ences about the world from our data, which means we really want to know the
other conditional distribution, P(state of the world|data). Bayes’ rule tells us
how to construct this distribution,

P(data|state of the world)P(state of the world)

P(state of the world|data) = P(data)

(2.33)

If we want to minimize the probability of making an error in identifying the state
of the world, we should maximize this “posterior probability,” which includes
contributions both from the data and from our prior knowledge.® This is crucial
in many examples of data analysis in the laboratory, and as we shall see there
is increasing evidence that the brain does computations that have this Bayesian
structure.

Once we have found the decision rules that minimize the probability of error,
we can ask about the error probability itself. As schematized in Fig 2.5, we
can calculate this by integrating the relevant probability distributions on the
“wrong sides” of the threshold. For Fig 2.4, this error probability is less than
three percent. Thus, under these conditions, we can look at the current flowing

5 P(state of the world) is a “prior distribution” because it embodies knowledge that we have
before collecting these data. Similarly, P(state of the world|data) is a “posterior” distribution
because it comes after our observations of the data.
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across the rod cell membrane and decide whether we saw n =0, 1, 2 --- photons
with a precision such that we are wrong only on a few flashes out of one hundred.
In fact, we might even be able to do better if instead of looking at the current
at one moment in time we look at the whole trajectory of current vs. time, but
to do this analysis we need a few more mathematical tools. Even without such
a more sophisticated analysis, it’s clear that these cells really are acting as near
perfect photon counters, at least over some range of conditions.

Problem 10: Asymptotic error probabilities. Suppose that we measure y and are
asked to distinguish between two alternatives A and B, as in Fig 2.5. Assume that the
distributions of y are Gaussians with different means, but the same variance, so that

2

PylA) = \/21r76xp {f%} (2.34)
N2

P(y|B) = %exp{—%} (2.35)

(2.36)

Let’s agree that ya > yp, and that you will guess A if you observe y to be above some
threshold 6 as in Eq (2.20) et seq.

probability area = probability of |
density mislabeling A as B
035} il
03l il
ozstdistribution distribution
o2l given A givenB
0.15}F il
0.1 il
0.05F il
Wl

-5 -4 -3 -2 -1 0 1 2 3 4 5

current (for example)

Figure 2.5: Schematic of discrimination in the presence of noise. We have two possible signals,
A and B, and we measure something, for example the current flowing across a cell membrane.
Given either A or B, the current fluctuates. As explained in the text, the overall probability
of confusing A with B is minimized if we draw a threshold at the point where the probability
distributions cross, and identify all currents larger than this threshold as being B, all currents
smaller than threshold as being A. Because the distributions overlap, it is not possible to avoid
errors, and the area of the red shaded region counts the probability that we will misidentify
A as B.
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Figure 2.6: Trading of errors in the presence of noise. We observe some quantity that fluctuates
even in the absence of a signal. When we add the signal these fluctuations continue, but the
overall distribution of the observable is shifted. If set a threshold, declaring the signal is
present whenever the threshold is exceeded, then we can trade between the two kinds of
errors. At low thresholds, we never miss a signal, but there will be many false alarms. At
high thresholds, there are few false alarms, but we miss most of the signals too. At some
intermediate setting of the threshold, the total number of errors will be minimized.

(a.) Allowing that there may be different prior probabilities P4 and Pg = 1 — P4 for the
two alternatives, what is the optimal setting of the threshold, minimizing errors?

(b.) Give an expression for the error probability when the threshold is set to its optimal
value. Show that this minimum error Pj. . depends only on the “signal-to-noise ratio”
S=(ya—yp)?/o>.

(c.) Find an approximate expression for Pg....(S) at large S.

A slight problem in our simple identification of the probability of seeing with
the probability of counting K photons is that van der Velden found a threshold
photon count of K = 2, which is completely inconsistent with the K =5 —7
found by Hecht, Shlaer and Pirenne. Barlow explained this discrepancy by
noting that even when counting single photons we may have to discriminate (as
in photomultipliers) against a background of dark noise.

Hecht, Shlaer and Pirenne inserted blanks in their experiments to be sure
that you almost never say “I saw it” when nothing is there, which means you
have to set a high threshold to discriminate against any background noise. On
the other hand, van der Velden was willing to allow for some false positive
responses, so his subjects could afford to set a lower threshold. Qualitatively,
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as shown in Fig 2.6, this makes sense, but to be a quantitative explanation the
noise has to be at the right level.

One of the key ideas in the analysis of signals and noise is “referring noise
to the input.” Imagine that we have a system to measure something (here, the
intensity of light, but it could be anything), and it has a very small amount
of noise somewhere along the path from input to output. In many systems we
will also find, along the path from input to output, an amplifier that makes all
of the signals larger. But the amplifier doesn’t “know” which of its inputs are
signal and which are noise, so everything is amplified. Thus, a small noise near
the input can become a large noise near the output, but the size of this noise
at the output does not, by itself, tell us how hard it will be to detect signals at
the input. What we can do is to imagine that the whole system is noiseless, and
that any noise we see at the output really was injected at the input, and thus
followed exactly the same path as the signals we are trying to detect. Then we
can ask how big this effective input noise needs to be in order to account for the
output noise. Importantly, this effective noise is given in the same units as the
input signal, and so we can compare signals and noise meaningfully. The bigger
the effective noise, the larger the signal will need to be if we want to detect it
with some criterion level of reliability.

Before making quantitative comparisons, the qualitative picture of Fig 2.6
tells us that the minimum number of photons that we need in order to say “I
saw it” should be reduced if we allow the observer the option of saying “I'm
pretty sure I saw it,” in effect taking control over the trade between misses and
false alarms. Barlow showed that this worked, quantitatively.

In the case of counting photons, we can think of the effective input noise as
being extra “dark” photons, also drawn from a Poisson distribution. Thus if in
the relevant window of time for detecting the light flash there are an average of 10
dark photons, for example, then because the variance of the Poisson distribution
is equal to the mean, there will be fluctuations on the scale of v/10 counts. To
be very sure that we have seen something, we need an extra K real photons,
with K > v/10. Barlow’s argument was that we could understand the need for
K ~ 6 in the Hecht, Shaler and Pirenne experiments if indeed there were a noise
source in the visual system that was equivalent to counting an extra ten photons
over the window in time and area of the retina that was being stimulated. What
could this noise be?

In the frequency of seeing experiments, as noted above, the flash of light
illuminated roughly 500 receptor cells on the retina, and subsequent experiments
showed that one could find essentially the same threshold number of photons
when the flash covered many thousands of cells. Furthermore, experiments with
different durations for the flash show that human observers are integrating over
~ 0.1s in order to make their decisions about whether they saw something.
Thus, the “dark noise” in the system seems to be equivalent, roughly, to 0.1
photon per receptor cell per second, or less. To place this number in perspective,
it is important to note that vision begins when the pigment molecule rhodopsin
absorbs light and changes its structure to trigger some sequence of events in the
receptor cell. We will learn much more about the dynamics of rhodopsin and the
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cascade of events responsible for converting this molecular event into electrical
signals that can be transmitted to the brain, but for now we should note that
if rhodopsin can change its structure by absorbing a photon, there must also
be some (small) probability that this same structural change or “isomerization”
will happen as the result of a thermal fluctuation. If this does happen, then
it will trigger a response that is identical to that triggered by a real photon.
Further, such rare, thermally activated events really are Poisson processes (see
Section 4.1), so that thermal activation of rhodopsin would contribute exactly a
“dark light” of the sort we have been trying to estimate as a background noise
in the visual system. But there are roughly one billion rhodopsin molecules per
receptor cell, so that ~ 0.1 per second per cell corresponds to a rate of once per
~ 1000 years for the spontaneous isomerization of rhodopsin (!).

One of the key points here is that Barlow’s explanation works only if people
actually can adjust the “threshold” K in response to different situations. The
realization that this is possible was part of the more general recognition that
detecting a sensory signal does not involve a true threshold between (for exam-
ple) seeing and not seeing. Instead, all sensory tasks involve a discrimination
between signal and noise, and hence there are different strategies which provide
different ways of trading off among the different kinds of errors. Notice that
this picture matches what we know from the physics lab.

Problem 11: Simple analysis of dark noise. Suppose that we observe events drawn
out of a Poisson distribution, and we can count these events perfectly. Assume that the mean
number of events has two contributions, 7 = Niqark + Nfash, Where figasn, = 0 if there is no
light flash and 7ig.s, = IV if there is a flash. As an observer, you have the right to set a
criterion, so that you declare the flash to be present only if you count n > K events. As
you change K, you change the errors that you make—when K is small you often say you saw
something when nothing was there, but of hardly ever miss a real flash, while at large K the
situation is reversed. The conventional way of describing this is to plot the fraction of “hits”
(probability that you correctly identify a real flash) against the probability of a false alarm
(i.e., the probability that you say a flash is present when it isn’t), with the criterion changing
along the curve. Plot this “receiver operating characteristic” for the case figa;x = 10 and
N = 10. Hold figark fixed and change N to see how the curvse changes. Explain which slice
through this set of curves was measured by Hecht et al, and the relationship of this analysis
to what we saw in Fig 2.2.

There are classic experiments to show that people will adjust their thresholds
automatically when we change the a priori probabilities of the signal being
present, as expected for optimal performance. This can be done without any
explicit instructions—you don’t have to tell someone that you are changing the
probabilities—and it works in all sensory modalities, not just vision. At least
implicitly, then, people learn something about probabilities and adjust their
criteria appropriately. Threshold adjustments also can be driven by changing
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Figure 2.7: At left, a schematic of the apparatus used to measure the probability that toads
will snap at dimly illuminated worm-like targets. Light from a shielded lamp falls on a
diffuser screen, creating an artificial moon 35cm above the toad. Below the platform where
toad stands, there is a cross—section through which the targets are moved. At right, the
probability of striking as a function of light intensity, calibrated as the probability per unit
time that a Rhodopsin molecule in the retina will absorb a photon and change its structure
(“isomerize”). From Aho et al (1988).

the rewards for correct answers or the penalties for wrong answers. In this
view, it is likely that Hecht et al. drove their observers to high thresholds by
having a large effective penalty for false positive detections. Although it’s not
a huge literature, people have since manipulated these penalties and rewards
in frequency of seeing experiments, with the expected results. Perhaps more
dramatically, modern quantum optics techniques have been used to manipulate
the statistics of photon arrivals at the retina, so that the tradeoffs among the
different kinds of errors are changed ... again with the expected results.%

Not only did Baylor and coworkers detect the single photon responses from
toad photoreceptor cells, they also found that single receptor cells in the dark
show spontaneous photon-like events roughly at the right rate to be the source
of dark noise identified by Barlow. If you look closely you can find one of these
spontaneous events in the earlier illustration of the rod cell responses to dim
flashes, Fig 2.3. Just to be clear, Barlow identified a mazimum dark noise level,
anything higher and the observed reliable detection is impossible. The fact that
the real rod cells have essentially this level of dark noise means that the visual
system is operating near the limits of reliability set by thermal noise in the
input. It would be nice to give a more direct test of this idea.

61t is perhaps too much to go through all of these results here, beautiful as they are. To
explore, see the references at the end of the section.
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In the lab we often lower the noise level of photodetectors by cooling them.
This should work in vision too, since one can verify that the rate of spontaneous
photon-like events in the rod cell current is strongly temperature dependent,
increasing by a factor of roughly four for every ten degree increase in temper-
ature.” Changing temperature isn’t so easy in humans, but it does work with
cold blooded animals like frogs and toads. To set the stage, it is worth noting
that one species of toad in particular (Bufo bufo) manages to catch its prey
under conditions so dark that human observers cannot see the toad, much less
the prey. So, Aho et al. convinced toads to strike with their tongues at small
worm-like objects illuminated by very dim lights, as shown in Fig 2.7. Because
one can actually make measurements on the retina itself, it is possible to cal-
ibrate light intensities as the rate at which rhodopsin molecules are absorbing
photons and isomerizing, and the toad’s responses are almost deterministic once
this rate is 7 ~ 107 571 in experiments at 15°C, and responses are detectable
at intensities a factor of three to five below this. For comparison, the rate of
thermal isomerizations at this temperature is ~ 5 x 10712571,

If the dark noise consists of rhodopsin molecules spontaneously isomerizing
at a rate rg, then the mean number of dark events will be ng = r4T' N, N., where
T ~ 1s is the relevant integration time for the decision, N, ~ 3 x 10% is the
number of rhodopsin molecules per cell in this retina, and N, ~ 4,500 is the
number of receptor cells that are illuminated by the image of the worm-like
object. Similarly, the mean number of real events is n = rT'N, N., and reliable
detection requires n > /ng, or

Td —13 —1
—_— 1 3 . 2
r > TN,.N. 6x10""s (2.37)

Thus, if the toad knows exactly which part of the retina it should be looking at,
then it should reach a signal-to—noise ratio of one at light intensities a factor of
ten below the nominal dark noise level. But there is no way to be sure where
to look before the target appears, and the toad probably needs a rather higher
signal-to—noise ratio before it is willing to strike. Thus it is plausible that the
threshold light intensities in this experiment should be comparable to the dark
noise level, as observed.

One can do an experiment very similar to the one with toads using human
subjects (who say yes or no, rather than sticking out their tongues), asking for
a response to small targets illuminated by steady, dim lights. In yet another
similar experiment, frogs will spontaneously jump at a dimly illuminated patch
of the ceiling, in an attempt to escape from an otherwise dark box. Combining
all these experiments, with the frogs held at temperatures from 10 to 20 °C, one
can span a range of almost two orders of magnitude in the thermal isomerization

"The sign of the prediction is important. If we were looking for more reliable behaviors
at higher temperatures, there could be many reasons for this, such as quicker responses of
the muscles. Instead, the prediction is that we should see more reliable behavior as you
cool down—all the way down to the temperature where behavior stops—and this is what is
observed.
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Figure 2.8: Comparison of spontaneous isomerization rates and threshold light intensities,
from experiment on human, toads, and frogs at different temperatures. From Aho et al (1987,
1988).

rate of rhodopsin. It’s not clear whether individual organisms hold their inte-
gration times T fixed as temperature is varied, or if the experiments on different
organisms correspond to asking for integration over a similar total number of
rhodopsin molecules (N, N.). Nonetheless, it satisfying to see, in Fig 2.8, that
the “threshold” light intensity, where response occur 50% of the time, is varying
systematically with the dark noise level. It is certainly true that operating at
lower temperatures allows the detection of dimmer lights, or equivalently more
reliable detection of the same light intensity, as expected if the dominant noise
source was thermal in origin. These experiments support the hypothesis that
visual processing in dim lights really is limited by input noise and not by any
inefficiencies of the brain.

Problem 12: Getting a feel for the brain’s problem.® Let’s go back to Problem 3,
where you simulated a Poisson process.

(a) If you use the strategy of making small bins A7 and testing a random number in each
bin against a threshold, then it should be no problem to generalize this to the case where the
threshold is different at different times, so you are simulating a Poisson process in which the
rate is varying as a function of time. As an example, consider a two second interval in which
the counting rate has some background (like the dark noise in rods) value rqa;x except in a
100 msec window where the rate is higher, say 7 = 7Tqark + Tsignal- Remember that for one
rod cell, 7qark is ~ 0.02sec™1, while humans can see flashes which have Tsignal ~ 0.01 sec 1 if

8This problem has its origins in teaching at the Methods in Computational Neuroscience
course at the Marine Biological Laboratory, and was developed together with Rob de Ruyter
van Steveninck.
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they can integrate over 1000 rods. Try to simulate events in this parameter range and actually
look at examples, perhaps plotted with x’s to show you where the events occur on a single
trial.

(b) Can you tell the difference between a trial where you have rgjgna = 0.01 sec”! and
one in which 7ggna1 = 07 Does it matter whether you know when to expect the extra events?
In effect these plots give a picture of the problem that the brain has to solve in the Hecht—
Shaler—Pirenne experiment, or at least an approximate picture.

(c) Sitting in a dark room to repeat the HSP experiment would take a long time, but
maybe you can go from your simulations here to design a psychophysical experiment simple
enough that you can do it on one another. Can you measure the reliability of discrimination
between the different patterns of x’s that correspond to the signal being present or absent? Do
you see an effect of “knowing when to look”? Do people seem to get better with practice? Can
you calculate the theoretical limit to how well one can do this task? Do people get anywhere
near this limit? This is an open ended problem.

Problem 13: A better analysis? Go back to the original paper by Aho et (1988)
and see if you can give a more compelling comparison between thresholds and spontaneous
isomerization rates. From Eq (2.37), we expect that the light intensity required for some
criterion level of reliability scales as the square root of the dark noise level, but also depends
on the total number of rhodospin molecules over which the subject must integrate. Can
you estimate this quantity for the experiments on frogs and humans? Does this lead to an
improved version of Fig 2.87 Again, this is an open ended problem.

The dominant role of spontaneous isomerization as a source of dark noise
leads to a wonderfully counterintuitive result, namely that the photoreceptor
which is designed to maximize the signal-to—noise ratio for detection of dim
lights will allow a significant number of photons to pass by undetected. Consider
a rod photoreceptor cell of length ¢, with concentration C' of rhodopsin; let the
absorption cross section of rhodopsin be . As a photon passes along the length
of rod, the probability that it will be absorbed (and, presumably, counted) is
p = 1 — exp(—Co¥), suggesting that we should make C or ¢ larger in order to
capture more of the photons. But, as we increase C or ¢, we are increasing the
number of rhodopsin molecules, N,;, = CA¢, with A the area of the cell, so we
we also increase the rate of dark noise events, which occurs at a rate rq.. per
molecule.

If we integrate over a time 7, we will see a mean number of dark events (spon-
taneous isomerizations) 7iqark = TdarkT/Neh. The actual number will fluctuate,
with a standard deviation dn = \/Tigark. On the other hand, if ngasn photons are
incident on the cell, the mean number counted will be ficount = Naasnp- Putting
these factors together we can define a signal-to—noise ratio

[1 — exp(—Co¥?)]
vV CAéT’darkT ’

The absorption cross section ¢ and the spontaneous isomerization rate rq,, are
properties of the rhodopsin molecule, but as the rod cell assembles itself, it can
adjust both its length ¢ and the concentration C' of rhodopsin; in fact these
enter together, as the product C¢. When CY is larger, photons are captured
more efficiently and this leads to an increase in the numerator, but there also

ﬁcoun
SNR = Wt = Nfash (2.38)
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are more rhodopsin molecules and hence more dark noise, which leads to an
increase in the denominator. Viewed as a function of C¥, the signal-to—noise
ratio has a maximum at which these competing effects balance; working out
the numbers one finds that the maximum is reached when C?¢ ~ 1.26/0, and
we note that all the other parameters have dropped out. In particular, this
means that the probability of an incident photon not being absorbed is 1 —p =
exp(—Col) ~ e 126 ~ 0.28. Thus, to maximize the signal-to-noise ratio for
detecting dim flashes of light, nearly 30% of photons should pass through the
rod without being absorbed (!).

Problem 14: Escape from the tradeoff. Derive for yourself the numerical factor
(Clopt ~ 1.26/c. Can you see any way to design an eye which gets around this tradeoff
between more efficient counting and extra dark noise? Hint: Think about what you see
looking into a cat’s eyes at night.

If this is all correct, it should be possible to coax human subjects into giving
responses that reflect the counting of individual photons, rather than just the
summation of multiple counts up to some threshold of confidence or reliability.
Suppose we ask observers not to say yes or no, but rather to rate the apparent
intensity of the flash, say on a scale from 0 to 7. Remarkably, as shown in
Fig 2.9, in response to very dim flashes interspersed with blanks, at least some
observers will generate ratings that, given the intensity, are approximately Pois-
son distributed: the variance of the ratings is essentially equal to the mean, and
even the full distribution of ratings over hundreds of trials is close to Poisson.
Further, the mean rating is linearly related to the light intensity, with an offset
that agrees with other measurements of the dark noise level. Thus, the observer
behaves exactly as if she can give a rating that is equal to the number of photons
counted. This astonishing result would be almost too good to be true were it not
that some observers deviate from this ideal behavior—they starting counting at
two or three, but otherwise follow all the same rules.

While the phenomena of photon counting are very beautiful, one might worry
that this represents just a very small corner of vision. Does the visual system
continue to count photons reliably even when it’s not completely dark outside?
To answer this let’s look at vision in a rather different animal, as in Fig 2.10.
When you look down on the head of a fly, you see—almost to the exclusion of
anything else—the large compound eyes. Each little hexagon that you see on
the fly’s head is a separate lens, and in large flies there are ~ 5,000 lenses in each
eye, with approximately 1 receptor cell behind each lens, and roughly 100 brain
cells per lens devoted to the processing of visual information. The lens focuses
light on the receptor, which is small enough to act as an optical waveguide.
Each receptor sees only a small portion of the world, just as in our eyes; one
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Figure 2.9: Results of experiments in which observers are asked to rate the intensity of dim
flashes, including blanks, on a scale from 0 to 6. Main figure shows that the variance of
the ratings at fixed intensity is equal to the mean, as expected if the ratings are Poisson
distributed; the sizes of the bars in each cross show the error bars in the measurements along
the two axes. Insets show that the full distribution is approximately Poisson (upper) and that
the mean rating is linearly related to the flash intensity (lower), measured here as the mean
number of photons delivered to the cornea. The mean rating is nonzero even for intensity
zero (blanks), presumably because the subject is counting the spontaneous isomerizations of
rhodopsin (dark noise). From Sakitt (1972).

difference between flies and us is that diffraction is much more significant for
organisms with compound eyes—because the lenses are so small, flies have an
angular resolution of about 1°, while we do about 100x better. It is worth
emphasizing that the insect’s compound eye is not so different than ours, as
schematized in Fig 2.11. In both cases the retina has a layer of photoreceptors
that parse the world into pixels, but in our eyes all the photoreceptors “look”
through the same large lens, while in the compound eye each cell has its own
private, smaller lens.

The last paragraph was a little sloppy (“approximately one receptor cell”?),
so let’s try to be more precise. For flies there actually are eight receptors behind
each lens. Two provide sensitivity to polarization and some color vision, which
we will ignore here. The other six receptors look out through the same lens
in different directions, but as one moves to neighboring lenses one finds that
there is one cell under each of six neighboring lenses which looks in the same
direction. Thus these six cells are equivalent to one cell with six times larger
photon capture cross section, and the signals from these cells are collected and
summed in the first processing stage (the lamina); one can even see the expected
six fold improvement in signal to noise ratio.’

9 Although this is off our current topic, the structure of the fly’s eye raises all sorts of
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The last thing a fly ever sees

Figure 2.10: The fly’s eye(s). At left a photograph taken by H Leertouwer at the Rijksuniver-
siteit Groningen, showing (even in this poor reproduction) the hexagonal lattice of lenses in
the compound eye. This is the blowfly Calliphora vicina. At right, a schematic of what a fly
might see, due to Gary Larson. The schematic is incorrect because each lens actually looks in
a different direction, so that whole eye (like ours) only has one image of the visual world. In
our eye the “pixelation” of the image is enforced by the much less regular lattice of receptors
on the retina; in the fly pixelation occurs already with the lenses.

Because diffraction is such a serious limitation, one might expect that there
would be fairly strong selection for eyes that make the most of the opportunities
within these constraints. Indeed, there is a beautiful literature on optimization
principles for the design of the compound eye; the topic even makes an ap-
pearance in Feynman’s undergraduate physics lectures. Roughly speaking (Fig
2.12), we can think of the fly’s head as being a sphere of radius R, and imagine
that the lens are pixels of linear dimension d on the surface.'® Then the geom-
etry determines an angular resolution (in radians) of d¢geo ~ d/R; resolution
gets better if d gets smaller. On the other hand, diffraction through an aperture
of size d creates a blur of angular width d¢qig ~ A/d, where A ~ 500 nm is the
wavelength of the light we are trying to image; this limit improves as the aper-
ture size d gets larger. Although one could try to give a more detailed theory, it

interesting questions. The great anatomist Ramon y Cajal referred to the fly’s visual system
as a “neurocrystal,” for its nearly perfect lattice structure. The pattern of 642 receptor cells
is repeated thousands of times over in a large fly, and the convergence of the six cells onto
individual cells in the second layer of the retina is similarly repeated, apparently without errors;
this is nontrivial because the geometry of these connections actually is quite complicated, with
the cells twisting around one another as they find their way to their proper targets. There is
work being done on how these beautiful structures develop, but my guess is that we are just
scratching the surface.

10This is not the case of the spherical fly, but the case of the spherical head, which is a
much better approximation.
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Figure 2.11: The similarity of “simple” and compound eyes. Both types of eyes have a single
layer of photoreceptor cells in the retina. In the compound eye, each receptor cell has its own
private lens through which it looks, and these lenses are arrayed in a lattice that mirrors that
of the photoreceptors. In the simple eye, all the photoreceptors look at the world through one
large lens. What is missing from this image is that, in the simple eye, we can have a much
higher density of receptors since the point spread function of the larger lens is proportionally
smaller.

seems clear that the optimum is reached when the two different limits are about
equal, corresponding to an optimal pixel size

dv ~ VAR. (2.39)

This is the calculation in the Feynman lectures, and Feynman notes that it gives
the right answer within 10% in the case of a honey bee.

A decade before Feynman’s lectures, Barlow had derived the same formula
and went into the drawers of the natural history museum in Cambridge to
find a variety of insects with varying head sizes, and he verified that the pixel
size really does scale with the square root of the head radius, as shown in Fig
2.13. I think this work should be more widely appreciated, and it has several
features we might like to emulate. First, it explicitly brings measurements
on many species together in a quantitative way. Second, the fact that multiple
species can put onto the same graph is not a phenomenological statement about,
for example, scaling of one body part relative to another, but rather is based
on a clearly stated physical principle. Finally, and most importantly for our
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Figure 2.12: At left, a schematic of the compound eye, with lenses of width d on the surface of
a spherical eye with radius R. At right, the angular resolution of the eye as a function of the
lens size, showing the geometric (§dgeo ~ d/R) and diffraction (6¢gig ~ A/d) contributions
in dashed lines; the full resolution in solid lines.

later discussion, Barlow makes an important transition: rather than just asking
whether a biological system approaches the physical limits to performance, he
assumes that the physical limits are reached and uses this hypothesis to predict
something else about the structure of the system. This is, to be sure, a simple
example, but an early and interesting example nonetheless.!!

Pushing toward diffraction—limited optics can’t be the whole story, since at
low light levels having lots of small pixels isn’t much good—so few photons are
captured in each pixel that one has a dramatic loss of intensity resolution. There
must be some tradeoff between spatial resolution and intensity resolution, and
the precise form of this tradeoff will depend on the statistical structure of the
input images (if you are looking at clouds it will be different than looking at tree
branches). The difficult question is how to quantify the relative worth of extra
resolution in space vs intensity, and it has been suggested that the right way to
do this is to count bits—design the eye not to maximize resolution, but rather
to maximize the information that can be captured about the input image. This
approach was a semi-quantitative success, showing how insects that fly late

1 This example also raises an interesting question. In Fig 2.13, each species of insect is
represented by a single point. But not all members of the same species are the same size,
as you must have noticed. Is the relationship between R and d that optimizes function
preserved across the natural sizes variations among individuals? Does it matter whether the
size differences are generated by environmental or genetic factors? This is a question about the
reproducibility of spatial structures in development, a question we will come back to (albeit
in simpler forms) in Section 5.3. It would be good, though, if someone just measured the
variations in eye dimensions across many individuals!
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Figure 2.13: The size of lenses in compound eyes as a function of head size, across many
species of insect. From Barlow (1952).

at night or with very high speeds (leading to blurring by photoreceptors with
finite time resolution) should have less than diffraction limited spatial resolving
power. I still think there are open questions here, however.

Coming back to the question of photon counting, one can record the voltage
signals in the photoreceptor cells and detect single photon responses, as in ver-
tebrates. If we want to see what happens at higher counting rates, we have to
be sure that we have the receptor cells in a state where they don’t “run down”
too much because the increased activity. In particular, the rhodopsin molecule
itself has to be recycled after it absorbs a photon. In animals with backbones,
this actually happens not within the photoreceptor, but in conjunction with
other cells that form the pigment epithelium. In contrast, in invertebrates the
“resetting” of the rhodopsin molecule occurs within the receptor cell and can
even be driven by absorption of additional long wavelength photons. Thus, if
you want to do experiments at high photon flux on isolated vertebrate photore-
ceptors, there is a real problem of running out of functional rhodospin, but this
doesn’t happen in the fly’s eye. Also, the geometry of the fly’s eye makes it
easier to do stable intracellular measurements without too much dissection.

To set the stage for experiments at higher counting rates, consider a simple
model in which each photon arriving at time ¢; produces a pulse Vo(t — t;), and
these pulses just add to give the voltage

V(t) = Vbc + Z Vo(t —t), (2.40)

as shown schematically in Fig 2.14; Vp¢ is the constant voltage that one observes
across the cell membrane in the absence of light. In Section A.1, we can find the
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Figure 2.14: A Poisson stream of pulses sum to give the voltage across the cell membrane, as
in Eq (2.40). The units are chosen so that the elementary pulse peaks after one time unit, with
an amplitude of one voltage unit. Dashed lines show the underlying responses to individual
photons, and the solid line shows their summed effect.

distribution of the arrival times {t;} on the hypothesis that the photons arrive
as a Poisson process with a time dependent rate r(t); from Eq (A.17) we have

T

; dr 7’(7’)] %T(h)r(h) er(tn), (2.41)

P{ti}[r(t)] = exp l—

where r(t) is the rate of photon arrivals—the light intensity in appropriate
units. To compute the average voltage response to a given time dependent light
intensity, we have to do a straightforward if tedious calculation:

o0 T
<Zvo(t - ti)> = Z/ dVt; P[{t:}r(t)] > Vo(t — t). (2.42)
i N=0"0 i

This looks a terrible mess. Actually, it’s not so bad, and one can proceed
systematically to do all of the integrals. The details are in Appendix A.1, along
with all the other details about Poisson processes. The result, Eq (A.69), is
that the voltage responds linearly to the light intensity,

(V(t)) = Vpc + /Oo dt'Vo(t — t')r(t). (2.43)

— 00
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In particular, if we have some background photon counting rate 7 that undergoes
fractional modulations C(t), so that

r(t) =71+ C(¢)], (2.44)

then there is a linear response of the voltage to the “contrast” C,
(AV(H) = 7 / AVt — YO, (2.45)

Such integral relationships (convolutions) simplify when we use the Fourier
transform. For a function of time f(t) we will define the Fourier transform with
the conventions

flw) = /_oo dt et f(t), (2.46)
0 = [ e (2.47)

Then, for two functions of time f(¢) and g(t), we have
/ dt et [/ dt' f(t —t)g(t")| = fw)g(w). (2.48)

Armed with Eq (2.48), we can write the response of the photoreceptor in
the frequency domain,

(AT (@) = FVo(w)Cw), (2.49)

so that there is a transfer function, analogous to impedance relating current and
voltage in an electrical circuit,

T(w) W =V (w). (2.50)

This transfer function is a complex number at every frequency, so it has an
amplitude and a phase,

T(w) = |T(w)]eT), (2.51)

The “units” of T are simply voltage per contrast. although contrast is formally
dimensionless since it measures a fractional change in intensity. The interpre-
tation is that if we generate a time varying contrast C(t) = C cos(wt), then the
voltage will also vary at frequency w,

(AV (1)) = |T(w)|C coslwt — ¢ (w)]. (2.52)
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Problem 15: Convolutions. Verify the “convolution theorem” in Eq (2.48). If you
need some reminders, see, for example, Lighthill (1958). Also, be sure that you can reproduce
Eq (2.52).

If every photon generates a voltage pulse Vj(t), but the photons arrive at ran-
dom, then the voltage must fluctuate. To characterize these fluctuations, we’ll
use some of the general apparatus of correlation functions and power spectra.
A review of these ideas is given in Appendix A.2.

We want to analyze the fluctuations of the voltage around its mean, which we
will call 6V (¢). By definition, the mean of this fluctuation is zero, (JV (¢)) = 0.
There is a nonzero variance, ([§V(¢)]?), but to give a full description we need to
describe the covariance between fluctuations at different times, (3V (¢)0V (¢')).
Importantly, we are interested in systems that have no internal clock, so this
covariance or correlation can’t depend separately on ¢t and ', only on the dif-
ference. More formally, if we shift our clock by a time 7, this can’t matter, so
we must have

BV (t)oV (') = V(i + 1)V +71)); (2.53)
this is possible only if
(V(t)V (') = Cy(t —t), (2.54)

where Cy (t) is the “correlation function of V.” Thus, invariance under time
translations restricts the form of the covariance. Another way of expressing
time translation invariance in the description of random functions is to say that
any particular wiggle in plotting the function is equally likely to occur at any
time. This is called “stationarity,” and we say that fluctuations that have this
property are stationary fluctuations.

In Fourier space, the consequence of invariance under time translations can
be stated more simply—if we compute the covariance between two frequency
components, we find

(6V (w1)0V (wg)) = 276 (w1 + wa) Sy (w1), (2.55)

where Sy (w) is called the power spectrum (or power spectral density) of the
voltage V. Remembering that 6V (w) is a complex number, it might be more
natural to write this as

(6V (w1)8V* (w2)) = 276 (w1 — wa) Sy (wr). (2.56)

Time translation invariance thus implies that fluctuations at different frequen-
cies are independent.'? This makes sense, since if (for example) fluctuations at

12Caution: this is true only at second order; it is possible for different frequencies to be
correlated when we evaluate products of three or more terms. See the next problem for an
example.
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2Hz and 3 Hz were correlated, we could form beats between these components
and generate a clock that ticks every second. Finally, the Wiener—Khinchine the-
orem states that the power spectrum and the correlation function are a Fourier
transform pair,

Sv(w) = / dr e T Cy (1), (2.57)
d )
Cy(r) = /ie—msv(w). (2.58)
The total variance in voltage can be written as
2\ dw
([AVEF) =Cv(0) = | 5 Sv(w); (2.59)

thus we can think of each frequency component as having a variance ~ Sy (w),
and by summing these components we obtain the total variance.

Problem 16: More on stationarity. Consider some fluctuating variable z(t) that
depends on time, with (x(¢)) = 0. Show that, because of time translation invariance, higher
order correlations among Fourier components are constrained:

(Z(w1)Z* (w2)Z* (w3)) o 2mwo(w1 — w2 —w3) (2.60)

(Z(w1)Z(w2)Z* (w3)E* (wa)) o 2m0(w1 + w2 — w3 — wa). (2.61)

If you think of Z* (or &) as being analogous to the operators for creation (or annihilation) of
particles, explain how these relations are related to conservation of energy for scattering in
quantum systems.

Problem 17: Brownian motion in a harmonic potential. Consider a particle of
mass m hanging from a spring of stiffness x, surrounded through a fluid. The effect of the
fluid is, on average, to generate a drag force, and in addition there is a ‘Langevin force’ that
describes the random collisions of the fluid molecules with the particle, resulting in Brownian
motion. The equation of motion is

d?z(t) dx(t)
a4

where « is the drag coefficient and 7n(¢) is the Langevin force. A standard result of statistical
mechanics is that the correlation function of the Langevin force is

(n(n(t")) = 2vkpTo(t —t'), (2.63)

where T is the absolute temperature and kg = 1.36 x 10723 J/K is Boltzmann’s constant.!3
(a.) Show that the power spectrum of the Langevin force is Sy (w) = 2vkpT, independent
of frequency. Fluctuations with such a constant spectrum are called ‘white noise.’

+ kx(t) = n(t), (2.62)

13These delta function correlations (or white noise, see next part of the problem) are con-
nected to the fact that the drag force —vy(dz/dt) is related instantaneously to the velocity;
the fluctuation dissipation theorem tells us that the deterministic properties of the dissipative
term dictate the form of the random noise. Thus we are not making a “white noise assump-
tion,” as this often is described. We are just being consistent with the hypothesized form of
the drag. If we could look on sufficiently short time scales, we would see that the drag is not
instantaneous, and that the noise is not white.
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(b.) Fourier transform Eq (2.62) and solve, showing how Z(w) is related to 7j(w). Use this
result to find an expression for the power spectrum of fluctuations in z, Sz (w).

(c.) Integrate the power spectrum Sy (w) to find the total variance in z. Verify that your
result agrees with the equipartition theorem,

1 1
<2m:2> = Sk (2.64)

Hint: The integral over w can be done by closing a contour in the complex plane.
(d.) Show that the power spectrum of the velocity, Sy (w), is related to the power spectrum
of position through

Sy (w) = w?Se(w). (2.65)

Using this result, verify the other prediction of the equipartition theorem for this system,

1 1
<2mv2> = 5ksT (2.66)

Now we have a language for describing the signals and noise in the receptor
cell voltage, by going to the frequency domain. What does this have to do with
counting photons? The key point is that we can do a calculation similar to the
derivation of Eq (2.49) for (AV(¢)) to show that, even at zero contrast (C =
0), the voltage will undergo fluctuations—responding to the random arrival of
photons—with power spectrum

Ny (w) = Vo (w)|*. (2.67)

We call this Ny because it is noise. The noise has a spectrum shaped by the
pulses Vj, and the magnitude is determined by the photon counting rate; again
see Appendix A.1 for details.

Both the transfer function and noise spectrum depend on the shape of the
pulse V5 (t). In particular, because this pulse has finite width in time, the transfer
function gets smaller at higher frequencies. Thus if you watch a flickering light,
the strength of the signal transmitted by your photoreceptor cells will decrease
with increasing frequency. Roughly speaking this is why you can watch movies:
the flicker associated with the discreteness of the frames is strongly attenuated,
although this is far from the whole story—your brain does a lot of interpretation,
leaning heavily on the expectation that things vary continuously in time.

The crucial point is that, for an ideal photon counter, although higher fre-
quency signals are attenuated, the signal-to—noise ratio actually doesn’t depend
on frequency. Thus if we form the ratio

T@)* _ [FVo(w)l”
Ny(w)  rVo(w)?

=T, (2.68)

we just recover the photon counting rate, independent of details. Since this
is proportional to the signal-to-noise ratio for detecting contrast modulations
C'(w), real photodetectors will give less that this ideal value.
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Figure 2.15: Signal and noise in fly photoreceptors, with experiments at four different mean
light intensities, from de Ruyter van Steveninck & Laughlin (1996b). (a) Transfer function
|T'(w)|? from contrast to voltage. (b) Power spectrum of voltage noise, Ny (w). (c) The ratio
|T(w)|? /Ny (w), which would equal the photon counting rate if the system were ideal; dashed
lines show the actual counting rates.

Problem 18: Frequency vs counting rate. If we are counting photons at an average
rate 7, you might think that it is easier to detect variations in light intensity at a frequency
w K 7 than at higher frequencies, w > 7; after all, in the high frequency case, the light changes
from bright to dim and back even before (on average) a single photon has been counted. But
Eq (2.68) states that the signal-to—noise ratio for detecting contrast in an ideal photon counter
is independent of frequency, counter to this intuition. Can you produce a simple simulation
to verify the predictions of Eq (2.68)7 I've left this deliberately open ended. As a hint, if
you are looking for light intensity variations of the form r(¢) = 7[1 4+ C cos(wt)], you should
process the photon arrival times {¢;} to form a signal s = >, cos(wt;).

So now we have a way of testing the photoreceptors: Measure the transfer
function T'(w) and the noise spectrum Ny (w), form the ratio |T(w)|?/Ny (w),
and compare this with the actual photon counting rate 7. This was done for
the fly photoreceptors, with the results shown in Fig 2.15. What we see is that,
over some range of frequencies, the performance of the fly photoreceptors is close
to the level expected for an ideal photon counter. It’s interesting to see how
this evolves as we change the mean light intensity, as shown in Fig 2.16. The
performance of the receptors tracks the physical optimum up to counting rates
of # ~ 10° photons/s. Since the integration time of the receptors is ~ 10ms,
this means that the cell can count, almost perfectly, up to about 1000.
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Problem 19: Calibrating the photon counting rates. Go back to the original
experiments from which Fig 2.15 is drawn and explain how it was possible to know the photon
counting rates—that is, how it was possible to draw the dashed lines in Fig 2.15c.

An important point about these results is that they wouldn’t work if the
simple model were literally true. At low photon counting rates 7, the pulse Vj
has an amplitude of several milliVolts, as you can work out from panel (a) in
Fig 2.15. If we count ~ 102 events, this should produce a signal of several Volts,
which is absolutely impossible in a real celll What happens is that the system
has an automatic gain control which reduces the size of the pulse V; as the light
intensity is increased. Remarkably, this gain control or adaptation occurs while
preserving (indeed, enabling) nearly ideal photon counting. Thus as the lights
go up, the response to each photon become smaller (and, if you look closely,
faster), but no less reliable.

Problem 20: Looking at the data. Explain how the data in Fig 2.15 provide evidence
for the adaption of the pulse Vj with changes in the mean light intensity.

These observations on the ability of the visual system to count single photons—
down to the limit set by thermal noise in rhodopsin and up to counting rates of
~ 10%s~1—raise questions at several different levels:

e At the level of single molecules, we will see that the performance of the
visual system depends crucially on the dynamics of rhodopsin itself. In
particular, the structural response of the molecule to photon absorption
is astonishingly fast, while the dark noise level means that the rate of
spontaneous structural changes is extremely slow.

e At the level of single cells, there are challenges in understanding how a
network of biochemical reactions converts the structural changes of single
rhodopsin molecules into macroscopic electrical currents across the rod
cell membrane.

e Beyond the receptor cell, we would like to understand how these signals
are integrated without being lost into the inevitable background of noise.
Our discussion has also assumed, implicitly, that the brain knows what
it is “looking for” when we try to detect dim flashes, and this must be
learned.
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Figure 2.16: Performance of fly photoreceptors vs light intensity. [Should redraw this, and
label with consistent notation.] Having measured the quantity Aeg = |T'(w)|2/Ny (w), as in
Fig 2.15, we plot the maximum value (typically at relatively low frequencies) vs the actual
photon counting rate 7. We see that, over an enormous dynamic range, the signal-to—noise
ratio tracks the value expected for an ideal photon counter.

In the next sections we’ll look at these questions, in order.

It is a pleasure to read classic papers, and surely Hecht et al (1942) and van der Velden (1944)
are classics, as is the discussion of dark noise by Barlow (1956). The pre-history of the subject,
including the story about Lorentz, is covered by Bouman (1961). The general idea that our
perceptual “thresholds” really are thresholds for discrimination against background noise with
some criterion level of reliability made its way into quantitative psychophysical experiments
in the 1950s and 60s, and this is now (happily) a standard part of experimental psychology;
the canonical treatment is by Green and Swets (1966). The origins of these ideas are an
interesting mix of physics and psychology, developed largely for radar in during World War
II, and a summary of this early work is in the MIT Radar Lab series (Lawson & Uhlenbeck
1950). Another nice mix of physics and psychology is the revisiting of the original photon
counting experiments using light sources with non—Poisson statistics (Teich et al 1982); for a
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Figure 2.17: Schematic structure of rhodopsin, showing the organic pigment retinal nestled
in a pocket formed by the surrounding opsin protein. This conformation of the retinal is
called 11—cis, since there is a rotation around the bond between carbons numbered 11 and
12 (starting at the lower right in the ring). Insets illustrate the conventions in such chemical
structures, with carbons at nodes of the skeleton, and hydrogens not shown, but sufficient to
make sure that each carbon forms four bonds.
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2.2 Single molecule dynamics

To a remarkable extent, our ability to see in the dark is limited by the properties
of rhodopsin itself, essentially because everything else works so well. Rhodopsin
consists of a medium sized organic pigment, retinal, enveloped by a large pro-
tein, opsin (cf Fig 2.17). The primary photo-induced reaction is isomerization
of the retinal, which ultimately couples to structural changes in the protein.
The effort to understand the dynamics of these processes goes back to Wald’s
isolation of retinal (a vitamin A derivative) in the 1930s, his discovery of the iso-
merization, and the identification of numerous states through which the molecule
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Figure 2.18: Schematic structure of the rod cell and rhodopsin. At left, the “outer segment”
of the rod cell consists of a plasma membrane surrounding a dense stack of “disks.” Each disk,
as shown at right, is a closed membrane, and all the membranes are made from bilayers of
phospholipids that organize themselves to sequester their oily tails while allowing the charged
head groups to access the surrounding water; there is lots of beautiful physics to be found
in this self-organization, which can form a remarkable variety of structures. Rhodopsin is
a protein that sits in the disk membrane, its seven helical segments snaking back and forth
through the membrane; rhodopsin structure from Stemkamp et al (2002).

cycles. The field was given a big boost by the discovery that there are bacte-
rial rhodopsins, some of which serve a sensory function while others are energy
transducing molecules, using the energy of the absorbed photon to pump protons
across the cell membrane. The resulting difference in electrochemical potential
for protons is a universal intermediate in cellular energy conversion, not just in
bacteria but in us as well; see, for example, the discussion of the flagellar motor
in Section 4.2.

By now we know much more than Wald did about the structure of the
rhodopsin molecule and the rod cell more generally, as schematized in Fig 2.18.
The outer segment of the rod cell is packed with “disks,” which are closed but
relatively flat spaces, bounded by a membrane not unlike the cell membrane
itself. The rhodopsin molecules sit in the disk membrane, and are rather densely
packed by free to diffuse in two dimensions. Proteins such as opsin are polymers
of amino acids, as will be discussed in more detail in Section 5.1, but unlike most
polymers proteins can fold into compact, well defined structures. In the case of
opsin, the folded structure allows the polymer to snake back and forth across
the membrane in seven segments, and along each segment the backbone of the
polymer traces a helix, shown by the “ribbon diagram” in Fig 2.18. The retinal
is linked to the protein by a covalent bond, and sits nearer the inside of the disk
than the outside. Since events in the rhodopsin molecule eventually have to be
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Figure 2.19: Isomerization of retinal, the primary event at the start of vision. The mbonds
among the carbons favor planar structures, but there are still alternative conformations. The
11—cis conformation is the ground state of rhodopsin, and after photon absorption the molecule
converts to the all-trans configuration. These different structures have different absorption
spectra, as well as other, more subtle differences. Thus we can monitor the progress of the
transition 11-cis — all-trans essentially by watching the molecule change color, albeit only
slightly.

communicated to the rest of the cell—and, in particular, the cell membrane,
across which the currents are flowing—this means that events which start with
a change in electronic state of the retinal must propagate through almost the
entire span of the protein across the disc membrane.

While there are many remarkable features of the rhodopsin molecule, we
would like to understand those particular features that contribute to the re-
liability of photon counting. First among these is the very low spontaneous
isomerization rate, roughly once per thousand years. As we have seen, these
photon-like events provide the dominant noise source that limits our ability to
see in the dark, so there is a clear advantage to having the lowest possible rate.
When we look at the molecules themselves, purified from the retina, we can
“see” the isomerization reaction because the initial 11-cis state and the final
all-trans states (see Fig 2.19) have different absorption spectra. For rhodopsin
itself, the spontaneous isomerization rate is too slow to observe in a bulk ex-
periment. If we isolate the pigment retinal, however, we find that it has a
spontaneous isomerization rate of ~ 1/yr, so that a bottle of 11-cis retinal is
quite stable, but the decay to all-trans is observable.

How can we understand that rhodopsin has a spontaneous isomerization
rate 1000x less than that of retinal? For that matter, how do we think about
anything that rhodopsin does, including absorbing light? The intuitive picture
that we want to use is shown in Fig 2.20. The fundamental tool we have in
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describing molecules is the Born—Oppenheimer approximation, which is based on
the fact that (colloquially speaking) since nuclei are much heavier than electrons,
they tend to move more slowly.!* Thus we can solve the quantum mechanics
of the electrons at fixed positions of the nuclei, giving us a set of energy levels,
and then follow these energy levels as the nuclei move. The electronic energy
levels act as potential energy surfaces for the motion of the nuclei, which could
then be approximately classical or fully quantum mechanical, depending on the
details of the system.!?

The spontaneous isomerization is thermally activated, and has a large “ac-
tivation energy” as estimated from the temperature dependence of the dark
noise.'8 This means that the dark isomerization rate behaves as rr = Ae~Fact/ksT
and experimentally F,.; = 0.96 4+ 0.07 eV, suggesting that there is a barrier of
~ leV for escape from the ground state structure.!” The absorption of light
by this molecule peaks at a wavelength of A = 500 nm, corresponding to an
energy of ~ 2.5eV, and we will see shortly that this measures the “vertical”
distance to the first excited state when the nuclear coordinates are fixed at the
ground state equilibrium structure. It is unlikely that the excited state has the
same equilibrium structure as the ground state, so there should a force on the
molecule (slope of the energy surface) in the excited state. Although these few
observations are far from enough to tell us how things work, it helps to sketch
them in the schematic of Fig 2.20, keeping in mind that this is just a sketch.

It seems reasonable that placing the retinal molecule into the pocket formed
by the protein opsin would raise the activation energy for spontaneous isomeriza-
tion, essentially because parts of the protein need to be pushed out of the way in
order for the retinal to rotate and isomerize. Another way of saying this is that
for isolated retinal, the “coordinates of the nuclei” in our sketch just involve
the retinal itself, while once bound to opsin there are contributions from the
position of atoms in the protein. Although this sounds plausible, it’s probably
wrong: rhodopsin and retinal have very different thermal isomerization rates,
but if we plot these rates vs. temperature we that the activation energies Eyt
are the same within experimental error, and the big difference comes from the

141 assume that most readers know something about the Born-Oppenheimer approximation,
since it is a pretty classical subject. It is also one of the first adiabatic approximations in
quantum mechanics. It took many years to realize that some very interesting things can
happen in the adiabatic limit, notably the appearance of non—trivial phase factors in the
adiabatic evolution of wave functions. Some of these ‘complications’ (to use a word from
one of original papers) were actually discovered in the context of the Born-Oppenheimer
approximation itself, but now we know that this circle of ideas is much larger, extending out
to quantum optics and quite exotic field theories.

15Because the electrons (mostly) follow the nuclei, T will use “nuclei” and “atoms” inter-
changeably in what follows.

16T am assuming here that the ideas of activation energy and Arrhenius behavior of chemical
reaction rates are familiar. For more on this, see Section 4.1.

17If you look in the original references, at the end of this section, you will most often
find such energies quoted in kcal/mol. I'm assuming that physicists will find it easier to think
about electron volts in relation to electronic energies, but if you are going to think more about
these subjects you’ll have to get used to converting among different units used by different
communities.
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Figure 2.20: Energy surfaces for the rhodopsin molecule. We sketch the electronic ground
state and the first excited state, in the Born—-Oppenhemier approximation, as a function of
the positions of the nuclei. The ground state has an energy minimum when the retinal is in the
11—cis structure. Photon absorption is maximal at a wavelength of A = 500 nm or an energy
of 2.5eV, and the temperature dependence of spontaneous isomerization suggests that there
is a “barrier” of ~ 1eV for escape from the equilibrium, ground state structure. Question
marks indicate parts of the diagram that we can’t yet draw. Note that “coordinate(s) of the
nuclei” is deliberately vague.

prefactor A. On the other hand, if we look at photoreceptor cells that are used
for daytime vision—the cones, which also provide us with sensitivity to colors,
as discussed below—the dark noise level is higher (presumably single photon
counting is unnecessary in bright light), and this does arise from the activation
energy, with molecules that absorb lower energy photons having lower activation
energies, as one might have expected. Understanding prefactors is much harder
than understanding activation energies,'® and I think we don’t really have a

18There can also be entropic factors in what is nominally an activation energy. More
precisely, as discussed in Section 4.1, there are limits in which the motion of the molecule is
on an effective potential surface determined by the free energy as a function of the relevant
“reaction coordinate.” If we compute k = Ae~Fact/kBT where the activation free energy
is Fact = Fact — kT Sact, we see that making Sact increasingly negative slows the reaction
rate without necessarily introducing an Arrhenius temperature dependence. Could this be
the difference between retinal and rhodopsin? Perhaps. But the condition for thinking about
free energies of activation is that all the degrees of freedom that contribute to the entropy
are relaxing quickly relative to the motion of the reaction coordinate, and this doesn’t seem
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compelling theoretical picture that explains the difference between retinal and
rhodopsin, although it seems plausible that we could understand the variations
across the naturally occurring rhodopsins.

Before going any further we have to address the most obvious fact about
rhodopsin, and this is the very broad absorption spectrum. A physics educa-
tion emphasizes the quantum mechanics of atoms, connecting the energy levels
of electrons with the absorption and emission of light starting with Balmer
and Bohr. But atoms have very narrow absorption spectra, so that we refer
to “spectral lines.” Rhodopsin, like many large molecules, has an absorption
“band” that ranges over wavelengths from ~ 400 to ~ 600 nm and even beyond.
There is a very nice of way of measuring the absorption spectrum over a very
large dynamic range, and this is to use the rod cell itself as a sensor. Instead
of asking how much light is absorbed, we can try assuming'® that all absorbed
photons have a constant probability of generating a pulse of current at the rod’s
output, and so we can adjust the light intensity at each wavelength to produce
the same current. If the absorption is stronger, we need less light, and con-
versely more light if the absorption is weaker; results are shown in Fig 2.21.
It is beautiful that in this way one can follow the long wavelength tail of the
spectrum down to cross-sections that are ~ 1075 of the peak. We also see that
the width of the spectrum, say at half maximum, is roughly 20% of the peak
photon energy, which is enormous in contrast with atomic absorption lines.

As an aside, the fact that one can follow the sensitivity of the photoreceptor
cell deep into the long wavelength tail opens the possibility of asking a very
different question about the function of these cells (and all cells). In addition to
the rod cells, there are three other types of photoreceptor cell in the retina, the
three cones that provide the basis for our color vision at higher light intensities.
The pigments in these cells are very much like rhodopsin, a retinal molecule
bound to a protein, but the proteins are slightly different in each type of cell,
and these differences are responsible for the differences in absorption spectra.
Proteins are polymers of amino acids, and there are twenty amino acids that
nature uses; each protein has a definite sequence, as will be discussed in more
detail in Section 5.1. The sequence of amino acids for every protein is encoded
by the sequence of bases in DNA, and every cell in our bodies has the same
DNA, and hence the instructions for making all possible proteins. In particular,
all photoreceptor cells have the ability to make all visual pigments. But the
different classes of receptors—rods and the three kinds of cones—make different
proteins, and this is much more general: what distinguishes cells with different
functions in a complex, multicellular organism is that the different cells “read
out” or “express” different proteins. If a single cone couldn’t reliably turn on the
expression of one rhodopsin gene, and turn off all of the others, then the retina
wouldn’t be able to generate a mix of spectral sensitivities, and we wouldn’t see

right if the entropy is in rearrangements of the protein. So, while entropic factors may be
important, I think it would be glib to say that they account for the slowing of the spontaneous
isomerization without further discussion.

19This assumption can also be checked. It’s true, but I think there have not been very
careful measurements in the long wavelength tail, where something interesting might happen.
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Figure 2.21: Sensitivity of the rod photoreceptor as a function of wavelength. This is measured,
as explained in the text, by adjusting the intensity of light to give a criterion output, so that
very low sensitivity corresponds to shining a bright light, rather than measuring a small
output. Redrawn from Baylor et al (1979a).

colors. But how “off” is “oft”?

In a macaque monkey (not so different from us in these matters), “red” cones
have their peak sensitivity at a wavelength ~ 570 nm, but at this wavelength
the “blue” cones have sensitivities that are ~ 10°x reduced relative to their
own peak. Peak absorption cross—sections are comparable, so the relative con-
centration of red pigments in the blue cones must be less than 107°. That is,
the cell makes at least 10° times as much of the correct protein as it does of the
incorrect proteins, which I always thought was pretty impressive.2°

Problem 21: A detour about DNA mechanics. DNA is a double stranded, linear
polymer, with the famous double helical structure (see Appendix A.3). The distance from one
base pair to the next along the helix is 0.34 nm, and three base pairs code for one amino acid.
A typical protein has ~ 200 amino acids, and even the simplest of single celled organisms has
enough DNA to code for almost 500 different proteins. Thus a minimal genome is ~ 3 x 10°
base pairs, and in fact it needs to be even longer to give space for segments of DNA that have
a regulatory rather than a coding function. In round numbers, let’s say that the minimum is
~ 5 x 10° base pairs (bp).

(a.) How does the length of the DNA compare with the ~ 1 um size of these small cells?

(b.) Left to itself, a polymer like DNA will not adopt a straight structure, but will take
a path that looks more like a random walk. In the simplest cases, the long molecule acts like

20Many thanks to Denis Baylor for reminding me of this argument. Since there are ~ 10°
rhodopsins in one cell, errors of even one part in 10°> would mean that there are thousands of
“wrong” molecules floating around. I wonder if this is true, or if the errors are even smaller.
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a series of connected segments, with free joints between the segments, so that the structure is
exactly a random walk in three dimensions with steps of a size equal to the segment length.
The picture of perfectly rigid segments and perfectly free joints is approximate, but useful. For
DNA the effective segment length, or persistence length, is ¢, ~ 50 nm, or ~ 150 base pairs.
Using this simple model, about how big is the “ball” that would be formed by a 5 x 10° bp
length of DNA? What about the DNA of E. coli, which is roughly ten times longer?

(c.) Hopefully you now see that the flexibility of DNA is not enough, by itself, to make
it fit spontaneously into the container provided by the bacterial cell. But the configurations
of random walks are random (!), so there is some probability that the polymer will be found
in a structure that takes up much less space. Make a rough estimate of the probability that
a random walk of N steps will stay inside a volume ~ R3, where R <« \/ﬁfp.

(d.) If we want to increase the probability of the polymer staying inside the volume R3 we
must decrease the number of available states, lowering the entropy. The only way to do this
stably is to provide interactions between the DNA and other molecules that are energetically
favorable when the polymer is in a more compact configuration. Make a rough estimate of
this energy. Is it proportional to the length of the polymer?

Returning to the absorption spectrum itself, we can try to understand why
it is so broad by taking the Born—Oppenheimer picture of Fig 2.20 seriously. In
particular, we need to add to this picture the fact that the coordinates of the
atoms are fluctuating, being drawn from the Boltzmann distribution, as in Fig
2.22. In the ground state, we know that there is some arrangement of the atoms
that minimizes the energy, and that in the neighborhood of this minimum the
potential surface must look roughly like that of a system of Hookean springs.
Once we lift the electrons into the first excited state, there is again some con-
figuration of the atoms that minimizes the energy (unless absorbing one photon
is enough to break the molecule apart!), but this equilibrium configuration will
be different than in the ground state. Hence in Fig 2.22, the energy surfaces for
the ground and excited states are shown displaced.

It is important to realize that sketches such as that in Fig 2.22 are ap-
proximations in many senses. Most importantly, this sketch involves only one
coordinate. You may be familiar with a similar idea in the context of chemical
reactions, where out of all the atoms that move during the reaction we focus on
one “reaction coordinate” that forms a path from the reactants to products; for
more about this see Section 4.1. One view is that this is just a convenience—we
can’t draw in many dimensions, so we just draw one, and interpret the figure
cautiously. Another view is that the dynamics are effectively one dimensional,
either because there is a separation of time scales, or because we can change
coordinates to isolate, for example, a single coordinate that couples to the dif-
ference in energy between the ground and excited electronic states. The cost
of this reduction in dimensionality might be a more complex dynamics along
this one dimension, for example with a “viscosity” that is strongly frequency
dependent, which again means that we need to be cautious in interpreting the
picture that we draw.

In the limit that the atoms are infinitely heavy, they don’t move appreciably
during the time required for an electronic transition. On the other hand, the
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Figure 2.22: Schematic of the electronic states in a large molecule, highlighting their coupling
to motion of the nuclei. The sketch show two states, with photon absorption (in blue) driving
transitions between them. If we think in semi—classical terms, as explained in the text, then
these transitions are ‘too fast’ for the atoms to move, and hence are vertical on such plots
(the Franck—Condon approximation). Because the atomic coordinates fluctuate, as indicated
by the Boltzmann distribution, the energy of the photon required to drive the transition also
fluctuates, and this broadens the absorption spectrum.

positions of the atoms still have to come out of the Boltzmann distribution, since
the molecule is in equilibrium with its environment at temperature 7. In this
limit, we can think of transitions between electronic states as occurring without
atomic motion, corresponding to vertical lines on the schematic in Fig 2.22. If
the photon happens to arrive when the atomic configuration is a bit to the left
of the equilibrium point, then as drawn the photon energy needs to be larger
in order to drive the transition; if the configuration is a bit to the right, then
the photon energy is smaller. In this way, the Boltzmann distribution of atomic
positions is translated into a broadening of the absorption line. In particular,
the transition can occur with a photon that has very little energy if we happen
to catch a molecule in the rightward tail of the Boltzmann distribution: the
electronic transition can be made up partly from the energy of the photon and
partly from energy that is “borrowed” from the thermal bath. As a result, the
absorption spectrum should have a tail at long wavelengths, and this tail will
be strongly temperature dependent, and this is observed in rhodopsin and other
large molecules, as shown in Fig 2.23. Since our perception of color depends on
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Figure 2.23: Temperature dependence of rod cell sensitivity in the long wavelength (low
energy) limit, from Luo et al (2011). These experiments are done on red rods from the
salamander, and error bars are roughly four times smaller than the symbols, including both
measurement errors and variations from cell to cell. Notice that the difference in absolute
temperature probed here is just AT/T ~ 0.04.

the relative absorption of light by rhodopsins with different spectra, this means
that there must be wavelengths such that the apparent color of the light will
depend on temperature.?!

Concretely, if we imagine that the potential surfaces are perfect Hookean
springs, but with displaced equilibrium positions, then we can relate the width
of the spectrum directly to the magnitude of this displacement. In the ground
state we have the potential

Ve(q) = Skq7, (2.69)

and in the excited state we have

Vela) = e+ 5alg — A, (2.70)

where € is the minimum energy difference between the two electronic states and
A is the shift in the equilibrium position, as indicated in Fig 2.24. With ¢ fixed,

21Various stories have been told about searching for this perceptual effect, in a hot tub ... .
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the condition for absorbing a photon is that the energy i) match the difference
in electronic energies,

1
hQY=Vo(q) — Vg(q) = e+ §HA2 — kAg. (2.71)

The probability distribution of ¢ when molecules are in the ground state is given
by

P(q) = %exp [— %B(% = mexp [— QZ‘J;T] : (2.72)

so we expect the cross—section for absorbing a photon of frequency 2 to have
the form

o(Q) o /dq P(q)d {hﬂ - (e + %KN - nAqﬂ (2.73)
o< / dg exp { QZ‘JBQT} 5 [m - <e + %HAQ - mq)] (2.74)
5 exp {W] , (2.75)

where the peak of the absorption is at

A peak = € + A, (2.76)
and
I

is the energy required to distort the molecule into the equilibrium configuration
of the excited state if we stay in the ground state.

The energy A is known, in different contexts, as the reorganization energy
or the Stokes shift. If the molecule stays in the excited state for a long time,
the distribution of coordinates will re—equilibrate to the Boltzmann distribution
appropriate to V(g), so that the most likely coordinate becomes ¢ = A. At this
coordinate, if the molecule returns to the ground state by emitting a photon—
fluorescence—the energy of this photon will be Aflqyor = € — A. Thus the peak
fluorescence is at lower energies, or red shifted from the absorption peak by
an amount 2\, as one can read off from Fig 2.24. This connects the width of
the absorption band to the red shift that occurs in fluorescence, and for many
molecules this prediction is correct, quantitatively, giving us confidence in the
basic picture.

In the case of rhodopsin, the peak absorption is at a wavelength of 500 nm or
an energy of ifdpcax = 2.5eV. The width of the spectrum is described roughly
by a Gaussian with a standard deviation of ~ 10% of the peak energy, so that
2M\kpT ~ (0.25eV)?, or A ~ 1.25eV. Surely we can’t take this seriously, since
this reorganization energy is enormous, and would distort the molecule well
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Figure 2.24: The potential surfaces of Fig 2.22, redrawn in the special case where they are
parabolic. Then, as in Eqgs (2.69) through (2.77), there are just a few key parameters that
determine the shape of the absorption spectrum and also the fluorscence emission.

beyond the point where we could describe the potential surfaces by Hookean
springs. Amusingly, if we took this result literally, the peak fluorescence would
be at zero energy (!). The correct conclusion is that there is a tremendously
strong coupling between excitation of the electrons and motion of the atoms,
and presumably this is related to the fact that photon absorption leads to very
rapid structural changes.

Problem 22: Temperature dependent spectra. Equation (2.75) predicts that absorption
spectra are temperature dependent.

(a.) Figure 2.23 suggests that absorption spectra have an exponential dependence on
photon energy at long wavelengths. Show that this is consistent with the predictions of Eq
(2.75). Is it plausible that these data are at sufficiently long wavelengths that the asymptotic
behavior should be seen?

(b.) A small change in temperature should produce a proportionally small change in the
slope of the log(absorption) vs. energy plot. Show that this change in slope can be directly
converted into an estimate of the reorganization energy A. Are the data in Fig 2.23 consistent
with the rough estimates of A from the width of the spectrum, as given above?

(c.) Generalize the derivation of Eq (2.75) to the case where the electronic transition is
coupled to many coordinates, all still treated classically. Does this change anything about the
predicted temperature dependence of the absorption spectra?




74 CHAPTER 2. PHOTON COUNTING IN VISION

The fact that there is a strong coupling between excitation of the electrons
and motions of the atoms means that a molecule which makes a transition to the
excited state (at fixed atomic coordinates, in our approximation) will experience
a large force. This force will “push” the molecular structure away from what
was the equilibrium structure in the ground state. Since the function of this
system requires the retinal to isomerize, rotating around the 11th bond along
the conjugated chain, it is tempting to think that this push is in the direction
of the isomerization. Then a large force will lead to rapid motion, and perhaps
to rapid isomerization.

If we look again at isolated retinal, and excite the system with a very short
pulse of light, we can follow the resulting changes in absorption spectrum. What
we see is the rise of an absorption spectrum that is consistent with the all-trans
state, at a rate ~ 10%s~!. Although this is fast compared to the reactions that
we can see by eye, it is actually slow enough that it is comparable to the rate at
which the molecule will re—emit the photon. Unless there are symmetries for-
bidding the transition, spontaneous emission of visible photons from electronic
excited states typically occur on the ~ 1 nanosecond time scale. Isomerization
of retinal itself thus is not fast enough to prevent fluorescence and truly capture
the energy of the photon with high probability.

Now fluorescence is a disaster for visual pigment—mnot only don’t you get
to count the photon where it was absorbed, it might get counted somewhere
else, blurring the image. In fact rhodopsin does not fluoresce: The quantum
yield or branching ratio for fluorescence is ~ 107°. If we imagine the molecule
sitting in the excited state, transitioning to the ground state via fluorescence
at a rate ~ 10°s7!, then to have a branching ratio of 107 the competing
process must have a rate of ~ 10 s~!. Thus, the rhodopsin molecule must
leave the excited state by some process on a time scale of ~ 10 femtoseconds,
which is extraordinarily fast. Indeed, for many years, every time people built
faster pulsed lasers, they went back to rhodopsin to look at the initial events,
culminating in the direct demonstration of femtosecond isomerization, making
this one of the fastest molecular events ever observed.

The 11-cis and all trans configurations of retinal have different absorption
spectra, and this is why we can observe the events following photon absorption
as an evolution of the spectrum. The basic design of such experiments is to
excite the molecules with a brief pulse of light, elevating them into the excited
state, and then probe with another brief pulse after some delay. In the simplest
version, one repeats the experiment many times with different choices of the
delay and the energy or wavelength of the probe pulse. An example of the
results from such an experiment are shown in Fig 2.25. The first thing to
notice is that the absorption at a wavelength of 550 nm, characteristic of the
all-trans structure, rises very quickly after the pulse which excites the system,
certainly within tens of femtoseconds. In fact this experiment reveals all sorts
of interesting structure, to which we will return below.

The combination of faster photon induced isomerization and slower thermal
isomerization means that the protein opsin acts as an electronic state selective
catalyst: ground state reactions are inhibited, excited state reactions acceler-
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Figure 2.25: Femtosecond dynamics of rhodopsin, from Wang et al (1994). At time t = 0,
the molecules are excited by a 35fs pulse of 500nm light. Transmission of light at several
different wavelengths is monitored as a function of time, with ~ 10fs resolution. We see
the immediate depletion of the absorption associated with the initial 11—cis state, while an
absorption band centered at ~ 550 nm rises within 200 fs. This absorption is characteristic of
the all-trans state. In addition to the rapid rise of the all-trans state, there are noticeable
wiggles in the absorption that persist for several picoseconds. We will see that these are
systematic oscillations.

ated, each by orders of magnitude. If these state dependent changes in reaction
rate did not occur—that is, if the properties of rhodopsin were those of retinal—
then we simply would not be able to see in the dark of night.

Problem 23: What would vision be like if ... ? Imagine that the spontaneous isomer-
ization rate and quantum yield for photo—isomerization in rhodopsin were equal to those in
retinal. Estimate, quantitatively, what this would mean for our ability to see at night.

Before proceeding, it would be nice to do an honest calculation that repro-
duces the intuition of Figs 2.22 and 2.24, and this is done in Section A.4. The
results of the calculation show, in more detail, how the coupling of electronic
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Figure 2.26: Resonant Raman scattering. A photon resonant with the combination of elec-

tronic and vibrational energy levels can be virtually absorbed and re—emitted, leaving behind
a vibrational quantum.

states to the vibrational motion of the molecule can shape the absorption spec-
trum. If there is just one lightly damped vibrational mode, then the single sharp
absorption line which we expect from atomic physics becomes a sequence of lines,
corresponding to changing electronic state and exciting one, two, three, ... or
more vibrational quanta. If there are many modes, and these modes are damped
by interaction with other degrees of freedom, these “vibronic” lines merge into
a smooth spectrum which we can calculate in a semi—classical approximation.

The coupling of electronic transitions to vibrational motion generates the
phenomenon of Raman scattering—a photon is inelastically scattered, making
a virtual transition to the electronically excited state and dropping back down
to the ground state, leaving behind a vibrational quantum, as in Fig 2.26. The
energy shifts of the scattered photons allow us to read off, directly, the fre-
quencies of the relevant vibrational modes. With a bit more sophistication, we
can connect the strength of the different lines to the coupling constants (e.g.,
the displacements A; along each mode, generalizing the discussion above) that
characterize the interactions between electronic and vibrational degrees of free-
dom. If everything works, it should be possible to reconstruct the absorption
spectrum from these estimates of frequencies and couplings. This whole pro-
gram has been carried through for rhodospin. In order to get everything right,
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however, one has to include motions which are effectively unstable in the excited
state, presumably corresponding to the torsional motions that lead to cis—trans
isomerization.

|
|

Figure 2.27: Schematic model of the energy surfaces in Rhodopsin, revisited. Redraw this to
make use of 550 nm peak in all-trans absorption, indicate oscillation frequency from data,
etc! The ground state has minima at both the 11-cis and the all-trans structures. A single
excited state sits above this surface. At some intermediate structure, the surfaces come very
close. At this point, the Born—Oppenheimer approximation breaks down, and there will be
some mixing between the two states. A molecule lifted into the excited state by absorbing a
photon slides down the upper surface, and can pass non—adiabatically into the potential well
whose minimum is at all-trans.

If we try to synthesize all of these ideas into a single schematic, we might
get something like Fig 2.27. If we take this picture seriously, then after excit-
ing the molecule with a pulse of light, we should see the disappearance of the
absorption band associated with the 11-cis structure, the gradual appearance
of the absorption from the all-trans state, and with a little luck, stimulated
emission while the excited state is occupied. All of this is seen. Looking closely
(e.g., at Fig 2.25), however, one sees that spectra are wiggling in time. This
might have been measurement error, but it’s not—there is a systematic os-
cillation of the absorption across all wavelengths, dominated by a mode with
frequency ~ 60 cm™!. Thus, rather than sliding irreversibly down the potential
surfaces toward a local energy minimum, the atomic structure of the molecule
oscillates. More remarkably, we can see a wavelength dependence of the phase
of these oscillations that is a signature of quantum mechanical coherence in this
vibrational motion.

Our usual picture of molecules and their transitions comes from chemical
kinetics: there are reaction rates, which represent the probability per unit time
for the molecule to make transitions among states which are distinguishable by



78 CHAPTER 2. PHOTON COUNTING IN VISION

Amplitude of )\ 500

oscillations in
absorption phase of oscillations

530 nm near 60 cm’
90 &

|

550 nm 0

580 nm

500 550 600

~ G610 nm

0 100 200 300
frequency (cm™)

Figure 2.28: Oscillations in transient absorption, from Wang et al (1994). Focus on the
time dependence of the absorption spectra in Fig 2.25 in the window from 200 — 3000 fs
after the excitation pulse. After subtracting the smooth time dependence, the remaining
“wiggles” are Fourier transformed, with the amplitude plotted at left. The frequency scale is
the conventional one in vibrational spectroscopy: 1cm™! = 3 x 1019s~1. Notice the peak at
~ 60cm~1! across the entire range of wavelengths. At right, the phase associated with this
peak, as a function of wavelength.

some large scale rearrangement; these transitions are cleanly separated from
the time scales for molecules to come to equilibrium in each state. The initial
isomerization event in rhodopsin is so fast that this approximation certainly
breaks down. More profoundly, the time scale of the isomerization is so fast
that it competes with the processes that destroy quantum mechanical coher-
ence among the relevant electronic and vibrational states. The whole notion
of an irreversible transition from one state to another necessitates the loss of
coherence between these states (recall Schrodinger’s cat), and so in this sense
the isomerization is proceeding as rapidly as possible.

In order for this picture to work, the dynamics of rhodopsin must violate
the Born—Oppenheimer approximation. Fig 2.27 indicates that we start in the
electronic ground state, the photon lifts the molecule into an electronic state,
but then by the end of the process we have described, the system is back in
the ground state without emitting a photon. Thus, motion of the atoms has
actually caused a transition between electronic states, which is exactly what the
Born—Oppenheimer approximation neglects. But the consistency of the Born—
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Oppenhemier approximation requires that the spacing between electronic energy
levels at any value of the atomic coordinates must be larger than the vibrational
quantum energies, and evidently somewhere between the 11—cis and the all-trans
structures this condition is violated as the different potential surfaces approach
each other quite closely.

At this point what we would like to do is an honest, if simplified calcula-
tion that generates the schematic in Fig 2.27 and explains how the dynamics
on these surfaces can be so fast. As far as I know, there is no clear answer to
this challenge, although there are many detailed simulations, in the quantum
chemical style, that probably capture elements of the truth. The central in-
gredient is the special nature of the m bonds along the retinal. In the ground
state, electron hopping between neighboring p, orbitals lowers the energy of the
system, and this effect is maximized in planar structures where the orbitals are
all in the same orientation. But this lowering of the energy depends on the
character of the electron wave functions—in the simplest case of bonding be-
tween two atoms, the symmetric state (the ‘bonding orbital’) has lower energy
in proportion to the hopping matrix element, while the anti-symmetric state
(‘anti-bonding orbital’) has higher energy, again in proportion to the matrix
element. Thus, if we excite the electrons, it is plausible that the energy of the
excited state could be reduced by structural changes that reduce the hopping
between neighboring carbons, which happens if the molecule rotates to become
non—planar. In this way we can understand why there is a force for rotation in
the excited state, and why there is another local minimum in the ground state
at the 11-cis structure.

Problem 24: Energy levels in conjugated molecules. The simplest model for a conju-
gated molecule is that the electrons which form the 7 orbitals can sit on each carbon atom
with some energy that we can set to zero, and they can hop from one atom to its neighbors.
Note that there is one relevant electron per carbon atom. If we write the Hamiltonian for the
electrons as a matrix, then for a ring of six carbons (benzene) we have

0
-t 0 -t 0 0 0
H, = . ’ : (2.78)
0 0 0 -t 0 —t
0

where the “hopping matrix element” —t is negative because the electrons can lower their
energy by being shared among neighboring atoms—this is the essence of chemical bonding!
Models like this are called tight binding models in the condensed matter physics literature and
Hiickel models in the chemical literature. Notice that they leave out any direct interactions
among the electrons. This problem is about solving Schrédinger’s equation, Hy) = E, to
find the energy eigenstates and the corresponding energy levels. Notice that for the case of
benzene if we write the wave function 1 in terms of its six components (one for each carbon
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atom) then Schrodinger’s equation becomes
—t(Y2 +v6) = Ein (2.79)
—t(Y1 +¢3) = Ey (2.80)
—t(Y2 +44) = B3 (2.81)
—t(Ys+4¢5) = By (2.82)
—t(pa+vs) = Eys (2.83)
—t(Ys +11) = Ee. (2.84)

(a.) Considering first the case of benzene, show that solutions to the Schrodinger equation
are of the form 1, o exp(ikn). What are the allowed values of the “momentum” k? Generalize
to an arbitrary N—membered ring.

(b.) What are the energies corresponding to the states labeled by k? Because of the Pauli
principle, the ground state of the molecule is constructed by putting the electrons two—by-two
(spin up and spin down) into the lowest energy states; thus the ground state of benzene has
two electrons in each of the lowest three states. What is the ground state energy of benzene?
What about for an arbitrary N-membered ring (with N even)? Can you explain why benzene
is especially stable?

(c.) Suppose that the bonds between carbon atoms stretch and compress a bit, so that
they become alternating single and double bonds rather than all being equivalent. To first
order, if the bond stretches by an amount u then the hopping matrix element should go down
(the electron has farther to hop), so we write ¢ — ¢ — awu; conversely, if the bond compresses,
so that u is negative, the hopping matrix element gets larger. If we have alternating long and
short (single and double) bonds, then the Hamiltonian for an six membered ring would be

0 —t+ au 0 0 0 —t—au

—t+ au 0 —t — au 0 0 0

. 0 —t—au 0 —t+au 0 0

He (u) 0 0 —t+ au 0 —t — au 0
0 0 0 —t—au 0 —t+ au

—t — au 0 0 0 —t+ au 0

(2.85)

Find the ground state energy of the electrons as a function of w, and generalize to the
case of N-membered rings. Does the “dimerization” of the system (u # 0) raise or lower the
energy of the electrons? Note that if your analytic skills (or patience!) give out, this is a
relatively simple numerical problem; feel free to use the computer, but be careful to explain
what units you are using when you plot your results.

(d.) In order to have bonds alternately stretched and compressed by an amount u, we
need an energy %an in each bond, where k is the stiffness contributed by all the other
electrons that we’re not keeping track of explicitly. Consider parameter values t = 2.5eV,
a=4.1eV/A, and k = 21 eV/AQ. Should benzene have alternating single and double bonds
(u # 0) or should all bonds be equivalent (u = 0)?

(e.) Peierls’ theorem about one—dimensional electron systems predicts that, for N—carbon
rings with N large, the minimum total energy will be at some non—zero us. Verify that this
is true in this case, and estimate ux. How large does N have to be before it’s “large”? What
do you expect for retinal?

Suppose that we succeed, and have a semi—quantitative theory of the excited
state dynamics of rhodopsin, enough to understand why the quantum yield of
fluorescence is so low, and what role is played by quantum coherence. We
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would then have to check that the barrier between the 11-cis and the all-
trans structures in Fig 2.27 comes out to have the right height to explain the
activation energy for spontaneous isomerization. But then how do we account
for the anomalously low prefactor in this rate, which is where, as discussed
above, the protein acts to suppress dark noise? If there is something special
about the situation in the environment of the protein which makes possible
the ultrafast, coherent dynamics in the excited state, why does this special
environment generate almost the same barrier as for isolated retinal?

It is clear that the ingredients for understanding the dynamics of rhodopsin—
and hence for understanding why we can see into the darkest times of night—
involve quantum mechanical ideas more related to condensed matter physics
than to conventional biochemistry, a remarkably long distance from the psy-
chology experiments on human subjects that we started with. While Lorentz
could imagine that people count single quanta, surely he couldn’t have imagined
that he first steps of this process are coherent. While these are the ingredients,
it is clear that we don’t have them put together in quite the right way yet.

If rhodopsin were the only example of this “almost coherent chemistry” that
would be good enough, but in fact the other large class of photon induced events
in biological systems—photosynthesis—also proceed so rapidly as to compete
with loss of coherence, and the crucial events again seem to happen (if you’ll
pardon the partisanship) while everything is still in the domain of physics and
not conventional chemistry. Again there are beautiful experiments that present
a number of theoretical challenges.?? Why biology pushes to these extremes is
a good question. How it manages to do all this with big floppy molecules in
water at roughly room temperature also is a great question.

To get some of the early history of work on the visual pigments, one can do worse than to
read Wald’s Nobel lecture (Wald 1972). Wald himself (along with his wife and collaborator,
Ruth Hubbard) was quite an interesting fellow, much involved in politics; to connect with the
previous section, his PhD adviser was Selig Hecht. For a measurement of dark noise in cones,
see Sampath & Baylor (2002). The remarkable result that the quantum yield of fluorescence
in rhodopsin is ~ 1075 is due to Doukas et al (1984); it’s worth noting that measuring this
small quantum yield was possible at a time when one could not directly observe the ultrafast
processes that are responsible for making the branching ratio this small. Direct measurements
were finally made by Mathies et al (1988), Schoenlein et al (1991), and Wang et al (1994), the
last paper making clear that the initial events are quantum mechanically coherent. A detailed
analysis of the Raman spectra of Rhodopsin has been done by Loppnow & Mathies (1988).
The question of how receptor cells choose among multiple rhodopsins is received renewed
attention in the fly’s eye (Sood et al 2012).

Doukas et al 1984 Fluorescence quantum yield of visual pigments: Evidence for subpi-
cosecond isomerization rates. AG Doukas, MR Junnarkar, RR Alfano, RH Callender,
T Kakitani & B Honig, Proc Nat Acad Sci (USA) 81, 4790-4794 (1984).

Loppnow & Mathies 1988 Excited-state structure and isomerization dynamics of the reti-

nal chromophore in rhodopsin from resonance Raman intensities GR Loppnow & RA
Mathies, Biophys J 54, 35-43 (1988).

22 As usual, a guide is found in the references at the end of this section; see also Section 4.1.
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emerge in such adiabatic approximations, see Shapere & Wilczek (1989). Models for coupling
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65-69 (Springer—Verlag, Berlin, 1987).

Shapere & Wilczek 1989 Geometric Phases in Physics A Shapere and F Wilczek (World
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2.3 Biochemical amplification

We have known for a long time that light is absorbed by rhodopsin, and that light
absorption leads to an electrical response which is detectable as a modulation
in the current flowing across the photoreceptor cell membrane. Crucially, as
we have seen schematically in Fig 2.18, the rhodopsin molecules are in the disk
membranes, which are physically separate from the cell membrane (also called
the “plasma membrane”) across which the currents are flowing. Thus, there
is a qualitative problem of how the signal gets from one place to the other
in the cell. This is a sufficiently hard problem that one might want to worry
about the evidence for the separation between the disks and the cell membranes,
but eventually electron microscopy settled this question: in rod cells the disk
membrane is closed, and physically disconnected from the cell membrane. So
there must be something which links the initial events in the disk to the final
events in the plasma membrane.

A natural hypothesis is that the disk and plasma membrane are coupled by
a molecule that diffuses in the interior of the rod cell. There isn’t much free
space, so even if this molecule is small the effective rates of diffusion will be slow.
How can we identify this molecule? Suppose we start with a retina, grind it up,
and try to identify the various small molecules that are floating around. In this
process we will find all sorts of things, some specific to rod cells, some not. But
we could do the same experiment twice, once in the dark and once and after
exposing the retina to a bright light, and we might hope that a much smaller
number of molecules change their concentration between these two conditions.
This set of molecules whose concentration is sensitive to light provides us with a
set of candidates for the “messenger” that carries signals between the disk and
plasma membrane.

Once we have candidate messenger molecules how do we test them? In the
same way that we can make a tight seal around the entire rod cell with a glass
pipette, we can make a seal between a smaller pipette and the surface of the cell
membrane. In favorable cases, we can then rip away a piece of the membrane
while maintaining the seal. Then all the current across that detached patch of
membrane will flow up the pipette where we can measure it, but what was the
intracellular surface of the membrane is now exposed. We thus can insert this
sample into solutions containing different candidate messenger molecules, and
see if any of them causes a change in the current. Through experiments like
these, we know that the internal messenger is a molecule called cyclic guanosine
monophosphate, or cGMP (Fig 2.29).

Cyclic GMP is part of a family of “cyclic nucleotides” that are synthesized in
cells by starting with nucleotide triphosphates (in this case, GTP). Adenosine
triphosphate (ATP) is the energy currency of cells, a compound that is quite
stable but releases a huge amount of energy when the bonds between the phos-
phates are broken; this is the reaction that powers our muscles, for example.
ATP and GTP are also the precursors of the “A” and “G” in DNA sequences
(and there are CTP and TTP molecules as well, to round out the four bases).
There are many processes where cells need to propagate signals from one place
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Figure 2.29: Messenger molecules and their precursors. Cyclic guanosine monophosphate
(cGMP, top right) is made from guanosine triphosphate (GTP, top left). Cyclic adenosine
monophosphate (cAMP, bottom right) is made from adenosine triphosphate (ATP, bottom
left). [Should redraw so that cGMP is in same orientation as cAMP—this just grabbed from
Wikipedia.]

to another, and diffusion of cyclic nucleotides is a common way for this to work.

As with almost all the chemical reactions in cells, the synthesis of cGMP is
catalyzed by the action of a specific protein molecule, and such protein catalysts
are called enzymes. The concentration of cGMP reflects a balance between the
synthesis reaction and a reaction in which the molecule is degraded, and this is
also catalyzed by a specific enzyme. The synthesis enzyme in this case is called
guanalyl cyclase (GC), and the degradation enzyme is called a phosphodiesterase
(PDE). With this background, there are several questions we can ask about how
this signaling fits into the problem of photon counting:

1. How do the enzymes, GC and PDE, work? What features of these enzymes
are critical for reliable photon counting?

2. Presumably, for photon absorption by rhodopsin to change the concentra-
tion of cGMP, there must be coupling from rhodopsin to one or both of
the two enzymes. How does this work?

3. Why does changing the concentration of cGMP in the cell modulate the
current flowing across the membrane?
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4. Where, in this system, is the “gain” that converts the single molecular
event where one rhodopsin absorbs a photon into a macroscopic change in
current?

There is no particular order in which we have to address these issues. Let’s
start by trying to understand current flow through the plasma membrane, and
how this is modulated by changes in the cGMP concentration.

Biological systems contains no metallic or semiconductor components. Sig-
nals can still be carried by electrical currents and voltages, but now currents con-
sist of ions, such as potassium or sodium, flowing through water or through spe-
cialized conducting pores. These pores, or channels, are also protein molecules,
embedded in the cell membrane, and can thus respond to the electric field or
voltage across the membrane as well as to the binding of small molecules. The
coupled dynamics of channels and voltage turns each cell into a potentially
complex nonlinear dynamical system.

Imagine a spherical molecule or ion of radius a; a typical value for this
radius is 0.3 nm. From Stokes’ formula we know that if this ion moves through
the water at velocity v it will experience a drag force F' = v, with the drag
coefficient v = 67na, where 7 is the viscosity; for water n = 0.01 poise, the cgs
unit poise = gm/(cm-s). The inverse of the drag coefficient is called the mobility,
p = 1/v, and the diffusion constant of a particle is related to the mobility and
the absolute temperature by the Einstein relation or fluctuation—dissipation
theorem, D = kpT'u, with kg being Boltzmann’s constant and 7' the absolute
temperature. Since life operates in a narrow range of absolute temperatures, it
is useful to remember that at room temperature (25°C), kgT ~ 4 x 10721 J ~
1/40eV. Combining all these numbers we have, roughly,

1 kgT
D=kpTp=kpT - =—-2

ol 107%m?/s = 1 ym?/s. (2.86)

Tons and small molecules diffuse freely through water, but cells are sur-
rounded by a membrane that functions as a barrier to diffusion. In particular,
these membranes are composed of lipids (see Fig 2.18), which are nonpolar,
and therefore cannot screen the charge of an ion that tries to pass through the
membrane. The water does screen the charge, so pulling an ion out of the wa-
ter and pushing it through the membrane would require surmounting a large
electrostatic energy barrier. This barrier means that the membrane provides
an enormous resistance to current flow between the inside and the outside of
the cell. If this were the whole story there would be no electrical signaling in
biology. In fact, cells construct specific pores or channels through which ions
can pass, and by regulating the state of these channels the cell can control the
flow of electric current across the membrane.

Ton channels are proteins, composed of several thousand atoms in very com-
plex arrangements. Let’s try, however, to ask a simple question: If we open a
pore in the cell membrane, how quickly can ions pass through? More precisely,
since the ions carry current and will move in response to a voltage difference
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across the membrane, how large is the current in response to a given voltage,
or the electrical conductance of one open channel?

Imagine that one ion channel serves as a hole in the membrane, and pretend
that ion flow through this hole is essentially the same as through water. The
electrical current that flows through the channel is

J = Gion - [ionic flux] - [channel areal, (2.87)

where gjon is the charge on one ion, “flux” measures the rate at which particles
cross a unit area, so that

ions ions cm

ionic fl = = — — 2.88
ionic flux s M T (2.88)
= [ionic concentration] - [velocity of one ion]
= cv. (2.89)

Major current carriers such as sodium and potassium are present at concentra-
tions of ¢ ~ 100 mM, or ¢ ~ 6 x 10 ions/cm?3.

The next problem is to compute the typical velocity of one ion. We are
interested in a current, so this is not the velocity of random Brownian motion
but rather the average of that component of the velocity directed along the
electric field. In a viscous medium, the average velocity is related to the applied
force through the mobility, or the inverse of the drag coefficient as above. The
force on an ion is in turn equal to the electric field times the ionic charge, and the
electric field is (roughly) the voltage difference V' across the membrane divided
by the thickness ¢ of the membrane:

v = pF = pgionE ~ ,U/Qion% = mqmn%- (2.90)
Putting the various factors together we find the current
J = (Gion - [ionic flux] - [channel areal
= Gion " [cv] - [wd? /4] (2.91)
= - e D Ll il (2.92)
= Tlion- CdZD . 121;/ (2.93)

where the channel has a diameter d. If we assume that the ion carries one
electronic charge, as does sodium, potassium, or chloride, then ¢on, = 1.6x1071°
C and ¢onV/(kgT) = V/(25 mV). Typical values for the channel diameter
should be comparable to the diameter of a single ion, d ~ 0.3 nm, and the
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thickness of the membrane is £ ~ 5 nm. Thus

T cd?D ' GionV

J = - ion *
g B T T
- %(1.6 % 10710 ()

" (6 x 10 cm=2)(3 x 1078 cm)?(10° cm?/s) 1%

50 x 10=8 cm 25 mV
(2.94)
|4 Vv
~ 2x107M. — C/s ~ 2 x 10—11m Amperes, (2.95)
or
J = gV (2.96)
g ~ 2x107'" Amperes/Volt = 20 picoSiemens. (2.97)

So our order of magnitude argument leads us to predict that the conductance
of an open channel is roughly 20 pS.?* With a voltage difference across the
membrane of ~ 50 mV, we thus expect that opening a single channel will cause
~ 1 picoAmp of current to flow. Although incredibly oversimplified, this is ba-
sically the right answer, as verified in experiments where one actually measures
the currents flowing through single channel molecules.

Our first major problem is to reconcile this calculation (and the real proper-
ties of single channels, which are about the same), with what we see in response
to single photons. When we look at the total change in current that results
from a single photon arrival, it is also ~ 1 pA. But if this were just the effect
of (closing) one channel, we'd see “square edges” in the current trace as the
single channels opened or closed. Also, if one photon changes the structure of
one rhodopsin molecule, and this has an effect on one channel, we don’t really
have any gain. Maybe we don’t need any gain—after all, the energy of the
incoming photon is large, ~ 100kgT—Dbut then why is there a complicated bit
of biochemistry required to connect the rhodopsin and the channels? What’s
going on?

The answer turns out to be that the membrane contains many channels,
and these channels flicker very rapidly between their open and closed states,
as schematized in Fig 2.30. Thus, on the relatively slow time scale of the rod
response one sees essentially a graded current proportional to the probability of
a channel being open. Thus the population of channels in the rod cell membrane
produces a current that depends continuously on the concentration of cGMP.
Alternatively, the noise variance that is associated with the random binary
variable open/closed has been spread over a very broad bandwidth, so that in
the frequency range of interest (the single photon response is on a time scale
of ~ 1s) the noise is much reduced. This idea is made precise in the following

24Giemens are the units of conductance, which are inverse to units of resistance, ohms. In
the old days, this inverse of resistance had the rather cute unit ‘mho’ (U, pronounced ‘moe,’
like the Stooge).
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Figure 2.30: Forty flickering channels. A small simulation of 40 channels that open and close
at random, with transition rates on the millisecond time scale; the response to a flash of light
is a change in the probability of being in the open state, which lasts for ~ 2s. Insets show
the states of all the individual channels, black for closed and white for open, while the main
figure shows the number of open channels averaged over a 10 ms window.

problem, which you can think of as an introduction to the analysis of noise in
“chemical” systems where molecules fluctuate among multiple states.

Problem 25: Flickering channels. Imagine a channel that has two states, open and
closed. There is a rate kopen at which the molecule makes transitions from the closed state
to the open state, and conversely there is a rate k¢jose at which the open channels transition
into the closed state. If we write the number of open channels as nopen, and similarly for the
number of closed channels, this means that the deterministic kinetic equations are

dn,

% = kopcnnclosed - kclosenopcn (298)
dngy

% = kclosenopen - kopennclosev (2~99)

or, since nopen + Nclosed = IV, the total number of channels,

dnopen
dt

= kOPCﬂ(N - nOpCH) - kclosenopcn (2.100)

= _(kopen + kclose)nopen + k‘openN- (2.101)
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For a single channel molecule, these kinetic equations should be interpreted as saying that an
open channel has a probability k.joscdt of making a transition to the closed state within a small
time dt, and conversely a closed channel has a probability kopendt of making a transition to
the open state. We will give a fuller account of noise in chemical systems in the next Chapter,
but for now you should explore this simplest of examples.

(a.) If we have a finite number of channels, then really the number of channels which make
the transition from the closed state to the open state in a small window dt is a random number.
What is the mean number of these closed — open transitions? What is the mean number of
open — closed transitions? Use your results to show that macroscopic kinetic equations such
as Egs (2.98) and (2.99) should be understood as equations for the mean numbers of open
and closed channels,

d(n
% = kopen <nclosed> - kclose<nopen> (2102)
d(n,
<;7ltose> = kclose <nopen> - kopen (nclose>- (2-103)

(b.) Assuming that all the channels make their transitions independently, what is the
variance in the number of closed — open transitions in the small window dt? In the number
of open — closed transitions? Are these fluctuations in the number of transitions independent
of one another?

(c.) Show that your results in [b] can be summarized by saying that the change in the
number of open channels during the time dt obeys an equation

Topen (t + dt) - nopen(t) = dt[kopennclosed - kclosenopen] + n(t), (2104)
where 7(t) is a random number that has zero mean and a variance
(TIQ (t)> = dt[kopennclosed + kclosenopen]- (2.105)

Explain why the values of n(t) and n(¢') are independent if ¢ # t'.

(d.) This discussion should remind you of the description of Brownian motion by a
Langevin equation, in which the deterministic dynamics are supplemented by a random force
that describes molecular collisions. In this spirit, show that, in the limit d¢t — 0, you can
rewrite your results in [c] to give a Langevin equation for the number of open channels,

dnopen
d; = —(kopen + Kelose)Topen + kopen N + ¢ (t), (2.106)
where
(C(t)C(t/» = 5(t - t/)[kopenncloscd + kcloscnopen}- (2-107)

In particular, if the noise is small, show that nopen = (Nopen) + 0Nopen, Where

ddnopen
% = _(kopen + kclosc)anopen + (s (t), (2.108)
(Cs(t)Cs (t/)> = Qkopen <nclosed>- (2109)

(e.) Solve Eq (2.108) to show that
(0n2pen) = Npopen(1 — popen) (2.110)

(6Topen (£)0nopen (t)) = (n2,cn) exp [—M}, (2.111)

Tc

where the probability of a channel being open is popen = kopen/(Kopen + Kclose), and the
correlation time 7¢ = 1/(kopen + kclose)- Explain how the result for the variance <6ngpen>
could be derived more directly.

(f.) Give a critical discussion of the approximations involved in writing down these
Langevin equations. In particular, in the case of Brownian motion of a particle subject to
ordinary viscous drag, the Langevin force has a Gaussian distribution. Is that true here?
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Problem 26: Averaging out the noise. Consider a random variable such as nopen in
the previous problem, for which the noise has exponentially decaying correlations, as in Eq
(2.111). Imagine that we average over a window of duration Tavg, to form a new variable

z(t) = !

Tavg
/ dt énopen(t — 7). (2.112)
Tavg JO

Show that, for Tavg > 7¢, the variance of z is smaller than the variance of dnopen by a factor
of Tavg/Tc. Give some intuition for why this is true (e.g., how many statistically independent
samples of nopen Will you see during the averaging time?). What happens if your averaging
time is shorter?

I think this is a fascinating example, because evolution has selected for very
fast channels to be present in a cell that signals very slowly! Our genome (as
well as those of many other animals) codes for hundreds of different types of
channels—thousands once one includes the possibility of alternative splicing.
These different channels differ, among other things, in their kinetics. In the fly
retina, for example, the dynamics of visual inputs looking straight ahead are
very different from those looking to the side, and in fact the receptor cells that
look in these different directions have different kinds of channels—the faster
channels to respond to the more rapidly varying signals. In the vertebrate rod,
signals are very slow but the channels are fast, and this makes sense only if the
goal is to suppress the noise.

Having understood a bit about the channels, let’s take one step back and
see how these channels respond to cyclic GMP. Experimentally, with the rod
outer segment sucked into the pipette for measuring current, one can break off
the bottom of the cell and make contact with its interior, so that concentrations
of small molecules inside the cell will equilibrate with concentrations in the
surrounding solution. Since the cell makes cGMP from GTP, if we remove
GTP from the solution then there is no source other than the one that we
provide, and now we can map current vs concentration. The results of such an
experiment are shown in Fig 2.31. We see that the current I depends on the
c¢GMP concentration G as

Gn

Imaxiv
G+ Gy,

I= (2.113)

with n ~ 3. “Hill functions” of the form shown in Eq (2.113) often are inter-
preted to mean that n molecules bind together and trigger the output that we
are measuring. This idea of cooperativity among multiple binding events is a
common theme in many biological systems, and so it is worth taking a small
detour to build our intuition.

To understand the cooperative interactions in the binding of multiple lig-
ands,?® it is useful to start at the beginning, with the binding of a single ligand,

25«Ligand” is jargon for the molecule that binds to the “receptor.” In many cases the
distinction is natural, e.g. at the surface of the cell, where the ligand is outside the cell and
the receptor is embedded in the membrane. Here the channel is the receptor, and cGMP is
the ligand.
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Figure 2.31: Current through the rod cell membrane as a function of the cyclic GMP concen-
tration. The fit is to Eq (2.113), with n = 2.9+ 0.1 and G,/ = 45 £ 4pM. From Rieke &
Baylor (1996).

especially since many physics students don’t have much experience with prob-
lems that get categorized as “chemistry.” Suppose that we have a receptor
molecule R to which some smaller ligand molecule L can bind. For simplicity
let there just be the two states, R with its binding site empty, and RL with the
binding site filled by an L molecule, and let us assume that every binding event
is independent, so the different receptor molecules don’t interact. To study
the dynamics of this system we keep track of the number of receptors in the
state R and the number in state RL; these numbers, ng and nry, respectively,
must add up to give the total number of receptors, N. We’ll assume that N is
large enough that we can write continuous equations for the kinetics of binding
and unbinding. Alternatively, as we’ll see very soon, we can think in terms of
probabilities for a single receptor to be in different states.

The rate at which empty sites get filled (R — RL) must be proportional to
the number of empty sites and to the concentration c¢ of the ligand. The rate
at which filled sites become empty should just be proportional to the number
of filled sites. Thus

dngr
dt

Zk_;,_CTLR—k_nRL, (2.114)

where k, is the rate constant for binding and k_ is the rate constant for un-
binding; note that these have different units. Since ng+ngr = N, this becomes

dnprr
dt

=kycN — (k- + kyc)ngr. (2.115)
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The equilibrium state is reached when

k+C

—_—. 2.116
k, +k+C ( )

nRL:N

The fraction ngry, /N can also be interpreted microscopically as the probability
that one receptor will be the state RL,

kyc c

P = =
RE ko +kic K-+c’

(2.117)

where the equilibrium constant (or “dissociation constant”) K = k_ /k.

From statistical mechanics, if we have a molecule that can be in two states,
we should calculate the probability of being in these states by knowing the
energy of each state and using the Boltzmann distribution. Importantly, what
we mean by “state,” especially when discussing large molecules, often is a large
group of microscopic configurations. Thus saying that there are two states R
and RL really means that we can partition the phase space of the system into
two regions, and these regions are what we label as R and RL. Then what
matters is not the energy of each state but the free energy. The free energy
of the state R has one component from the receptor molecule itself, Fiz, plus a
component from the ligand molecules in solution. In the transition R — RL, the
free energy of the receptor changes to Fry, and the free energy of the solution
changes because one molecule of the ligand is removed. The change in free
energy when we add one molecule to the solution defines the chemical potential
w(c). Thus, up to an arbitrary zero of energy, we can consider the free energy
of the two states to be Fr and Fgry, — p1(c). Then the probability of being in the
state RL is given by the Boltzmann distirbution,

1 Frr —
Prp — » exp (_ RL N(C)) ’ (2.118)

where the partition function Z is given by the sum of the Boltzmann factors
over both available states,

Z = exp <—£QT> +exp (—W) . (2.119)

Putting the terms together, we have

exp [—(Frr — p(c)/kpT)]
exp [~ Fr/kpT] + exp [—(Frr — p(c) /kpT]

Prr, =

(2.120)

o 2.121
~ exp|—(Fr — Frp)/kpT] + er(©)/ksT" (2.121)

The only place where the ligand concentration appears is in the chemical poten-
tial p(c). In order for this result to be consistent with the result from analysis
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of the kinetics in Eq (2.117), we must have etON/ksT o ¢ and you may recall
that when concentrations are low—as in ideal gases, and also ideal solutions—it
is a standard result that

w(c) = kgT In(c/co), (2.122)

where ¢y is some reference concentration. Then we can also identify the equi-
librium constant as

EF in
K = coexp < k‘;;) , (2.123)

where Fiing = Fr — Fryp is the change in free energy when the ligand binds to
the receptor.

Now suppose we have a receptor to which two ligands can bind; there are
four states, which we can think of as 00, 10, 01, and 11. If each binding event
is identical and independent, then the free energies of these states are

Foo = Fgr (2.124)
F01 = F10 = FR - Fbind - M(C) (2125)
Fi1 = Fgr—2Fyua —2p(c). (2.126)

If we calculate, for example, the probability that both binding sites are occupied—
i.e., that the molecule is in the state 11—we have

1
Py = e fn/heT (2.127)
exp [_%ﬁfzm}
- Fr—Fyind— Fr—2Fpina—
exp [-,ﬁ%} 4 2exp [_%;u()} +exp {_%%Mc)
(2.128)

_ (c/K)? (e Y
N 1+2(c/K)+(c/K)2(c+K> ' (2.129)

Thus, the probability of both sites being occupied is just the square of the
probability that a single binding site will be occupied, as in Eq (2.117). This
makes sense, because we assumed that binding to the two sites were independent
events.

Problem 27: Counting bound molecules. Rather than counting the fraction of
molecules in the doubly bound state, count the number of ligands bound. Show that this is
just 2 x ¢/(¢+ K), and explain why.
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In many cases we see experimentally that binding of multiple ligands to a
protein molecule are not independent events. Suppose that we again have two
binding sites, but the doubly bound state is stabilized (for as yet unspecified
reasons) by an extra energy A. Then if we calculate the fraction of binding sites
occupied, we have

1
f = 5 [P(n + Pio + 2P11] (2.130)
- 1 2 exp [_ FR—I‘;::%—M(C)] + 2exp [_ FR_QFbi;;;—?,U‘(C)_A}
2 exp [_IC%QT} + 2exp [_ FR—F;);H%_N(C)} +exp {_ FR—2Fb;]:;;2M(c)—A}
(2.131)
K+ J(¢/K)?
= /K + Jle/K) (2.132)

1+2(¢/K)+ J(c¢/K)*

where J = exp(A/kpT). Results are shown in Fig 2.32. As the interaction
energy increases, the binding sites can be occupied at lower concentration, but
more importantly the steepness of the “switch” from empty to full sites is more
abrupt. This abruptness is the signature of cooperativity.

oo A=5kT ]
o7l \ A=0 i

0.6 B

0.5 N

0.3 1

fraction of binding sites occupied
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0 ‘
10 10 10° 10 10
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Figure 2.32: Cooperative binding, with two binding sites that interact. Lines show the pre-
dicted fraction of binding sites vs. concentration, for different values of the interaction energy
A; from Eq (2.132).



2.3. BIOCHEMICAL AMPLIFICATION 95

What happens if the interactions are very strong, so that A becomes large
(compared to kpT') and hence the dimensionless J becomes even larger? If we
define K = K /v/J, then we can rewrite the probability that a binding site is
occupied from Eq (2.132) as

= JV2(¢/K) + (¢/K)?
C1+2J-1Y2(¢/K) + (¢/K)?

(2.133)

As J becomes large, we see that the probability starts to approach f = 1
as c/f( grows; we can get within 1% of f = 1 by confining our attention to
0 < ¢/K < 10. But so long as we have finite values for ¢/ K, the terms o J~1/2
become negligible as J becomes large. Thus, when the interactions are strong,
our expression for the probability of binding becomes
2
| _ _(/KF (2.134)
A/kpT—o0 1+ (¢/K)?

which is a Hill function with n = 2.

The classic example of these ideas is the oxygen binding protein hemoglobin
in our blood. We now know that hemoglobin has four protein subunits, each of
which has an iron atom which can bind one oxygen molecule. As Hill recognized
in the early part of the twentieth century, the fraction of sites with bound oxygen
behaves more nearly as if all four molecules had to bind together, so that

C'ﬂ

f= Py (2.135)
with n = 4. As shown in Fig 2.33, the binding is now sigmoidal, or more nearly
switch like at larger n. Because the natural quantity in statistical mechanics
is the chemical potential and not the concentration, things look simpler on a
logarithmic concentration axis. Few real systems are described exactly by the
Hill model, but it’s a good approximation. We should also appreciate the power
of Hill’s intuition, in seeing the connection of the sigmoidal binding curves to the
number of protein subunits even before much was known about these molecules.

The Hill model suggests that there is some direct interaction between binding
events that causes all of the ligands to bind (or not to bind) simultaneously,
which we can think of as a limiting case of the model above, with A — ooc.
In some cases, including hemoglobin, there is little evidence for such a direct
interaction. An alternative is to imagine that the whole system can be in two
states. In the case of hemoglobin these came to be called ‘relaxed’ (R) and
‘tense’ (T), but in other systems there are other natural choices. For the cGMP—
sensitive channel in the rod cell membrane, the two natural states are just
channel open and channel closed, as shown schematically in Fig 2.34.

Let us assume that the channel can bind one, two or three molecules of
cGMP. If all the binding sites are empty, the free energies of the two states
are Fopen and Fejoseq. Given that the channel is closed, the binding of a single

¢GMP molecule lowers the energy by an amount F5nd, but in addition this
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Figure 2.33: Cooperative binding, in the Hill model. Blue lines show the predicted fraction of
binding sites vs. concentration when binding to each site in independent. Green lines show
the case of cooperative binding to four sites, as described by the Hill model in Eq (2.135),
with n = 4. At left, a linear concentration scale; at right, a logarithmic scale.

takes one molecule out of the solution and hence the free energy of the system
also goes down by u, the chemical potential. So the total free energy of the
state with the channel closed and one molecule bound is

Fclosed(l) = Fclosed - F(lali)régd — M (2136)
= Ftlosed — (}ﬂ)gceid — kBTlH(C/C()) (2137)
= Filosed — kpT'In < ¢ > 5 (2138)
Kclosed
and similarly for the open state,
Fopen(1) = Fopen — kpT'In ( ‘ ) : (2.139)
open

The important point is that the binding energies to the open and closed states
are different. By detailed balance, this means that, as the cGMP molecules bind,
they will shift the equilibrium between open and closed. The two state model
was proposed, in a slightly different context, by Monod, Wyman and Changeux.
They made the simplifying assumption that the only source of cooperativity
among the binding events was this shifting of equilibria, so that if the target
protein is in one state, each binding event remains independent, and then the
free energies work out as in Fig 2.34.
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Figure 2.34: A model for binding of cGMP to the channels in rod cells. Cooperativity arises
not from direct interactions among the cGMP molecules but rather because binding of each
molecule contributes to stabilizing a different structure of the channel protein. In this case
the two structures are just the open and closed states.

Problem 28: Cooperativity in the MWC model. Show that the model in Fig 2.34 is
equivalent to the statement that the free energy difference between open and closed states has
a term proportional to the number of cGMP molecules bound. What is this proportionality
constant in terms of the other parameters? Can you explain the connection between these
two points of view on the model?

It’s a useful exercise to work out the statistical mechanics of the MWC model
more generally. The partition function has two classes of terms, coming from
the two states of the protein. In each state, we have to sum over the occupied
and unoccupied states of each binding site, but this is relatively easy because
the sites are independent. In the notation of Fig 2.34, we find

Z = Zopen + chosed (2140)
Fonen c "
Zopen = €Xp <_k;%) (1‘1' K ) (2.141)
open

Fclosed c "
Zc ose: = e — 1 - y 2.142
fosed P < kBT ) < + Kclosed> ( )
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where in the case of the cGMP—gated channels, n = 3. The probability of being
in the open state is then

Z,
P = _— Zopen 2.143
ope Zopen + Zclosed ( )
(1+ C/KOPen)n
(1 + C/Kopen)n + L (1 + C/Kclosed)n’

where kT In L = Fopen — Feiosed is the free energy difference between open and
closed states in absence of ligand binding. In the limit that binding is much
stronger to the open state, Kopen << Kelosed, this simplifies,

(14 ¢/Kopen)”
Po en — n 2.145
P L+ (14 c¢/Kopen) ( )
1

= 2.14
1+exp[0 —nln(l + ¢/Kopen)]’ (2.146)

(2.144)

where § = InL. This is similar to the Hill model, but a little different in
detail. Distinguishing the models from the equilibrium data alone is difficult,
but clearly the MWC model predicts that binding has an extra kinetic step
in which the protein makes the transition between its two states; if we are
lucky we can “catch” the system after the first ligand molecules have bound but
before this change in protein structure. Indeed, such experiments were critical in
understanding the mechanism of cooperativity in hemoglobin.?6 For channels,
all we can see is the open/closed transition, but if we analyze the kinetics at
varying ligand concentrations we can see that ligand binding and switching are
separate events, as suggested by the MWC model.

Problem 29: Details of the MWC model. Fill in the steps to Eqs (2.140-2.142).
Then, compare the Hill model with MWC. Show that for ¢ >> Kopen, Eq (2.146) reduces to
Eq (2.135). What about at ¢ < Kopen? The MWC model, even in the limit Kopen < Kelosed
has one more parameter than the Hill model; what does this freedom mean for the class of
functions that the MWC model can realize?

26The idea that binding of oxygen is coupled to changes in protein structure has its origins
in a remarkable story. Max Perutz, who would eventually solve the structure of hemoglobin
by X-ray diffraction, was looking at very small crystals of the protein under a microscope.
This was decades before the structure could be solved, and indeed not long after Bernal and
Hodgkin had realized that to obtain clean diffraction patterns from protein crystals one had
to leave bathed in the solution from which they crystallized. As Perutz looked at the tiny
crystals, some air leaked in underneath the cover slip, and as this happened the crystals
shattered, starting with the ones nearest the place where the air entered and moving across
his field of view like a wave. Perutz realized what had happened: oxygen was diffusing into
the crystals and binding to the protein, and the binding even produced a change in structure
larger enough to break the (weak) bonds that held neighboring proteins in their crystalline
arrangement. Thus, long before he could see the structures, he knew that binding of a tiny
oxygen molecule to a large protein could change the structure of the protein substantially.
After decades of work, he was able to see this via analysis of the X-ray diffraction data.
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So, now we understand how currents flow across the rod cell membrane,
and how they can be modulated by changes in the intracellular concentration of
c¢GMP. The remaining problem is to connect the isomerization of rhodopsin with
these concentration changes. To start, let’s think about how enzymes work, in
particular the enzymes that synthesize and degrade the cGMP molecules.

Let’s denote the enzyme molecule by E. This enzyme has a “substrate” S,
which is the molecule that starts the reaction; for example, in the synthesis of
cGMP, the substrate is GTP. The goal of the reaction is to turn the substrate
into the “product” molecule P. There may be more than one substrate, and
more than one product—in making cGMP from GTP their must be an extra
two phosphates floating around—Dbut for now we’ll ignore this. In order for the
enzyme to do anything to the substrate, they have to bind to one another, so
the minimal scheme for the reaction is

E4+S=E-S—E+P, (2.147)

where E - S is the “enzyme-substrate complex,” and for simplicity we assume
that once this complex is formed, products can be made and released in a single
irreversible step. There are three reactions here, each with an independent
parameter describing the rate:

E+Ss % E.s (2.148)
E-S 5 Exs, (2.149)
E-S "™ p4p (2.150)

The notation for the rate constants is a matter of convention: binding of sub-
strate to the enzyme pushes the reaction forward and occurs with rate k4, the
reverse reaction occurs with k_, and we’ll see that the rate V.« is the fastest
rate at which product molecules can be generated, per enzyme molecule.

To see the consequences of these reactions, we should write out the differ-
ential equations that describe the changes in the number of molecules in the
different states.?” Let’s call Nz the number of free enzyme (E) molecules, Ngs
the number of enzyme substrate complexes, [S] the concentration of the free
substrate, and Np the number of product molecules. Then Eq (2.150) tells us
that

dNp

dNe oy N, 2.151
7 Vi ES (2.151)

while Eq’s (2.148-2.150) combine to tell us that

dNEgs
dt

27T am going slowly here because I find a lot of variability in how much “chemistry” the
typical physicist actually remembers. Forgive me if this is a bit pedantic.

= k4 Ng[S] — k—Ngs — VinaxNes. (2.152)
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There is a conservation law,
Ng + Npg = Niotal, (2.153)

since the enzyme molecules are not created or destroyed by these reactions, so
we can eliminate Ng to give

dNgs

o= ey N2WUS) — (k= + Viax + k4 [S]) Nps. (2.154)

If the concentration of enzyme molecules is small, then even if they are very
active its hard for their activity to change the concentration of substrate very
quickly, so it is plausible that the dynamics of Ngg in Eq (2.154) will reach a
steady state before [S] changes significantly. Then we find

k(9]
k_ + Vinax + k+[S]’

Ngg = Niptal (2.155)

and hence the overall rate of generating products (or depleting substrate) be-
comes

dNp total k(5] total 5]
— = ViaxNg ™ = VnaxNg * m5m——» 2.156
dt PEE kb + Vinax + k4 [S] BEE S+ Ky (2.156)
where K is called the “Michaelis constant,”
k_ Vmax
Ky = 2= Vmax (2.157)
Fr

and this whole scheme is referred to as Michaelis—Menten kinetics. Notice that
if the catalytic step is slow, so that Vi .x < k—, then K is just the equilibrium
constant for the binding of substrate to the enzyme.

The behavior of an enzyme according to Michaelis—Menten kinetics is shown
in Fig 2.35. We see that there is a proportional approach to the maximum rate
as the substrate concentration is increased, so that when [S] ~ 10K,/ the rate
is still ~ 10% below its maximum. At very low substrate concentrations, the
rate is proportional to [S], and the coefficient

. dNP ota Vm X ota
[S]1<1<n11<M = Nt 1ﬁw] < Ntk [9]. (2.158)

[43

This makes sense since at low substrate concentrations the reaction is “waiting”
for the enzyme and substrate to find one another, which happens with the rate
k1 [S] per enzyme molecule. Since molecules find each other through diffusion,
this rate also can’t be faster than it would be in a simplified model in which
the reaction happens whenever the random walks taken by the two molecules
intersect. As explained in more detail in Section 4.2, if molecules present targets
of linear size a and have diffusion constants D, then the maximum k; ~ Da,
which is also what one could guess from dimensional analysis.



2.3. BIOCHEMICAL AMPLIFICATION 101
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Figure 2.35: Michaelis—Menten kinetics, following Eq (2.156). The normalized reaction rate,
for a single enzyme molecule, is plotted vs. the normalized concentration of the substrate.

Dashed line shows the asymptotic behavior as small substrate concentrations.

Now let’s use these ideas to think about the cGMP concentration in the rod
cell. There are two enzymes, one of which synthesizes cGMP using ATP as a
substrate S, and one of which degrades cGMP, so the cGMP molecule itself is
the substrate. Let’s use G to stand for the concentration of cGMP, as before,
and let the reaction be occurring in an effective volume 2, so we can convert
between numbers of molecules and concentrations. Then, if both the synthesis
and the degradation enzymes obey Michaelis—Menten kinetics, we have

G (9] G
0= — SNtotal o Ntotal 21
a =N e, TN e Ry (2.159)

where subscript s refers to the synthesis enzyme (guanalyl cyclase) and d refers
to the degradation enzyme (phosphosidesterase). In steady state, the synthesis
and degradation rates balance. Importantly, having a constant concentration of
c¢GMP in the dark does not mean that nothing is happening. Rather, cGMP
molecules are continuously being synthesized and degraded, and each synthe-
sis reaction requires one molecule of ATP, which releases ~ 1/2¢eV of energy.
To keep this working thus requires considerable energy expenditure. But the
total rate of energy usage depends on parameters, and the cell could maintain
the same steady state concentration by letting Vs and V; both get smaller in
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proportion to one another. Why doesn’t this happen?

Suppose that some signal in the system causes a change in G. How quickly
can the system respond? We can answer this by linearizing around the steady
state, G = G4 + 0G, with dG small, so we obtain

d(5G)
dt

total GSS 1 Gss
= —VuN, Gt K. . e <1 a. +Kd> 0G. (2.160)
The combination QG is the total number of molecules of cGMP in steady state.
The combination VyN' Gy /(G + Kq4) gives the total number of molecules
per second being degraded. The ratio of these two quantities defines an effective
lifetime for each cGMP molecule in the cell, 7.¢. What we see is that there is a
time constant 7 for the G to relax to its steady state, or equivalently to respond
to external perturbations,

d(6@G) 1
o= -0G. (2.161)
and this response time is bounded by the effective lifetime, 7 > 7og. Thus, such
a system can respond only as quickly as the typical molecule is degraded, and
this degradation must be balanced by synthesis: the rate of going around the
cycle of synthesis and degradation sets the maximum rate at which the system
can respond.

To get the quickest response given the rate of cycling, and hence energy
dissipation, the system should operate in the regime where G < K,4. On the
other hand, to get the most out of a limited number of synthesis enzymes, we
should have [S] > K. But we should be more careful about counting the total
number of enzymes. In the same way that channel can be in open and closed
states, and hemoglobin can be in R and T states, enzymes can be in active and
inactive states. The switch could be triggered by the (non—covalent) binding of
another molecule to the enzyme, or by the covalent modification of the enzyme,
e.g. the attachment of a phosphate group drawn from ATP. So if we count
active enzymes, and work in the limits that seem to enhance efficiency, we have

d acti V. ;
Qd—f = V,Nactve FC;N;}C“VGG. (2.162)
Now the steady state is simple, Gss = K4ViN,/(VaNg), and the relaxation time
T = KdQ/(VngCtive).

The activation of rhodopsin by photon absorption reduces the current flow-
ing across the rod cell membrane, which means that it reduces the concentration
of cGMP. In principle, activated rhodopsin could act by reducing the number of
active synthesis enzymes, but in fact it operates by increasing the number of ac-
tive degradation enzymes. These enzymes, the phosophodiesterases (PDEs), are
associated with the disks, while the guanalyl cyclase enzymes diffuse through-
out the cell. A change in the number of active PDEs produces a change in the
number of cGMP molecules,

0G.

ANG = QAGSS = _Nsctive

ANgctive (2.163)




2.3. BIOCHEMICAL AMPLIFICATION 103

The steady state gain go = |[ANg/ANZ"e| depends on the concentration of
active PDEs in the dark: the lower this concentration, the more molecules of
cGMP are degraded per molecules of PDE that is activated. But the time
constant of the response also depends on the concentration of PDEs, in the
same way. As a result, there is a quantity which characterizes the performance
of the system which is independent of how many PDE molecules the cell makes,
and this is the product of the gain and the “bandwidth” 1/7 of the response,
that is the product of gain and “speed,”

-1 _ Vd

7, G (2.164)

goT
This “gain—bandwidth product” is often used in characterizing manmade am-
plifiers. Here we see that it is determined by V;/K,, which is a property of
the phosphodiesterase enzyme. But this is not a property that can be infinitely
adjusted; as noted above, this combination of parameters is limited by the rate
at which ¢cGMP molecules can find the enzyme via diffusion. With diffusion
constants for free cyclic nucleotides in the range of D ~ 4 x 1076 cm?/s, and
target sizes on the enzyme in the range of a ~ 1nm, cGMP concentrations of
Gss ~ 1 — 10 uM suggest that the physical limit to the gain—bandwidth prod-
uct is (go7 max ~ DaGss ~ 240 — 24005~ 1. Since the rod cell operates
with a time scale 7 ~ 1s, this tells us that—if the enzymes can operate near
their diffusion—limited rates—then the transformation from phosphodiesterase
molecules to cGMP molecules can reach a gain on the order of 103.

In fact the path from rhodopsn to phosphodiesterase involves an intermedi-
ate, and hence another opportunity for gain, as shown in Fig 2.36. When the
rhodopsin molecule changes its structure in response to photon absorption, it
acts as a catalyst to change the structure of another protein called transducin
(T). The activated transducin in turn activates the phosphodiesterase (PDE),
which breaks down cyclic guanosine monophospate (cGMP). Finally, as we have
seen, cGMP binds to channels in the cell membrane and opens the channels,
allowing current to flow; breaking down the cGMP thus decreases the number
of open channels and decreases the current.

It is useful to compare the rod cell to laboratory photon counting devices.
In a photomultiplier, for example, photon absorption results in the ejection of a
primary photoelectron, and then the large electric field accelerates this electron
so that when it hits the next metal plate it ejects many electrons, and the
process repeats until at the output the number of electrons is sufficiently large
that it constitutes a macroscopic current. Thus the photomultiplier really is
an electron multiplier. In the same way, the photoreceptor acts as a molecule
multiplier, so that for one excited rhodopsin molecule there are many ¢cGMP
molecules degraded at the output of the “enzymatic cascade.”

This general scheme is ubiquitous in biological systems. Rhodopsin is a
member of a family of proteins which share common structural features (seven
alpha helices that span the membrane in which the protein is embedded) and
act as receptors, usually activated by the binding of small molecules such as
hormones or odorants rather than light. Proteins in this family interact with
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Figure 2.36: The cascade leading from photon absorption to ionic current flow in rod photore-
ceptors. Solid lines indicate ‘forward’ steps that generate gain; dashed lines are the ‘backward’
steps that shut off the process. T is the transducin molecule, a member of the broad class
of G—proteins that couple receptors to enzymes. PDE is the enzyme phosphodiesterase,
named for the particular bond that it cuts when it degrades cyclic guanosine monophosphate
(cGMP) into GMP. GC is the guanylate cyclase that synthesizes cGMP from guanosine
triphosphate, GTP.

proteins from another family, the “G proteins,” of which transducin is an exam-
ple, and the result of such interactions typically is the activation of yet another
enzyme, often one which synthesizes or degrades a cyclic nucleotide. Cyclic
nucleotides in turn are common intracellular messengers, not just opening ion
channels but also activating or inhibiting a variety of enzymes. This universality
of components means that understanding the mechanisms of photon counting in
rod cells is not just a curiosity for physicists, but a place where we can provide
a model for understanding an enormous range of biological processes.

Evidently generating gain in an enzymatic cascade is not a problem: we saw
that even one step could generate a gain of 102. What, then, is the problem?
It is not obvious that the mechanisms of gain won’t also generate extra noise,
and this might be a problem. Indeed, there is evidence that the continuous
background noise in the rod cells results from the spontaneous activation of the
phosphodiesterase. If we have more than one stage of gain, it should be possible
to provide maximal insulation against noise by properly distributing the gain
among the different stages.

Perhaps the most surprising aspect of the single photon response in rods,
however, is its reproducibility. If we look at the responses to dim light flashes
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and isolate those responses that correspond to a single photon (you have already
done a problem to assess how easy or hard this is!), one finds that the amplitude
of the response fluctuates by only ~ 15 — 20%; see, for example, Fig. 2.37. To
understand why this is surprising we have to think about chemistry at the level
of single molecules, specifically the chemical reactions catalyzed by the single
activated molecule of rhodopsin.

When we write that there is a rate k for a chemical reaction, what we mean
is that for one molecule there is a probability per unit time k that the reaction
will occur, as explored in Problem 25. Thus when one molecule of rhodopsin is
activated at time ¢ = 0, if we imagine that de—activation is a simple chemical
reaction then the probability that the molecule is still active at time t obeys the
usual kinetic equation

dp(t)

= —kp(t), (2.165)

so that p(t) = exp(—kt). The probability density P(¢) that the molecule is
active for exactly a time ¢ is the probability that the molecule is still active at
t times the probability per unit time of de—activation, so

P(t) = kp(t) = kexp(—kt). (2.166)

This may seem pedantic, but it’s important to be clear—and we’ll see that far
from being obvious there must be something wrong with this simple picture.

Given the probability density P(t), we can calculate the mean and variance
of the time spent in the active state:

t) = /oodtP(t)t (2.167)
0

= k./o exp(—kt)t = 1/k; (2.168)

((0t)?) = / dt P(t)t* — (t) (2.169)
0

= k/ dt exp(—kt)t? — 1/k> (2.170)
0
= 2/k* —1/k* =1/k*. (2.171)
Thus we find that

Stoms = V{(0D)2) = 1/k = (1), (2.172)

so that the root—mean—square fluctuations in the lifetime are equal to the mean.

How does this relate to the reproducibility of the single photon response?
The active rhodopsin molecule is as a catalyst, activating transducin molecules.
If this catalysis proceeds at some constant rate (presumably set by the time re-
quired for rhodopsin and transducin to find each other through diffusion in the
disk membrane), then the number of activated transducins is proportional to
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Figure 2.37: Reproducibility of the single photon response, from Field & Rieke (2002b). (A)
Examples of single photon responses and failures from single mammalian rods. (B) Variances
of the responses in (A). (C) Variance and square of mean response to one photon; variance in
the response is defined as the difference in variance between responses and failures. Finally (D)
shows the mean of results as in (C) from eight primate rods and nine guinea pig rods; scales
are normalized for each cell by the peak mean response and the time to peak. We see that at
the peak response the relative variance is ~ 0.025, so the root—-mean-square fluctuations are

~ 0.15.
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the time that rhodopsin spends in the active state—and hence we would expect
that the number of active transducin molecules has root—mean—square fluctu-
ations equal to the mean number. If the subsequent events in the enzymatic
cascade again have outputs proportional to their input number of molecules,
this variability will not be reduced, and the final output (the change in cGMP
concentration) will again have relative fluctuations of order one, much larger
than the observed 15 — 20%. If we measure the variance rather than the stan-
dard deviation, which seems more natural, we can’t even claim to have an order
of magnitude understanding of the reproducibility. I'd like to give an idea of
the different possible solutions that people have considered, focusing on simple
versions of these ideas that we can explore analytically. At the end, we’ll look
at the state of the relevant experiments.

One possibility is that although the lifetime of activated rhodopsin might
fluctuate, the number of molecules at the output of the cascade fluctuates less
because of saturation. For example, if each rhodopsin has access only to a
limited pool of transducin molecules, most rhodopsins might remain active long
enough to hit all the molecules in the pool. Let the total number of transducins
in the pool be Npq01, and let the number of activated transducins be ny. When
the rhodopsin is active, it catalyzes the conversion of inactive transducins (of
which there are Npo01 — n7) into the active form at a rate r, so that (neglecting
the discreteness of the molecules)

d?’LT
dt
If the rhodopsin molecule is active for a time ¢, then number of activated trans-
ducins will be

= +(Nyool — 7). (2.173)

nr(t) = Npool[1 — exp(—rt)]. (2.174)

For small ¢ the variations in ¢ are converted into proportionately large variations
in np, but for large ¢ the saturation essentially cuts off this variation.
To be more precise, we can find the distribution of ny by using the identity

P(’I’LT)CZ’I’LT = P(t)dt, (2.175)

which applies whenever we have two variables that are related by a deterministic,
invertible transformation. From Eq (2.174) we have

1
t= - In(1 — ny/Npool), (2.176)

and so, going through the steps explicitly:

k TLT >k’/r—1
= 1-— . 2.177
TNpool ( Npool ( )

dnT

Plnr) = P(t) “2F

When the activation rate r is small, ny always stays much less that Ny, and
the power law can be approximated as an exponential. When r is large, however,
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the probability distribution grows a power law singularity at Npoo1; for r finite
this singularity is integrable but as » — oo it approaches a log divergence, which
means that essentially all of the weight will concentrated at N001. In particular,
the relative variance of np vanishes as r becomes large, as promised.

This discussion has assumed that the limited number of target molecules
is set, perhaps by some fixed structural domain. Depending on details, it is
possible for such a limit to arise dynamically, as a competition between diffusion
and chemical reactions. In invertebrate photoreceptors, such as the flies we have
met in our discussion above, there is actually a positive feedback loop in the
amplifier which serves to ensure that each structural domain (which are more
obvious in the fly receptor cells) ‘fires’ a saturated, stereotyped pulse in response
to each photon.

The next class of models are those that use feedback: if the output of the
cascade is variable because the rhodopsin molecule doesn’t “know” when to de—
activate, why not count the molecules at the output and shut the rhodopsin
molecule off when we reach some fixed count? When rhodopsin is active it cat-
alyzes the formation of some molecule (which might not actually be the trans-
ducin molecule itself) at rate r, and let the number of these output molecules
by x so that x = rt. Let’s have the rate of deactivation of rhodopsin depend on
x, so that instead of Eq (2.165) we have

—2 = k[z(t)]p(t). (2.178)
For example, if deactivation is triggered by the cooperative binding of m z

molecules (as in the discussion of cGMP—gated channels), we expect that

xm

k[] = Kmax ——
ry + ™

(2.179)

We can solve Eq (2.178) and then recover the probability density for rhodospin
lifetime as before,

pt) = exp (— /0 thk;[x(T)]) (2.180)
P) = kla(t)exp (— /0 thk[x(T)]) (2.181)
- kmaxxm(t)(t)exp (—kmax /Ot dr xm(t)) (2.182)

g+ am xgt 4 x™ (1)

t\™ Emaxto [t \™!
Fma <t> exp 0 ( ) ] , (2.183)
0

S m+1 %
where in the last step we identify ¢y = z¢/r and assume that ¢ < to.
To get a better feel for the probability distribution in Eq (2.183) it is useful

Q
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to rewrite it as

P(t) = Emaxexp[—G(t)] (2.184)
m+1
Gt) = —-mlhn <t)+km"”‘t° <t) (2.185)

to m—+1 \t,

We can find the most likely value of the lifetime, ¢, by minimizing G, setting
the derivative to zero:

1 ¢ m+1
1) = 2+ kmaxtor 7 <> (2.186)
t t \ to
1 i m+1
G/(t = {) = 0 = kmaxt() . ? <t0> = % (2187)
T 1/m
t m
El(m) -

In particular we see that for sufficiently large k. we will have t < tg, consistent
with the approximation above. What we really want to know is how sharp the
distribution is in the neighborhood of , so we will try a series expansion of G(t):

P % Fuwcesp |60 - 560007 | (2.189)
" = ™ (T m
G'(t) = 3+ (kmaxto)m - <t0) R = (2.190)

where again in the last step we assume ¢ << ty. Thus the distribution of
lifetimes is, at least near its peak, takes the form

P(t) ~ P(¥) exp [—%(t P2 ] : (2.191)

which is a Gaussian with variance

2 Lo
((0t)*) = - N (2.192)
Thus the relative variance is 1/m as opposed to 1 in the original exponential
distribution.

A concrete realization of the feedback idea can be built around the fact that
the current flowing into the rod includes calcium ions, and the resulting changes
in calcium concentration can regulate protein kinases—proteins which catalyze
the attachment of phosphate groups to other proteins—and rhodopsin shut off
is known to be associated with phosphorylation at multiple sites. Calcium
activation of kinases typically is cooperative, so m ~ 4 in the model above
is plausible. Notice that in the saturation model the distribution of lifetimes
remains broad and the response to these variations is truncated; in the feedback
model the distribution of lifetimes itself is sharpened.

A third possible model involves multiple steps in rhodopsin de—activation.
Imagine that rhodopsin starts in one state and makes a transition to state 2,
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then from state 2 to state three, and so on for K states, and then it is the
transition from state K to K + 1 that actually corresponds to de—activation.
Thus there are K active states and if the time spent in each state is ¢; then the
total time spent in activated states is

K
t=> t (2.193)
i=1

The mean value of ¢ is the sum of the means of each ¢;, and if the transitions are
independent (again, this is what you mean when you write the chemical kinetics
with the arrows and rate constants) then the variance of ¢ will also be the sum
of the variances of the individual ¢;,

W = > (2.194)

K
(@0 = > _(6n)?). (2.195)

We recall from above that for each single step, ((6t;)%) = (¢;)2. If the multiple
steps occur at approximately equal rates, we can write

K

(M = D)~ Kt (2.196)
1;(1 p

((66)*) = Z<(5ti)2>:2<ti>2%K<t1>2 (2.197)

@) _ K _ 1 105

mr T ®n)? K

Thus the relative variance declines as one over the number of steps, and the
relative standard deviation declines as one over the square root of the number
of steps. This is an example of how averaging K independent events causes a
1/ V'K reduction in the noise level.

The good news is that allowing de—activation to proceed via multiple steps
can reduce the variance in the lifetime of activated rhodopsin. Again our at-
tention is drawn to the fact that rhodopsin shut off involves phosphorylation of
the protein at multiple sites. The bad news is that to have a relative standard
deviation of ~ 20% would require 25 steps.

It should be clear that a multistep scenario works only if the steps are ir-
reversible. If there are significant “backward” rates then progress through the
multiple states becomes more like a random walk, with an accompanying in-
crease in variance. Thus each of the (many) steps involved in rhodopsin shut
off must involve dissipation of a few kT of energy to drive the whole process
forward.
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Problem 30: Getting the most out of multiple steps. Consider the possibility that
Rhodopsin leaves its active state through a two step process. To fix the notation, let’s say
that the first step occurs with a rate k1 and the second occurs with rate ka:

Rh* %3 Rh** %3 inactive. (2.199)

Assume that we are looking at one molecule, and at time ¢ = 0 this molecule is in state Rh*.

(a) Write out and solve the differential equations for the time dependent probability of
being in each of the three states.

(b) Use your results in [a] to calculate the probability distribution for the time at which
the molecule enters the inactive state. This is the distribution of “lifetimes” for the two active
states. Compute the mean and variance of this lifetime as a function of the parameters k1
and ko.

(c) Is there a simple, intuitive argument that allows you to write down the mean and
variance of the lifetime, without solving any differential equations? Can you generalize this
to a scheme in which inactivation involves N steps rather than two?

(d) Given some desired mean lifetime, is there a way of adjusting the parameters k1 and
ko (or, more generally, k1, k2 -+ ,kn) to minimize the variance?

(e) Suppose that there is a back reaction Rh** k;l Rh*. Discuss what this does to the
distribution of lifetimes. In particular, what happens if the rate k_; is very fast? Note that
“discuss” is deliberately ambiguous; you could try to solve the relevant differential equations,
or to intuit the answer, or even do a small simulation.

The need for energy dissipation and the apparently very large number of
steps suggests a different physical picture. If there really are something like 25
steps, then if we plot the free energy of the rhodopsin molecule as a function
of its atomic coordinates, there is a path from initial to final state that passes
over 25 hills and valleys. Each valley must be a few kT lower than the last,
and the hills must be many kg7 high to keep the rates in the right range. This
means that the energy surface is quite rugged. Now when we take one solid
and slide it over another, the energy surface is rough on the scale of atoms
because in certain positions the atoms on each surface “fit” into the interatomic
spaces on the other surface, and then as we move by an Angstrom or so we
encounter a very high barrier. If we step back and blur our vision a little bit,
all of this detailed roughness just becomes friction between the two surfaces.
Formally, if we think about Brownian motion on a rough energy landscape and
we average over details on short length and time scales, what we will find is that
the mobility or friction coefficient is renormalized and then the systems behaves
on long time scales as if it were moving with this higher friction on a smooth
surface.

So if the de—activation of rhodopsin is like motion on a rough energy surface,
maybe we can think about the renormalized picture of motion on a smooth sur-
face with high drag or low mobility. Suppose that the active and inactive states
are separated by a distance ¢ along some direction in the space of molecular
structures, and that motion in this direction occurs with an effective mobility
w. If there is an energy drop AE between the active and de—activated states,
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then the velocity of motion is v ~ puAFE/¢ and the mean time to make the
de—-activation transition is

{ 22
)~ =~ . 2.2
(&) ~ = AL (2.200)
On the other hand, diffusion over this time causes a spread in positions
((60)%) ~ 2D(t) = 2ukpT(t), (2.201)

where we make use of the Einstein relation D = pkpT. Now (roughly speaking)
since the molecule is moving in configuration space with typical velocity v, this
spread in positions is equivalent to a variance in the time required to complete
the transition to the de—activated state,

(00)?)  2ukpT £

2y ~ ~ . . 2.202
(00%) ~ 5 ~ CAB? TAE (2.202)
If we express this as a fractional variance we find
((60)*)  2pkpT £ (pAEN®  2kpT (2.203)
(t)2 (LAE/0)? pAE 02 AE ’

Thus when we look at the variability of the lifetime in this model, the effective
mobility x4 and the magntiude ¢ of the structural change in the molecule drop
out, and the reproducibility is just determined by the amount of energy that is
dissipated in the de—activation transition. Indeed, comparing with the argument
about multiple steps, our result here is the same as expected if the number of
irreversible steps were K ~ AFE/(2kgT), consistent with the idea that each step
must dissipate more than kg7 in order to be effectively irreversible. To achieve
a relative variance of 1/25 or 1/40 requires dropping ~ 0.6 — 1 eV (recall that
kpT is 1/40 eV at room temperature), which is OK since the absorbed photon
is roughly 2.5 eV.

Problem 31: Is there a theorem here? The above argument hints at something more
general. Imagine that we have a molecule in some state, and we ask how long it takes to arrive
at some other state. Assuming that the molecular dynamics is that of overdamped motion
plus diffusion on some energy surface, can you show that the fractional variance in the time
required for the motion is limited by the free energy difference between the two states?

How do we go about testing these different ideas? If saturation is important,
one could try either by chemical manipulations or by genetic engineering to
prolong the lifetime of rhodospin and see if in fact the amplitude of the single
photon response is buffered against these changes. If feedback is important,
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Figure 2.38: Variability in the single photon response with genetically engineered rhodopsins.
(A) Wild type responses from mouse rods. Schematic shows the six phosphorylation sites,
which are serine or threonine residues. In the remaining panels, we see responses when the
number of phosphorylation sites has been reduced by mutating alanine, leaving five sites (B
& C), two sites (D), one site (E), or none (F). From Doan et al (2007).

one could make a list of candidate feedback molecules and to manipulate the
concentrations of these molecules. Finally, if there are multiple steps one could
try to identify the molecular events associated with each step and perturb these
events again either with chemical or genetic methods. All these are good ideas,
and have been pursued by several groups.

An interesting hint about the possibility of multiple steps in the rhodopsin
shutoff is the presence of multiple phosphorylation sites on the opsin proteins.
In mice, there are six phosphorylation sites, and one can genetically engineer
organisms in which some or all of these sites are removed. At a qualitative
level it’s quite striking that even knocking out one of these sites produces a
noticeable increase in the variability of the single photon responses, along with
a slight prolongation of the mean response (Figs 2.38B & C). When all but one
or two sites are removed, the responses last a very long time, and start to look
like on/off switches with a highly variable time in the ‘on’ state (Figs 2.38D
& E). When there are no phosphorylation sites, rhodopsin can still turn off,
presumably as a result of binding another molecule (arrestin). But now the
time to shutoff is broadly distributed, as one might expect if there were a single
step controlling the transition.

Remarkably, if we examine the responses quantitatively, the variance of the
single photon response seems to be inversely proportional the number of these
sites, exactly as in the model where deactivation involved multiple steps, now
identified with the multiple phosphorylations (Fig 2.39). This really is beautiful.
One of the things that I think is interesting here is that, absent the discussion
of precision and reproducibility, the multiple phosphorylation steps might just
look like complexity for its own sake, the kind of thing that biologists point to
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Figure 2.39: Standard deviation in the integral of the single photon response, normalize by
the mean. Results are shown as a function of the number of phosphorylation sites, from
experiments as in Fig 2.38; error bars are standard errors of the mean. Solid line is CV =
1/4/Np + 1, where N, is the number of phosophorylation sites. From Doan et al (2006).

when they want to tease physicists about our propensity to ignore details. In
this case, however, the complexity seems to be the solution to a very specific
physics problem.

So, do we understand how rod cells turn single molecular events into macro-
scopic responses? Certainly the idea of an enzymatic cascade explains how cells
can achieve gain, and this seems quite general. Indeed, such cascades are com-
mon in many cellular processes where amplification is needed. In one system,
at least, we even seem to understand why the gain is reproducible from event
to event. One could object that the example we have chosen is one in which the
degree of reproducibility is not as startling as in some other cases, and certainly
the fact that removing phosphorylation sites increases variability doesn’t mean
that mechanisms other than phosphorylation don’t contribute to maintaining
reproducibility. More subtly, having multiple steps in the rhodopsin shutoff
only reduces the variability if certain conditions are met, and we don’t know
how these are achieved.?® Thus, it seems fair to say once again that we have
the ingredients of understanding, but perhaps not a complete picture. These
ingredients, however, have implications far beyond the rod cell, because of the

28In fact we don’t have any independent evidence that these conditions are achieved, and
it’s not easy to see how to test this experimentally.
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commonality of the molecular components in so many systems.

General reviews of the cGMP cascade in rods are given by Burns & Baylor (2001) and by
Arshavsky et al (2002). An early but very thorough account of the kinetics of the cascade was
given by Pugh & Lamb (1993); Rieke & Baylor (1996) set out to understand the origins of the
continuous noise in rods, but along the way provide a beautifully quantitative dissection of the
enzymatic cascade. For an explanation of how similarity to Rhodopsin (and other G—protein
coupled receptors) drove the discovery of the olfactory receptors, see Buck (2005). For some
general background on ion channels, you can try Aidley (see notes to Section 1.1), Johnston
& Wu (1995), or Hille (2001). A starting point for learning about how different choices of
channels shape the dynamics of responses in insect photoreceptors is the review by Weckstrom
& Laughlin (1995).

Arshavsky et al 2002 G proteins and phototransduction. VY Arshavsky, TD Lamb & EN
Pugh, Jr Ann Rev Physiol 64, 153187 (2002).

Buck 2005 Unraveling the sense of smell. LB Buck, in Les Prixz Nobel: Nobel Prizes 2004,
T Fringsmyr, ed (Nobel Foundation, Stockholm, 2005).2°

Burns & Baylor 2001 Activation, deactivation and adaptation in vertebrate photoreceptor
cells. ME Burns & DA Baylor, Annu Rev Neurosci 24, 779-805 (2001).

Hille 2001 Jon Channels of Excitable Membranes, 3rd Edition B Hille (Sinuaer, Sunderland
MA, 2001).

Johnston & Wu 1995 Foundations of Cellular Neurophysiology. D Johnston & SM Wu
(MIT Press Cambridge, 1995).

Pugh & Lamb 1993 Amplification and kinetics of the activation steps in phototransduc-
tion. EN Pugh, Jr & TD Lamb, Biochim Biophys acta 1141, 111-149 (1993).

Rieke & Baylor 1996 Molecular origin of continuous dark noise in rod photoreceptors. F
Rieke & DA Baylor, Biophys J 71, 2553-2572 (1996).

Weckstrom & Laughlin 1995 Visual ecology and voltage gated ion channels in insect pho-
toreceptors. M Weckstrom & SB Laughlin, Trends Neurosci 18, 17-21 (1995).

Rieke & Baylor (1998a) provide a review of photon counting rods with many interesting
observations, including an early outline of the problem of reproducibility. An early effort to
analyze the signals and noise in enzymatic cascades is by Detwiler et al (2000). The idea that
restricted, saturable domains can arise dynamically and tame the fluctuations in the output
of the cascade is described by the same authors (Ramanathan et al 2005). For invertebrate
photoreceptors, it seems that reproducibility of the response to single photons can be traced
to positive feedback mechanisms that generate a stereotyped pulse of concentration changes,
localized to substructures analogous to the disks in vertebrate rods (Pumir et al 2008). A
textbook account of enzyme kinetics is given by Fersht (1977).

Detwiler et al 2000 Engineering aspects of enzymatic signal transduction: Photoreceptors
in the retina. PB Detwiler, S Ramanathan, A Sengupta & BI Shraiman, Biophys J 79,
28012817 (2000).

Fersht 1977 FEnzyme Structure and Mechanism. AR Ferhst (WH Freeman, San Francisco,
1977).

Pumir et al 2008 A Pumir, J Graves, R Ranganathan & BI Shraiman, Systems analysis of
the single photon response in invertebrate photoreceptors. Proc Nat’l Acad Sci (USA)
105, 10354-10359 (2008).

Ramanathan et al 2005 G-protein—coupled enzyme cascades have intrinsic properties that
improve signal localization and fidelity. S Ramanathan, PB Detwiler, AM Sengupta &
BI Shraiman, Biophys J 88, 3063-3071 (2005).

29 Also available at http://www.nobelprize.org.
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Rieke & Baylor 1998a Single-photon detection by rod cells of the retina. F Rieke & DA
Baylor, Revs Mod Phys 70, 1027-1036 (1998).

The classic paper on “Hill functions” for cooperative binding is Hill (1910). There is some
suggestion that Hill might have been the first to derive the simpler description of independent
binding, often called the “Langmuir” isotherm; for this and more related history as seen
through the lens of drug-receptor interactions, see Colquhoun (2006). The MWC model is
due to Monod et al (1965), and a contemporary, competing model is due to Koshland et al
(1966). Late in his life, Perutz (1990) provided some perspective on his long adventure with
hemoglobin. A key step in understanding was to show, convincingly, that there really is no
direct interaction between the binding sites, and the cooperativity was mediated entirely by
the shifting equilibrium between the R and T states (Shulman et al 1975). The MWC model
leaves open the question of where the energy for cooperativity is stored in the molecule; for a
hypothesis very much ahead of its time, see Hopfield (1973).

Colquhoun 2006 The quantitative analysis of drug-receptor interactions: A short history.
D Colquhoun, Trends Pharm Sci 27, 149-157 (2006).

Hill 1910 The possible effects of the aggregation of the molecules of haemoglobin on its
dissociation curves. AV Hill, J Physiol (Lond) 40, Suppl iv—vii (1910).
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Wyman & JP Changeux, J Mol Biol 12, 88-118 (1965).

Perutz 1990 Mechanisms of Cooperativity and Allosteric Regulation in Proteins. MF Pe-
rutz (Cambridge University Press, Cambridge, 1990).

Shulman et al 1975 Allosteric interpretation of haemoglobin properties. RG Shulman, JJ
Hopfield & S Ogawa, @ Rev Biophys 8, 325-420 (1975).

One of the early, systematic efforts to test different models of reproducibility was by Rieke &
Baylor (1998b), which pointed to the importance of multiple steps in the rhodopsin shutoff
as a likely scenario. Many of the same ideas were revisited in mammalian rods by Field &
Rieke (2002b), setting the stage for the experiments on genetic engineering of the phosphory-
lation sites by Doan et al (2006); the path to identifying the multiple steps with the multiple
phosphorylation events was not uncontroversial (Hamer et al 2003). More recent work from
the same group explores the competition between the kinase and the arrestin molecule, which
binds to the phosphorylated rhodopsin to terminate its activity, showing this competition
influences both the mean and the variability of the single photon response (Doan et al 2009).
For a discussion of signal-to—noise ratios in multistate systems, inspired in part by the case
of rhodopsin, see Escola et al (2009), which is related to Problem 31.
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Hamer et al 2003 Multiple steps of phosphorylation of activated rhodopsin can account for
the reproducibility of vertebrate rod single-photon responses. RD Hamer, SC Nicholas,
D Tranchina, PA Liebman & TD Lamb, J Gen Physiol 122, 419-444 (2003).

Field & Rieke 2002 Mechanisms regulating variability of the single photons responses of
mammalian rod photoreceptors. GD Field & F Rieke, Neuron 35, 733-747 (2002b).
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Rieke & Baylor 1998a Origing of reproducibility in the responses of retinal rods to single
photons. F Rieke & DA Baylor, Biophys J 75, 1836-1857 (1998).

2.4 The first synapse, and beyond

This is a good moment to remember a key feature of the Hecht, Shlaer and
Pirenne experiment, as described in Section 2.1. In that experiment, observers
saw flashes of light that delivered just a handful of photons spread over an area
that includes many hundreds of photoreceptor cells. One consequence is that a
single receptor cell has a very low probability of counting more than one photon,
and this is how we know that these cells must respond to single photons. But
it must also be possible for the retina to add up the responses of these many
cells so that the observer can reach a decision. Importantly, there is no way to
know in advance which cells will get hit by photons, so if we (sliding ourselves
into the positions of the observer’s brain ... ) want to integrate the multiple
photon counts we have to integrate over all the receptors in the area covered by
the flash. This integration might be the simplest computation we can imagine
for a nervous system, just adding up a set of elementary signals, all given the
same weight. In many retinas, a large part of the integration is achieved in the
very first step of processing, as many rod cells converge and form synapses onto
onto a single bipolar cell, as shown schematically in Fig 2.40.

If each cell generates an output n; that counts the number of photons that
have arrived, then it’s trivial that the total photon count is niotar = > ; ni. The
problem is that the cells don’t generate integers corresponding to the number
of photons counted, they generate currents that have continuous variations. In
particular, we have seen that the mean current in response to a single photon
has a peak of Iy ~ 1pA, but this rests on continuous background noise with an
amplitude 61,5 ~ 0.1 pA. In a single cell, this means that the response to one
photon stands well above the background, but if we try to sum the signals from
many cells, we have a problem, as illustrated in Fig 2.41.

To make the problem precise, let’s use z; to denote the peak current gener-
ated by cell i. We have

x; = Iing + i, (2.204)

where n; is the number of photons that are counted in cell i, and 7; is the
background current noise; from what we have seen in the data, each 7; is chosen
independently from a Gaussian distribution with a standard deviation §1, . If
we sum the signals generated by all the cells, we obtain

Neens Neens Neens

Trotal = Y wi=D1 > mi+ > (2.205)
i=1 i=1 i=1

= Iintotal + Netts (2.206)
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Figure 2.40: A schematic of the circuitry in the retina. Signals from the photoreceptors
pass to bipolar cells and then to the ganglion cells, whose axons bundle together to form the
optic nerve. There is lateral communication through the horizontal cells, as well as through
amarcrine cells (not shown). This is drawn to emphasize the role of bipolar cells in integrating
signals from multiple rods; much else is happening!

where the effective noise is the sum of N¢qs independent samples of the 7;, and
hence has a standard deviation

Neit. = \/ (12) = vV NeelisO Lrms- (2.207)

The problem is that with 6/l;ms ~ 0.1pA and Neens = 500, we have nig® ~
2.24pA, which means that there is a sizable chance of confusing three or even
five photons with a blank; in some species, the number of cells over which the
system integrates is even larger, and the problem becomes even more serious.
Indeed, in primates like us, a single ganglion cell (one stage after the bipolar
cells; cf Fig 2.40) receives input from ~ 4000 rods, while on a very dark night
we can see when just one in a thousand rods captures a photon. Simply put,
summing the signals from many cells buries the clear single photon response
under the noise generated by those cells which did not see anything. This can’t
be the right way to do things!

Since the single photon signals are clearly detectable in individual rod cells,
we could solve our problem by making a ‘decision’ for each cell—is there a photon
present or not?7—and then adding up the tokens that represent the outcome of
our decision. Roughly speaking, this means passing each rod’s signal through
some fairly strong nonlinearity, perhaps so strong that it has as an output only
a 1 or a 0, and then pooling these nonlinearly transformed signals. In contrast,
a fairly standard schematic of what neurons are doing throughout the brain is
adding up their inputs and then passing this sum through a nonlinearity (Fig
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Figure 2.41: Simulation of the peak currents generated by N = 500 rod cells in response to
a dim flash of light. At left, five of the cells actually detect a photon, each resulting in a
current I; ~ 1pA, while at right we see the response to a blank. All cells have an additive
background noise, chosen from a Gaussian distribution with zero mean and standard deviation
0lrms ~ 0.1 pA. Although the single photon responses stand clearly above the background
noise, if we simply add up the signals generated by all the cells, then at left we find a total
current Iioa = 1.85pA, while at right we find iota) = 3.23 pA—the summed background
noise completely overwhelms the signal.

2.42). So perhaps the problems of noise in photon counting are leading us to
predict that this very first step of neural computation in the retina has to be
different from this standard schematic. Let’s try to do an honest calculation
that makes this precise.

Formally, the problem faced by the system is as follows. We start with the
set of currents generated by all the rod cells, {z;}, but we really aren’t interested
in the currents themselves. Ideally we want to know about what is happening
in the outside world, but a first step would be to estimate the total number of
photons that arrived, n¢ota;. What is the best estimate we can make? To answer
this, we need to say what we mean by “best.”

One simple idea, which is widely used, is that we want to make estimates
which are as close as possible to the right answer, where closeness is measured by
the mean square error. That is, we want to map the data {z;} into an estimate
of Notal through some function negs; ({i}) such that

& = ( s = e (1 ) (2.208)

is as small as possible. To find the optimal choice of the function negs; ({x;})
seems like a hard problem—maybe we have to choose some parameterization of
this function, and then vary the parameters? In fact, we can solve this problem
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Figure 2.42: Schematic of summation and nonlinearity in the initial processing of rod cell
signals. At left, a conventional model in which many rods feed into one bipolar cell; the
bipolar cell sums its inputs and passes the results through a saturating nonlinearity. At right,
an alternative model, suggested by the problems of noise, in which nonlinearities precede
summation.

once and for all, which is part of the reason that this definition of ‘best’ is
popular.

When we compute our average error, we are averaging over the joint distri-
bution of the data {x;} and the actual photon count nieta. That is,

E = < [ — Nest ({ﬂﬁi})]2 >

/ [H i

Z P(n, {z:}) [n — nest ({x:1)]7, (2.209)

where, to simplify the notation, we drop the subscript “total.” Now to minimize
the error we take the variation with respect to the function neg ({z;}) and set
the result equal to zero. We have

ZP Axi})2 [0 — nest ({21})], (2.210)

énest {m
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so setting this to zero gives (going through the steps carefully):
S° P e (1) = 3 PO, aihn (2211)
e () Y Pl (o)) = 3 Pl e (2212)
e () Pl imn, faib)n (2.213)

Nest ({xl}) = Z Wﬂ, (2.214)
and, finally,

Nest ({i}) = > P(n[{z:})n. (2.215)

Thus the optimal estimator is the mean value in the conditional distribution,
P(n|{z;}). Since we didn’t use any special properties of the distributions, this
must be true in general, as long as ‘best’ means to minimize mean square error.
We'll use this result many times, and come back to the question of whether the
choice of mean square error is a significant restriction.

Notice that the relevant conditional distribution is the distribution of pho-
ton counts given the rod cell currents. From a mechanistic point of view, we
understand the opposite problem, that is, given the photon counts, we know
how the currents are being generated. More precisely, we know that, given the
number of photons in each cell, the currents will be drawn out of a probabil-
ity distribution, since this is (implicitly) what we are saying when we write Eq
(2.204). To make this explicit, we have

P({as}l{m}) x exp [—i > () ] - (2:216)

i=1

Again, this is a model that tells us how the photons generate currents. But
the problem of the organism is to use the currents to draw inferences about
the photons. We expect that since the signals are noisy, this inference will be
probabilistic, so really we would like to know P({n;}|{zi}). As explained in
Section 2.1 [see the discussion leading to Eq (2.33)], the link between these
distributions is given by Bayes’ rule.

Problem 32: Just checking. Be sure that you understand the connection between Eq
(2.216) and Eq (2.204). In particular, what assumptions are crucial in making the connection?
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Applied to our current problem, Bayes’ rule tells us how to construct the
probability distribution of photon counts given the rod currents:

P(() o)) = ZHEE B, .217)
Let’s start with the case of just one rod cell, so we can drop the indices:
Pnlz) = W (2.218)

To keep things really simple, consider the case where the lights are very dim, so
either there are zero photons or there is one photon, so that

Pz[1)P(1)

P(1fr) = =5

(2.219)
and similarly for P(0|x). In the denominator we have P(x), which is the prob-
ability that we will see the current x, without any conditions on what is going
on in the world. We get this by summing over all the possibilities,

P(z) = Y P(z|n)P(n) (2.220)
= P(z[1)P(1) + P(z|0)P(0). (2.221)

Putting the terms together, we have

P(z|1)P(1)

PU2) = 5EmPM) + P@0)PO) (2222)
Now we can substitute for P(z|n) from Eq (2.216),
B 1 x| (x — I1n)?
P(z|n) = 7?1’(5[““5)2 P { 72((””“)2 ] . (2.223)
Going through the steps, we have
_ P(z[1)P(1)
PO = PGP + PG0PO) (2:224)
1
~ 1+ P(|0)P(0)/P(z[1)P(1) (2.225)
- ! _ — (2.226)
L+ [PO)/ P exp [~ + 510 ]
1
- T (2.227)
where
_ P(0) 17
§ = In [P(l)] L (2.228)
B = L (2.229)

(5Irms)2
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Equation (2.227) has a familiar form—it is as if the two possibilities (0 and
1 photon) are two states of a physical system, and their probabilities are de-
termined by a Boltzmann distribution; the energy difference between the two
states shifts in proportion to the data x, and the temperature is related to the
noise level in the system.

The term 6 in Eq (2.228) has a contribution from the signal-to-noise ratio
in a single cell, (I1/81ms)?, so we expect that @ is large unless we had a very
strong prior belief in darkness (P(0) < P(1)). Equation (2.227) then tells us
that, if we observe a very small current z, the probability that there really was
a photon present is small, ~ e~?. As the observed current becomes larger, the
probability that a photon was present goes up, and, gradually, as x becomes
large, we become certain [P(1|z) — 1]. To build the best estimator of n from
this one cell, our general result tells us that we should compute the conditional
mean:

Nest () = ZP(n|x)n (2.230)
= P(0z)-(0) + P(1]xz) - (1) (2.231)
= P(llz). (2.232)

Thus, the Boltzmann-like result [Eq (2.227)] for the probability of a photon
being counted is, in fact, our best estimator of the photon count in this limit
where photons are very rare. Further, in this limit one can show that the optimal
estimator for the total photon count, which after all is the sum of the individual
ny, is just the sum of the individual estimators.

Problem 33: Summing after the nonlinearity. Show that the optimal estimator
for the total number of photons is the sum of estimators for the photon counts in individual
rods, provided that the lights are very dim and hence photons are rare. The phrasing here is
deliberately vague—you should explore the formulation of the problem, and see exactly what
approximations are needed to make things come out right.

The end result of our calculations is that the optimal estimator of photon
counts really is in the form shown at the right in Fig 2.42: nonlinearities serve
to separate signal from noise in each rod cell, and these ‘cleaned’ signals are
summed. How does this prediction compare with experiment? Careful mea-
surements in the mouse retina, as shown in Fig 2.43, show that the bipolar cells
respond nonlinearly even to very dim flashes of light, in the range where the
rods see single photons and respond linearly, with two photons producing twice
the response to one photon. The form of the nonlinearity is what we expect
from the theory, a roughly sigmoidal function that suppresses noise and passes
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Figure 2.43: Nonlinear responses of bipolar cells in the mouse retina, from Field & Rieke
(2002). In the top row, bipolar cells involved in processing rod signals; in the bottom row,
“OFF” bipolars which do not participate in photon counting. Panels (A) and (D) show the
currents required to hold the bipolar cell voltage fixed as they respond to 10 ms flashes at time
t = 0; this “voltage clamp” is designed to avoid nonlinearities associated with the cell itself
(from voltage—gated ion channels, see Section 5.2) and isolate the nonlinearities in the synapse.
The dimmest flash is calibrated to isomerize an average of 0.25 rhodopsins per rod cell, and
each successive flash was twice as bright. Panels (B) and (E) show the the responses to two
dim flashes, normalized to give the current per isomerized rhodopsin. Note the dramatic
nonlinearity in the car of the rod bipolar cells. Panels (C) and (F) show the peaks of the
current responses, normalized to the maximum that can be driven by the brightest flashes,
vs. flash intensity in units of the intensity that gives the half-maximal response.

signals only above an amplitude threshold. Importantly, this nonlinearity is ob-
served in one class of bipolar cells but not others, and this is the class that, on
other grounds, one would expect is most relevant for processing of rod outputs
at low light levels.

Looking in more detail at the experiments, we can see discrete, single photon
events in the bipolar cells. Although the details vary across organisms, in this
retina, one bipolar cell collects input from ~ 20 rod cells, but the variance of the
background noise is larger than in the lower vertebrates that we first saw in Fig
2.4. As a result, if we sum the rod inputs and pass them through the observed
nonlinearity—as in the model at left in Fig 2.42—we would not be able to
resolve the single photon events. Field and Rieke considered a family of models
in which the nonlinearity has the observed shape but the midpoint (analogous
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to the threshold 6 above) is allowed to vary, and computed the signal to noise
ratio at the bipolar cell output for the detection of brief flashes delivering a
mean count of ~ 10~% photons/rod cell within the natural integration time set
by the duration of the rod’s response; this is, approximately, the point at which
we can barely see something on a moonless night. Changing the threshold by a
factor of two changes the signal to noise ratio by factors of several hundred. The
measured value of the threshold is within 8% of the predicted optimal setting,
certainly close enough to make us think that we are on the right track.

An important point is that, as in all cases where we are trying to discriminate
against a background of noise, optimal performance is not perfect performance;
the best we can do is to trade among different kinds of errors—see, in particular,
Fig 2.6). In the effort to insulate the estimate of the summed photon count from
the continuous background noise in the rods, there is no alternative but to set
the threshold @ in a place where, with some probability, real photons will be
missed. Thus, the retina can solve the problem of spatial integration in the
presence of noise, but only at the cost of lowering the overall quantum efficiency
of the system. In fact this is (in some sense) good news. If we look back to the
discussion of the Hecht, Shlaer and Pirenne experiment, we emphasized that it
is difficult to estimate the factor which connects the mean number of photons
at the cornea to the mean number of photons that will be counted in the retina.
To be fair, however, if one infers this factor from the HSP data (or from the
later data by Sakitt, or other similar experiments), the answer seems a bit
small, perhaps smaller than is plausible. Indeed, this problem is large enough
to have made some people wonder if the whole picture of photon counting in
vision is consistent. It now seems clear that some of the photons apparently
lost between the cornea and the retina in fact are lost in the retina itself, not
because the receptor cells don’t detect them but because they are missed in
the retina’s effort to discriminate against continuous background noise while
integrating over large areas. This in turn suggests that the precise magnitude
of the continuous background noise is much more important for our perceptual
behavior than one might have thought by looking at the rod cells in isolation.

The discussion thus far has emphasized separating signals from noise by
their amplitudes. We also can see, by looking closely at the traces of current vs
time, that signal and noise have different frequency content. This suggests that
we could also improve the signal to noise ratio by filtering. It’s useful to think
about a more general problem, in which we observe a time dependent signal y(t)
that is driven by some underlying variable z(t); let’s assume that the response
of y to x is linear, but noisy, so that

y(t) = /jo dr g(T)x(t — 1) + n(t), (2.233)

where g(7) describes the response function and 7)(t) is the noise. What we would
like to do is to use our observations on y(t) to estimate x(t).
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Problem 34: Harmonic oscillator revisited. Just to be sure you understand what
is going on in Eq (2.233), think again about the Brownian motion of a damped harmonic
oscillator, as in Problem 17, but now with an external force F(t),

d?xz(t) dx(t)

m a2 ¥ pm + kx(t) = F(t) + 0F(t). (2.234)
Show that
o) = [ drg(mF(E-m)+n0). (2.235)

Derive an explicit expression for the Fourier transform of g(7), and find g(7) itself in the limit
of either small or large damping ~.

Since the y is linearly related to x, we might guess that we can make estimates
using some sort of linear operation. As we have seen already in the case of
the rod currents, this might not be right, but let’s try anyway—we’ll need
somewhat more powerful mathematical tools to sort out, in general, when linear
vs nonlinear computations are the most useful. We don’t have any reason to
prefer one moment of time over another, so we should do something that is both
linear and invariant under time translations, which means that our estimate
must be of the form

oo

O ! (2.236)
— 00

where f(t) is the ‘filter’ that we hope will separate signal and noise. Following

the spirit of the discussion above, we’ll ask that our estimate be as close as

possible to the right answer in the sense of mean—square error. Thus, our task

is to find the filter f(¢) that minimizes

= < {x(t) - /OO dt’ f(t — t')y(t’)r > (2.237)

— 00

In taking the expectation value of the mean—square error, we average over
possible realizations of the noise and the variations in the input signal z(t).
In practice this averaging can also be thought of as including an average over
time.3% Thus we can also write

E= </0; dt [x(t) - /O:o dt’ f(t — t’)y(t’)} : > (2.238)

This is useful because we can then pass to the Fourier domain. As discussed in
Appendix A.2, for any function z(¢) we have

/Z dt 22(t) = /OO dw 2(w) [, (2.239)

Z
oo 2T

30More formally, if all the relevant random variations are ergodic, then averaging over the
distributions and averaging over time will be the same.
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and, for two functions, the Fourier transform of their convolution is the product
of their transforms,

/Oo dt et /OO dt’ f(t —t)y(t') = fw)i(w). (2.240)

— 00 — 00

Putting things together, we can rewrite the mean—square error as

(o]
d
([
oo 2m
Now each frequency component of our filter f (w) appears independently of all
the others, so minimizing £ is straightforward. The result is that

#w) — F@)i(w) > (2.241)

F(w) = T @) (2.242)

Problem 35: Details of the optimal filter. Fill in the steps leading to Eq (2.242).
Be careful about the fact that f(t) is real, and so the transform f(w) is not arbitrary.

To finish our calculation, we go back to Eq (2.233), which in the frequency
domain can be written as

j(w) = §(w)z(w) + H(w). (2.243)
Thus

(7" (@3Ew) = §W{iw)) (2.244)
(9@ = [g)*(|2W)I*) + (nw)]). (2.245)

If all of these variables have zero mean, then quantities such as (|#(w)|?) are the
variances of Fourier components, which we know (see Appendix A.2) are pro-
portional to power spectra. Finally, then, we can substitute into our expression
for the optimal filter to find

; 9" (w)Sz(w)

1) = GS@) + 5y@)’ (2.246)

where, as before, S, and S, are the power spectra of = and 7, respectively.
In the case that noise is small, we can let \S;, — 0 and we find

(2.247)
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This means that, when noise can be neglected, the best way to estimate the
underlying signal is just to invert the response function of our sensor, which
makes sense. Notice that since g generally serves to smooth the time dependence
of y(t) relative to that of z(t), the filter f(w) ~ 1/g(w) undoes this smoothing.
This is important because it reminds us of a very general point: smoothing in
and of itself does not set a limit to time resolution; it is only the combination
of smoothing with noise that obscures rapid variations in the signal.

Guided by the limit of high signal to noise ratio, we can rewrite the optimal
filter as

i 1 |9(w)[* Sz (w
w) = = - — 2.248
9= 50 T@PS.@) + 5, (2249
1 SNR(w)
= . 2.249
g(w) 14+ SNR(w)’ ( )
where we identify the signal to noise ratio at each frequency,
PYORNE:
SNR(w) = HWIS:() (2.250)

Sy(w)

Clearly, as the signal to noise ratio declines, so does the optimal filter—in the
limit, if SN R(w) = 0, everything we find at frequency w must be noise, and so it
should zeroed out if we want to minimize its corrupting effects on our estimates.

In the case of the retina, x is the light intensity, and y are the currents
generated by the rod cells. When it’s very dark outside, the signal to noise ratio
is low, so that

Flw) — (@) S, (w). (2.251)

The filter in this case has two pieces, one of which depends only on the properties
of the rod cell,

filw) = S,(@)’ (2.252)

and another piece that depends on the power spectrum of the time dependent
light intensity, S;(w). With a bit more formalism we can show that this first
filter, f1(w), has a universal meaning, so that if instead of estimating the light
intensity itself, we try to estimate something else—e.g., the velocity of motion
of an object across the visual field—then the first step in the estimation process
is still to apply this filter. So, it is a natural hypothesis that this filter will be
implemented near the first stages of visual processing, in the transfer of signals
from the rods to the bipolar cells.

Problem 36: Filtering the real rod currents. The raw data that were used to
generate Fig 2.4 are available at http://www.princeton.edu/~wbialek/PHY562/data.html,
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Figure 2.44: Voltage responses of rod and bipolar cells in the salamander retina, compared
with theory, from Rieke et al (1991). The theory is that the transmission from rod currents
to bipolar cell voltage implements the optimal filter as in Eq (2.252). Measured responses are
averages over many presentations of a flash at ¢ = 0 that results in an average of five photons
being counted. The predicted filter is computed from measured signal and noise properties of
the rod cell, with no adjustable parameters.

in the file rodcurrents.mat. The data consist of 395 samples of the rod current in response
to dim flashes of light. The data are sampled in 10 ms bins, and the flash is delivered in the
100th bin. If these ideas about filtering are sensible, we should be able to do a better job
of discriminating between zero, one and two photons by using the right filter. Notice that
filtering of a response that is locked to a particular moment in time is equivalent to taking a
weighted linear combination of the currents at different times relative to the flash. Thus you
can think of the current in response to one flash as a vector, and filtering amounts to taking
the dot product of this vector with some template. As a first step, you should reproduce
the results of Fig 2.4, which are based just on averaging points in the neighborhood of the
peak. Under some conditions, the best template would just be the average single photon
response. How well does this work? What conditions would make this work best? Can you
do better? These data are from experiments by FM Rieke and collaborators at the University
of Washington, and thanks to Fred for making them available.

The idea that the rod/bipolar synapse implements an optimal filter is in-
teresting not least because this leads us to a prediction for the dynamics of
this synapse, Eq (2.252), which is written entirely in terms of the signal and
noise characteristics of the rod cell itself. All of these properties are measur-
able, so there are no free parameters in this prediction.3! To get some feeling

31'We should be a bit careful here. The filter, as written, is not causal. Thus, to make a real
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for how these predictions work, remember that the noise in the rod cell has
two components—the spontaneous isomerizations of rhodopsin, which have the
same frequency content as the real signal, and the continuous background noise,
which extends to higher frequency. If we have only the spontaneous isomeriza-
tions, then S, ~ |g|?, and we are again in the situation where the best estimate
is obtained by ‘unsmoothing’ the response, essentially recovering sharp pulses at
the precise moments when photons are absorbed. This unsmoothing, or high—
pass filtering, is cut off by the presence of the continuous background noise, and
the different effects combine to make f; a band—pass filter. By the time the
theory was worked out, it was already known that something like band—pass
filtering was happening at this synapse; among other things this speeds up the
otherwise rather slow response of the rod. In Fig 2.44 we see a more detailed
comparison of theory and experiment.

Problem 37: Optimal filters, more rigorously. Several things were left out of the
optimal filter analysis above; let’s try to put them back here.

(a.) Assume that there is a signal s(t), and we observe, in the simplest case, a noisy
version of this signal, y(t) = s(¢) +n(t). Let the power spectrum of s(¢) be given by S(w), and
the power spectrum of the noise 7(t) be given by N(w). Further, assume that both signal and
noise have Gaussian statistics. Show that the distribution of signals given our observations is

_ 1 1 [ dw|3(w) —gw)> 1 [ dw|5w)?
Pls(@)ly(t)] = — exp {—5/§W - 5/5 S@) } . (2.253)

(b.) Show that the most likely function §(w) given the data on y is also the best estimate
in the least squares sense, and is given by

~(nc) _ S(W) ~ .

Sest (w) - S(w) +N(UJ) y(w)v (2.254)
the superscript (nc) reminds us that this estimate does not respect causality. Show that this
is consistent with Eq (2.246). Notice that you didn’t assume the optimal estimator was linear,
so you have shown that it is (!). Which of the assumptions here are essential in obtaining this
result?

(c.) The non—causal estimator is Eq (2.254) is constructed by assuming that we have
access to the entire function y(t), with —oco < t < oo, as we try to estimate, for example
s(t = 0). If we want our estimator to be something that we can build, then we must impose
causality: the estimate of s(t) can be based only on the history y— = y(¢' < t). Another way
of saying this is that we don’t really know y+ = y(¢' > t), so we should average over this
part of the trajectory. But the average should be computed in the distribution Ply|y—]. To
construct this, start by showing that

~ 2
Plusy-] = Plu(0] = x| - [ 32 B0, (2.255)
(d.) When we discuss causality, it is useful to think about the frequency w as a complex
variable. With this in mind, explain why we can write
1
S(w) + N(w)

=[P(w)?, (2.256)

prediction, we need to shift the filter so that it doesn’t have any support at negative times.
To make a well defined prediction, we adopt the minimal delay that makes this work. One
could perhaps do better, studying the optimal filtering problem with explicitly causal filters,
and considering the tradeoff between errors and acceptable delays.
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where i(w) has no poles in the upper half of the complex w plane. Verify that, with this
decomposition,

o0 = [ e iw) (2.257)
27
is causal, that is ¢(t¢ < 0) = 0. Consider the case where the signal has a correlation time 7, so
that S(w) = 2027¢/[1 4 (w7c)?], and the noise is white N(w) = No; construct 1(w) explicitly
in this case.
(e.) Putting Eq (2.255) together with Eq (2.256), we can write

2
Pl y-] = 5 e [—; / ‘j—:jmw)azw) ] (2.258)
Show that
1 1 0 dw . P
Plosv] = e | [ dt' [ et @i
2
5 [T [ e i) + @i | (2259)
and that
2
Ply+ly-] ocexp | /0 dt‘ [ e @) + i @)iw) (2.260)

Explain why averaging over the distribution Ply4|y—_] is equivalent to imposing the “equation
of motion”

[ S - @) + 5 @) =0 (2:261)

at times t > 0.
(f.) Write the non—causal estimate Eq (2.254) in the time domain as

dw o s -
I (0 = [ Goe T @b w)ie). (2.262)
But the combination ¢ (w)j(w) is the Fourier transform of z(t), which is the convolution of

¥(t) with y(¢). Show that Eq (2.261) implies that the average of z(¢) is the distribution
Ply4+|y—] vanishes for ¢ > 0, and hence the averaging over y4 is equivalent to replacing

~ 0 ) w! -~ Lt
i) - | e [ S dae (2.263)

in Eq (2.254). Put all the pieces together to show that there is a causal estimate of s(t) which
can be written as

sest(t) = / ;li;e—iw%(w)g(w), (2.264)
where
k(w) = ¥(w) /Ooo drem/‘giﬂe*iW’TS(w’)zz*(w’). (2.265)

Verify that this filter is causal.
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It is worth noting that we have given two very different analyses. In one,
signals and noise are separated by linear filtering. In the other, the same separa-
tion is achieved by a static nonlinearity, applied in practice to a linearly filtered
signal. Presumably there is some more general nonlinear dynamic transforma-
tion that really does the best job. We expect that the proper mix depends
on the detailed spectral structure of the signals and noise, and on the relative
amplitudes of the signal and noise, which might be why the different effects are
clearest in retinas from very different species. Indeed, there is yet another ap-
proach which emphasizes that the dynamic range of neural outputs is limited,
and that this constrains how much information the second order neuron can
provide about visual inputs; filters and nonlinearities can be chosen to optimize
this information transmission across a wide range of background light intensi-
ties, rather than focusing only on the detectability of the dimmest lights. This
approach has received the most attention in invertebrate retinas, such as the fly
that we met near the end of Section 2.1, and we will return to these ideas in
Chapter 4. It would be nice to see this all put together correctly, and this is an
open problem, surely with room for some surprises.

So far we have followed the single photon signal from the single rhodopsin
molecule to the biochemical network that amplifies this molecular event into a
macroscopic current, and then traced the processing of this electrical signal as
it crosses the first synapse. To claim that we have said anything about wvision,
we have at least to follow the signal out of the retina and on its way to the brain
along the axons of the ganglion cells schematized in Fig 2.40.

In the photoreceptors and bipolar cells, we have seen discrete, pulse-like elec-
trical signals that reflect the discrete nature of photon arrivals. In the ganglion
cells, as with most cells throughout the central nervous system, there are also
discrete pulses of voltage across the cell membrane, but these are generated by
the cell itself, no matter what the form of the inputs to the system. These pulses,
called action potentials or “spikes,” result from amplification mechanisms that
allow them to propagate over long distances, for example from our fingertips to
our spinal cord or along the optic nerve from our eyes to locations deep inside
our heads. We will learn more about the mechanisms of the action potential
in Section 5.2, but for now all we need is the phenomenology: the signals that
ganglion cells send to the brain, and hence everything we know about the visual
world (!), consists of sequences of discrete, identical spikes.

The nerve cells in our body are not hanging in empty space, but bathed in
fluids. These fluids have high concentrations of various ions, and thus conduct
electrical currents. As a result, the currents that flow into and out of cells as
part of the action potential spread away from the cells, and can be detected by
an electrode placed near the cell. In the classical version of this experiment, one
uses a single small wire placed as close to the cell as possible; as currents flow,
the local voltage in the neighborhood of the wire changes by tens or hundreds of
microvolts, and electrochemical reactions at the wire surface lead to a current
flowing in the wire itself, which then is amplified. In a modern version of the
experiment, as shown in Fig 2.45, one can dissect the retina out of the animal,
here a salamander, and place it on an array of electrodes, recording simulta-



2.4. THE FIRST SYNAPSE, AND BEYOND 133

0.2mV1 oy e I
VU ey A
6.5 ms

Figure 2.45: Recording action potentials from retinal ganglion cells. Top left shows a sala-
mander retina on an array of electrodes. The electrodes, and the leads which carry signals
away from the electrodes, are black features on a transparent slide; the ganglion cells of the
retina have been filled with a green dye. Round green objects are cell bodies, and long lines
are bundles of axons that eventually converge to form the optic nerve. Note that the number
of electrodes is comparable to the number of cells. Top right shows the next generation of
electrode arrays, and the bottom shows the voltage traces from a selection of these electrodes
during an experiment on the salamander retina. Blue traces are the actual voltages, and red
traces are a reconstruction of the voltages as a superposition of stereotyped waveforms—action
potentials from individual neurons—learned from a different part of the data From Segev et
al (2004) and Amodei (2011).

neously from many ganglion cells; related technologies allow the simultaneous
recording from many cells in the intact animal.

The classic experiments on single photon responses in retinal ganglion cells
were done before it was possible to measure the responses of single rods. The
spikes from single ganglion cells are relatively easy to record, and one can try
to do something like the Hecht, Shlaer and Pirenne experiment, but instead of
“seeing” (as in Fig 2.2), you just ask if you can detect the spikes. There were a
number of hints in the data that a single absorbed photon generated more than
one spike, so some care is required. As shown in Fig 2.46, there are neurons that
seem to count by threes—if you wait for three spikes, the probability of seeing
is what you expect for setting a threshold of K = 1 photon, if you wait for six
spikes it is as if K = 2, and so on. This simple linear relation between photons
and spikes also makes it easy to estimate the rate of spontaneous photon—like
events in the dark. Note that photons arrive as a Poisson process, but if each
photon generates multiple spikes, then the spikes are not a Poisson process. This
idea of Poisson events driving a second point process to generate non—Poisson
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variability has received renewed attention in the context of gene expression,
where the a single messenger RNA molecule (perhaps generated from a Poisson
process) can be translated to yield multiple protein molecules; see Section 4.3
for more about noise in gene expression.
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Figure 2.46: A frequency of seeing experiment with spikes, from Barlow et al (1971). Recording
from a single retinal ganglion cell, you can say you “saw” a flash when you detect 3, 6, 9,

. or more spikes within a small window of time (here, 200 ms). The probability of reaching
this criterion is plotted vs the log of the flash intensity, as in the original Hecht, Shlaer and
Pirenne experiments (Fig 2.2), but here the intensity is adjusted to include a background rate
of photon-like events (“dark light”). Curves are from Eq (2.2), with the indicated values of
the threshold K. Notice that three spikes corresponds to one photon.

Problem 38: Poisson—driven bursts. A characteristic feature of events drawn out
of a Poisson process is that if we count the number of events, the variance of this number is
equal to the mean. Suppose that each photon triggers exactly b spikes. What is the ratio
of variance to mean (sometimes called the Fano factor) for spike counts in response to light
flashes of fixed intensity? Suppose the the burst of spikes itself is Poisson distributed, with
mean b. Now what happens to the variance/mean ratio?

Before tracing the connections between individual spikes and photons, it
was possible to do a different experiment, just counting spikes in response to
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flashes of different intensities, and asking what is the smallest value of the
difference AI such that intensities I and I + AI can be distinguished reliably.
For sufficiently small I, the just noticeable different AT is constant. For large I,
one finds AT o I, so the just noticeable fractional change in intensity is constant;
this is common to many perceptual modalities, and is called Weber’s law. At
intermediate intensities one can see AI o v/I. This last result, predicted by
Rose and de Vries (cf Section 1.1), is what you expect if detecting a change
in intensity just requires discriminating against the Poisson fluctuations in the
arrival of photons. At high intensities, we are counting many photons, and
probably the system just can’t keep up; then fluctuations in the gain of the
response dominate, and this can result in Weber’s law. At the lowest intensities,
the photons delivered by the flash are few in comparison with the thermal
isomerizations of rhodopsin, and this constant noise source sets the threshold
for discrimination. Happily, the rate of spontaneous isomerizations estimated
from these sorts of experiments agrees with other estimates, including the (much
later) direct measurements on rod cells discussed previously. This work on
discrimination with neurons also is important because it represents one of the
first efforts to connect the perceptual abilities of whole organisms with the
response of individual neurons.

If retinal ganglion cells generate three spikes for every photon, lights wouldn’t
need to be very bright before the cells should be generating thousands of spikes
per second, and this is impossible—the spikes themselves are roughly one mil-
lisecond in duration, and all neurons have a ‘refractory period’ that defines a
minimum time (like a hard core repulsion) between successive action potentials.
The answer is something we have seen already in the voltage responses of fly
photoreceptors (Fig 2.15): as the background light intensity increases, the retina
adapts and turns down the gain, in this case generating fewer spikes per photon.
Of course this takes some time, so if we suddenly expose the retina to a bright
light there is very rapid spiking, which then adapts away to a much slower rate.
If we imagine that our perceptions are driven fairly directly by the spikes, then
our impression of the brightness of the light should similarly fade away. This
is true not just for light (as you experience whenever you walk outside on a
bright sunny day); almost all constant sensory inputs get adapted away—think
about the fact that you don’t feel the pressure generated by your shoes a few
minutes after you tie them. But there are more subtle issues as well, involving
the possibility that the coding strategy used by the retina adapts to the whole
distribution of inputs rather than just the mean; this is observed, and many
subsequent experiments are aimed at understanding the molecular and cellular
mechanisms of these effects. The possibility that adaptation serves to optimize
the efficiency of coding continuous signals into discrete spikes is something we
will return to in Chapter 4.

Problem 39: Adaptation in a cascade. The simplest model of a biochemical cascade is
that each component, when activated, acts as a catalyst for activating the next component, and
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activated components decay. If there is a large supply of inactive components, the dynamics
are linear:

dA* 1
= ——A"4+rRh*(t) (2.266)

dt T

dB* 1
= —_B* A* 2.267
dt T tr ( )

dc* 1
= —-C*+rB*, (2.268)

dt T

and so on; here the catalytic rates » and the decay times 7 are the same for all the steps. To
avoid introducing any new parameters we can assume that, on average, in response to a flash
we have Rh(t) = Rh*(0)et/7.

(a.) Solve for the output C*(t) in response to a flash. The model here is a cascade with
three steps. Show that you can generalize to the case of n steps.

(b.) Define the gain g as the time integral of the response to a flash, in this case

g:/o 4t C* (1), (2.269)

Evaluate the gain, also in n—step cascades.

(c.) As background lights get brighter, responses of photoreceptors become faster and
the gain (e.g., current or voltage per photon) goes down. Show that this is natural in such a
cascade model.

(d.) Explain at least two different ways to estimate the number of stages in the cascade
from experiments on the response to flashes in varying backgrounds.

This is just a start. Interestingly, these ideas were worked out well before the molecular
components of the enzymatic cascade were identified, and one can argue that such quantitative
analyses provided the intellectual groundwork for the elucidation of the molecular details. See
the papers by Baylor, Hodgkin & Lamb in the references at the end of this section.

The problem of photon counting—or any simple detection task—also hides
a deeper question: how does the brain “know” what it needs to do in any
given task? Even in our simple example of setting a threshold to maximize the
probability of a correct answer, the optimal observer must at least implicitly
acquire knowledge of the relevant probability distributions. Along these lines,
there is more to the ‘toad cooling’ experiment than a test of photon counting
and dark noise. The retina has adaptive mechanisms that allow the response to
speed up at higher levels of background light, in effect integrating for shorter
times when we can be sure that the signal to noise ratio will be high. The flip
side of this mechanism is that the retinal response slows down dramatically in
the dark. In moderate darkness (dusk or bright moonlight) the slowing of the
retinal response is reflected directly in a slowing of the animal’s behavior. It is
as if the toad experiences an illusion because images of its target are delayed,
and it strikes at the delayed image. It is worth emphasizing that we see a closely
related illusion.

Imagine watching a pendulum swinging while wearing glasses that have a
neutral density filter over one eye, so the mean light intensity in the two eyes
is different. The dimmer light results in a slower retina, so the signals from the
two eyes are not synchronous, and recall that differences in the images between
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our right and left eyes are cues to the depth of an object. As we try to interpret
these signals in terms of motion, we find that even if the pendulum is swinging
in a plane parallel to the line between our eyes, what we see is motion in 3D.
The magnitude of the apparent depth of oscillation is related to the neutral
density and hence to the slowing of signals in the ‘darker’ retina. This is called
the Pulfrich effect.

If the pattern of delay vs light intensity continued down to the light levels in
the darkest night, it would be a disaster, since the delay would mean that the
toad inevitably strikes behind the target! In fact, the toad does not strike at all
in the first few trials of the experiment in dim light, and then strikes well within
the target. It is hard to escape the conclusion that the animal is learning about
the typical velocity of the target and then using this knowledge to extrapolate
and thereby correct for retinal delays.3? Thus, performance in the limit where
we count photons involves not only efficient processing of these small signals but
also learning as much as possible about the world so that these small signals
become interpretable.

If you'd like a general overview of the retina, a good source is Dowling (1987, 2012). For
the experiments on nonlinear summation at the rod—bipolar synapse, along with a discussion
of the theoretical issues of noise and reliability, see Field & Rieke (2002a). The analysis of
optimal filtering is presented in Bialek & Owen (1990) and Rieke et al (1991). For a discussion
how our experience of a dark night translates into photons per rod per second, see Walraven
et al (1990).

Bialek & Owen 1990 Temporal filtering in retinal bipolar cells: Elements of an optimal
computation? W Bialek & WG Owen, Biophys J 58, 1227-1233 (1990).

Dowling 1987, 2012 The Retina: An Approachable Part of the Brain JE Dowling (Harvard
University Press, Cambridge, 1987). Revised edition (2012).

Field & Rieke 2002a Nonlinear signal transfer from mouse rods to bipolar cells and impli-
cations for visual sensitivity. GD Field & F Rieke, Neuron 34, 773-785 (2002).
Rieke et al 1991 Optimal filtering in the salamander retina. F Rieke, WG Owen & W
Bialek, in Advances in Neural Information Processing 3, R Lippman, J Moody & D

Touretzky, eds, pp 377-383 (Morgan Kaufmann, San Mateo CA, 1991).

Walraven et al 1990 The control of visual sensitivity. J Walraven, C Enroth—Cugell, DC
Hood, DIA MacLeod & JL Schnapf, in Visual Perception: The Neurophysiological
Foundations, L Spillmann & SJ Werner, eds, pp 53-101 (Academic Press, San Diego,
1990).

The classic presentations of filtering, estimation and prediction are by Kolmogorov (1939,
1941) and Wiener (1949). The long problem about optimal filtering is based on Potters &
Bialek (1994).

Kolmogoroff 1939 Sur l’interpolation et extrapolations des suites stationnaires. A Kol-
mogoroff, C R Acad Sci Paris 208, 2043-2045 (1939).

Kolmogorov 1941 Interpolation and extrapolation of stationary random sequences (in Rus-
sian). AN Kolmogorov, Izv Akad Nauk USSR Ser Mat 5, 3-14 (1941). English trans-
lation in Selected Works of AN Kolmogorov, Vol II, AN Shiryagev, ed, pp 272-280
(Kluwer Academic, Dordrecht, 1992).

32 As far as I know there are no further experiments that probe this learning more directly,
e.g. by having the target move at variable velocities.
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Potters & Bialek 1994 Statistical mechanics and visual signal processing. M Potters & W
Bialek, J Phys I France 4, 17551775 (1994); arXiv:cond—mat/9401072 (1994).
Wiener 1949 Eztrapolation, Interpolation and Smoothing of Time Series N Wiener (Wiley,

New York, 1949).

The idea of maximizing information transmission across the first visual synapse is something
we will discuss at greater length in Chapter 4. Still, you might like to look ahead, so here are
some references to how these ideas developed in the context of fly vision.

Hateren 1992 Real and optimal neural images in early vision. JH van Hateren, Nature 360,
68-70 (1992).

Laughlin 1981 A simple coding procedure enhances a neuron’s information capacity. SB
Laughlin, Z Naturforsch 36c¢c, 910-912 (1981).

Srinivasan et al 1982 Predictive coding: A fresh view of inhibition in the retina. MV
Srinivasan, SB Laughlin & A Dubs, Proc R Soc Lond Ser B 216, 427-459 (1982).

The classic paper about single photon responses in retinal ganglion cells is Barlow et al
(1971); it has quite a lot of detail, and still makes great reading. Modern efforts for recording
simultaneously from many ganglion cells include Litke et al (2004), Segev et al (2004), and
Amodei (2010). The idea that single molecular events can drive bursts, generating non—
Poisson statistics, reappears thirty years later in the context of gene expression; see for example
Ozbudak et al (2002). The early papers on intensity discrimination using spikes from single
neurons are Barlow (1965) and Barlow & Levick (1969); see also the even earlier work from
FitzHugh (1957, 1958).

Amodei 2011 Network—Scale Electrophysiology: Measuring and Understanding the Collec-
tive Behavior of Neural Circuits (Doctoral Dissertation, Princeton University, 2011).

Barlow 1965 Optic nerve impules and Weber’s law. HB Barlow, Cold Spring Harb Symp
Quant Biol 30, 539-546 (1965).

Barlow & Levick 1969 Three factors limiting the reliable detection of light by retinal gan-
glion cells of the cat. HB Barlow & WR Levick, J Physiol (Lond) 200, 1-24 (1969).

Barlow et al 1971 Responses to single quanta of light in retinal ganglion cells of the cat.
HB Barlow, WR Levick & M Yoon, Vision Res Suppl 3, 87-101 (1971).

FitzHugh 1957 The statistical detection of threshold signals in the retina. R FitzHugh, J
Gen Physiol 40, 925-948 (1957).

FitzHugh 1958 A statistical analyzer for optic nerve messages. R FitzHugh, J Gen Physiol
41, 675-692 (1958).

Litke et al 2004 What does the eye tell the brain?: Development of a system for the scale
recording of retinal output activity. AM Litke, N Bezayiff, EJ Chichilnisky, W Cun-
ningham, W Dabrowski, AA Grillo, M Grivich, P Grybos, P Hottowy, S Kachiguine,
RS Kalmar, K Mathieson, D Petrusca, M Rahman & A Sher, IEEE Trans Nucl Sci
51, 1434-1440 (2004).

Ozbudak et al 2002 Regulation of noise in the expression of a single gene. E Ozbudak,
M Thattai, I Kurtser, AD Grossman & A van Oudenaarden, Nature Gen 31, 69-73
(2002).

Segev et al 2004 Recording spikes from a large fraction of the ganglion cells in a retinal
patch. R Segev, J Goodhouse, JL Puchalla & MJ Berry 11, Nat Neurosci 7, 1155-1162
(2004).

The observation that neurons gradually diminish their response to constant stimuli goes back
to Adrian’s first experiments recording the spikes from single cells; he immediately saw the
connection to the fading of our perceptions when inputs are constant, and this sort of direct
mapping from neural responses to human experience is now the common language we use in
thinking about the brain and mind. Adaptation in cones and its connection to the enzymatic
cascade was discussed in a remarkable series of papers by Baylor, Hodgkin & Lamb (Baylor et
al 1974a, Baylor & Hodgkin 1974, Baylor et al 1974b). An early paper about adaptation to the
distribution of inputs is Smirnakis et al (1997). Since then a number of papers have explored
more complex versions of this adaptation, as well as trying to tease apart the underlying
mechanisms; some examples are Rieke (2001), Kim & Rieke (2001, 2003), Baccus & Meister
(2002), and Olveczky et al (2007).
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Adrian 1928 The Basis of Sensation ED Adrian (Christoper’s, London, 1928).
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Baylor et al 1974b Reconstruction of the electrical responses of turtle cones to flashes and
steps of light. DA Baylor, AL Hodgkin & TD Lamb, J Physiol (Lond) 242, 759-791
(1974).

Kim & Rieke 2001 Temporal contrast adaptation in the input and output signals of sala-
mander retinal ganglion cells. KJ Kim & F Rieke, J Neurosci 21, 287-299 (2001).

Kim & Rieke 2003 Slow Na™T inactivation and variance adaptation in salamander retinal
ganglion cells. J Neurosci 23, 1506-1515 (2003).

Olveczky et al 2007 Retinal adaptation to object motion. BP Olveczky, SA Baccus & M
Meister, Neuron 56, 689-700 (2007).

Rieke 2001 Temporal contrast adaptation in salamander bipolar cells. F Rieke, J Neurosci
21, 9445-9454 (2001).

Smirnakis et al 1997 Adaptation of retinal processing to image contrast and spatial scale.
S Smirnakis, MJ Berry II, DK Warland, W Bialek & M Meister, Nature 386, 69-73
(1997).

There is a decent demonstration of the Pulfrich effect available on the web (Newbold 1999).
The experiments on reaction times in toads and the connection to retinal delays are from the
work of Aho et al (1993).

Aho et al 1993 Visual performance of the toad (Bufo bufo) at low light levels: Retinal
ganglion cell responses and prey—catching accuracy. A—C Aho, K Donner, S Helenius,
LO Larsen & T Reuter, J Comp Physiol A 172, 671-682 (1993).

Newbold 1999 The Pulfrich illusion. M Newbold,
http://dogfeathers.com/java/pulfrich.html (1999).

2.5 Coda

In the next chapter, we will digest more fully what we have learned from the
exploration of photon counting in vision. That discussion will be aimed at
identifying conceptual problems, so perhaps here it is useful to review a few
basic facts that we should keep in mind.

All the cells in a complex organism have the same DNA; cells differ because
they “choose” to read out the instructions for making different proteins, in
different amounts. Much of the business of cells is done by proteins, and many
key proteins come in families, so that by choosing different members of the
family a cell can build very similar systems with almost continuously adjustable
parameters. The example of rhodopsin shows that these “choices” can have a
dynamic range of ~ 10° between making one protein and not making another.

Proteins interact with one another to form networks. We have seen inter-
actions which are direct (rhodopsin activates transducin) and those which are
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mediated by small molecules (¢cGMP opens channels). Ion channels are special
because they can respond also to the voltage across the cell membrane, and
currents flow through open channels, so there is an effective interaction among
proteins mediated by the voltage itself. Interacting networks of proteins can
carry out a variety of signal processing tasks, although we have emphasized am-
plification. It is presumably some combination of proteins in the relevant cells
and synapses that accomplish the nonlinearities and filtering in the transmission
from rods to bipolar cells, and there are networks of neurons doing yet more
complex computations.

As a practical matter, the nervous system is special because the outputs
of cells are currents and voltages, and we have great methods for measuring
these in the lab. It is much more difficult to reach into the cell and monitor
biochemical events. The rod cell is an interesting case because we can perturb
the biochemistry and monitor the consequences in the electrical output, and such
experiments have been critical in sorting out the mechanisms of amplification.

Finally, remember that this chapter began with the exploration of human
behavior. As our methods for uncovering molecular mechanisms explode, we
shouldn’t forget the power of quantitative, behavioral—or, more generally, macro-
scopic, phenomenological—experiments to help us phrase questions and set the
agenda for more mechanistic studies.



Chapter 3

Lessons, problems,
principles

What have we learned from our exploration of photon counting? In this brief,
essayistic chapter I will try to draw some lessons which, I hope, will prove to
be more general. Gently, I will nudge the discussion toward some candidate
principles that emerge from the example of photon counting, and which will
occupy us for the remainder of the text. I'll also try to point you toward
references for topics that are going to be left out.

The first important point is to make explicit something that was taken for
granted in everything I have said until now: photon counting in vision provides
an example of a real biological phenomenon that is susceptible to the sorts of
reproducible, quantitative experiments that we are used to in the rest of physics.
This is not obvious, and runs counter to some fairly widespread prejudices.

Although things can get complicated,! it does seem that, with care, we can
speak precisely about the properties of cells in the retina, not just on average
over many cells but cell by cell, in enough detail that even the characteristics
of the noise in the cellular response are reproducible from cell to cell, organism
to organism. It’s important that all of this is not guaranteed—removing cells
from their natural milieu can be traumatic, and every trauma is different. If
you dig into the original papers, you’ll see glimpses of the many things that
experimentalists need to get right in order to achieve the level of precision that
we have emphasized in our discussion—the things one needs to do in order to
turn the exploration of living systems into a physics experiment.

The nervous system, starting with the photoreceptor cells, is special in part
because it uses electrical signaling. One might worry that what we learn about
precision or reproducibility in photoreceptors thus will not generalize to other
cellular processes, which are governed by changes in the concentration of differ-
ent molecules rather than by the flow of electrical currents. But we know that

IWe have not explored, for example, the fact that the retina has many kinds of ganglion
cells, and even bipolar cells come in multiple flavors.

141
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in the rod cell the current flowing across the membrane really is determined
by the internal concentration of cGMP, and this in turn reflects the balance of
phosphodiesterase and cyclase activities. Thus, the electrical signal is a direct
“readout” from a more conventional biochemical network—indeed, an example
of a family of biochemical networks that are involved in many different cellular
processes. In the rod cell, the total current that flows in the dark is ~ 20 pA, and
the response to a single photon is ~ 1pA, corresponding to a 5% modulation.
The continuous background noise is ~ 0.1 pA, less than 1% of the total, and we
have seen that this scale is important as we try to understand the mechanisms of
filtering and summation in the retina. This is prima facie evidence that ~ 1%
changes, or less, in the activity of a biochemical network can be biologically
significant.

Crucially, in the rod cell, effects on the 1% level are not quantitative deco-
ration on basic processes that can be seen with measurements that are sensitive
only to large changes. Our ability to see in the dark, and to see as well as we
do, is intimately bound up in these tiny modulations of the cell’s biochemical
activity. There is no meaningful sense in which we could claim to understand
vision in this regime without making precision measurements.

I don’t want to hold up 1% as some sort of magic number setting a scale
for biological relevance. One can imagine good reasons why the scale will be
different in other systems. But if one’s introduction to the phenomena of life
comes by exploring a system in which the available measurement techniques are
insensitive to such precise behavior, one can easily be led to think that precision
is best left to the atomic physicists,? and that biology is a fundamentally messy
business. By starting with the example of photon counting, we are alerted to
how precise life’s mechanisms can be, and to the challenges that these systems
pose to our experimental techniques. There are myriad ways in which a system
can seem sloppier or less precise than it is, and we can’t find the underlying
precision unless we look for it.

The second point is something which has been emphasized already, but bears
repeating: the performance of these biological systems—something which results
from mechanisms of incredible complexity—really is determined by the physics
of the “problem” that the system has been selected to solve. If you plan on
going out in the dark of night, there are obvious benefits to detecting dimmer
sources of light, to making more reliable discriminations among subtly different
intensities and, ultimately, to distinguishing more efficiently among different
spatiotemporal patterns. You can’t do better than to count every photon, and
the reliability of photon counting by the system as a whole can’t be better than
the limits set by noise in the detector elements. The fact that real visual systems
reach these limits is extraordinary.

The third point concerns the nature of the explanations that we are looking
for. We have discussed the currents generated in response to single photons, the

2Corresponding to this remark about certain kinds of experiments is the quip about certain
styles of theorizing: “elegance should be left to tailors and cobblers.” This is variously (and,
I must say, somewhat puzzlingly) attributed to Boltzmann and to Einstein. In the interests
of full disclosure, I should note that my grandfather was a tailor.
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filter characteristics and nonlinearities of synapses, and the spiking outputs of
ganglion cells, and in each case we can ask why these properties of the system
are as we observe them to be. Importantly, we can ask analogous questions
about a wide variety of systems, from individual molecules to the regulation of
gene expression in single cells to the dynamics of neural networks in our brains.
But what are we doing when we look for an “explanation” of the data?

When we ask “why” in relation to a biological system, we can imagine (at
least) two very different kinds of answers.® First, we could plunge into the
microscopic mechanisms. As we have seen (but not emphasized) in looking at
the dynamics of biochemical amplification in the rod cell, what we observe as
functional behavior of the system as a whole depends on a large number of pa-
rameters: the rates of various chemical reactions, the concentrations of various
proteins, the density of ion channels in the membrane, the binding energies of
cGMP to the channel, and so on. These obviously are not fundamental con-
stants. On the contrary, almost all of these parameters are under the organism’s
control.

Our genome encodes hundreds of different ion channels, and the parameters
of the rod cell are set by its choice to read out the instructions for making one
channel rather than another. Further, the cell can make more or less of these
proteins, again adjusting the parameters of the system. A similar line of argu-
ment applies to other components (and many other systems), since many key
molecules are organized into families such that the individual members have
slightly different properties, and cells choose which member of the family will
be expressed. More subtly, many of these molecules can be modified, e.g. by
covalent attachment of phosphate groups as with the shutoff of rhodopsin, and
these modifications provide another pathway for adjusting parameters. Thus,

3My colleague Rob de Ruyter van Steveninck has an excellent way of talking about closely
related issues. He once began a lecture by contrasting two different questions: Why is the sky
blue? Why are trees green? The answer to the first question is a standard part of a good, high
level course on electromagnetism: when light scatters from a small particle—and molecules
in the atmosphere are much smaller than the wavelength of light—the scattering is stronger
at shorter wavelengths; this is called Rayleigh scattering. Thus, red light (long wavelengths)
moves along a more nearly straight path than does blue light (short wavelength). The light
that we see, which has been scattered, therefore has been enriched in the blue part of the
spectrum, and this effect is stronger if we look further away from the sun. So, the sky is
blue because of the way in which light scatters from molecules. We can answer the question
about the color of trees in much the same way that we answered the question about the
color of the sky: leaves contain a molecule called chlorophyll, which is quite a large molecule
compared with the oxygen and nitrogen in the air, and this molecule actually absorbs visible
light; the absorption is strongest for red and blue light, so what is reflected back to us is the
(intermediate wavelength) green light. Unlike the color of the sky, however, the color of trees
could have a different explanation. Imagine trees of other colors—blue, red, perhaps even
striped. Microscopically, this could happen because their leaves contain molecules other than
chlorophyll, or even molecules related to chlorophyll but with slightly different structures. In
fact we know that the biochemical processes that lead to the synthesis of molecules such as
chlorophyll are complicated, and processes like these really do lead to the synthesis of other
molecules with different absorption spectra. But trees of different colors will compete for
resources, and some will grow faster than others. The forces of natural selection plausibly will
cause one color of tree to win out over the others. In this sense, we can say that trees are
green because green trees are more successful, or more fit in their environment.
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saying that (for example) the response properties of the rod cell or the dy-
namics of transmission across a synapse are determined by the parameters of
a biochemical network is very different from saying that the absorption spec-
trum of hydrogen is determined by the charge and mass of the electron. We
would have to go into some alternative universe to change the properties of the
electron, but most of the parameters of the biochemical network are under the
control of the cell, these parameters can and do change in response to other
signals, and in many cases we find that closely related organisms make similar
but measurably different choices for these parameters. In the brain we can even
find neighboring cells that are broadly of the same type but have made slightly
different choices about almost all the relevant parameters.

An explanation of functional behavior in microscopic terms, then, may be
correct but somehow unsatisfying. Further, there may be more microscopic pa-
rameters than phenomenological parameters, and this may be critical in allowing
the system to achieve nearly identical functional behaviors via several different
mechanisms. But all of this casts doubt on the idea that we are “explaining”
the functional behavior in molecular terms.

A very different kind of explanation is suggested by our discussion of the first
synapse in vision, between the rod and bipolar cells. In that discussion (Section
2.4), we promoted the evidence of near optimal performance at the problem
of photon counting into a principle from which the functional properties of the
system—nonlinearities and filter characteristics—could be derived. In this view,
the system is the way it is because evolution has selected the best solution to a
problem that is essential in the life of the organism. This principle doesn’t tell
us how the optimum is reached, but it can predict the observable behavior of the
system. Evidently there are many objections to this approach, but it is familiar,
since many different ideas in theoretical physics can be formulated as variational
principles, from least action in classical mechanics to the minimization of free
energy in equilibrium thermodynamics, among others.

Organizing our thinking about biological systems around optimization prin-
ciples tends to evoke philosophical discussions, in the pejorative sense that sci-
entists use this term. I would like to avoid discussions of this flavor. If we
are going to suggest that “biological systems maximize X” is a principle, then
rather than having everyone express their opinion about whether this is a good
idea, we should discipline ourselves and insist on criteria that allow such claims
to be meaningful and predictive. First, we have to understand why X can’t be
arbitrarily large—we need to have a theory that defines the physical limits to
performance. Second, we should actually be able to measure X, and compare its
value with this theoretical maximum. Finally, maximizing X should generate
some definite predictions about the structure and dynamics of the system, pre-
dictions that can be tested in independent, quantitative experiments. Perhaps
the most important lesson from the example of photon counting is that we can
carry through this program and maintain contact with real data. The challenge
is to choose principles (candidate Xs) that are more generally applicable than
the very specific idea that the retina maximizes the reliability of seeing on a
dark night.
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Before discussing the candidate Xs that will occupy us for the remainder of
the text, we should be clear that the whole strategy of looking for variational
principles is by no means guaranteed to succeed. That is, our attempts at the-
orizing might be wrong not because we chose the wrong thing to maximize,
but more deeply because the state of matter that we call alive is not character-
ized by being the extremum of anything. For inanimate systems, we can find
non—equilibrium steady states that convert a flux of energy into various forms
of structure (e.g., in Rayleigh-Bénard convection, where a layer of fluid heated
from below generates a periodic spatial pattern of flows), and many people ex-
pressed the hope that these states could be characterized as minima of some
potential function, generalizing the idea that equilibrium states are minima of
the free energy. As far as I know, this hope has not been realized, except in
special cases.

The alternative to variational principles is to look directly at dynamics. Per-
haps the most fundamental example of this approach in relation to biological
systems is the effort to describe the dynamics of evolution. The opposite of
assuming that biological systems have found an extremum is to assume that,
in their current environment, organisms have access to an essentially unlim-
ited supply of beneficial mutations. In this limit, we expect a population of
organisms to climb slowly up the “fitness gradient,” accumulating beneficial
mutations, in much the same way that conventional physical systems flow in
response to forces. The natural question concerns the mobility: given that the
typical mutation confers an advantage ¢, and that such mutations have a proba-
bility p per generation, at what rate does a population of N organisms increase
its fitness? Even in its simplest version, this problem is surprisingly subtle, and
depends in an essential way on fluctuations in the finite population. For this
and other reasons, evolutionary dynamics has attracted considerable attention
from physicists over the past decade.

As noted in Chapter 1, evolution is one of several processes, along with
learning and adaptation, by which biological systems adjust their parameters to
be more effective, or more fit, in their environment. Learning and adaptation
also have molecular mechanisms, and these mechanisms generate a nontrivial
dynamics for these processes. Indeed, it is a very old observation that adaptation
in many sensory systems is not characterized by a single time scale, but rather
by “distributed relaxation” in which, after a switch from one environment to
another, the system relaxes to its new steady state with a power—law time
dependence. There are hints that there may be a similarly broad distribution
of time scales in the elementary processes of learning at single synapses in the
brain. As for evolution itself, we know that effective mutation rates are reduced
by proofreading mechanisms (see Section 4.5), and that beyond mutations which
alter single bases along the DNA there are also recombination events, gene
duplications, and gene transfers (at least among micro—organisms) that change
the pace of evolution. Interestingly, all of the molecular components responsible
for these different mechanisms are themselves encoded in the genome, meaning
that the dynamics of evolution—and adaptation and learning—are themselves
subject to evolutionary change.
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There is a wonderful book to be written that would emphasize a dynamical
view of biological systems. One would like to start, perhaps, with dynamical
models for the origin of life itself, and proceed to the dynamics of evolution-
ary change in self-reproducing populations. We would like to understand how
the dynamics generated by relatively small numbers of molecules can provide
the building blocks for larger, functional networks, and the nature of the map-
ping between these functions and the underlying molecular parameters. We
would see how dynamics emerges on many time scales, how organisms respond
immediately to stimuli but also adapt and learn on longer time scales, tun-
ing their responses in relation to their history. Central to all of this would be
a discussion—surely still incomplete—of how collective, macroscopic variables
that embody biological function emerge from the many microscopic degrees of
freedom. I would love to read this book.

I am going to take the point of view that life is special, and that this special-
ness is expressible by statements of the flavor that “biological systems maximize
X,” for some well chosen X. To first approximation, I will ignore the question
of how these systems find their way through the space of possible X values, and
what guides them to the maximum. But, as noted above, I will discipline myself
to speak primarily about systems where we have direct evidence for the maxi-
mization of X. In some sense, an appeal to variational principles is an attempt
to take a path that goes around the wonderful dynamical questions I have out-
lined above. But if the real systems are operating at extremal values of some
quantities that we can identify, then we can have a theory of these extremal
states that is independent of the dynamics, much as equilibrium statistical me-
chanics is separate from non—equilibrium. Even the real systems are not quite
at the maximal values of X, the idea of maximizing X might serve as a useful
idealization. What, then, is X?

The first possibility is very much connected to what we have learned from
photon counting. Real biological systems have been pushed by evolution to
the point where crucial signals are not much larger than the minimum noise
levels required by basic physical principles. A candidate principle, then, is
that these systems have maximized their reliability in the presence of noise, or
minimized the effective noise level until only the physically required noise sources
remain significant. We will explore this possibility not just in the context of our
sensory systems and the neural processing of sensory information, but also at the
molecular and cellular level where signals are carried by the concentrations of
specific molecules, or by the identity of individual molecules, as in DNA. In all of
these cases there is a clear physical limit, so that effective noise levels cannot be
pushed to zero without expending infinite resources, and we there is a program
of quantitative experiments that allow us to compare the performance of real
systems to these physical limits. Generalizing the results from photon counting,
we will see that many systems—from bacteria to bats and from developing fruit
fly embryos to human brains—operate at or near the relevant physical limits,
motivating the elevation of minimizing noise or maximizing reliability to a more
general principle. From this principle several surprising things can be derived,
and many of these predictions are confirmed in independent experiments.
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The second possibility is of a very different flavor. If we take seriously
the attempt to build quantitative models for biological systems, then as noted
above these models inevitable have many parameters. To some extent these
parameter can be tuned by the organism, or over evolutionary time, to achieve
functional behavior, but an implicit appeal to fine tuning is very dangerous.
Concretely, there are many cases in which we can manipulate the parameters of
complex biological systems, or observe their natural variations—from changing
the sequence of amino acids in a single protein to changing the numbers of
molecules of particular proteins or even the strength synapses in a network of
neurons—and see that functional behavior is robust across these variations. At
the same time, there is some obvious sense in which the behaviors characteristic
of life are not generic behaviors of dynamical systems, and hence some tuning is
required. Because these ideas have arisen in so many different contexts, it has
been difficult to articulate a concise principle that captures everyone’s intuition,
but perhaps it is something like the claim that biological systems have been
selected to maximize their tolerance to parameter variation.

Finally, there is the idea that what is important in biology is the flow of infor-
mation. Organisms pass information from one generation to the next, but also
extract information from their environment to guide their actions, and gather
information about their own internal states as they do so. While “information”
as an informal concept has widespread currency in discussions of biological sys-
tems, there is less agreement about whether the formal, mathematical versions
of this concept are useful. Shannon taught us that there really is only one way
to make the concept of information precise, and this connects deeply with ideas
from statistical mechanics. Importantly, there is a physical cost to transmitting
information, related to (but not quite the same as) the resource costs associated
with reducing noise levels, and we will see that more biologically grounded prin-
ciples of maximizing performance at fixed resource costs often have information
theoretic analogs. These ideas motivate the principle that biological systems
maximize information transmission, or the efficiency with which information is
represented. Again there are clear physical limits, and there are experiments
showing that these limits are approaches in many real systems, across a huge
range of biological phenomena. Optimization principles based on information
theoretic quantities allow us to address problems from biochemical signaling in
single cells up to learning and prediction in the brain in a single, more or less
unified, mathematical framework.

This is not the place to argue that any one of these candidate principles
is correct. All we need is the promise that the exploration of these principles
will be productive, giving us a platform from which to discover, appreciate and
think more clearly about a wide range of beautiful phenomena. We will have
a chance, at the end of the text, to look back at what we have learned, and
forward to where we might be going (Chapter 7).

For recent views of evolutionary dynamics from a physicist’s perspective, see Neher & Shraiman
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(2011) and Goldenfeld & Woese (2011). The classic reference on “distributed relaxation” in
adaptation is Thorson & Biederman—Thorson (1974). For an early review that wrestled with
generality vs particularity in non—equilibrium dynamics, see Langer (1980). For one view on
the origins of life, see Dyson (1985); he may not be right, but he is eloquent and interesting,
here as always, and he provides a short history of relevant ideas.
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Chapter 4

Noise is not negligible

The great poetic images of classical physics are those of determinism and clock-
work. In a clock, not only the output but also the internal mechanisms are
models of precision. Strikingly, life seems very different. Interactions between
molecules involve energies of just a few times the thermal energy. Biological mo-
tors, including the molecular components of our muscles, move in elementary
steps that are on the nanometer scale, driven forward by energies that are larger
than the thermal energies of Brownian motion, but not much larger. Crucial
signals inside cells often are carried by just a handful of molecules, and these
molecules inevitably arrive randomly at their targets. Human perception can be
limited by noise in the detector elements of our sensory systems, and individual
elements in the brain, such as the synapses that pass signals from one neuron to
the next, are surprisingly noisy. How do the obviously reliable functions of life
emerge from under this cloud of noise? Are there principles at work that select,
out of all possible mechanisms, the ones that maximize reliability and precision
in the presence of noise?

In this Chapter, we will take a tour of various problems involving noise in
biological systems. This topic has always held a special fascination for me, and
that I firmly believe that there is something deep to be found in exploration
of these issues. We will see the problems of noise in systems ranging from the
behavior of individual molecules to our subjective, conscious experience of the
world. In order to address these questions, we will need a fair bit of mathemati-
cal apparatus, rooted in the ideas of statistical physics. I hope that, armed with
this apparatus, you will have a deeper view of many beautiful phenomena, and
a deeper appreciation for the problems that organisms have to solve.

4.1 Fluctuations and chemical reactions
In order to survive, living organisms must control the rates of many chemical
reactions. Fundamentally, all reactions happen because of fluctuations. More

strongly, chemical reactions are a non—perturbative consequence of molecular
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Figure 4.1: The simplest model of a chemical reaction. Along some molecular coordinate x,
the potential energy V(x) has two minima separated by a barrier. The height of the barrier is
the “activation energy” Fact, which we expect will determine the rate of the reaction through

the Arrhenius law, k oc e~ Fact/kBT |

fluctuations. The rates of chemical reactions usually obey the Arrhenius law,
k oc e EBact/kBT where F,e is the “activation energy.” But the thermal energy
kpT measures the mean square amplitude of fluctuations, for example in the
velocities of atoms. Thus, chemical reaction rates are ~ e~'/9, where ¢ is the
strength of the fluctuations. If we start by imagining a world in which there
are no fluctuations, we can add them in piece by piece, but there is no way to
get a chemical reaction rate as a perturbative series in g. So, our first order
of business is to see how the Arrhenius law emerges, as an asymptotic result,
for some real dynamical model, a problem first solved convincingly by Kramers
in 1940. The details of this calculation are in Appendix A.5, but here it is
important to understand how the problem is set up and how the result emerges.
Once we have this more solid understanding will we be ready to look at what
might be special regarding the control of chemical reaction rates in biological
systems.

Let us consider the simplest case, shown in Fig 4.1. Here the molecules
of interest are described by a single coordinate x, often called the “reaction
coordinate,” and the potential energy V' (z) as a function of this coordinate has
two wells that we can identify as reactant and product structures. Let’s assume
that motions along this coordinate are overdamped, so inertia is negligible.!

IThis really is just a simplifying assumption. We can also do everything in the case where
inertia is significant, and none of the main results will be different. More precisely, we are
going to go far enough to show that the Arrhenius law k = Ae~Fact/kB7T is true, and that the
activation energy Fact corresponds to our intuition. The neglect of inertia would only change
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Since the molecule is surrounded by an environment at temperature T', we really
want to describe Brownian motion in this potential. So, the equation of motion
is

de  dV(x)

Vit T d
where 7 is the friction or drag coefficient, and the random or Langevin force ((t)
reflects the random influences of all the other degrees of freedom in the system:;
to insure that the system eventually comes to equilibrium at temperature T we

must have
(CH)C)) = 29kpTo(t — ). (4.2)

The challenge is to see if we can extract from these dynamics some approxi-
mate result which corresponds to our intuition about chemical reactions, and in
particular gives us the exponential dependence of the rate on the temperature.

When we solve Eq (4.1), what we get is the coordinate as a function of time.
What features of this trajectory correspond to the reaction rate k7 If there
really are only two states in the sense of chemical kinetics, then trajectories
should look like those in Fig 4.2. Specifically, we should see that trajectories
spend most of their time in one potential well or the other, punctuated by rapid
jumps between the wells. More precisely, there should be a clear separation of
time scales between the dynamics within each well and the typical time between
jumps. Further, if we look at the times spent in each well, between jumps, these
times should be drawn from an exponential distribution, P(t) = ke~**, and then
k is the rate constant for the chemical reaction leading out of that well into the
other state.

+¢(1), (4.1)

Problem 40: What’s the alternative? You should think a bit about what was just
said. Suppose for example, that you don’t know the potential and I just give you samples of
the trajectory z(t). What would it mean if the trajectories paused at some intermediate point
between reactants and products? How would you interpret non—exponential distributions of
the time spent in each well?

Problem 41: Numerical experiments on activation over a barrier. Perhaps before
launching into the long calculation that follows, you should get a feeling for the problem by
doing a small simulation. Consider a particle at position z moving in a potential V(z) =
Vo[l — (z/x0)?]?. This is double well, with minima at x = 420 and a barrier of height
Vo between these minima. Let’s consider the overdamped limit of Brownian motion in this
potential, as in Eq (4.1),

de(t)  4Vp [z 1 z \?2
K dt ~ zo \xzo o
We want to simulate these dynamics. The simplest approach is the naive one, in which we

use discrete time steps separated by At and we approximate

dx(t) . z(n+1) — x(n)
dt At

+¢(t), (4.3)

(4.4)

the prefactor A, which is in any case much more difficult to calculate.
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Figure 4.2: Example of the trajectories we expect to see in solving the Langevin Eq (4.1). Long
sojourns in the reactant or product state are interrupted by rapid jumps from one potential
well to the other. If we look at the times ¢, spent in the reactant state, these should come from
a probability distribution Pr(t;) = ke~ F+*r, where k4 is the rate of the chemical reaction
from reactants to products. Similarly we should have Pp(tp) = k_e ¥~'», where k_ is the
rate of the reverse reaction.

(a.) To use this discretization we have to deal with the Langevin force. One (moderately)
systematic approach is to integrate the Langevin equation over a small window of time At:

t+At d:l:(t) _ t+At 8\/(1‘) t+At
Nt + AL —2(t)] ~ —At a\gg(::) T 2(b), (4.6)
z=x(t)
where
t+At
A(t) = /t dt CF(L). (4.7)

Using the correlation function of the Langevin force from Eq (4.2), compute the variance of
z(t). Show also that the values of z at different times—separated at least by one discrete step
At—are uncorrelated.

(b.) Combine your results in [a] with the equations above to show that this simple
discretization is equivalent to

v +1) = y(w) + @B y(m) - 1=y )]+ (o), (19

where y = x/z0, the parameter o = 4kpTAt/(yz3) should be small, Et = V;/(kpT) is the
normalized “activation energy” for escape over the barrier, and ¢(n) is a Gaussian random
number with zero mean, unit variance, and no correlations among different time steps n.

(c.) Implement Eq (4.8), for example in MATLAB. Note that MATLAB has a command



4.1. FLUCTUATIONS AND CHEMICAL REACTIONS 155

randn that generates Gaussian random numbers.2 You might start with a small value of ET,
and experiment to see how small you need to make « before the results start to make sense.
What do you check to see if « is small enough?

(d.) Explore what happens as you change the value of Et. For each value of ET, check
that your simulation runs long enough so that the distribution of x actually is given by the
Boltzmann distribution, P(x) o« exp[—V (z)/kpT]. As E' increases, can you see that there are
isolated discrete events corresponding to the “chemical reaction” in which the system jumps
from one well to the other? Use your simulation to estimate the rate of these jumps, and plot
the rate as a function of the activation energy ET. Can you verify the Arrhenius law?

Problem 42: Effective potentials. We are discussing, for simplicity, a one dimensional
problem. Suppose that there are really many dimensions, not just z but also y1, y2, -+, yn =
{y;}. Then we have, again in the overdamped limit,

Vi% = —%;yj})-l-&(t)’ (4.10)

where now the fluctuation—dissipation theorem tells us that the Langevin forces obey
(fi(t)gj (t/)> = Qk}BT’yi5ij5(t — t/). (4.11)

Imagine now that £ moves much more slowly than all the {y;}.
(a.) Verify that, from Eq (4.10), the stationary distribution of {y;} at fixed x is the
Boltzmann distribution,

P({yj}z) =

Ve )] w12)

exp {f T

Z(x)
(b.) If  is slow compared with all the {y;}, it is plausible that we should average the

dynamics of = in Eq (4.9) over the stationary distribution P({y;}|z). Show that this generates
an equation in which x moves in an effective potential,

dx OWVer ()

— = ————">+0F(1), 4.13

pm o (®) (4.13)
and this effective potential is the free energy, Vog(z) = —kpT In Z(x).

(c.) Equations (4.9) and (4.10) still aren’t completely general, since we have taken the
mobility tensor to be diagonal, so that forces on coordinate y; lead to velocities only along this
direction. Does the more general case, where v;; is an arbitrary symmetric matrix, present
any new difficulties for the problem posed here?

In th point of view we are taking here, the probabilistic character of chemical
reactions is fundamental: what we mean by a rate constant k is the probability
per unit time for one molecule to make the transition over the barrier. If we have
a macroscopic number of molecules, and we count the fraction which have not
yet crossed, this fraction will decay as e~ **, with the same k, so this is also the
familiar rate constant from chemical kinetics. This connection between macro-
scopic kinetics and the probabilistic behavior of single molecules was explored
in Problem 25, and this is a good time to review.

2More precisely, MATLAB claims that randn generates Caussian random numbers that
are independent. Maybe you should check this?
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If you take the path integral view of quantum mechanics, then when Planck’s
constant is small, so that tunneling is rare, there is a semi—classical approx-
imation to the path integral which reproduces the WKB approximation to
Schrédinger’s equation. In this approximation the path integral is dominated
by specific trajectories in the same way that a one-dimensional integral can be
dominated by the point of stationary phase; these dominant trajectories have
come to be called “instantons.” Instantons are precisely the jumps from one
well to another, analogous to what we have drawn for the classical case in Fig
4.2. In Appendix A.5 you can find the details of how to calculate these tra-
jectories, and the demonstration that such trajectories occur with probability
x exp(—FE,et/kpT) less often than trajectories that simply fluctuate within one
potential well or the other. This is the essence of the Arrhenius law.

Is there is anything special about how these ideas play out in the case of
biological molecules? If we try to draw the picture in Fig 4.1, we usually asso-
ciate the “reaction coordinate,” that is the molecular coordinate along which we
see the double well potential, with the motions that are involved in the chem-
ical events themselves. Thus, if we are looking at the transfer of a hydrogen
atom, breaking one bond and forming another, we might think that the relevant
molecular coordinate is given by the position of the hydrogen atom itself.

Biological molecules—such as the proteins which act as enzymes, catalyzing
specific chemical reactions of importance in the cell—are large, and hence flexi-
ble. Certainly they can change reaction rates by holding the reactants in place.
But because of their flexibility, there is also the possibility that, as they flex,
the effective barrier for the reaction changes. In this case, the dominant path
for the reaction might be for the protein to fluctuate into a favorable configura-
tion, and then for the more local coordinates (e.g., the position of the hydrogen
atom) to make their jump. In this way, the observed activation energy comes to
have two components, the usual one that we measure along the reaction coor-
dinate, which presumably is reduced by waiting for the protein to arrange itself
properly, and then the energy of distorting the protein itself.

To be a little more formal, imagine that for every configuration @ of the
protein, there is a different activation energy for the reaction, Fuct(Q). Then if
the fluctuations in Q) are fast, we expect to see an average rate constant

k=A / dQ P(Q) exp [_E:;(j?)] : (4.14)

where P(Q) is the distribution of protein structures. If we fix Q at its equilib-
rium position, we could find that E,(Q = Qeq) is large, which might make us
think that the reaction will be slow. But by sampling non—equilibrium configu-
rations, the protein can speed up the reaction.

It is important that reaction rates are exponentially suppressed, because this
means that these rates are controlled not just by fluctuations, but by the tails of
the distribution of fluctuations in molecular structure. With reasonable guesses
about the form of P(Q) and E,.+(Q), the average rate constant in Eq (4.14) thus
will be dominated by the protein structures that are in the tail of P(Q); in effect
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the reaction “waits” for fluctuation into the right structure. Unfortunately this
means that experimental methods which show us the structure of proteins—
methods which necessarily sample the center of the distribution P(Q)—won’t
show us the structures that are most relevant for the reaction itself.

Is there is any evidence for such coupling of protein structural fluctuations
to the modulations of chemical reaction rates? I think the strongest evidence
is from the mid 1970s, in a beautiful series of experiments by Austin and col-
leagues. The idea is very simple. Suppose that we really do have the activation
energy varying with the configuration of the protein. If we could stop the motion
of the protein, then each molecule would be stuck with a different activation
energy and hence a different reaction rate. Then, instead of seeing an average
rate, each molecule reacts at its own rate, and if we count the total number of
molecules that have not yet reacted we should see

N(t) _ /dQ P(Q) exp I:_Ae—Eact(Q)/k’BTt} 7 (4.15)

which definitely is not an exponential decay. In fact if the fluctuations in @
generate very large variations in the activation energy, then this is very far from
being an exponential decay.

Problem 43: Power law decays. Suppose that the effect of the fluctuations in @ is to
generate a distribution of activation energies

1

P(Bact) = —— (E/Eo)"e P/ o, (4.16)
n!FEy
Then, if the structures are frozen, we will have
> dE
N :/ (B/Bo)"e™P/20 exp [~ AeB/40T4] (4.17)
0 TL'E()

(a.) Show that, at large t, there is a saddle point approximation to this integral, and that
this predicts a decay N(t) ~ t~®. What determines the power a? Are there corrections to
this formula?

(b.) Calculate the average rate constant, as in Eq (4.14),

_ > dE E
k=A E/Ey)"e E/Fo {77] 4.18
/0 i, B/ E0)"e R (4.18)

Does this mean rate obey the Arrhenius law? How large are the deviations? Is there a limit
in which the Arrhenius law is recovered?

So, we have the dramatic prediction that if we could freeze the motion of the
protein, we’d see something very far from the usual exponential decays. In order
to test this we need the right model system. In particular, if we are literally
going to freeze things, then molecules can’t diffuse relative to one another, and
most what we usually think of as chemistry will stop. We need an example
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of a reaction that happens among molecules that are already “together” and
ready to react. If things are frozen, then the usual trick of suddenly mixing the
reactants together to start the reaction also isn’t going to work.

In many organisms, including us, oxygen is essential for a wide variety of
processes. We take in oxygen by breathing, and need to distribute it to all of our
tissues. The way we do this is to have specific proteins to which oxygen binds,
and then the proteins are transported, starting in the blood. The major such
oxygen transport protein in our blood is called hemoglobin, and this molecule
has four protein subunits, each of which can bind a single oxygen molecule; as
noted in Section 2.3, hemoglobin provides the classic example of cooperativity
in binding. In our muscles we find a simpler protein, with just one subunit,
called myoglobin. Myoglobin, hemoglobin, and the cytochromes that we will
discuss below all are members of the “heme protein” family, which are defined
by the fact that they bind a rather large planar organic molecule called heme,
with an iron atom at its center, as shown in Fig 4.3; myoglobin and hemoglobin
were also the first proteins for which the structures were solved using X-ray
crystallography. These structures showed that the iron is held in the plane by
nitrogens from the heme and from below by a nitrogen from the protein. Oxygen
can bind to the iron from above the plane.

c
|
C

7\
O/ OH

Figure 4.3: The heme group at the center of myoglobin, hemoglobin, and other heme proteins.
Recall the convention (Fig 2.17) that carbon atoms are at unmarked nodes of the skeleton,
and hydrogen atoms which complete the four bonds needed for each carbon are not shown.
The iron atom at the center is also coordinated from below by a nitrogen from the protein, and
oxygen or carbon monoxide can bind to the iron from above the plane. The large conjugated
structure of the heme group endows the molecule with a strong absorption cross section in
the visible and ultraviolet range of the spectrum. Because the electronic states of the heme
mix with the d orbitals of the iron, the absorption spectrum shifts upon oxygen binding.
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Figure 4.4: A slice through the electron density map of the myoglogin molecule, as inferred
from X-ray diffraction data (Kendrew 1964). This map is made from data at 1.4 A resolution.
In the center we see the heme group edge on. The histidine side chain from the protein
coordinates the iron atom from below the plane of the heme, and in the crystals used in these
experiments a water molecule binds to the iron atom in the position that would be taken by
oxygen. Note that there is not much empty space in the structure, so that the protein actually
has to “breathe” in order for oxygen to have access to the iron, or to escape once bound.

The iron atom, and hence the oxygen binding site is buried deep inside the
protein, as shown in Fig 4.4. This is interesting in part because it tells us that the
full process of binding and unbinding must involve some motion or “breathing”
of the protein structure. Further, once oxygen binds, if we freeze the protein it
will be trapped, unable to escape. The conjugated electronic structure of the
heme generates a strong optical absorption band, and because the electronic
states of the heme mix with the orbitals of the iron, the absorption shifts when
oxygen binds to the iron. An additional corollary of this mixing is that when a
photon is absorbed by myoglobin with oxygen bound, there is some probability
that the energy of the absorbed photon will be channeled into breaking the bond
between the iron and the oxygen. Thus, if we let oxygen bind to myoglobin and
then freeze the solution, we can knock the oxygen off the iron atom with a flash
of light, and then we can watch the oxygen rebind after rattling around in the
“pocket” formed by the protein.

In principle, motion of the oxygen molecule from the pocket to the iron atom
needn’t be coupled to motions of the protein. But if this coupling does occur,
we expect, from the discussion above, that the kinetics of the rebinding after a
light flash will deviate strongly from an exponential decay. We can follow the
kinetics by looking at the absorption spectrum, and this is what is shown in
Fig 4.5 for both oxygen and carbon monoxide binding to myoglobin. We see
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Figure 4.5: Rebinding of oxygen and carbon monoxide to myoglobin at low temperatures,
following a flash of light to break the bond, from Austin et al (1975). Circle are data points,
obtained by monitoring the absorption spectrum. Note that this is a logarithmic plot on both
axes, so that we see an enormous range of times. Lines are fits to the phenomenological power
law decay N(t) = 1/[1 + (t/to0)]™. The dashed line shows, for contrast, an exponential decay,
N(t) = e " with k = 1s7 L.

that once the solution is truly frozen solid (below ~ 160K in the glycerol-water
mixtures used for these experiments), the fraction of molecules that have not
reacted decays more nearly as a power law than an exponential. This suggests
that we have frozen in a very broad distribution of rate constants, and almost
certainly this is because structural fluctuations in the protein couple to the rate
constant.

The fact that fluctuations in protein structure couple to chemical reactions
is important because proteins are large, the dynamics of the “floppiest” modes
are shared across the entire molecule. Thus, the amplitude of fluctuations in
the active site where chemical bonds are made and broken can be modulated
by events occurring very far from the active site, even if these events serve only
to make the protein stiffer (or less stiff). As a result, there are many pathways
for the rest of the cell to interact with a single protein molecule—binding small
molecules, contacting other proteins, being phosphorylated or methylated, ...—
and thereby control the pace of chemical events.

So far our discussion of chemical reactions has treated motion along the
reaction coordinate as being completely classical. Is it possible that quantum
effects could be relevant? Notice in Fig 4.5 that as we lower the temperature,
the kinetics remain consistently non—exponential, but the typical time scale
(e.g., the time required for the reach to reach 90% completion) is slowing down.
If we keep lowering the temperature, eventually this slowing stops, and we
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Figure 4.6: The photosynthetic reaction center from the bacterium R. wviridis. At left
(from hhmi.org), the complex of proteins and cofactors. Proteins are drawn as ribbons that
trace the backbone of the polypeptide chain (for more details see Section 5.1), with the cy-
tochrome in green at top. Cofactors are shown as ball-and-stick structures. At right (from
http://metallo.scripps.edu/promise/PRCPB.html) the cofactors are shown in isolation. In
vivo this whole structure sits in a membrane, so that the electron transfers induced by photon
absorption move charge across the membrane.

see temperature independent kinetics. Almost certainly this arises because the
reaction proceed by quantum mechanical tunneling through the effective barrier
rather than by thermal activation over the barrier. The observation of quantum
mechanical effects in a biological system always triggers excitement, although
this is tempered somewhat by the fact that, in this case, to see tunneling one has
to go to very low temperatures (below 10 K) indeed. In fact, well before the work
on myoglobin, there had been observations of temperature independent kinetics
in the photon—triggered electron transfer reactions in photosynthesis. Although
our immediate experience of photosynthesis involved plants, many of the key
experiments on the dynamics of electron transfer were done in photosynthetic
bacteria.

The basic business of photosynthesis is carried out by the reaction center,
a huge complex of proteins that holds a collection of medium sized, organic
molecules—chlorophylls, pheophytins (chlorophylls without the magnesium),
and quinones, as shown in Fig 4.6. Two of the chlorophylls are held in a special
pair (P), and the electronic states of these two molecules are strongly mixed.
If one purifies the reaction center away from all the accessory structures, the
photochemistry is triggered when the special pair absorbs a photon.

From the excited state of the special pair, an electron hops to states localized
on the pheophytin (I) and then the quinone (Q), as shown in Fig 4.7. Because
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Figure 4.7: Schematic of the electron transfer reactions in the reaction center of photosynthetic
bacteria. The special pair P absorbs a photon, and transfers an electron from the excited
state to an intermediate acceptor I, which then passes the electron to a quinone molecule Q;
there is a second quinone, not shown. The hole on P is filled in by electron transfer from
another protein, cytochrome c, and the kinetics of the reaction CP*t — CTP provided the
first evidence for quantum tunneling in a biological system, as shown (redrawn from DeVault
& Chance 1966).

P and Q are held, by the protein scaffold, on opposite sides of a membrane,
the net effect is to transfer charge across the membrane, capturing the energy
of the absorbed photon. Quinones exist in multiple protonation states, so that
the electron transfer can couple to proton transfer, and in this way the reaction
center serves to drive protons across the membrane. The difference in electro-
chemical potential for protons provides a universal energy source that is used
by other transmembrane protein, for example to synthesize ATP, which all cells
use in powering other processes (including movement, as described in Section
4.2). In more complex organisms, including green plants, there are two kinds
of reaction centers, one of which couples photon—driven electron transfer to the
splitting of water to make all the oxygen in our atmosphere.

To complete the cycle and “reset” the reaction center for the arrival of the
next photon, the hole on the special pair needs to be filled in, and this happens
by electron transfer from another protein, cytochrome c, which can also diffuse
away from the membrane and interact with the rest of the cell’s chemistry. It is
this reaction that provided the first evidence for tunneling in a biological system.
If the cytochrome is absent, as in purified reaction centers, one can observe the
recombination reaction PTQ~ — PQ, which also has an anomalous temperature
dependence, as discussed below. To connect with the discussion of myoglobin,
this recombination reaction also exhibits non—exponential kinetics under some
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conditions, suggesting that it is possible to freeze some of the fluctuations in
structure that normally provide rapid modulations of the reaction rate.

The key to experiments on the kinetics of photosynthetic electron transfer is
that all of the molecules involved change their absorption spectra significantly
when they gain or lose an electron; not coincidentally, these spectra overlap with
the spectrum of the solar radiation, and are concentrated in a range of wave-
lengths surrounding the ‘visible,” from the near infrared to the near ultraviolet.
We can trigger the reactions with a pulsed laser tuned to the absorption band
of P, and we can then monitor different spectral features that track the different
components. This started in the 1950s and 60s with time resolution in the mi-
crosecond range, and evolved—with successive revolutions in the techniques for
generating short laser pulses—down to picoseconds and femtoseconds; this de-
velopment parallels the exploration of the visual pigments described in Section
2.2.

One key point about the photosynthetic reaction center is that all the elec-
tron transfer processes work even when the system is frozen, which tells us that
there is no need for the different components to diffuse in order to find one
another—all of the donor and acceptor sites are held in place by the protein
scaffolding. This allows for investigation of the electron transfer reactions over
a wide range of temperatures, and this was done to dramatic effect by DeVault
and Chance in the mid 1960s, with the result shown in Fig 4.7. Near room
temperature, the electron transfer from cyctochrome c back to the special pair
exhibits a normal, Arrhenius temperature dependence with an activation energy
F. ~ 0.18eV. Importantly, the temperature dependence is continuous as the
system is cooled through the solvent’s freezing point. But somewhere around
T ~ 100K, the temperature dependence stops, and the reaction rate remains
the same down to liquid helium temperatures (7' ~ 4 K). This strongly suggests
that the reaction proceeds by tunneling at low temperatures.

Problem 44: A wrong model. If a reaction proceeds by activation over a barrier of
height F, the rate is k o exp(—F/kgT), If it proceeds by tunneling through the barrier, we
expect k o< exp(—2v2mE{/h), where { is the width of the barrier and m is the effective mass
of the tunneling particle. For the DeVault—Chance reaction, there is a direct measurement of
the activation energy E ~ 0.18eV. If you imagine that it is the electron which has to go over
or through this barrier, what value of ¢ is needed to explain that the crossover from Arrhenius
behavior to temperature independence occurs near 1" ~ 100 K? Does this result make any
sense?

After roughly a decade of confusion (including discussions of the model in
the previous problem), a clearer understanding of tunneling in electron transfer
emerged in the mid to late 1970s.3> The basic idea is schematized in Fig 4.8.

3The relevant physics here is essentially the same as in the discussion of absorption spectra
in large molecules. See Section 2.2 and Appendix A.4.
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Figure 4.8: Electron transfer is coupled to vibrational motion. There two electronic states,
corresponding to localization of the electron on the donor D or the acceptor A, and these
states mix only weakly. The strong coupling is to vibrational motion, since transfer of the
electron is associated with a change in the equilibrium structure of the molecules.

We have an electron donor D and an acceptor A; the reaction is DA — DTA~.
The states DA and DYA~ are different electronic states of the system. From
the Born—-Oppenheimer approximation, we know that when a molecule shifts to
a new electronic state, the nuclei move on a new potential surface. We usually
describe these nuclear or atomic motions as molecular vibrations, so we’ll refer
to the relevant coordinates as vibrational coordinates. The simplest scheme, as
in Fig 4.8, is one in which the vibrations are approximately harmonic. Then
when we change electronic states, we can imagine changes in the structure of
the normal modes, changes in the frequencies of these modes, and shifts in the
equilibrium positions along the modes; barring symmetries, the last effect should
be the leading one, and certainly it is the simplest.

In the state DA, an electron is localized on the donor. In the state DTA™,
this electron is localized on the acceptor. If the donor and acceptor sites are far
apart, as is often the case in large, biological molecules, then the wave functions
of the electrons in these localized state will overlap only deep in their tails; any
matrix element that connects these two states then must be very small. But if
we want to have a transition between two states that are connected by only a
small matrix element, then by Fermi’s golden rule we need these states to be of
the same energy. As shown in Fig 4.8, this happens only at special points, where
the two potential energy surfaces for vibrational motion cross. The rate of the
reaction should then be proportional to the probability of finding the system at
this crossing point. The key point, then, is that at high temperatures this prob-
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ability is controlled by the thermal fluctuations in the vibrational coordinates,
while at low temperatures the system can still reach the crossing point, but now
the fluctuations are dominated by quantum zero—point motion. If the activa-
tion energy—the energy required to distort the molecule from its equilibrium
structure in state DA to the crossing point—is large compared to the relevant
vibrational quanta, then a zero—point fluctuation that carries the system to the
crossing point necessarily involves sampling the tails of the ground state wave-
function, and this means that the system moves into a region that would be
forbidden to a classical particle, even granting that it has the zero—point energy
to work with. Thus, at low temperatures, the reaction is controlled by tunneling
of the vibrational degrees of freedom, while at high temperatures these degrees
of freedom move classically over the barrier.

To make all this a bit more precise, let’s write the Hamiltonian corresponding
to Fig 4.8. We have two electronic states, which we can take as the up and down
states of a spin one-half. There is an energy difference between these states,
which we’ll call €, and a weak matrix element A that mixes these states.* There
is a vibrational coordinate @, and this coordinate moves in a potential that
depends on the electronic state. Thus we have

1+o0, 1-—
V;
5 Q)+ —5

€ 1. o,
H=Zo.+ Ao, + 5Q2 + V,.(Q), (4.19)
If we think semi—classically, then the vibrational coordinates move hardly at all
during the electronic transition, and so from the golden rule we should have the
reaction rate

b~ 582008 - B ) = 1% (316 + 11(Q) - V(@) ), (4:20)

where we have to average over the fluctuations of @) in the initial state DA. In
the simplest case, where the potential surfaces are harmonic, differing only in
their equilibrium positions,

HeQ) = 5Q° (4.21)
Vi(Q) = g(Q - Qo) (4.22)
and hence V4(Q) — V(Q) = k(QoQ — Q3/2), so that
ko~ ;A2<6 (e - 5@8+rQuQ) > (4.23)
AQ QO €
= meoP (Q =5 - on) . (4.24)

If we have a particle moving in a harmonic potential with frequency w, then in
thermal equilibrium the distribution of @ is Gaussian. The variance is ((§Q)?) =

4The use of A here is conventional. I hope it doesn’t cause confusion with the use of A to
describe atomic displacements in Section 2.2.
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kpTur /K, where

1 1
kpTeg = hw {2 T J ; (4.25)
notice that as T — 0, kgTes approaches the zero—point energy fuw/2, while for
kT > hw, we have Teg =~ T. Putting all the terms together, we find
A? —A)?
k ~ ———exp —u , (4.26)
h\/ 47T/\kBTeff 4)\kBTeff
where A = kQ3/2 is the “reorganization energy” that would be required to dis-
tort the molecule from its equilibrium configuration in DA into the equilibrium
configuration appropriate to DTA™ if we didn’t actually transfer the electron.
Note the similarity to our results for the absorption spectra of large molecules,
Eq (2.75).
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Figure 4.9: Temperature dependence of the electron transfer rate, from Eq (4.26). Parameters
are chosen, as described in the text, to match the behavior of the DeVault—Chance reaction

in Fig 4.7. Circles are values of the rate computed at 20 K intervals, and dashed lines indicate
the asymptotic behavior at high (activated) and low (tunneling) temperatures.

In Figure 4.9 we see the predicted dependence of the electron transfer rate on
temperature in a parameter regime chosen to match the DeVault—Chance reac-
tion. In order to have the transition between Arrhenius and tunneling behavior
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at the right temperature, we need a vibrational frequency w/2m ~ 200cm~1.5

If we look at the Raman spectra of cytochrome c or related molecules, there is
a vibrational mode near this frequency that corresponds to motions of the iron
atom perpendicular to the plane of the heme group. This makes sense, since
when we add or subtract an electron from the molecule, this charge is shared
between the iron and the heme, and on average the iron is displaced relative to
the heme when the molecule changes its oxidation state. The energy difference
between reactants and products can be measured directly by separate electro-
chemical experiments, and then to get the activation energy right we must have
A ~ 0.14eV. If the relevant vibrational mode really is (mostly) the motion of
the iron relative to the rest of the protein, then we know the mass associated
the mode and hence the stiffness kK = mw?, so we can determine Qy ~ 0.2 A,
and this is consistent with the displacements found upon comparing the oxi-
dized and reduced structures of cytochrome c. So, this account of vibrational
motion as controlling the temperature dependence of the reaction rate seems to
make sense in light of everything else we know about these molecules, although
admittedly it is a rough comparison.

Problem 45: Getting numbers out. Convince yourself that the numbers in the
preceding paragraph make sense. In particular, extract the estimate Qo ~ 0.2A for the
motion of the iron atom relative to the protein.

There are many loose ends here. To begin, we have given a description in
terms of one vibrational mode, but we have found an expression for the reac-
tion rate that shows no sign of resonances when the energy difference € between
reactants and products in an integer multiple of the vibrational quantum fw.
Presumably the solution to the problem is the same as in our discussion of the
absorption spectra of rhodopsin: individual modes are damped, so that reso-
nances are broadened, and there are many modes, so the broadened resonances
overlap and smear into a continuum.

The second problem concerns the significance of all this for biological func-
tion. It’s very impressive to see quantum tunneling in a biological molecule,
but our excitement should be tempered by the fact that we see this only at
temperatures below 100K, far out of the range where life actually happens.
Measurements on the (much faster) initial steps of electron transfer, however,

5Molecular vibrations contribute to the absorption of radiation in the infrared, and it is
conventional to measure frequency in “wavenumbers” or inverse cm. To convert to the more
usual Hz, just multiply by the speed of light, 3x10'° cm/s. Note that this is a convention about
units, and not a reference to the inverse wavelength in the medium used for the experiment,
so there is no correction for the index of refraction. Once you start reading about molecular
spectroscopy and chemical reactions (replete with calories and moles), you’ll have to get some
practice at changing units!
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show that approximately temperature independent reaction rates persist up to
room temperature. Indeed if we look closely at the rates of P*I — P+I~ and
I7Q — IQ™, we see a slightly inverse temperature dependence, with the rate
slowing by a factor of two or three as we increase the temperature from 4 to
300 K. If we isolate the reaction center, and remove the second quinone, then
we observe a slow recombination reaction PTQ~ — PQ, and this also has a
very weak, and perhaps even slightly inverse, temperature dependence up to
room temperature. In fact the theory as we have sketched it provides a pos-
sible explanation for this: if we tune the energy difference between reactants
and products so as to maximize the reaction rate, we have ¢ = X\ and the ex-
ponential dependence of the reaction rate on Teg disappears; all we have left is
k o< 1/+/Tesr, which indeed is a weak, inverse temperature dependence. This sort
of fine tuning might make sense for the initial steps P*I — P*I~ and I-Q —
IQ~—perhaps evolution has selected for molecular parameters that maximize
the electron transfer rates—but it seems a stretch to assume that the very slow
(and biologically irrelevant) reaction P*Q~ — PQ has been “optimized” in this
way. What’s going on?

— A3
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rate
(s) 2
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Figure 4.10: The rate of the recombination reaction PTQ~ — PQ as function of the energy
gap € between initial and final electronic states, from Gunner et al (1986). The energy gap
is changed by chemical modification of the quinone (Q) molecule, adding different groups
(methyl, ethyl, etc) to the sites 1, 2, and 3, as indicated on the molecular structure.

The structure of the reaction center is such that one can take out the quinone
molecules and replace them with analogs that have different electron affinities,
and in this way manipulate the value of €. Perhaps surprisingly, increases in €
have very little effect on the rate constant for the recombination reaction P*Q~
— PQ, as shown in Fig 4.10, or on the forward reaction I-@Q — IQ™, and for
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all the values of € probed one sees an approximately temperature independent
rate. This argues strongly against tuning of e = A as an explanation for the
observed “activationless” behavior.

(reaction rate)/(maximum rate at 300K)
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Figure 4.11: Electron transfer coupled to high frequency vibrations, from Eq’s (4.27) and
(4.36). Dashed lines show contributions to the rate constant at 7' = 300 K from processes that
leave behind n = 0,1,2,... quanta in the high frequency mode. The total rate k(7" = 300 K)
is shown in the solid blue line, and k(T = 30K) in green. The high frequency mode has
h2=0.1eV and S = 1.

Suppose that instead of one vibrational mode, we have two—one at a low
frequency w, which we can treat by the semi—classical argument given above,
and one at a high frequency () that really needs a proper quantum mechanical
description. The initial state of the high frequency mode is the ground state
(since kpT < 7i2), but in the final state we can excite one or more vibrational
quanta, and the overall reaction rate will be a sum over terms corresponding to
each of these possible final states. From the point of view of the low frequency
mode, if the system transitions into a state with n high frequency quanta, this
renormalizes the matrix element A — A, and reduces the energy gap € —
€ — nhS). Thus the rate constant becomes
(€ — nhQ — \)?

k= n - , 427
7;) Wi keTw | AMksTer (427

where now A refers only to the reorganization energy of the low frequency mode.

> 2
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Results are shown in Fig 4.11.

Problem 46: Renormalized matrix elements. To complete the calculation in Eq
(4.27), we need to understand how the matrix elements are renormalized by coupling to the
high frequency modes. Each mode should be described by a harmonic oscillator, and for
simplicity let’s assume that the frequency of the oscillation doesn’t change as the molecule
transitions from one state to the other. There will be, however, a shift in the equilibrium
position of the relevant coordinate; denote this shift by go. Then, in the reactants state we
have a Hamiltonian

2
H, = LI;Q + 242’ (4.28)
2m 2
where p and ¢ are the momentum and position operators, respectively, while in the products
state we have

2
Hy = =52 + ™ (G — q0)2. (4.29)
2m 2
Since the frequency w is large—in particular, iw > kgT—we can assume that the system
starts in the ground state of the reactant Hamiltonian, |0,). The probability of “leaving
behind” n quanta in the transition from reactants to products is then related to the overlap
between the states |0r) and |np),

Py = [(npl0,)[?, (4.30)

and hence the renormalization we are looking for is A% 5 A2P,.
(a.) Show that the wave function of the state |n,) is related to the wave function of the
state |n,) by
(prod) — (reac)
Yn (@) = (alnp) = ¥n (g + q0)- (4.31)
That is, wﬁlprc’d)(q) is a spatially translated version of w,&reac),

(b.) Use the explicit representation of the momentum operator as p = (—i/)0/0z to show
that translations are accomplished by the operator eT0P/% that is

eT190P/ My (q) = (g + q0) (4.32)

for any wave function 1 (g). Use this result to show that

Py = |(np|0r)[* = [(nr|e™"90P/"0,)|2. (4.33)

(c.) Go back to Problem 4 for the definition of creation and annihilation operators, at
and a. There you should have shown that

R . [mhw
P =14/ 3 (at —a). (4.34)

Also, if A and B are two operators such that there commutator is a c-number, then

eATB — —3[ABl A B (4.35)

Use these ingredients to show that
S’ﬂ
= eis R

P’n 1
n.

(4.36)

and give a formula for S. What is the physical significance of this quantity?
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We see that the possibility of exciting different numbers of vibrational quanta
greatly broadens the dependence of the rate constant on the energy gap €, and
provides a huge widening of the region over which we see very little (or even
inverted) temperature dependence. This seems a more plausible and robust ex-
planation of the observed activationless kinetics in the photosynthetic reaction
center. Importantly, it relies in an essential way on the quantum behavior of
the high frequency vibrational motions that are coupled to the electron trans-
fer, and this is true even at room temperature. There is no shortage of such
high frequency modes in the quinones, chlorophylls and pheophytins; what is
interesting is the way in which the interplay of these quantum modes with the
lower frequency classical modes (including, presumably, modes of the protein
scaffolding itself) shapes the observed functional behavior.

A third issue is that, although we are talking about electron transfer reac-
tions, we have said relatively little about the electrons themselves—there are two
states, localized on the donor and acceptor sites, and there is a matrix element
that connects these states, but that seems to be all. In fact we can say a bit
more. Our use of perturbation theory obviously depends on the matrix element
not being too large. If we go back to our simple model of the DeVault—Chance
reaction and try to fit the absolute rate constants as well as the temperature
dependence, we find A ~ 10~*eV. Certainly this is small compared with the
other energies in the problem (X, fw, kT, ¢), which indicates that our use
of perturbation theory is consistent. There is a substantial effort to calculate
these matrix elements from the molecular structures, which seems daunting.
One can make progress because one needn’t find the full electronic structure
of these large molecules, just trace the decay of wave functions for an extra
electron moving above the filled states in all the chemical bonds. There are
interesting question about the extent to which one can define pathways for the
electron transfer, as one might expect classically, or whether interference among
multiple paths through the molecule is significant; these and other issues can
be traced through the references at the end of this section.

The very first step of photoinduced electron transfer, P*I — PT1~, occurs
on the picosecond time scale. This is fast enough that, as with the photoiso-
merization of rhodopsin, we need to re-examine our usual assumptions about
the separation of time scales in chemical reactions. Our understanding of the
Arrhenius law, from example, is based on the assumption that there is a large
exponential suppression of the probability of trajectories that cross the barrier,
so that reaction rates will be slow compared with the time scales of vibrational
motion and relaxation within the potential wells. More simply, it takes time
for molecular motions to equilibrate with their environment, and if reactions
are too fast the notion that the molecule is at a well defined temperature will
break down, especially if we are considering reactions that are triggered by the
absorption of a photon. We also have to worry about the time scales for loss of
quantum coherence.

Consider a very simple version of our problem, as schematized in Fig 4.12.
We have two states of the molecules, one of which we will think of as P*I and
the other as PTI~. These states are connected by a matrix element A, and the
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Figure 4.12: Competition between coherent mixing and dissipation. For large dissipation rates
the transition 1 — 2 is described by a rate constant that we can calculate in perturbation
theiry, k ~ A2/T. For small dissipation rates, coherent mixing is visible, and irreversibility of
the transition occurs only on the time scale of the dissipation itself. Optimal rates occur in
the crossover region, I'/A ~ 1.

final state decays at a rate I'. In the limit that the decay is fast, we should
think of the single final state as being broadened in energy with a width ~ T"
(h=1), and so there is a density of states p ~ 1/T"; thus, from Fermi’s Golden
Rule, the rate of the reaction is k ~ A%/I". On the other hand, if the decay is
very slow, we will see coherent oscillations between the two states at a frequency
A, and nothing irreversible will happen until the decay, so that any reasonable
definition of the “rate constant” for the transition will be k. ~ I'. Thus, if the
matrix element is fixed, the fastest reaction occurs when I' ~ A, and in this
regime we have a rate k ~ A as opposed to the Golden Rule k oc A2, What this
means is that reactions that are optimized for speed will sit at the threshold
of coherence, where mixing and decay are happening on the same time scale.
If we could perturb the system to slow the decays just a bit, we would then
reveal the incipient coherence, and as explained in the references at the end
of this section this seems to be what happens in P*I — P*I~; similar ideas
are emerging regarding the processes by which energy is collected in “antenna
pigments” and transferred to the reaction center.

Problem 47: Optimizing rates. The model shown in Fig 4.12 corresponds is described
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by the equations

idd’;t(t) = il (t) + Ava(t) (4.37)
20 A1)~ i), (4.38)

where again i = 1.

(a.) Solve this model for the time dependence of the probability to be in state 1, |11 (£)|%.
Show that, for I'/A > 1, this probability decays exponentially with the rate you would have
expected from the golden rule.

(b.) To study the system outside the golden rule regime, define an effective lifetime of
state 1 to be

7= /000 dt |1 ()2, (4.39)

and the corresponding effective rate constant keg = 1/7. Use this to reproduce the results in
the figure, in particular the asymptotic behavior for I'/A < 1.

All other things being equal, quantum effects are stronger for lighter par-
ticles. As we have seen, electrons essentially always tunnel—there are almost
no chemical or biochemical reactions involving thermal activation of an elec-
tron over a barrier. Since the early days of quantum mechanics, people have
wondered if chemical reactions involving the next lightest particle, a proton or
hydrogen atom, might also involve tunneling in a significant way. To be con-
crete, consider the situation in Fig 4.13, where the reaction coordinate is the
position of the H atom itself, moving from donor to acceptor atom. But, while
still attached to the donor atom (e.g., a carbon) we can observe vibrations of
the donor-hydrogen bond, and for C-H we know that the frequencies of these
vibrations can be as high as v ~ 2500 — 3000 cm~!. The vibrational quanta thus
are hv ~ 1/4 —1/3eV. In fact the activation energies of many chemical reac-
tions are not that much larger than this, perhaps 0.5 — 1eV. This means that,
as indicated in the crude sketch, climbing up to the top of the barrier between
reactants and products involves adding just two or three vibrational quanta.
What this means is that the reaction can’t really be completely classical, if the
reaction coordinate really is the stretching of the bond itself.

If we make the crude approximation that the barrier is rectangular, with
height E, then the rate of going over the barrier should be k oc e F/k8T  ag
before, while the rate of tunneling through the barrier is k£ e~2V2mE!/ h. where
£ is the width of the barrier and m is the mass of tunneling particle. Although we
could worry about the prefactors, the exponentials are probably the dominant
effects, and so we might guess that tunneling is more important that classical
thermal activation only if

e~ E/kBT  o=2V2ZmEl/h (4.40)
or
h E
T < Ty~ (4.41)

kg V 2me”
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Figure 4.13: Transfer of a hydrogen atom from a donor D to an acceptor A. The reaction
coordinate is the position of the H atom, but we expect that quantization effects are non—
negligible.

If the width of the barrier is ¢ ~ 1 A, and its height is E ~ 50kJ /mole, then with
m the mass of the proton we find Ty ~ 190 K, well below room temperature.
Thus, although it might be difficult to see the transfer of a proton as being
completely classical, it’s also true that the transfer reaction is unlikely to be
dominated by tunneling at room temperature if the barrier is static.

In the interior of a protein, we can imagine that the donor and acceptor
are held by different parts of the large molecule, and as the protein flexes and
breathes, these sites will move. Effectively this means that the width of the
barrier will fluctuate. On average, this increases the probability of tunneling
through the barrier. If the fluctuations in ¢ are Gaussian, the tunneling proba-
bility becomes

e~ 2V2mBt/h <e—MmE€/ﬁ> — exp [-m/szZ/m AmB((50)2) /h?] , (4.42)

where £ is the average width of the barrier and ((6¢)?) is the variance of the
this width. With the parameters as before, the enhancement of the tunneling
probability involves the term

4mE((50)%)/h? ~ 6< (()‘%)2 > (4.43)

As described in Appendix A.3, measurements of Debye—Waller factors in X-ray
diffraction from protein crystals provide estimates of the fluctuations in struc-
ture, and these structural fluctuations are easily several tenths of an Angstrom.
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Thus this term, which appears in the exponential, can be huge. This completely
shifts the balance between tunneling and classical, thermal activation, so that
in the presence of fluctuations it becomes plausible that tunneling is dominant
at room temperature.

Notice that the role of protein vibrational motions here is different than in
our discussion of electron transfer. In electron transfer, there is a small matrix
element that couples the two relevant states, and protein motions serve to bring
these two states into degeneracy with one another. This effect presumably
could happen in the case of proton transfer as well, but we have focused on
the coupling of fluctuations to the tunneling matrix element. This coupling is
especially interesting because it generates exponential terms in the reaction rate
that have a dependence on mass (In k o< m) that is very different from the naive
tunneling exponent (In k o< —y/m) or the zero—point corrections to the activation
energy (Ink o 1/4/m; see next problem); because this mass—dependent term
also depends on the variance of structural fluctuations, it is also temperature
dependent. Indeed, it was the discovery of anomalous, temperature dependent
isotope effects in enzymatic proton transfer reactions that prompted renewed
discussion of these dynamical effects on tunneling.

Problem 48: Isotope effects. Chemical reaction rates change when we substitute
one isotope for another. There is a “semiclassical” theory of these isotope effects, which
says that the reaction proceeds by conventional thermal activation, but the activation en-
ergy is reduced by the zero—point energy of vibrations along the reaction coordinate, k o
exp [—(Eact — hw)/kpT].

(a.) Vibrational frequencies are proportional to 1/4/m, with m the (effective) mass of
the particle(s) moving along the mode with frequency w. In the simple picture where all of
the motion along the reaction coordinate is dominated by the motion of the proton, derive a
relationship between the ratios of rate constants for hydrogen, deuterium and tritium transfer.

(b.) If the reaction coordinate involves motion of atoms other than transferred hydrogen,
what happens to the predicted magnitude of the isotope effects? What about the relationship
you derived in [a.]?

(c.) Suppose that the proton tunnels, but the barrier fluctuates as some coordinate @ of
the protein moves. Then by analogy with Eq (4.14), the rate constant will be

- V(@) 5(@Q)
k= A/dQexp |:_k37T - \/RT , (4.44)

where V(Q) is the effective potential for protein motion, and in the WKB approximation
S(Q) is the action for the tunneling of a proton (m = 1) through the barrier when the protein
is in the structure defined by Q; if we are very careful with the WKB calculation we can
show that A o« 1/4/m. In the simplest case, motions of the protein are harmonic and the
barrier is square with a width determined the protein coordinate, so that V(Q) = %K/Q2 and
S = So(1 — a@Q), and you can compute k exactly. What is the predicted relationship among
the rate constants for hydrogen, deuterium and tritium transfer? Is there a parameter regime
in which this is not so far from the “semiclassical” results in [a.]? If you can measure rate
constants accurately, over a modest range of temperatures, is there a way to test this model
more precisely?
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I hope that you take a few lessons away from this discussion. First, chemical
reactions are the result of fluctuations at the molecular level. We can describe
the nature of these fluctuations in some detail, since rare events such as escape
over a high barrier are dominated by specific trajectories. In large biological
molecules, the flexibility of the molecule means that there is another way for
fluctuations to be important, as the variations in protein structure, for exam-
ple, couple to changes in the barrier for the relevant chemical rearrangements or
bring weakly coupled electronic states into degeneracy. Finally, these fluctua-
tions in protein structure can completely revise our view of whether the reaction
itself proceeds via classical “over the barrier” motion or by quantum tunneling.
These theoretical observations, and the experiments to which they connect, sug-
gest that Nature exploits not just the structure of biological molecules, but also
the fluctuations in these structures, to control the rates of chemical reactions.

If you need a review of the Langevin equation, I like the treatment in the little book by Kittel
(1958), as well as the somewhat longer discussion by Pathria (1972). The original discussion of
diffusion (even with inertia) over a barrier is due to Kramers (1940); for a modern perspective
see Hanggi et al (1990).

Hanggi et al 1990 Reaction—rate theory: Fifty years after Kramers. P Hénggi, P Talkner
& M Borkovec, Revs Mod Phys 62, 251-341 (1990).

Kittel 1958 Elementary Statistical Physics C Kittel (Wiley, New York, 1958).

Kramers 1940 Brownian motion in a field of force and the diffusion model of chemical
reactions. HA Kramers Physica 7, 284-304 (1940).

Pathria 1972 Statistical Mechanics RK Pathria (Pergamon Press, Oxford, 1972).

Myoglobin was the first protein whose structure was solved by X-ray diffraction. Aspects of
X-ray analysis are described in Appendix A.3. For a perspective on myoglobin, see Kendrew
(1964). The experiments on myoglobin are by Austin et al (1975), which touched off a huge
followup literature. A clear discussion of the interplay between the reaction coordinate and a
protein coordinate was given by Agmon and Hopfield (1983). The demonstration of tunneling
in this system is by Alberding et al (1976).

Agmon & Hopfield 1983 Transient kinetics of chemical reactions with bounded diffusion
perpendicular to the reaction coordinate. N Agmon & JJ Hopfield, J Chem Phys 78,
6947-6959 (1983).

Alberding et al 1976 Tunneling in ligand binding to heme proteins. N Alberding, RH
Austin, KW Beeson, SS Chan, L Eisenstein, H Frauenfelder & TM Nordlund, Science
192, 1002-1004 (1976).

Austin et al 1975 Dynamics of ligand binding to myoglobin. RH Austin, KW Beeson, L
Eisenstein, H Frauenfelder & IC Gunsalus, Biochemistry 14, 5355-5373 (1975).

Kendrew 1964 Myoglobin and the structure of proteins. JC Kendrew, in Nobel Lectures in
Chemistry 1942-1962 (Elsevier, Amsterdam, 1964).

Classical overviews of the photosynthetic reaction center are provided by Feher & Okamura
(1978) and Okamura et al (1982). As with many biological molecules, many questions about
the reaction center were sharpened once the structure was determined at atomic resolution
(Deisenhoffer et al 1984); this work was important also as a demonstration that one could

6 Also available at http://nobelprize.org.
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use the classical methods of X-ray crystallography (cf Appendix A.3) for proteins that are
normally embedded in membranes. It should be emphasized, however, that the electron
transfer reactions leave an enormous variety of spectroscopic signatures—separating charges
not only changes optical properties of the molecules, it generates unpaired spins that can be
seen using electron paramagnetic resonance (EPR), and the distribution of the spin across
multiple atoms at the donor and acceptor sites can be mapped using electron—nuclear double
resonance (ENDOR). An early view of the uses of EPR and ENDOR in biological systems is
given by Feher (1970); this article appears in the proceedings of the first Les Houches physics
summer school to be devoted to questions at the interface with biology. For a synthesis of
structural and spectroscopic data in relation to function, see Feher et al (1989).

Deisenhoffer et al 1984 X-ray structure analysis of a membrane protein complex: Elec-
tron density map at 3 A resolution and a model of the chromophores of the photosyn-
thetic reaction center from Rhodopseudomonas viridis. J Deisenhoffer, O Epp, K Miki,
R Huber & H Michel, J Mol Biol 180, 385-398 (1984).

Feher 1970 Electron paramagnetic resonance with applications to selected problems in bi-
ology. G Feher, in Physical Problems in Biological Systems, C DeWitt & J Matricon,
eds, pp 251-365 (Gordon & Breach, Paris, 1970).

Feher & Okamura 1978 Chemical composition and properties of reaction centers. G Feher
& MY Okamura, in The Photosynthetic Bacteria, RK Clayton & WR Sistrom, eds, pp
349-386 (Plenum Press, New York, 1978).

Feher et al 1989 Primary processes in bacterial photosynthesis: structure and function of
reaction centers. G Feher, JP Allen, MY Okamura & DC Rees, Nature 339, 111-116
(1989).

Okamura et al 1982 Reaction centers. MY Okamura, G Feher & N Nelson, in Photo-
synthesis: Energy Conversion by Plants and Bacteria, Volume 1, Govindjee, ed, pp
195-272 (Academic Press, New York, 1982).

The original experiments that provided evidence for tunneling in photosynthetic electron
transfer were done by DeVault and Chance (1966) on samples that were a bit messier than
the purified reaction centers that emerged in subsequent years. The kinetics of the initial
charge separation reactions became accessible as picosecond spectroscopy matured; some of
the early papers are Rockley et al (1975) [finish finding classic refs!]. The modern view of
biological electron transfer reactions, including the role of tunneling in the vibrational degrees
of freedom, is due to Hopfield (1974). Exploration of the energy gap dependence of reaction
rates was pioneered by Gunner et al (1986), and the evidence for frozen distributions of
electron transfer rates was provided by Kleinfeld et al (1984). For a review of efforts to
calculate electronic matrix elements in real protein structures see Onuchic et al (1992), and
for a more recent view of the role of structural fluctuations in electron transfer see Skourtis
et al (2010).

DeVault & Chance 1966 Studies of photosynthesis using a pulsed laser. I. Temperature
dependence of cytochrome oxidation in Chromatium. Evidence for tunneling. D De-
Vault & B Chance, Biophys J 6, 825-847 (1966).

Gunner et al 1986 Kinetic studies on the reaction center protein from Rhodopseudomonas
sphaeroides: the temperature and free energy dependence of electron transfer between
various quinones in the Qa site and the oxidized bacteriochlorophyll dimer. MR Gun-
ner, DE Robertson & PL Dutton, J Phys Chem 90, 3783-3795 (1986).

Hopfield 1974 Electron transfer between biological molecules by thermally activated tun-
neling. JJ Hopfield, Proc Nat’l Acad Sci (USA) 71, 3640-3644 (1974).

Kleinfeld et al 1984 Electron—transfer kinetics in photosynthetic reaction centers cooled to
cryogenic temperatures in charge—separated state: evidence for light—induced structural
changes. D Kleinfeld, MY Okamura & G Feher, Biochemistry 23, 5780-5786 (1984).
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DN Beratan, JR Winkler & HB Gray, Annu Rev Biophys Biomol Struct 21, 349-377
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Rockley et al 1975 Picosecond detection of an intermediate in the photochemical reaction
of bacterial photosynthesis. MG Rockley, MW Windsor, RJ Codgel & WW Parson,
Proc Nat’l Acad Sci (USA) 72, 2251-2255 (1975).

Skourtis et al 2010 Fluctuations in biological and bioinspired electron—transfer reactions.
SS Skourtis, DH Waldeck & DN Beratan, Annu Rev Phys Chem 61, 461-485 (2011).

For an introduction to the interesting physics in the very fast initial events of photosynthesis,
see Fleming & van Grondelle (1994). The first experiments hinting at coherence in this reaction
looked at systems that had been genetically modified so that the electron, once excited, had
no place to go (Vos et al 1991, Vos et al 1993); this made it possible to see the coherent
vibrational motion of the molecule more clearly in spectroscopic experiments. Subsequent
experiments used more intact systems, but looked first at low temperatures (Vos et al 1994a)
and finally at room temperature (Vos et al 1994b). Eventually it was even possible to show
that photo-triggering of electron transfer in other systems could reveal coherent vibrational
motions (Liebl et al 1999). A more sophisticated version of the ideas in Fig 4.12 is given by
(Skourtis et al 1992), which came at more or less the same time as the Vos et al experiments.
Most recently, it has been discovered that when energy is trapped in the “antenna pigments”
of photosynthetic systems, the migration of energy toward the reaction center (where the
electron transfer occurs) is coherent (Engel et al 2007). This has generated huge literature,
both on a wider range of experiments and on the associated theory, exploring the role that
coherence might place in enhancing efficiency. Although the jury still is out, I think the current
state of our understanding is not so different from Fig 4.12, namely that being almost coherent
results in the fastest possible reactions, if not the most dramatic experimental signatures; see,
for example, Lloyd et al (2011).
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Nature 363, 320-325 (1993).
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The papers that reignited interest in proton tunneling in enzymes were Cha et al (1989) and
Grant & Klinman (1989). The idea that these experiments should be understood in terms
of coupling between quantum motion of the proton and classical motion of the protein was
developed by Bruno & Bialek (1992). It took roughly a decade for these ideas to solidify, as
described in reviews by Sutcliffe & Scrutton (2002) and Knapp & Klinman (2002).
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Bruno & Bialek 1992 Vibrationally enhanced tunneling as a mechanism for enzymatic hy-
drogen transfer. WJ Bruno & W Bialek, Biophys J 63, 689-699 (1992).

Cha et al 1989 Hydrogen tunneling in enzyme reactions. Y Cha, CJ Murray & JP Klinman,
Science 243, 1325-1330 (1989).

Grant & Klinman 1989 Evidence that both protium and deuterium undergo significant
tunneling in the reaction catalyzed by bovine serum amine oxidase. KL Grant & JP
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Knapp & Klinman 2002 Environmentally coupled hydrogen tunneling: Linking catalysis
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Sutcliffe & Scrutton 2002 A new conceptual framework for enzyme catalysis: Hydrogen
tunneling coupled to enzyme dynamics in flavoprotein and qunioprotein enzymes. M.J
Sutcliffe & NS Scrutton, Eur J Biochem 269, 3096-3102 (2002).

4.2 Motility and chemotaxis in bacteria

If we look at a drop of pond water under a magnifying glass and then under
a microscope, we see all sorts of living things moving around. Some are really
quite large, complex organisms, such as the larvae of various insects, composed of
tens of thousands of cells. We might also find clusters of hundreds or thousands
of cells that are essentially all identical, and these are colonies of unicellular
organisms. Still smaller are unicellular organisms swimming around on their
own, and these come in two varieties. If we look very closely, we will find that
some of these single cells look like our cells, with their DNA packaged into a
nucleus; they swim by waving or beating structures called cilia or flagella, and
these are essentially the same as the structures that we have in cells that help
move or filter fluids as they pass through our gut and airways. The very smallest
cells we can see are bacteria, many of which are on the order of one micron in
size, and they don’t have a nucleus. Cells with nuclei are called eukaryotic, and
cells without nuclei are called prokaryotic.

Although the motions in a drop of pond water may look a bit random, in
fact even bacteria are navigating. They are endowed with sensory systems that
allow them to move in response to a variety of signals from the environment—
light, heat, mechanical forces, and the concentrations of various chemicals. A
classical observation (from the 19th century) is that some bacteria, swimming
in water on a microscope slide, under a cover slip, will collect at the center of
cover slip, while others will collect at the edges. Those with more refined tastes
will form a tight band that traces the outlines of the square cover slip. Oxygen
diffuses into the water through the edges of the cover skip, and by collecting
along a square the bacteria have migrated to a place of constant (not maximal or
minimal) oxygen concentration. It is plausible that this happens because they
can sense the oxygen concentration and “know” the most comfortable value of
this concentration, much as we might move to be the most comfortable distance
from a fireplace in an otherwise unheated room.
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That bacteria collect at nontrivial concentrations of different molecules re-
ally doesn’t demonstrate that they sense the concentration. They might instead
sense some internal consequences of the external variables, such as the accumula-
tion of metabolic intermediates. In the 1960s Adler found mutants of Escherchia
coli which cannot metabolize certain sugars or amino acids but will neverthe-
less migrate toward the sources of these molecules; also there are mutants that
metabolize but can’t migrate. This is convincing evidence that metabolism and
sensing are separate systems, and thus begins the fruitful exploration of the sen-
sory mechanisms of bacteria and the connection of these sensory mechanisms to
motor output. This phenomenon is called chemotaxis.

I’ll skip lots of the truly classical stuff and proceed with the modern biophys-
ical approach, which begins ~ 1970. To a large extent this modern approach
rests on the work of Howard Berg and collaborators. The first key step taken by
Berg and Brown was to observe the behavior of individual bacteria. E. coli are
~ 1 pm in size, and can be seen relatively easily under the light microscope, but
since the bacteria swim at ~ 20 body lengths per second they easily leave the
field of view or the plane of focus; the solution is to build a tracking microscope.
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Figure 4.14: Paths of E coli as seen in the original tracking microscope experiments, from Berg
& Brown (1972). The three panels in each case are projections of the path onto the three
orthogonal planes (imagine folding the paper into a cube along the dashed lines). At left,
wild type bacteria, showing the characteristic runs and tumbles. At right, a non—chemotactic
mutant that never manages to tumble.

Observations in the tracking microscope, as in Fig 4.14, showed that the
trajectories of individual bacteria consist of relatively straight segments inter-
rupted by short intervals of erratic “motion in place.” These have come to be
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called runs and tumbles, respectively. Tumbles last ~ 0.1 seconds, but the er-
ratic motion during this brief time is sufficient to cause successive runs to be in
almost random relative directions. Thus the bacterium runs in one direction,
then tumbles and chooses a new direction at random, and so on. Runs them-
selves are distributed in length, as if the termination of a run is itself a random
process.

Closer examination of the runs shows how it is possible for this seemingly
random motion to generate progress up the gradient of attractive chemicals.
When the bacterium runs up the gradient, the mean duration of the runs be-
comes longer, biasing the otherwise random walk. Interestingly, these early
experiments suggested that when bacteria swim down the gradient (of an at-
tractant, or up the gradient of a repellent), there is relatively little change in
the mean run length. Berg described this as a form of optimism: If things are
getting better, keep going, but if things are getting worse, don’t worry.

Since runs get longer when bacteria swim along a positive gradient, it is nat-
ural to ask whether the cell is responding to the spatial gradient itself or to the
change in concentration with time along the path. As we will see, the spatial
gradients to which the cell can respond are very small, and searching for a sys-
tematic difference (for example) between the front and back of the bacterium
is unlikely to be effective just on physical grounds, independent of biological
mechanisms. To search for a time domain mechanism one can expose the bacte-
ria to concentrations which are spatially uniform but varying in time; if the sign
of the change corresponds to swimming up a positive gradient, runs should be
prolonged. The first such experiment used very large, sudden changes in con-
centration, and found that cells which experience large positive signals could
became trapped in extremely long runs. A more sophisticated experiment used
enzymes to synthesize attractants from inert precursors, exposing the cells to
gradual changes more typical of those encountered while swimming. Purely time
domain stimuli were sufficient to generate modulations of run length that agree
quantitatively with those observed for bacteria experiencing spatial gradients.

Problem 49: Chemotaxis in one dimension. To make the intuition of the previous
paragraphs more rigorous, consider a simplified problem of chemotaxis in one dimension.
There are then two populations of bacteria, the 4+ population that moves to the right and the
— population that moves to the left, each at speed v. Let the probability of finding a + [—]
bacterium at position = be Pt (z,t) [P—(z,t)]. Assume that the rate of tumbling depends on
the time derivative of the concentration along the bacterial trajectory as some function r(¢),
where for the + bacteria we have ¢ = twvdc/dz, and that cells emerge from a tumble going
randomly left or right.
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(a.) Show that the dynamics of the two probabilities obey

P. P.
0 +(£U7t) +1}8 +(.1}7t)

0 oz
t: —r (v;l—;) Pi(z,t) + % {7’ (vg—;) Pi(z,t)+r (—vg—;) P_ ($,t)}
OP_(z,t) _ UBP, (z,1) e
ot oz
=-—r <7v%) Py (x,t) + % {r (v%) Py(z,t)+r <7v%) P_ (a:,t)] .
(4.46)

Explain the meaning of each of the terms in terms of what happens as cells enter into and
emerge from tumbles. Note that in this approximation tumbles themselves are instantaneous,
which isn’t so bad (0.1s vs the ~ 1 — 10s for typical runs).

(b.) To see if the bacteria really migrate toward high concentrations, look for the steady
state of these equations. If we simplify and assume that the rate of tumbling is modulated
linearly by the time derivative of the concentration,

r(¢) = r(0) + %é +oe, (4.47)
show that
P(x) = %exp [—%c(x)] . (4.48)

Thus, in these approximations, chemotaxis leads to a Boltzmann distribution of bacteria, in
which the concentration acts as a potential. If the molecules are attractive then dr/d¢ < 0
and hence maxima of concentration are minima of the potential, conversely for repellents. The
stronger the modulation of the tumbling rate (as long as we stay in our linear approximation)
the lower the effective temperature and the tighter the concentration of bacteria around the
local maxima of concentration.

Problem 50: Nonlinearities. Within this simplified one dimensional world, can you
make progress without the approximation that r(¢) is linear? More specifically, what is the
form of the stationary distribution P(x) that solves Eq’s (4.45, 4.46) for nonlinear r(¢)? Can
you show that there still is an effective potential with minima located at places where the
concentration is maximal?

Problem 51: A little more about the effectiveness of chemotaxis.

(a.) Within the one dimensional model, what happens if the tumbling rate is modulated
not just by the time derivative, but also by the absolute concentration, so that the bacterium
confuses “currently good” for “getting better”?

(b.) Can you generalize this discussion to three dimensions? Instead of having just two
groups + and —, one now needs a continuous distribution P(€2,z,t), where € denotes the
direction of swimming. Derive an equation for the dynamics of P(€2,x,t) in the same ap-
proximations used above, and see if the Boltzmann—like solution obtains in this more realistic
case.

All of this description so far is about the phenomenology of swimming. But
how does it actually work? The basic problem is that bacteria are too small to
take advantage of inertia. When we swim, we can push off the wall of the pool
and glide for some distance, even without moving our arms or legs; this gliding
distance is on the order of one or two meters, roughly the length of our bodies.
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In contrast, if a bacterium stops running its motors, it will glide for a distance
comparable not to its body length (~ 1pm) but to the diameter of an atom.
To see this, think about a small particle moving through a fluid, subject only
to drag forces (the motors are off). If the velocities are small, we know the drag
will be proportional to the velocity, so Newton’s equation is just

dv

— = —v. 4.49
M ==Y (4.49)

For a spherical object or radius r, Stokes’ law tells us that v = 6zwnr, where n

is the viscosity of the fluid, and we also know that m = 47pr3/3, where p is the

density of the object. The result is that

v(t) = v(0) exp(—t/T), (4.50)
where
_m 2012
T= ol (4.51)

If we assume that the density of bacteria is roughly that of water, then it
is useful to recall that 7/p has units of a diffusion constant, and for water
n/p = 0.01cm?/s. With r ~ 1um = 10~*cm, this gives 7 ~ 5 x 107 7s. If
the initial velocity is v(0) ~ 20 um/s, the net displacement during this coasting
is Ar = v(0)7 ~ 10~''m; recall that a hydrogen atom has a diameter of
~1A=10"1"m.

The conclusion from such simple estimates is that bacteria can’t coast. More
generally, mechanics on the scale of bacteria is such that inertia is negligible, as
if Aristotle (rather than Galileo and Newton) were right. This really is about
the nature of fluid flow on this scale. For an incompressible fluid (which is a
good approximation here—surely the bacteria don’t generate sound waves as
they swim), the Navier-Stokes equations are

p B‘t’ + V~Vv] = —Vp+nViv, (4.52)

where v is the local velocity of the fluid, p is the pressure, and as usual p is the
density and 7 is the viscosity. The pressure isn’t really an independent variable,
but needs to be there so we can enforce the condition of incompressibility,

Vv =0. (4.53)

These equations need to be supplemented by boundary conditions, in particular
that the fluid moves with the same velocity as any object at the points where it
touches that object. Thus the velocity should be zero at a stationary wall, and
should be equal to the velocity of a swimmer at the swimmer’s surface.
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Problem 52: Understanding Navier—Stokes. This isn’t a fluid mechanics course,
but you should be sure you understand what Eq (4.52) is saying. In particular, this is nothing
but Newton’s F' = ma. Explain.

Dimensional analysis is an enormously powerful tool in fluid mechanics. We
are free to choose new units for length (¢) and time (¢p), and hence for velocity
(vo = £/tg), as well as for pressure pg, and this gives us

W Ve ool - _Pgs e
p LO 7tV Vv] = 7 Vp + ngzv v, (4.54)
plo [8‘1 +V-W] S (4.55)
n Lot N

where t = t/ty, V = v /vy, and p = p/po. Now we can set pol/nvy = 1, which
gets rid of all the units, except we are left with a dimensionless combination

¢
Re = % (4.56)

which is called the Reynolds number.” Notice that if we choose the unit of length
to be the size of the objects that we are interested in, and vy to be the speed at
which they are moving, then even the boundary conditions don’t have any units,
nor do they introduce any dimensionless factors that are far from unity. The
conclusion is that all fluid mechanics problems with the same geometry (shapes)
are the same if they have they have the same Reynolds number. In this sense,
being smaller (reducing /) is the same as living at increased viscosity.®

To make a long story short, we live at high Reynolds number, and bacteria
live at low Reynolds number (Fig 4.15), even though we are surrounded by the
same fluid when we swim. To simulate the effect of being as small as bacteria
on the human scale, we have to swim through a fluid whose viscosity is roughly

7T admit that I was at first puzzled by the convention that this is Reynolds number, not
Reynolds’ number (and certainly not Reynold’s number, although one sees this from time
to time). The number is named after Osborne Reynolds (1842-1912), who emphasized its
importance, although it had been introduced much earlier by Stokes. If it belongs to Reynolds,
you might think it should be Reynolds’ number, but we also refer to Bessel functions and
not Bessel’s functions. In a discussion that fascinated many of us in my student days, JD
Jackson took the opportunity of a new edition of his Classical Electrodynamics to explain that,
following this convention, we should talk about Green functions and not Green’s functions
(this “boggles some minds,” he noted). The world of fluid mechanics abounds with such
things—Prandtl number, Schmidt number, Nusselt number, Péclet number—all associated
with proper names, but not with the possessive construction.

81t is worth reflecting on the level of universality that we have here. We could imagine
starting with a molecular description of fluids, then figuring out that, on the relevant length
and time scales, all we need to know are the density and viscosity. Now we see that even these
quantities are tied up with our choice of units. If we want to know what happens in natural
units (i.e., scaling to the size and speed of the objects we are looking at), then all that matters
is a single dimensionless combination, Re.
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Figure 4.15: Purcell’s delightful sketch, illustrating the range of Reynolds numbers relevant
for swimming in humans, fish, and bacteria. From Purcell (1977).

that of concrete just before it sets (!). Turbulence is a high Reynolds number
phenomenon, as is the more mundane gliding through the pool after we push off
the wall. At low Reynolds number, life is very different. Inertia is absent, and
so forces must balance at every instant of time. To say this more startlingly, if
Re — 0 then time doesn’t actually appear in the equations. This means that,
as you swim, the distance that you move depends on the sequence of motions
that you go through, but not on the dynamics with which you execute them.

To use Purcell’s evocative example, at high Reynolds number a scallop can
propel itself by snapping shut, expelling a jet of water, and then opening slowly.”
The jet will propel the scallop forward, and the drag of reopening can be made
small by moving slowly. At low Reynolds number this doesn’t work, and the
forward displacement generated by snapping shut will be exactly compensated
by the drag on reopening. To have net movement from a cycle, the sequence
of shapes that the swimmer goes through in the cycle must break time reversal
invariance, not just the trajectory.

So, how do bacteria evade the “scallop theorem”? If you watch them swim-
ming, you can see that the have long filaments sticking out, and these seem to
be waving. I emphasize that “see” is tough here. These filaments are very small,
~ 20nm in diameter, much thinner than the wavelength of light. To see them,
the easiest thing is to use dark field microscopy, in which the sample is illumi-
nated from the side and what you see is the light scattered by ~ 90°. These
apparently waving appendages are called flagella, by analogy with the motile
structures that project from eukaryotic cells, including some of the cells in our
own bodies. The difference is that eukaryotic flagella are much thicker that

9 At least a hypothetical scallop. What real scallops do is less clear to me.
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bacterial flagella. If you slice through the tail of a sperm (a prime example of a
eukaryotic flagellum) and take an electron micrograph, you find an enormously
complex structure, and if you analyze the system biochemically you find it is
made from many different proteins. Importantly, some of these proteins act as
enzymes and eat ATP, which we know is a source of energy, for example in our
muscles. In contrast, the bacterial flagellum is small, with a relatively simple
structure, and the biochemistry suggests that it is little more than a very long
polymer made from one kind of protein; this protein is not an enzyme. How
can this simple structure, with no ATPase activity, generate motions?

In experiments that aimed at better ways to see the flagella, one can attach
“flags” to them using viruses that would stick to the flagella via antibodies.
Once in a while, a virus with antibodies on both ends would stick to two flagella
from different bacteria. When this happened, you could see the bacterial cells
rotating, which one can imagine was a huge surprise. Eventually people figured
out how to break off the flagella and stick the bacteria to a glass slide by the
remaining stump, and then the bacterium rotates. One can also look at mutant
bacteria that make the motor and “hook” at the base of the flagellum, projecting
a short distance out of the cell, but no flagellum; these hook mutants are very
convening for sticking onto glass. Rotation can look like a wave if the flagellum
is shaped like a corkscrew, and it is. Rotating a corkscrew obviously violates
time reversal invariance. If you have several corkscrews and you rotate them
with the correct handedness, they can fit together into a bundle. If you rotate
the other way, the corkscrews clash, and any bundle will be blown apart by this
clashing. So, with many flagella projecting from their surface, we can imagine
that by switching the direction of rotation, the bacterium switches between
a bundle that can smoothly propel the cell forward, and many independently
moving flagella that would cause the cell to tumble in place—runs and tumbles
correspond to counterclockwise and clockwise flagellar rotation. If you find
mutants that never tumble, and stick them down by their stumps, then they all
rotate one way; similarly, mutants that tumble too often rotate the other way.

There is much more to say about the rotary engine, sitting at the base of the
flagella. It is powered not by ATP but by a difference in chemical potential for
hydrogen ions between the inside and the outside of the cell. This is an energy
source that all cells use, albeit in different ways, because it allows chemical
events at very different spatial locations to be coupled. Thus, as described in
the preceding section, photosynthetic organisms use the energy of the absorbed
photons to move electrons across a membrane, and then compensate the charges
by moving protons; the resulting difference in chemical potential can be used
by other membrane—spanning enzymes to make ATP, which then need not be
anywhere near the molecules that absorb the photon.'® In fact, these enzymes
that synthesize ATP also rotate as they let protons move down the gradient
in their chemical potential, and these same enzymes are responsible for ATP
synthesis in all cells. So, proton driven rotary motors are at the heart of energy

10You can imagine how confusing this was before people figured it out! It looked like a
mysterious action at a distance.
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conversion in all organisms.

Problem 53: Switching in tethered bacteria. As noted above, one way of studying
bacterial motility and chemotaxis is to “tether” a bacterium by the stump of one flagellum,
observing the rotation of the whole cell rather than the rotation of the flagellum. The file
omega.txt contains a very long time series of the angular velocity from such an experiment
done by WS Ryu, now at the University of Toronto.!! The samples are taken sixty times per
second, and the units of velocity are not quite arbitrary but not really important either; you
should be able to load this into MATLAB (load omega.txt).

(a.) You should see that the velocity switches between positive and negative values, but
these values are fairly constant. This is consistent with swimming by switching between runs
and tumbles, with little or no modulation of the swimming speed. What is the distribution of
times spent with during each segment of positive or negative (clockwise or counterclockwise)
velocity?

(b.) It usually is said that switching is a Poisson process, so that (as you remember from
the discussion of photon counting) the distribution of intervals between switches should be
exponential. Are your results in [a] consistent with this prediction?

(c.) Look carefully at the velocity vs. time in the data set. Are the data statistically
stationary (time—translation invariant)? If you focus on segments of the data that are more
clearly stationary, does that change your conclusions in [b]?

(d.) Sometimes the angular velocity makes a “partial switch,” a brief excursion away from
the typical positive or negative value but not quite a full switch to the opposite direction of
rotation. Qualitatively, what is happening in these cases? What would be the simplest model
to describe the velocity vs. time during such an event? Can you give a quantitative analysis
of the data, fitting to your model? This is a bit open ended.

The flagellar motor is an engine, then, which converts the free energy drop
of protons crossing the membrane into mechanical work. How can we think
about this energy conversion? The problem is really much more general. We
have outlined a dynamical picture of a chemical reaction as Brownian motion
over a barrier, from one well to another in an effective free energy surface. To
do work, we need to couple motions along the reaction coordinate to another
“mechanical” coordinate, such as the rotation of the motor or flagellum. If we
call the reaction coordinate ), and the mechanical coordinate z, it is tempting
to write the generalization of Eq (4.1),

dQ o G%H(Qv il')
N = g+ Gu(t), (4.57)
dx o 8‘/95(Q7 I)
g T T an T G(t), (4.58)
where the Langevin forces are independent of one another, and each obey
(GOGE)) = 27kpTd(t —t'). (4.59)

UData be found at http://www.princeton.edu/ wbialek/PHY562/data.html.
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The problem is that these equations describe a system in equilibrium, and so
there will be no net motion along either coordinate after the decay of initial
transients. Who do we describe a system held away from equilibrium, for ex-
ample by having different chemical potentials for protons on either side of the
membrane?

In the case of the flagellar motor, the “reaction coordinate” must stand,
schematically, for the motion of the proton through the membrane and for var-
ious internal degrees of freedom in the motor protein itself. If we imagine the
proton moves relatively quickly, then the protein coordinates move on an effec-
tive free energy surface that we obtain by averaging over the proton’s motion
(see Problem 42). But the protein, in effect, acts as a catalyst, so in the “chem-
ical reaction” that moves one proton across the membrane, the coordinate @
should return to its initial position. Thus, it is natural to think of the reaction
coordinate as periodic. But, since going once around the cycle of ) involves
transporting a proton across the membrane, so if we unwrap the periodic coor-
dinate the potential must be tilted, with a drop of AG per period, where AG is
the free energy change on moving one proton across the membrane. The prob-
lem of converting chemical energy into mechanical work is then the problem of
why titling the potential V(Q, z) along the @ direction causes the = coordinate
to move. But we are used to this: mechanical forces can cause charges to move
(the piezoelectric effect), voltage differences can cause heat flows and vice versa
(the various thermoelectric effects), ... . So, schematically at least, we under-
stand how chemo—mechanical energy conversion is possible. There is much more
to say here, as can be found in the references at the end of the section.

There is also more to say about mechanics at low Reynolds number. Swim-
ming involves changing shape, and this provides the boundary conditions on the
Navier—Stokes equations. A cycle of changing boundary conditions should lead
to a net displacement. There is some subtlety here, since the space of shapes is
not so easy to parameterize. If we think, for example, about a closed surface,
“shape” is defined by three dimensional position as a function of the two coordi-
nates on the surface (e.g., latitude and longitude), but there is an arbitrariness
in how we choose these coordinates; of course any physical quantity, such as the
amount by which the swimmer moves forward, must be invariant to this choice.
Looking more closely, the freedom to choose coordinates means that the natural
formulation of the problem includes a gauge symmetry. Reluctantly, let’s leave
all this and go back to the problem of chemotaxis.

We are interested in the question of how sensitively the bacterium can re-
spond to small concentration gradients. We suspect that, since individual molec-
ular motions are random, there must be a limit, analogous to the shot noise in
counting photons. In a classic paper, Berg and Purcell provided a clear intuitive
picture of the noise in ‘measuring’ chemical concentrations. Their argument,
schematized in Fig 4.16, was that if we have a sensor with linear dimensions a,
then effectively the sensor samples a volume a3. In this volume we expect to
count an average of N ~ ca® molecules when the concentration is ¢. Each such
measurement, however, is associated with a noise dN; ~ v/N. Since the count
of molecules is proportional to our estimate of the concentration, the fractional
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error will be the same, so from one observation we obtain a precision

N 1 1
def _O0M 1 1 (4.60)

c 1_ N VN Vedd

We can make more accurate measurements by averaging over time, although
this is a bit tricky—we won’t get a better estimate of the concentration around
us by counting the same molecules over and over again. Thus if we are willing
to average over a time T,.e, we can make K independent measurements, where
K ~ Tayg/Te, and the correlation time 7, is the time we have to wait in order to
get an independent sample of molecules.

How do we get independent samples? If we look in a small volume, the
molecules that we are looking at exchange with the surroundings through dif-
fusion. Thus the time required to get an independent collection of molecules is
the time required for molecules to diffuse in and out of the volume, 7, ~ a?/D.
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Figure 4.16: A schematic of concentration measurements. A receptor of linear dimension
a samples a volume a3 and hence sees a mean number of molecules N = ca®, where c is
the concentration. These molecules random walk in and out of the sensitive volume with a
diffusion constant D, corresponding to an equilibration or correlation time 7. = a?/D.
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Putting everything together we have

deo_ 1k
c VK ¢

- 1 2 1
— e, = . (4.62)
Tavg  Vcad DTavg Va3

I (4.63)

v/ Dactayg

This is a lovely result. It says that the limit to the accuracy of measurements
depends on the absolute concentration (more molecules — more accuracy), on
the size the detector (bigger detectors — more accuracy), on the time over
which we are willing to average (more time — more accuracy), and finally on
the diffusion constant of the molecules we are sensing, because faster diffusion
lets us see more independent samples in the same amount of time. All these
parameters combine simply, essentially in the only way allowed by dimensional
analysis.

One way of understanding this result on the limits to precision is to think
about the rate at which molecules find their target. For molecules at concen-
tration ¢ moving with diffusion constant D, the rate (number of molecules per
second) that arrive at a target of size a should be proportional both to ¢ and to
D, and then by dimensional analysis we need one factor of length, so the rate
is ~ Dac molecules per second. This result is used most often to talk about the
“diffusion limited rate constant” for a chemical reaction; if we have

(4.61)

A+B% (4.64)

then the second order rate constant ki can never be bigger than ~ Da, where
D is the diffusion constant of the molecules and a is their size, or more precisely
the size of the region where they have to hit in order to react. But if the rate of
molecular arrivals is ~ Dac, in a time T,ve We will count ~ Dacr,,e molecules,
and if these molecules are arriving at random then there will be the usual square
root fluctuations, which leads us to Eq (4.63). In this view, the Berg—Purcell
limit is nothing but shot noise in molecular arrivals, and thus is completely
analogous to shot noise in photon arrivals. Photons propagate and molecules
diffuse, but under most conditions they both arrive at random, hence there is
shot noise in counting.

Problem 54: Diffusion limited rates, more carefully. One can try a more careful
calculation of the rate at which molecules find their target by diffusion. Image a sphere of
radius a such that all molecules which hit the surface are immediately absorbed. Outside
the sphere, the concentration profile must obey the diffusion equation, and the absorbtion
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means that on the spherical surface the concentration will be zero. Far from the sphere, the
concentration should be equal to ¢. Thus we have

Oc(x,t)

o DV2¢(x, t); (4.65)
c(|x|=a,t) = 0, (4.66)
c(x = o00,t) = ¢ (4.67)

The number of molecules arriving per second at the surface of the sphere is given by an integral
of the diffusive flux over the surface

rate = /d2s - [—-DVe(x, )] , (4.68)

|x|=a

where d?s is an element of the surface area on the sphere, and f is the unit vector normal to
the sphere.

(a.) Solve Eq (4.65), with the boundary conditions in Eqs (4.66) & (4.67), in steady
state. Note that as a first step you should go to spherical coordinates; in three dimensions
the Laplacian can be written as

s 10 (5,0 1 1 92 1 0/, 0
vi= r2 or (T Br) + r2 |:sin2 ¢ 062 + sin ¢ O¢ <Sm¢8¢):| ’ (4.69)
where as usual r is the radius and 6 and ¢ are the polar and azimuthal angles, respectively.

(b.) Use your steady state solution to evaluate the rate at which molecules arrive at the
sphere, using Eq (4.68). Also, explain why simple dimensional analysis of these equations
yields rate ~ Dac.

(c.) What happens if you try to give a dimensional analysis argument for the rate in one
or two dimensions? If there are problems, can you explain how these problems either go away
or are made more precise by trying to solve the diffusion equation with appropriate boundary
conditions? As a hint, the two dimensional case is a bit delicate; focus first on one dimension.

Bacteria such as F coli have been observed to perform chemotaxis in envi-
ronments where ambient concentrations of attractants such as sugars or amino
acids are as low as ~ 1nM, which is ~ 1079 x (6 x 10%%)/10% = 6 x 10!
molecules per cm®. These small molecules diffuse through aqueous solution
with D ~ 107°cm?/s, and the most generous assumption would be that the
relevant size of the detector is the size of the whole bacterium, a ~ 1pum.
Putting these factor together, we have Dac ~ 600s~!. Thus, if the bacterium
integrates for T,y ~ 1.55, the smallest concentration changes it can detect are
dc/c ~ 1/30. If the cells were to detect the difference in concentrations across
the ~ 1 pum length of their body, this would mean that the concentration was
varying significantly on the scale of 30 pm, which is very short indeed. In real
experiments (and, presumably, in the natural environment) the length scales of
concentration gradients are one to two orders of magnitude longer. Thus, it’s
impossible—without integrating for minutes or hours—for bacteria to perform
as they do by measuring a spatial gradient. The only possibility is to measure
the concentration variation in time, along the trajectory that the bacterium
takes through the gradient. Since the cells move at v = 10 — 20 um/s, on times
scales of T.vg ~ 1.5s this increases the signal by a factor of ten to thirty, and
brings the signal above the background of noise, allowing for reliable detection.
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Although the comparisons are a bit rough,'? we can draw several conclu-
sions. First, real bacteria perform chemotaxis in response to small signals with
a reliability close to the limits set by the physics of diffusion. Second, this is
possible only if the cell measures the derivative of concentration vs. time as
it moves, not spatial gradients across its body. Finally, to reach a reasonable
signal-to—noise ratio requires that the cell average over time for more than one
second.

Why don’t the bacteria integrate for longer, and reduce the noise further? If
you look closely at the trajectories of the bacteria, you can see that the longer
runs curve a bit. In fact, the bacteria are sufficiently small that their own
rotational Brownian motion disorients them on a time scale of ten or fifteen
seconds. So, if you integrate for longer than this, you are no longer integrating
something related to the gradient in a particular direction, or even your current
direction of motion. This suggests that there is a physical limit setting the
longest useful integration time.

Berg and Purcell also argued that there is a minimum useful integration
time. Recall that molecules moving via diffusion traverse a distance zgig ~ v/ Dt
in a time ¢; in contrast, swimming at velocity v moves the bacterium by a
distance xgwim ~ vt. For short times, diffusion, with its square root dependence
on time, goes farther than ballistic swimming motion. This means that on
short time scales, the molecules that the bacterium sees along its path are the
same molecules, and hence it really isn’t combining statistically independent
measurements. So, there is a minimum useful integration time (assuming you
want to improve the signal-to-noise ratio by integrating) of 7 ~ D/v?, and this
works out to be about one second.!?

So, the strategy of FE. coli for measuring gradients is incredibly constrained
by physics. To reach the observed performance, it has to count nearly every
molecule that arrives at its surface. Even with this near ideal behavior, it can
work only by making comparsions across time, not space, and estimates of time
derivatives have to be averaged for a few seconds, not more and not less. This
set of predictions about chemotactic strategy is almost parameter free, even if
not precisely quantitative.

What do real bacteria do? We have already seen that they make tempo-
ral comparisons. Does the detailed form of these comparisons agree with the
Berg—Purcell predictions? Although one could probably do better with modern
experimental techniques, the best test was done in the early 1980s. In these
experiments, bacteria were tethered to a glass slide and exposed to changing
concentrations of attractants or repellents; a long series of such observations is
then combined to measure the probability that the flagellar motor is rotating
counterclockwise (corresponding to running) as function of time relative to the

121 think there is an opportunity for a better experiment here. One could imagine analyzing
the moments of transition from run to tumble (and back) in the same way that we analyze
the action potentials from sensory neurons (see Section 4.4), measuring the reliability of
discrimination between small differences in concentration or reconstructing the concentration
vs. time along the trajectory of a freely swimming bacterium.

13For a more rigorous version of this argument, see Problem 194 in Appendix A.6.
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Figure 4.17: Impulse responses in bacterial chemotaxis, from Block et al (1982). At left,
changes in the probability of counterclockwise rotation of the motor, corresponding to running,
as a function of time in response to a pulse of attractant (top) or repellent (bottom). We see
that the form of the response is equivalent to integrating the time derivative of the input over
a window or severa seconds. At right, the response to a step of attractant again has the form
expected if we integrate the derivative over a short window. The real data are compared with
a prediction based on integrating the response to impulses shown at left, and the agreement
is good, as if the system were linear.

changing concentration. A summary of these experiments is shown in Fig 4.17.
We see that the probability of running is modulated by the time derivative of
the concentration, averaged over a window of a few seconds, exactly as predicted
by the Berg—Purcell argument.

Being sensitive to a derivative means that the response to a step comes back
almost exactly to the baseline before the step, as seen at right in Fig 4.17, so
that the constant signal is ignored at times long after it was turned on. This
gradual ‘forgetting’ of a constant signal is common in biological systems, and
such phenomena are called ‘adaptation.” All of our sensory systems exhibit
adaptation, the most familar being the experience of stepping into a dark movie
theater or out into the bright sunlight; at first we are acutely aware of the large
difference in overall light intensity, but after a while everything looks normal and
we are insensitive to the absolute photon flux. The case of bacteria is interesting
because it seems that the adaptation is nearly perfect.

Experiments of the sort pictured in Fig 4.17 also make it possible to esti-
mate the absolute sensitivity of the system in perhaps more compelling units.
We now know how many receptors there are on the cell’s surface, and so we
can convert changes in concentration into changes in the number of occupied
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receptors. Indeed, one extra occupied receptor leads to a significant change
in the probability of running vs tumbling. So, as expected, the bacterium is
responding to individual molecular events.

This all seems a great success: much of bacterial behavior is understandable,
semi—quantitatively, as a response to the physical constraints posed by life at
low Reynolds number and the noise in molecular counting; one can go further
and say that bacterial behavior is near optimal in relation to this noise. But
several questions are left open.

First, can we turn the ideas about maximum and minimum useful integration
times into a theory of optimal filtering that would predict, quantitatively, the
form of the impulse responses in Fig 4.177 We should be able to do this, but I
don’t think anyone has quite managed to get it right, convincingly. One might
also wonder whether it even makes sense to formulate this problem for individual
bacteria, as opposed to looking at competition or cooperation in a population;
this is related to the question of what, precisely, one thinks is being optimized by
the behavior. It seems likely that any theory of optimal strategies will predict
that this optimum is context dependent; here we should note that quantitative
characterization of chemotactic behavior has not been pursued under a very
wide range of stimulus conditions, so we may be missing the data we need to
test such theories when they emerge.

The second question is about the mechanisms that make possible the extreme
sensitivity of chemotaxis. Much progress has been made, although again some
issues are open. In many ways the problem is analogous to that in the rod
photoreceptor cell. In rods, the structural changes caused by photon absorption
in a single molecule of rhodopsin lead, eventually, to changes in the current
flowing across the cell membrane. The link between these events is provided
by a cascade of biochemical reactions that serve to amplify the initial single
molecule signal. In chemotaxis, something very similar in happening.

The amplification of individual molecular events by enzymes seems to be a
very general mechanism for cells to sense small signals. One thing that is special
about bacterial chemotaxis is that we actually can identify all the components
of the amplification cascade, and there aren’t too many of them. Part of the
reason why this can be done is that bacteria can live and reproduce without
being able to do chemotaxis, as long as they get enough to eat—in fact they
can live without swimming if they don’t need to go looking for food. All the
information that is needed to make the proteins that function in the signaling
cascade is coded in the organism’s DNA, and so if this DNA gets damaged
or modified—making a“mutant” organism—the function of the cascade can be
modified or even lost completely. If we accelerate the process of mutation, either
by irradiating the cells or by adding chemicals that increasing the rate of errors
in copying the DNA from generation to generation—we can screen the resulting
mutants to look for cells that live but can’t do chemotaxis. Such screens are how
we know, as explained at the outset, that there really is a separate system for
chemotaxis, rather than just some feedback from metabolism. In more detail,
we can make a catalog of the mutants, and try to show that the mutations which
impede chemotaxis are not spread at random over the whole length of the DNA,
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but concentrated in a handful of genes that code for particular proteins. This
is a big effort, even in a relatively “simple” system such as chemotaxis, but it
had led to convincingly complete lists of the molecular components.
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Figure 4.18: A modern version of experiments to search for chemotactic mutants, from Girgis
et al (2007). Cells are mutagenized by exposure to transposable elements, which insert them-
selves randomly into the genome and disrupt the function of individual genes. The population
is then purified, as described in the text, so that cells defective in chemotaxis are “left behind”
in the center of the colony. Extracting the DNA from these cells, one can make more copies
of the DNA that include the sequences of the transposable elements, and hence are actually
defective. The abundance of the different genes is then measured by looking for binding (in
the natural base pairing way!) of this DNA to templates formed from each of the genes in the
bacterial genome. Results are reported as z—scores (a measure of statistical significance) for
enrichment of particular genes in the population.

Figure 4.18 shows a modern version of the search for genes involved in motil-
ity and chemotaxis. Conceptually the strategy is simple. One generates a very
large number of mutant bacteria, in effect knocking out different genes. The
cells are placed in a dense, highly viscous environment so that at best they
swim slowly. If this medium is filled with nutrients, then as the bacteria con-
sume these and grow, they deplete their neighborhood and thus make chemical
gradients. The bacteria that can do chemotaxis swim out toward greener pas-
tures, and those who can’t are stuck in the center. These less able bacteria can
be selected, and the process repeated several times. At the end of the process
we have a collection of bacteria that are defective for chemotaxis. Now we can
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Figure 4.19: Biochemical amplification in the chemotactic response. At left, binding of
chemoattractants to their receptors shifts the equilibrium between active and inactive forms
of the kinase CheA. At right, the active kinase phosphorylates CheY, and this is balanced by
the action of the phosphatase CheZ.

look at their genomes—imagine sequencing all the DNA and seeing which genes
are missing or damaged. Such a global sequencing strategy is expensive and
inefficient (although less so every year), but conceptually its the right idea. The
results of such experiments, shown in Fig 4.18, can expressed in terms of the
statistical significance of enrichment of the population for individual genes, and
this recovers, in one experiment, decades of work isolating individual mutants.

When we make a list of proteins that, when lost to mutation, influence
chemotaxis, the list is not too long:

e There are a number of proteins involved in making the flagellar motor,
which really is quite a complicated structure.

e There are the receptor molecules, which sit in the cell membrane. The
small molecules which are actually being sense are outside the cell, and
bind to these receptors. Sometimes there are additional adaptor proteins
that help transport the small molecules in the space between the cell
membrane and the surrounding outer wall.

e There is a protein called CheY that can bind to the motor.

e There is a protein called CheA that acts as an enzyme. It catalyzes a
reaction in which a phosphate group gets attached to the protein CheY.
Such reactions are called “protein phosphorylation,” and many proteins
change their structure and activity when phosphorylated—recall the multi-
ple phosphorylation steps involved in the shutoff of rhodopsin. In partic-
ular, CheY binds to the motor only in its phosphorylated form, which we
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write as CheY~P. Enzymes that phosphorylate proteins are called “pro-
tein kinases,” or sometimes just “kinases.”

e There is a separate protein CheZ that acts as an enzyme, catalyzing the
removal of the phosphate groups from CheY~P. Thus CheZ undoes the
action of CheA. Enzymes that remove phosphate groups from proteins are
called phosphatases.

e There is a protein CheW that provides a link between the receptors and
CheA.

e There are enzymes CheR and CheB, which add and remove methyl groups
from the receptors. These methylation reactions are needed for the adap-
tation of the chemotactic response, i.e. for the balance between running
and tumbling (or clockwise and counter—clockwise rotation of the motor,
in Fig 4.17) to return to its initial value after exposure to a step change
in the concentration of attractants or repellents.

So, there are many components, but not too many. To understand how these
things fit together, let’s work backwards, trying to understand how the rota-
tional bias of the motor depends on the concentration of CheY~P.

To measure the bias vs CheY~P, one has to do many tricks. It’s relatively
easy to measure the bias of the motor, either in experiments where the cell is
tethered or where it is laying on a slide and one motor stump is sticking up
with a bead attached. To know the concentration of a protein in a single cell,
we need to make the protein visible, and so this is done by genetic engineering,
replacing the normal CheY with a fusion between this protein and the green
fluorescent protein, and arranging for the expression of this fusion protein to
be controlled by signals that can be applied externally.!® Finally, we need to
know the concentration of the phosphorylated form of the protein, and this is
very difficult. But once phosphate groups are attached to a protein, they stay
there until removed by another enzyme (the phosphotase). So, if we genetically
engineer the bacterium to remove the phosphotase, we will surely screw up the
overall chemotactic response, but we can then be sure that all the CheY will be
in its phosphorylated state. The result of all this is shown in Fig 4.20.

14This might seem puzzling. Catalysts, after all, don’t just increase the rate of a reaction—
they also have to increase the rate of the reverse reaction, so as not to shift the (thermody-
namic) equilibrium between reactants and products. When kinases phosphorylate proteins,
they remove the phosphate group from an ATP (adenosine triphosphate) molecule, and ATP
is a common internal energy storage medium for cells; when the covalent bond that attaches
the second or third phosphate group is broken, a large amount of free energy is released.
Thus, although the kinase also catalyzes the reaction in which a phosphate group is stripped
off the protein and added back to ADP (adenosine diphosphate), the free energy difference
opposing this reaction is huge, and it almost never happens. When a phosphatase removes a
phosphate group from a protein, it just ejects this group into the surrounding solution, rather
than “putting it back” in the place where the kinase found it. Thus, kinases and phosphatases
catalyze opposing reactions, which are exactly opposite from the point of view of the target
protein (here, CheY), but not microscopic reverse reactions.

15For more on the use of fluorescent proteins see Section 4.3.
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Figure 4.20: CheY~P binds to the flagellar motor and promotes clockwise rotation, which
drives tumbling. The motor is extremely sensitive to small changes in the CheY~P concen-
tration; data redrawn from Cluzel et al (2000).

What we see most clearly from Fig 4.19 is that the motor is remarkably
sensitive to small changes in concentration of CheY~P. One can fit a function
of the form

C?’L

Pcw:mv

(4.70)
with K ~ 3 uM and n ~ 10, although the data are almost within errors of being
a step function. If we take this seriously, we can be more quantitative about
sensitivity:
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Thus, at small concentrations of CheY~P, where P, is small, a given fractional
change in the concentration produces an n—fold larger fractional change in the
probability of clockwise rotation. Even near the midpoint of the response, where
P, = 0.5, with n = 10 we see that a small fractional change in concentration
of CheY~P produces a five times larger fractional change in probability.
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Problem 55: Absolute concentration measurements. In this problem you should
try to understand how Cluzel et al were able to put the CheY~P concentration on an absolute
scale. Bacteria can be engineered to make a fluorescent version of many naturally occurring
proteins. While the fluorescence signal that we then see under a microscope is proportional
to the number of molecules under illumination, it can be difficult to measure the proportion-
ality constant in an independent experiment. One can circumvent this problem by watching
small numbers of molecules diffusing randomly in and out of an illuminated volume inside an
individual cell and using the variance in the fluorescence intensity, along with its mean value,
to make an absolute measurement of the concentration of the molecules.®

(a.) Explain (qualitatively) how this measurement might work. What do you gain by
using both the variance and the mean of this signal? How can the fluctuating fluorescence
signal be analyzed further to give an estimate of the protein diffusion constant?

(b.) Now let’s convert the above intuition into a quantitative framework for analysis of
the data. Consider the concentration ¢(Z,t) of fluorescent molecules at different points in
space and time. It fluctuates and the deviation dc of the concentration from its average value
¢ is uncorrelated between different points in space (but the same instant of time). Show that
the analytic statement

(5e(, t)8c(@ 1)) = e8(Z — &) (4.74)

of this fact is equivalent to the ‘intuitive’ remark that the variance of the number of molecules
in a volume is equal to the mean number.

(c.) If the system starts with some fluctuation in the concentration (Z,0) = ¢ + d¢(Z, 0),
this profile will relax according to the diffusion equation,

(@, 1)
ot

Since the diffusion equation is linear, this means that the profile of fluctuations at time ¢,
dc(Z,t), can be written as a linear operator acting on the initial condition d¢(Z, 0). Show that
this linear relationship is

where D is the diffusion constant.

(d.) When we bring light to a focus under the microscope, we effectively weight the
points around the focus with a Gaussian function, so that the light intensity collected from
the fluorescent molecules will be proportional to

= DV2¢(7,t). (4.75)

exp(—|Z — §]2/4Dt) §¢(F,0), (4.76)

s(t) = /dgxc(:?:', t) exp(—|Z|%/£?) (4.77)

where £ is the size of the focal region (roughly the size of the wavelength of light). Using the
results above, show that the temporal correlation function of this signal is given by

(85()3s(0)) oc (Jt] +7) %2, (4.78)

and relate the correlation time 7 to the diffusion constant D and the size of the focal region £.
As a hint, note that in doing the multidimensional Gaussian convolution integrals that show
up in the last step of this computation, it is a good idea to do them Cartesian coordinate by
Cartesian coordinate. This gives a precise method for extracting the diffusion constant from
the fluctuating fluorescence signal.

Problem 56: The motor as a sensor of CheY~P. Although we usually think of E. coli
as changing the concentration of CheY~P in order to modulate the direction of the flagellar
motor, we can think of it the other way—that the motor serves as an internal sensor for the
concentration of CheY~P. If take a snapshot of one motor at time t, it is either going clockwise

16Some of what gets done in this problem could be done more rigorously after reading
Appendix A.6. I think the essential ideas don’t really need the full technical apparatus, though
perhaps this attempt o understand how an experiment works will provide more motivation to
explore the theory fully. This problem was originally written together with Curt Callan.
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or counterclockwise, and thus is a binary variable o (t), where we’ll choose the convention that
o =1 corresponds to clockwise rotation, and ¢ = 0 corresponds to counterclockwise.

(a.) Show that the mean and variance of o are given by (¢) = Pew and ((60)2) =
P Cw(1 — P Cw)~

(b.) From Eq (4.72), a change in concentration Ac produces a change in Pew, APew =
(dPew /dc)Ac. Compute the signal-to—noise ratio for detecting the change Ac by observing o,
S = (A(0))?/((60)?). Show that this is maximal when Peyw = 0.5.

(c.) We should be able to detect smaller changes in concentration by averaging over time.
Specifically, if we average for a time 7Tavg, then the signal-to-noise ratio should improve by a
factor Tavg/Tc, where 7 is the correlation time for the random fluctuations in o. Experimen-
tally, near P.w = 0.5, there switching between clockwise and counterclockwise states looks
like a random process with a rate r ~ 1.6s~!. Combine this with your results so far to show
that one can reach reliable detection (S = 1) when

Ac 1s

—~

c 40Tavg

(4.79)

(d.) Berg and Purcell argued that if we try to measure concentrations with a sensor that
has linear dimension a, then we will reach S = 1 when the fractional change in concentration
is given by Eq (4.63). The flagellar motor presents a target of roughly a ~ 35nm to the
cytoplasm, and we expect that proteins such as CheY~P diffuse with D ~ 1 — 3um?/s.
With ¢ ~ 3uM near the midpoint of the response in Fig 4.20, what is your prediction for
the Berg—Purcell limit on the sensitivity of the motor as a detector of changes in CheY~P
concentration? How does this compare with the (quasi—)experimental result in Eq (4.79)7

The cooperativity with which CheY~P modulates the flagellar motor has,
as discussed in Section 2.3, two very different interpretations. In one view, there
are direct interactions among the different binding events. In the other view, the
cooperatively is mediated by the switching of the motor between two states, as
the R and T in hemoglobin or open and closed in the cGMP-modulated channels
in rod cells. In the flagellar motor, the state model seems natural, since we know
that there is both clockwise and counterclockwise rotation. Thus, we want to
give a description in the spirit of the MWC model.

The flagellar motor is a rotary engine, and has a ring structure, so let us
imagine the multiple binding sites for CheY~ P as being arrayed around a
ring, as in Fig 4.21. CheY~P molecules bind independently to each site, but
the strength of the binding depends on whether the whole structure is rotat-
ing clockwise or counterclockwise. Qualitatively, if binding is stronger in the
clockwise state, then increasing the concentration of CheY~P will shift the
equilibrium toward the clockwise state.

Quantitatively, we can work out the predictions of the model in Fig 4.21
using statistical mechanics, on the hypothesis that all the binding events and
the structural transitions of the motor between clockwise and counterclockwise
states come to equilibrium. One might worry about the latter assumption—
after all, if the motor were truly at equilibrium it wouldn’t be rotating and
generating force—but let’s proceed. Consider one possible state of the system,
say clockwise rotation with m out of the n sites filled by CheY~P molecules.
We need to assign this state a weight in the Boltzmann distribution. We can
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Figure 4.21: A model for the modulation of rotor bias by binding of CheY~P. CheY~P
molecules bind independently to multiple sites around a ring. When all sites are empty the
equilibrium favors the counterclockwise rotating state. Binding is stronger to the clockwise
state, however, so that as more sites are occupied the equilibrium shifts.

clockwise
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assume that the clockwise state has an intrinsic (free) energy Ee.. With k
molecules bound, the energy is lowered by mkF.y, where F, is the binding
energy in the clockwise state, but we also had to take these k molecules out
of solution, and this shifts the free energy by m times the chemical potential,
mu = mkpT In(c/co), where ¢ is the concentration of CheY~P and ¢ is a
reference concentration, as in Eq (2.122). Finally, since the m occupied sites
could chosen out of the n possibilities in many ways, there is a combinatorial
factor. Putting these terms together we have

(;) exp [_k;T (Eew — mFoy — kaTln(c/co))}

_ (" c me—Ecw/kBT
m Ky ’

where Ky = cgeFev/k8T | To compute the probability of being in the clockwise
state we have to sum over all the different occupancies, and normalize by the
partition function, which includes a sum over the counterclockwise states:

1 & n c \"
Pcw = = ~FBew/kpT 4.80
2ABICE (450

e Bew kT (1 4 ¢/ Ke)", (4.81)
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where
Z = e Bor/bsT (1 4 ¢/ Koy )" + e Been /R8T (1 4 ¢/ K o). (4.82)

We can put this result in a more compact form,

1
Few 1+explf —g(c)] (4.83)
0 = (Beow— Eeow)/kpT (4.84)
glc) = nln (m) . (4.85)

Notice that if K., < ¢ < Keew, then this becomes the Hill function in Eq
(4.70). This should be familiar from the discussion leading to Eq (2.146) in
Section 2.3.

Problem 57: MWC model of rotor bias. Explore the parameter space of the model
we have just described. Are there regimes, other than K¢y < ¢ < Kcew, where one can
reproduce the steep dependence of Py on ¢ observed by Cluzel et al (2000)? Keep in mind
that the actual number of binding sites n could be very large.

This is a good place to realize that there are two really nontrivial ideas in
the MWC model. First, even if the system we are thinking about is a protein
composed of many subunits—four subunits in hemoglobin, and many more in
the flagellar motor—we assume that the states are properties of the whole col-
lection of subunits and not the individuals. Thus, we don’t imagine that small
piece of the motor are trying to rotate in opposite directions, we assume that
the interactions between subunits are strong enough to enforce unanimity. The
second idea, less relevant for the flagellar motor but important in general, is that
the MWC model gives us a framework for including even more binding events,
with different kinds of molecules. The rule is always the same: each binding
event is independent, but the binding energy depends on the overall state of the
system, so that (by detailed balance) binding will shift the equilibrium.

In many systems, it is not just a single class of ligands that binds. For
hemoglobin itself, changes in pH, which presumably result in binding and un-
binding of protons, change the way in which oxygen binds.!” For enzymes—
proteins that catalyze a chemical reaction—it is not just the substrate which
binds and is chemically altered, but other molecules bind as well and alter the
activity of the enzyme. It is important that these ‘other molecules’ are binding
at other sites, not directly interfering with substrate binding in enzymes or oxy-
gen binding in hemoglobin. From the Greek for “other site,” these effects are

17This is the “Bohr effect,” after Christian Bohr, Niels’ father.
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called “allosteric,” and the MWC model gives a general framework for thinking
about allostery.

Coming back to chemotaxis, it is clear that part of the answer to how small
changes in the concentrations of attractants or repellents can generate reliable
changes in the swimming of bacteria is that the motor itself is very sensitive to
small changes in the concentration of the internal signal, CheY~P. The extreme
sensitivity of the motor also causes a problem, however. Figure 4.20 shows that
extreme sensitivity must coexist with a very tight regulation, since if the con-
centration of CheY~P drifts far away from ¢ ~ K, the cell loses all sensitivity
to changes. More quantitatively, a corollary of the fact that ~ £10% changes in
the concentration of CheY~P are enough to modulate the probability of clock-
wise rotation by a factor of three is that a change of ~ 30% in the background
concentration of CheY~P is enough to reduce the sensitivity to small changes
by an order of magnitude. Can the cell actually hold the mean concentration
of CheY~P in this narrow window where it maintains sensitivity? Or does the
concentration, and hence the sensitivity, drift wildly?

We still need to understand the biochemical processes that lead from single
molecular events, where attractants or repellents bind to receptors, to quasi—
macroscopic changes in molecule number: at ¢ ~ 3uM, a cell with volume
~ 1pum? has ~ 2000 molecules of CheY~P, so even a ten percent change in
concentration involves hundreds of molecules. Thus there are at least two stages
of gain in the system, between the CheY~P concentration and the probability of
clockwise rotation, and between the ligand binding to receptors and the change
in CheY~P concentration.

We know that the CheY~P concentration is increased by the activity of
CheA, which is linked to the receptors through CheW (Fig 4.19). Is it possible
that the gain from receptor occupancy to CheY~P concentration is the result
solely of the catalytic activity of CheA? We know that one active enzyme can
catalyze the phosphorylation of many CheY molecules, but this is limited by the
rate at which CheY molecules encounter the enzyme. If the total concentrations
of CheY are in the range of ¢ ~ 10uM, and this molecule has a diffusion
constant similar to other cytoplasmic proteins, D ~ 1um? /s, then if the CheA
presents a target of less than ~ 1 nm is size, we expect the maximal rate of these
encounters to be Dac ~ 10571, so that a single active CheA couldn’t catalyze
the production of several hundred CheY~P molecules within the one second
rise time of the chemotactic response. Thus, there must be an additional stage
of gain, in which the binding of a single ligand to its receptor influences multiple
CheA proteins.

Experiments show that the receptor molecules are packed into a fairly dense
lattice, and the CheW and CheA molecules are tightly associated with this
membrane bound structure.This physical proximity suggests models for the
emergence of amplification in the activation of CheA have the same flavor as
the MWC models for the flagellar motor. In one version, clusters of recep-
tor/CheW /CheA complexes act as a single large system with just two states,
active and inactive, and the equilibrium between these states is shifted by the
binding of ligands. In such a scheme, the addition of methyl groups to the
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receptor acts like just another ligand, shifting the equilibrium in a direction
opposite to ligand binding and thus allowing for adaptation. Another version
of this idea allows each receptor and associated CheA to switch independently
between active and inactive states, but neighboring molecules have interactions
that favor being in the same state. In this case, the lattice of receptors and
kinases becomes analogous to an Ising ferromagnet, and the changing concen-
tration of ligands acts as a magnetic field. Even if interactions are local, if they
are tuned to be close to the critical point then correlation lengths become long
and many receptors effectively respond together. Indeed, precisely at the criti-
cal point the sensitivity of the system to small changes in concentration grows
with total number of receptors.

In the rod cell, amplification has a small contribution from cooperativity in
the opening of channels by ¢cGMP, but most of the gain comes from iterating
the process in which one enzyme molecule can catalyze the conversion of many
molecules of substrate. In chemotaxis, there are enzymatic steps, but cooper-
ativity seems much more important. I don’t think we yet have as complete an
analysis as in the rod cell of the different sources of internal no