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    Biological rhythm                 Period

Neural rhythms*          0.001 s to 10 s

Cardiac rhythm*                     1 s

Calcium oscillations*              sec to min

Biochemical
oscillations*

          30 s to 20 min

Mitotic oscillator*          10 min  to 24 h

Hormonal rhythms* 10 min to 3-5 h (24 h)

Circadian rhythms*                   24 h

Ovarian cycle         28 days (human)

Annual rhythms                 1 year

Rhythms in ecology
and epidemiology

                years

*Cellular rhythms

Main 
biological 
rhythms
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    Cellular rhythm                Period 
   
Segmentation clock            30 min - 2h 
 
NFκB 

 
                   3 h 

 
P53 

 
                 3-5 h 

 
Msn2 in yeast  

      
                 6 min 

 
Yeast transcriptome 

 
              40-80 min  

 
Synthetic oscillators 
(e.g., Repressilator) 

 
  
                  3-6 h 

 
 

 
                 

  
  
  

 
 

Some recently discovered cellular rhythms
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Oscillations observed experimentally in the Repressilator

Nature (2008) 
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FEBS Lett. 2012 
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Modeling circadian clocks :

From molecular mechanism to 
physiological disorders
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Circadian rhythms: Physical  versus  molecular models

Phase model: 
A. Winfree

van der Pol oscillator:
R. Wever - R. Kronauer 
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The van der Pol oscillator
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J Biol Rhythms (1999) 14, 532-7.   
A simpler model of the human circadian pacemaker. 
Forger DB, Jewett ME, Kronauer RE. 
 
Numerous studies have used the classic van der Pol oscillator, which contains a cubic 
nonlinearity, to model the effect of light on the human circadian pacemaker. Jewett and Kronauer 
demonstrated that Aschoff's rule could be incorporated into van der Pol type models and used a 
van der Pol type oscillator with higher order nonlinearities. Kronauer, Forger, and Jewett have 
proposed a model for light preprocessing, Process L, representing a biochemical process that 
converts a light signal into an effective drive on the circadian pacemaker. In the paper presented 
here, the authors use the classic van der Pol oscillator with Process L and Jewett and Kronauer's 
model of Aschoff's rule to model the human circadian pacemaker. This simpler cubic model 
predicts the results of a three-pulse human phase response curve experiment and a two-pulse 
amplitude reduction study with as much, or more, accuracy as the models of Jewett and Kronauer 
and Kronauer, Forger, and Jewett, which both employ a nonlinearity of degree 7. This suggests 
that this simpler cubic model should be considered as a potential alternative to other models of the 
human circadian system currently available. 
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Molecular models for circadian rhythms

3 models of increasing complexity :

Model I
Model II

for Drosophila

Model III       for the mammalian circadian clock

Link with disorders of the sleep-wake cycle
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Clock mutants of Drosophila melanogaster
Ronald J. Konopka & Seymour Benzer
Proc. Nat. Acad. Sci. USA
Vol. 68, N°9, pp. 2112-2116, September 1971

T=24h

T=28h

T=19h
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Zeng, Hardin & Rosbash (1994) EMBO J.  

Negative feedback of PER on per expression
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Nucleus

Gene

mRNA

Protein

-

Negative feedback
   on transcription

Cell

Translation

!!! Other mechanisms:  Cyanobacteria (KaiC phosphorylation)
 

Core mechanism of circadian rhythms:  Negative autoregulation 
                                                                     of clock gene expression
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per mRNA (M) PER0
(P0)

V1

V2

vi

PER1
 (P1)

V3

V4

PER2
 (P2)

vd

k1 k2

Nuclear PER (PN)

ks

vm

per transcription

-

A. Goldbeter (1995). Proc. R. Soc. Lond. B 261, 319-324.

Model #1 :  Negative autoregulation of the Per gene by PER
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Kinetic equations for the model for PER circadian oscillations

dM
dt    = vs  

KIn

KIn +PN
n  

    - vm   
M

Km1 + M 

dP0
dt    =  ksM - V1   

P0
K1 + P0

   + V2   
P1

K2 + P1 

dP1
dt    = V1   

P0
K1 + P0

   - V2   
P1

K2 + P1
   - V3   

P1
K3 + P1

   + V4   
P2

K4 + P2 

dP2
dt    = V3   

P1
K3 + P1

   - V4   
P2

K4 + P2
   -  k1P2  + k2PN   -  vd   

P2
Kd + P2 

dPN
dt    = k1P2  - k2PN 

The total (nonconserved) quantity of PER, Pt, is given by:    Pt = P0 + P1 + P2 + PN
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Garceau et al. (1997) Cell 89, 469. 
Circadian oscillations of frq mRNA and FRQ protein in Neurospora  
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Model for circadian rhythms
in Neurospora

Leloup et al. (1999) 
J. Biol. Rythms 14, 433-448.
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       Circadian rhythms in cyanobacteria:  
      
       DIFFERENT MECHANISM ! 

 
Tomita J. et al (2004) No transcription-translation feedback in  
circadian  rhythm of KaiC phosphorylation. Science 307 : 251-254. 
 
Nakajima M et al (2005) Reconstitution of circadian oscillation in 
cyanobacterial KaiC phosphorylation in vitro. Science 308 : 414-415. 
 
 
Mori T et al (2007) Elucidating the clicking of an in vitro circadian 
clockwork. PLoS Biology 5 : e93. 
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Science (January 2005) Cyanobacteria 
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Science (2005) 
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per mRNA (M) PER0
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-

A. Goldbeter (1995). Proc. R. Soc. Lond. B 261, 319-324.

Effect of light?
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Role of TIM
in the
control of
circadian 
rhythms
by light in
Drosophila
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per transcription

per mRNA (MP) PER0 (P0) PER1 (P1) PER2 (P2)

tim transcription

tim mRNA (M T) TIM0 (T0) TIM1 (T1) TIM2 (T2)

  PER-TIM
   complex
       (C)

  nuclear
PER-TIM
 complex
    (CN)

vsT

vsP

vmP
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V1P
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V4P
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vdT

k3

k4

k1

k2

ksT

ksP

LIGHT
V3T

V4T

V1T

V2T

A model for circadian rhythms in Drosophila incorporating the formation of a complex between the 
PER and TIM proteins J. C. Leloup & A. Goldbeter (1998) J. Biol. Rhythms 13:70-87. 

Model #2 :  Incorporating the role of TIM and the effect of light
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Nonautonomous chaos: Effect of waveform of LD cycle

Gonze & Goldbeter (2000) J. Stat. Phys.
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Long-term suppression of circadian rhythms by a single pulse of light: 
Coexistence of a stable steady state with a stable limit cycle
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Long-term suppression 
of circadian rhythms by
 
a single pulse of light

Leloup & Goldbeter (2001)
Am. J. Physiol. 280, R1206-12.
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Long-term suppression
 
of circadian rhythms by
 
a single pulse of light

Leloup & Goldbeter (2001)
Am. J. Physiol. 280, R1206-12.
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Science (1999) 286, 766-8     
   

Interlocked feedback loops within the Drosophila circadian oscillator. 
 

Glossop NR, Lyons LC, Hardin PE. 
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J Neurosci. (2001) 21: 6644-56.   
 
Modeling circadian oscillations with interlocking positive
and negative feedback loops.

Smolen P, Baxter DA, Byrne JH.

J Theor Biol. (2001) 210: 401-6.

Robust oscillations within the interlocked feedback model
of Drosophila circadian rhythm.

Ueda HR, Hagiwara M, Kitano H.
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From the Drosophila to the �
�

mammalian circadian clock
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Effect of 
molecular noise

Stochastic simulations
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PNAS 99, 673-678 (2002)
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Stochastic versus deterministic models

Gonze, Halloy & Goldbeter (2002, 2004)A. Goldbeter-ICTS 2018
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Noisy limit cycle
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A model for circadian rhythms in Drosophila incorporating the formation of a complex between the 
PER and TIM proteins J. C. Leloup & A. Goldbeter (1998) J. Biol. Rhythms 13:70-87. 

Model #2 :  Incorporating the role of TIM and the effect of light
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Gonze D, Halloy J, Leloup J-C, Goldbeter A (2003) Stochastic models for circadian rhythms: 
effect of molecular noise on periodic and chaotic behavior. C. R. Biologies. 326: 189-203. 
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Circadian rhythms
in mammals:

Pacemaker role of 
suprachiasmatic 
nuclei

Suprachiasmatic nucleus
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Shearman LP, Sriram S, Weaver DR, Maywood ES, Chaves I, Zheng B,
Kume K, Lee CC, van der Horst GT, Hastings MH & Reppert SM.

(2000) Science 288:1013-9.

Interacting molecular loops in the mammalian circadian clock.
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The mammalian circadian network 

Bmal1

Clock

Per

Cry

CLOCK-BMAL1 PER-CRY

LIGHT
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Light, suprachiasmatic nuclei and the circadian clock 
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Science 302, 1408 (2003) 

See movie in Supporting Information
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J.C. Leloup & A. Goldbeter (2003) PNAS 100, 7051-56.

Model #3 :  Model for the mammalian circadian clock
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          Model for the mammalian circadian clock

Other models : Herzel et al; Forger & Peskin; Doyle et al; Kim & Forger  A. Goldbeter-ICTS 2018
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Kinetic equations
a) mRNAs of Per, Cry and Bmal1:

€ 

dMP

dt = vsP
BN

n

KAP
n + BNn

− vmP
MP

KmP + MP
− kdnMP

€ 

dMC

dt = vsC
BN

n

KAC
n + BNn

− vmC
MC

KmC + MC
− kdnMC

€ 

dMB

dt = vsB
KIB

n

K IB
n + BNn

− vmB
MB

KmB + MB
− kdnMB

b) Phosphorylated and nonphosphorylated 
proteins PER and CRY in the cytosol:

€ 

dPC
dt = ksPMP −V1P

PC
Kp + PC

+V2P
PCP

Kdp + PCP
+ k4PCC − k3PCCC − kdnPC

€ 

dCC
dt = ksCMC −V1C

CC
Kp + CC

+V2C
CCP

Kdp + CCP
+ k4PCC − k3PCCC − kdnCC

€ 
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dt = V1P

PC
Kp + PC

− V2P
PCP

Kdp + PCP
− vdPC

PCP
Kd + PCP

− kdnPCP

€ 

dCCP
dt = V1C

CC
Kp + CC

− V2C
CCP

Kdp + CCP
− vdCC

CCP
Kd + CCP

− kdnCCP

c) Phosphorylated and nonphosphorylated 
PER-CRY complex in cytosol and nucleus: 

€ 

dPCC
dt = −V1PC

PCC
Kp + PCC

+ V2PC
PCCP

Kdp + PCCP
− k4PCC + k3PCCC + k2PCN − k1PCC − kdnPCC

€ 

dPCN
dt = −V3PC

PCN

Kp + PCN
+ V4PC

PCNP

Kdp + PCNP
− k2PCN + k1PCC − k7BNPCN + k8IN − kdnPCN

€ 
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dt = V1PC

PCC
Kp + PCC

− V2PC
PCCP

Kdp + PCCP
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Kd + PCCP
− kdnPCCP
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dt = V3PC

PCN

Kp + PCN
− V4PC

PCNP
Kdp + PCNP

− vdPCN
PCNP

Kd + PCNP
− kdnPCNP

d) Phosphorylated and nonphosphorylated
protein BMAL1 in the cytosol and nucleus:

€ 

dBC
dt = ksBMB −V1B

BC
Kp + BC

+ V2B
BCP

Kdp + BCP
− k5BC + k6BN − kdnBC
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dBN
dt = −V3B
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Kp + BN

−V4B
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Kdp + BNP
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BNP
Kd + BNP

− kdnBNP

e) Inactive complex between PER-CRY 
and CLOCK-BMAL1 in nucleus:

€ 

dIN
dt = −k8IN + k7BNPCN − vdIN

IN
Kd + IN

− kdnINA. Goldbeter-ICTS 2018
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PNAS (2003)        
A detailed predictive model of the mammalian circadian clock.  
Forger DB, Peskin CS.   73 variables

 J Biol Rhythms (2006)       
Development of a two-dimension manifold to represent high 
dimension mathematical models of the intracellular mammalian 
circadian clock.  
Indic P, Gurdziel K, Kronauer RE, Klerman EB. 

PNAS (2003)        
Toward a detailed computational model for the mammalian 
circadian clock.  
Leloup, JC, Goldbeter, A.   16 or 19 variables

A. Goldbeter-ICTS 2018
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Multiple sources of oscillations
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Model for the mammalian circadian clock: �
Multiple sources of oscillations
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Link with physiological disorders of the 
human sleep-wake cycle
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Science 291, 1040-1043 (2001) 
A. Goldbeter-ICTS 2018
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     Sometimes, entrainment fails to occur…

Simulations helped to identify one possible cause :

Levels of CRY might be too low 

A. Goldbeter-ICTS 2018
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Leloup & Goldbeter (2008) BioEssays

Absence of entrainment of circadian rhythms
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Sleep (1996) 19, 637-40   

Delayed phase jumps of sleep onset in a patient with non-24-hour sleep-
wake syndrome.

Uchiyama M, Okawa M, Ozaki S, Shirakawa S, Takahashi K.
Department of Psychophysiology, National Institute of Mental Health, National Center of
Neurology and Psychiatry, Ichikawa, Japan.

We studied a 30-year-old man with non-24-hour sleep-wake syndrome. To investigate the
relationship between environmental light-dark cycles and his sleep-wake rhythm, we
documented his sleep log and rectal temperature data without any therapeutic interventions.
We found that 1) the patient's sleep-wake pattern consisted of two different components,
appearing alternatively, with a period of 27.2 days: regular free-run (R free-run), consisting of
a daily 30- to 60-minute regular delay of sleep onset; and jumping free-run (J free-run), with
clusters of delayed (> 4 hours) phase jumps in sleep onset (DP jump): 2) the frequency of
sleep onset was higher during late evening hours to midnight hours than in the daytime; 3) DP
jumps occurred exclusively when the prior sleep onset was delayed into the daytime; and 4) a
cluster of DP jumps was likely to start when the patient's low temperature zone (a period in
which rectal temperature was below average) at subjective night was illuminated by sunlight.
These results suggest that DP jumps in the patient may occur due to illumination of the delay
portion of the phase-response curve.
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Jet lag 

Delay of 8h 

Time for resynchronization after phase shift of LD cycle 
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J. Theor. Biol. (2013)   
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Leloup & Goldbeter (2013) J. Theor. Biol.   
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Conclusions
Ø  Circadian rhythms in most organisms —except cyanobacteria— 
appear to be based on negative autoregulation of gene expression.�

Ø  Models of increasing complexity have been proposed for the genetic 
regulatory network producing circadian rhythms.�

Ø  The models (deterministic or stochastic) account for the spontaneous 
occurrence of circadian rhythms in constant conditions (e.g., continuous 
darkness). �

Ø  The models also account for the entrainment of circadian rhythms by 
light-dark cycles, and for phase shifts induced by light pulses.�

Ø  A model for the mammalian circadian clock can be used to address 
the dynamical bases of sleep-wake cycle disorders in humans.



Other models:    Andrew Millar and James Locke

9 equations

A. Goldbeter-ICTS 2018
67



A. Goldbeter-ICTS 2018
68

De Caluwé et al.
Front. Plant Sci.
(2016)



Jean-Christophe Leloup

Didier Gonze

http://www.ulb.ac.be/sciences/utc
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