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Abstract

In this report we investigate a regime of laser-driven
plasma acceleration of electrons where the radial enve-
lope of the laser-pulse incident at the plasma entrance
is strongly mismatched to the nonlinear plasma electron
response excited by it. This regime has been experimen-
tally studied with the gemini laser using f/40 focusing
optics in August 2015 and f/20 in 2008. The physical
mechanisms and the scaling laws of electron accelera-
tion achievable in a laser-plasma accelerator have been
studied in the radially matched laser regime and thus are
not accurate in the strongly mismatched regime explored
here. In this work, we show that a novel adjusted-a0
model applicable over a specific range of densities where
the laser enters the state of a strong optical shock, de-
scribes the mismatched regime. Beside several novel as-
pects of laser-plasma interaction dynamics relating to
an elongating bubble shape and the corresponding self-
injection mechanism, importantly we find that in this
strongly mismatched regime when the laser pulse trans-
forms into an optical shock it is possible to achieve beam-
energies that significantly exceed the incident intensity
matched regime scaling laws.

1 Introduction

Plasma accelerators [1] rely on laser-excited plasma elec-
tron response for keeping a laser pulse (!0,�0,vg) con-
tinuously focussed to high-intensities over a distance
which is many times its Raleigh length, ZR to sus-
tain a regime of high-amplitude plasma wave [!
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). The self-guided regime
[2][3][4] utilizes relativistic and ponderomotive channel-
ing e↵ects to preserve the laser intensity over the ac-
celeration length, thus overcoming the external guiding
requirements. But to enable self-guiding, the laser power
has to be higher than the critical power, Pc which de-
pends inversely on the plasma density, n0. Thus laser
power dictates the densities that a self-guided laser-
plasma accelerators can operate at to obtain certain elec-
tron beam energies. The analysis presented here is in the
self-guided regime.

Typically, for a laser pulse to self-guide its pondero-
motive force has to cavitate electrons, where the plasma
electrons in its path are nearly completely expelled.
Whereas this leads to a radial profile of the refractive
index [5], ⌘(r, z) which is favorable for guiding the laser
pulse, it also drives a plasma wave which is in the non-
linear regime, �n

e

(r, z)/n0 ⌘ (n
e

(r, z)�n0)/n0 > 1. The
results presented here are in the non-linear cavitated or
the bubble regime of plasma wave [6][7][8].

Figure 1: Electron beam energy in the bubble regime in
the matched regime [9] for w0 corresponding to gemini

f/40 optics for laser energies EL=5,10 & 15J. Correspond-
ing beam energies for a0 values adjusted for the matched
condition, a0(adj) (shown for Table.1 parameters).

In the bubble regime the laser excited non-linear
plasma response (electron-ion charge separation) equili-
brates with the laser ponderomotive force such that the
laser waist-size is [8][9],

w0 ' 2
p
a0
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⌘ Rbubble (1)

where, w0 is the laser focal spot-size, a0 =
max[eA/mec2] = 8.55 ⇥ 10�10

�0[µm]
p

I0[W/cm2] the
laser strength parameter, A the laser vector potential,
I0 is the peak intensity and �0 the laser wavelength.
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laser ponderomotive force balanced by nonlinear plasma response

In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P

L

' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3

P

c

18.3� 12.2 TW

The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.
The strongly mismatched regime of laser-plasma accel-

eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.
It is however still possible to argue using the conven-

tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).

�Eadj.[me

c

2] =
2⇡

3

p
a0�l

✓
w0�l

�0

◆ r
n

c

n0

=
4

3

p
a0�l

r
n

c

n0
F
l

circ. : a0(adj.) = a0�l

✓
w0�l

w0�m

◆

ellip. : a0(adj.) = a0�l

r
w01�l

w02�l

w

2
0�m

(3)

We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.4, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.
We find that the peak plasma fields in this regime are

of the order of a0(adj.)⇥mec!pee�1. At 2⇥ 1018cm�3,
m

e
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�1 ⌘ Ewb = 136 GVm�1 and the predicted peak
fields are a0(adj.) ⇥ mec!pee�1 = 1006 GVm�1. For
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the laser parameters in Table.1, the value of average ac-
celerating plasma field from [9] is Eplasma(a0 = 1.9) =
0.5

p
a0 mec!pee�1 = 93.7 GVm�1 or with a0(adj.) it is

Eplasma(a0[adj.]) = 185 GVm�1. The adjusted-a0 model

predicts quite correctly even in this case - in experiments
we have peak beam energies of 2.2 GeV in 20mm. But,
from the simulations the injection of the high-energy
bunch occurs only around 24 ps. This gives us an average
acceleration gradient of ' 175 GVm�1.

Not surprisingly, an agreement using these arguments
is also obtained for gemini f/20 data [10] where the
matched w0 is 8.95 µm at 5.5⇥1018 cm�3 with a0 = 3.9
whereas the launched w0 = 19µm. The energy expected
from the matched regime formula in eq.2 is 510 MeV. Us-
ing the adjusted a0-model a0(adj.) = 8.3 with expected
beam energy of 957MeV.

f/20 optics at 5.5⇥ 1018cm�3
, E

L

= 10J, a0 = 3.9

�E eq.2 : < 510 MeV

peak expt. �E : 800 MeV

�E [a0(adj) = 8.3] : 957 MeV

(5)

It will be shown using PIC simulations that this ar-
gument is not arbitrary because the assumption of laser
energy squeezing down to the matched spot-size and the
laser waist subsequently remaining close to the launched
a0 matched size holds (see Fig.3). However, there are
a couple of major questions that go against generalizing
this argument:
(i) Why does this energy scaling only work optimally

for densities in the range 1.5�3⇥1018 cm�3 for the
f/40 focusing ?

(ii) Why is there a similar optimal density in the range
5� 7⇥ 1018 cm�3 for the results with gemini f/20
focusing optics data [10] ?

Is it a result of the squeezing process only working over
certain densities ?

It is clear from the above contradictions that even
though the adjusted-a0 model is quite applicable over a
density range, it cannot be universally applied. We have
investigated the reasons behind this and have been able
to check using simulations that the envelope squeezing
e↵ect occurs for a broad range of densities in comparison
to the densities over which the experiments produce peak
electron energies. Therefore, there must be another rea-
son for the adjusted-a0 model working only over a small
range of densities.

We observe certain interesting e↵ects in the simula-
tions that persist only over a certain range of densities.
As the laser focusses down to the matched focal spot,
the non-linear plasma response to the now much higher
laser intensity tries to equilibrate it to a larger spot-size
but during this expansion the laser loses a large part
of the head of its longitudinal envelope and enters an
optical shock regime [12]. In the optical shock regime

the longitudinal ponderomotive force far exceeds the ra-
dial ponderomotive force resulting in the lengthening of
the bubble, while the radial excursions are inhibited (see
Fig.5).

Therefore, the acceleration dynamics in the strongly
mismatched regime is dictated by the laser envelope dy-
namics (in line with expectations due to the strong radial
mismatch initial conditions) triggering the onset of op-
tical shock state of the laser. We present more detailed
analysis of this in the simulations section.

Figure 2: Laser energy evolution with propagation dis-
tance for di↵erent densities from 2D PIC simulations

2.1 Experimental considerations for a large focal-spot

From an experimental perspective, achieving a good
quality Gaussian focal spot (measured with M2-number)
is practically easier for a larger spot-size. In theory, even
though a matched spot-size may be ideal for generating
a stable plasma-wave with slowly evolving dimensions,
in practice focusing to the matched spot-size for densi-
ties in 1018 might lead to a non-uniform Gaussian spot
with multiple hot-spots. A radially non-uniform focal-
spot a↵ects the transverse characteristics of the plasma
wave, leading to non-optimal acceleration and focusing
field profiles. So, there is definitely an experimental jus-
tification to the observation of larger focal spots leading
to higher energies.

Note that, if the squeezing process can be confirmed
experimentally, this would be an optical plasma lens. Be-
cause, as we show below that the energy loss of the laser
during the compression phase is negligible. This is quite
similar but operates based on di↵erent physical mecha-
nisms than a beam plasma lens [11].

3

Aug 2015 f/40 data

In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P

L

' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3

P

c

18.3� 12.2 TW

The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.
The strongly mismatched regime of laser-plasma accel-

eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.
It is however still possible to argue using the conven-

tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).

�Eadj.[me

c

2] =
2⇡

3

p
a0�l

✓
w0�l

�0

◆ r
n

c

n0

=
4

3

p
a0�l

r
n

c

n0
F
l

circ. : a0(adj.) = a0�l

✓
w0�l

w0�m

◆

ellip. : a0(adj.) = a0�l

r
w01�l

w02�l

w

2
0�m

(3)

We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.4, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.
We find that the peak plasma fields in this regime are

of the order of a0(adj.)⇥mec!pee�1. At 2⇥ 1018cm�3,
m

e

c!

pe

e

�1 ⌘ Ewb = 136 GVm�1 and the predicted peak
fields are a0(adj.) ⇥ mec!pee�1 = 1006 GVm�1. For
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Strongly mismatched regime
Aug 2015 f/40 data expt. parameters

In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P

L

' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3

P

c

18.3� 12.2 TW

The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.
The strongly mismatched regime of laser-plasma accel-

eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.
It is however still possible to argue using the conven-

tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).
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We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.4, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.
We find that the peak plasma fields in this regime are

of the order of a0(adj.)⇥mec!pee�1. At 2⇥ 1018cm�3,
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e

�1 ⌘ Ewb = 136 GVm�1 and the predicted peak
fields are a0(adj.) ⇥ mec!pee�1 = 1006 GVm�1. For
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In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P

L

' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3

P

c

18.3� 12.2 TW

The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.

The strongly mismatched regime of laser-plasma accel-
eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.

It is however still possible to argue using the conven-
tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).
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We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.5, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.

f/40 optics at 2⇥ 1018cm�3
, a0 = 1.9

w0(matched) = 10.3µm

w0(expt.) = 37.4µm
(5)
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f/20 data expt. Parameter mismatch

We find that the peak plasma fields in this regime are
of the order of a0(adj.)⇥mec!pee�1. At 2⇥ 1018cm�3,
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�1 ⌘ Ewb = 136 GVm�1 and the predicted peak
fields are a0(adj.) ⇥ mec!pee�1 = 1006 GVm�1. For
the laser parameters in Table.1, the value of average ac-
celerating plasma field from [9] is Eplasma(a0 = 1.9) =
0.5

p
a0 mec!pee�1 = 93.7 GVm�1 or with a0(adj.) it is

Eplasma(a0[adj.]) = 185 GVm�1. The adjusted-a0 model

predicts quite correctly even in this case - in experiments
we have peak beam energies of 2.2 GeV in 20mm. But,
from the simulations the injection of the high-energy
bunch occurs only around 24 ps. This gives us an average
acceleration gradient of ' 175 GVm�1.

Not surprisingly, an agreement using these arguments
is also obtained for gemini f/20 data [10] where the
matched w0 is 8.95 µm at 5.5⇥1018 cm�3 with a0 = 3.9
whereas the launched w0 = 19µm. The energy expected
from the matched regime formula in eq.2 is 510 MeV. Us-
ing the adjusted a0-model a0(adj.) = 8.3 with expected
beam energy of 957MeV.

f/20 optics at 5.5⇥ 1018cm�3
, w0(matched) = 10.3 µm

�E eq.2 : < 510 MeV

peak expt. �E : 800 MeV

�E [a0(adj) = 8.3] : 957 MeV
(6)

f/20 optics at 5.5⇥ 1018cm�3
, a0 = 3.9

w0(matched) = 8.95 µm

w0(expt.) = 19.0 µm

(7)
It will be shown using PIC simulations that this ar-

gument is not arbitrary because the assumption of laser
energy squeezing down to the matched spot-size and the
laser waist subsequently remaining close to the launched
a0 matched size holds (see Fig.3). However, there are
a couple of major questions that go against generalizing
this argument:
(i) Why does this energy scaling only work optimally

for densities in the range 1.5�3⇥1018 cm�3 for the
f/40 focusing ?

(ii) Why is there a similar optimal density in the range
5� 7⇥ 1018 cm�3 for the results with gemini f/20
focusing optics data [10] ?

Is it a result of the squeezing process only working over
certain densities ?

It is clear from the above contradictions that even
though the adjusted-a0 model is quite applicable over a
density range, it cannot be universally applied. We have
investigated the reasons behind this and have been able
to check using simulations that the envelope squeezing
e↵ect occurs for a broad range of densities in comparison
to the densities over which the experiments produce peak
electron energies. Therefore, there must be another rea-

son for the adjusted-a0 model working only over a small
range of densities.

We observe certain interesting e↵ects in the simula-
tions that persist only over a certain range of densities.
As the laser focusses down to the matched focal spot,
the non-linear plasma response to the now much higher
laser intensity tries to equilibrate it to a larger spot-size
but during this expansion the laser loses a large part
of the head of its longitudinal envelope and enters an
optical shock regime [12]. In the optical shock regime
the longitudinal ponderomotive force far exceeds the ra-
dial ponderomotive force resulting in the lengthening of
the bubble, while the radial excursions are inhibited (see
Fig.5).

Therefore, the acceleration dynamics in the strongly
mismatched regime is dictated by the laser envelope dy-
namics (in line with expectations due to the strong radial
mismatch initial conditions) triggering the onset of op-
tical shock state of the laser. We present more detailed
analysis of this in the simulations section.

Figure 2: Laser energy evolution with propagation dis-
tance for di↵erent densities from 2D PIC simulations

2.1 Experimental considerations for a large focal-spot

From an experimental perspective, achieving a good
quality Gaussian focal spot (measured with M2-number)
is practically easier for a larger spot-size. In theory, even
though a matched spot-size may be ideal for generating
a stable plasma-wave with slowly evolving dimensions,
in practice focusing to the matched spot-size for densi-
ties in 1018 might lead to a non-uniform Gaussian spot
with multiple hot-spots.

A radially non-uniform focal-spot a↵ects the trans-
verse characteristics of the plasma wave, leading to non-
optimal acceleration and focusing field profiles. So, there
is definitely an experimental justification to the observa-
tion of larger focal spots leading to higher energies. The
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In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P
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' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3

P

c

18.3� 12.2 TW

The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.

The strongly mismatched regime of laser-plasma accel-
eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.

It is however still possible to argue using the conven-
tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).
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We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.5, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.

f/40 optics at 2⇥ 1018cm�3
, a0 = 1.9

w0(matched) = 10.3µm

w0(expt.) = 37.4µm
(5)
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In the bubble regime when a laser pulse is coupled into
the plasma with a waist-size w0 related to its strength
parameter a0 by eq.1, its radial envelope oscillations are
minimized due to the equilibrium forced by the initial
conditions, this is the matched condition. In the analysis
of the laser-plasma conditions for the matched regime it
is can be shown to be the optimal regime for electron
beam energy gain. The scaling law of the electron beam
energy gain in the matched regime based upon 3D PIC
simulations is [9]:
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The laser strength parameter in eq.2, is the launched
a0 at the plasma entrance. The value of a0 is known
to vary over the acceleration length due to several
non-linear laser-plasma interactions e↵ects such as self-
compression, pump depletion and head energy-loss of the
laser pulse.

Table 1: gemini laser & e

� beam parameters

EL, FWHM-⌧p ' 10 J, 49 fs
P
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' 200 TW
w0�y

(y-axis) 37.4 µm

w0�z

(z-axis) 44.2 µm

peak a0 (coupled) ' 1.9
�Epeak 2.2 GeV
n0 (peak energy) 2� 3⇥ 1018 cm�3
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The estimated energies over a range of densities us-
ing eq.2 for the matched regime with gemini f/40 pa-
rameters (summarized in Table.1) are shown in Fig.1.
It is quite evident from Fig.1 that the peak energies
predicted by eq.2 for the gemini f/40 experiments with
n0 = 1.5 � 3 ⇥ 1018 cm�3 are  1GeV. Thus, there is
a striking dis-agreement between the predictions of the
3D simulation based models of [9] and the experimental
observations.

2 Strongly mismatched regime & the adjusted-a0

model

To understand this significant diagreement between the
predicted energies and the experimentally obtained elec-
tron beam energies, it is firstly important to note that
the gemini f/40 results are in a strongly mismatched

regime. The reason for this is evident from eq.1,
whereas the matched w0 for this interaction is 10.3µm
the launched elliptical laser pulse has its smaller waist-
size of 37.4 µm.

The strongly mismatched regime of laser-plasma accel-
eration is considered sub-optimal because the laser ra-
dial envelope oscillates around the equilibrium matched
spot-size which is expected to continuously change the

plasma wave dimensions. This is expected to result in
the optimal wave phase for acceleration and focusing to
continuously change its position relative to the beam.
In comparison to the matched regime, here the beam is
loaded in sub-optimal phases. It can thus be argued that
the e↵ective acceleration field and acceleration distance,
are as a result, sub-optimal. This conventional under-
standing of the laser-plasma acceleration process devel-
oped with the matched regime as the reference, seems
to be entirely inapplicable to the experimental results
obtained in the strongly mismatched regime.

It is however still possible to argue using the conven-
tional understanding by applying an adjusted-a0 model.
This model assumes that the entire laser pulse energy
launched at the entrance of the plasma is coupled into
the plasma and is then squeezed to the matched spot-size
corresponding to the launched a0. This will therefore in-
crease the a0 by the factor w0(launched)/w0(matched)
upon the culmination of the squeezing process for a ra-
dially symmetric focal spot. The energy gain in this
adjusted-a0 model can thus be written as in eq.3 where
subscript ‘l’ are for the launched quantities and ‘m’ for
matched ones. F is the F-number of the focal spot,
F = ⇡w0

2�0
. It is related to the F-number of the focus-

ing optics (F = f/D, f being the focal length and D

being the aperture of the lens).
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We can then calculate the expected electron energies
using a0(adj.) and as shown in Fig.1 and eq.5, a good
match to experimental electron energies is obtained. For
example, at n0 = 2 ⇥ 1018 cm�3 the matched spot-size,
w0(matched) = 10.2 µm.

f/40 optics at 2⇥ 1018cm�3
, E

L

= 10J, a0 ' 1.9

�E eq.2 : < 1 GeV

peak expt. �E : 2.2 GeV

�E [a0(adj) = 7.4] : 2.2 GeV

(4)

Here, because the gemini f/40 focal spot
is elliptical we have used a0(adj.) =
a0 (w0[y]w0[z](launched)/w2

0(matched))0.5.

f/40 optics at 2⇥ 1018cm�3
, a0 = 1.9

w0(matched) = 10.3µm

w0(expt.) = 37.4µm
(5)
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0.5
p
a0 mec!pee�1 = 93.7 GVm�1 or with a0(adj.) it is

Eplasma(a0[adj.]) = 185 GVm�1. The adjusted-a0 model

predicts quite correctly even in this case - in experiments
we have peak beam energies of 2.2 GeV in 20mm. But,
from the simulations the injection of the high-energy
bunch occurs only around 24 ps. This gives us an average
acceleration gradient of ' 175 GVm�1.

Not surprisingly, an agreement using these arguments
is also obtained for gemini f/20 data [10] where the
matched w0 is 8.95 µm at 5.5⇥1018 cm�3 with a0 = 3.9
whereas the launched w0 = 19µm. The energy expected
from the matched regime formula in eq.2 is 510 MeV. Us-
ing the adjusted a0-model a0(adj.) = 8.3 with expected
beam energy of 957MeV.

f/20 optics at 5.5⇥ 1018cm�3
, E

L

= 10J, a0 = 3.9

�E eq.2 : < 510 MeV

peak expt. �E : 800 MeV

�E [a0(adj) = 8.3] : 957 MeV

(5)

It will be shown using PIC simulations that this ar-
gument is not arbitrary because the assumption of laser
energy squeezing down to the matched spot-size and the
laser waist subsequently remaining close to the launched
a0 matched size holds (see Fig.3). However, there are
a couple of major questions that go against generalizing
this argument:
(i) Why does this energy scaling only work optimally

for densities in the range 1.5�3⇥1018 cm�3 for the
f/40 focusing ?

(ii) Why is there a similar optimal density in the range
5� 7⇥ 1018 cm�3 for the results with gemini f/20
focusing optics data [10] ?

Is it a result of the squeezing process only working over
certain densities ?

It is clear from the above contradictions that even
though the adjusted-a0 model is quite applicable over a
density range, it cannot be universally applied. We have
investigated the reasons behind this and have been able
to check using simulations that the envelope squeezing
e↵ect occurs for a broad range of densities in comparison
to the densities over which the experiments produce peak
electron energies. Therefore, there must be another rea-
son for the adjusted-a0 model working only over a small
range of densities.

We observe certain interesting e↵ects in the simula-
tions that persist only over a certain range of densities.
As the laser focusses down to the matched focal spot,
the non-linear plasma response to the now much higher
laser intensity tries to equilibrate it to a larger spot-size
but during this expansion the laser loses a large part
of the head of its longitudinal envelope and enters an
optical shock regime [12]. In the optical shock regime
the longitudinal ponderomotive force far exceeds the ra-
dial ponderomotive force resulting in the lengthening of

the bubble, while the radial excursions are inhibited (see
Fig.5).

Therefore, the acceleration dynamics in the strongly
mismatched regime is dictated by the laser envelope dy-
namics (in line with expectations due to the strong radial
mismatch initial conditions) onset optical shock regime
of the laser. We present more detailed analysis of this in
the simulations section.

Figure 2: Laser energy evolution with propagation dis-
tance for di↵erent densities from 2D PIC simulations

1.2 Experimental considerations for a large focal-spot

From an experimental perspective, achieving a good
quality Gaussian focal spot (measured with M2-number)
is practically easier for a larger spot-size. In theory, even
though a matched spot-size may be ideal for generating
a stable plasma-wave with slowly evolving dimensions,
in practice focusing to the matched spot-size for densi-
ties in 1018 might lead to a non-uniform Gaussian spot
with multiple hot-spots. A radially non-uniform focal-
spot a↵ects the transverse characteristics of the plasma
wave, leading to non-optimal acceleration and focusing
field profiles. So, there is definitely an experimental jus-
tification to the observation of larger focal spots leading
to higher energies.

Note that, if the squeezing process can be confirmed
experimentally, this would be an optical plasma lens. Be-
cause, as we show below that the energy loss of the laser
during the compression phase is negligible. This is quite
similar but operates based on di↵erent physical mecha-
nisms than a beam plasma lens [11].

2 Analysis based upon PIC Simulations

In this section we present results from 2D Particle-In-
Cell (PIC) simulations carried out using epoch. We use
a moving simulation box which tracks the laser pulse
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why is there an optimum density range over which the model predicts

amplification due to self-focusing. The mean and peak
energies for the 5 mm nozzle and the mean beam energy
for the 10 mm nozzle above this threshold are predicted by
the nonlinear scaling model [8] for a0 ¼ 3:9, close to our
average vacuum laser strength. However, the maximum
Wmax is fitted by a higher a0 ’ 6:0. This indicates that for
ideal guiding, the wakefield amplitude is increased due to
the effects of pulse evolution and intensity amplification.

Intensity (a0) amplification should occur because of
pulse compression [19] and photon deceleration [20], as
well as self-focusing [9]. Evidence for this intensity am-
plification is seen by the multiple lower energy electron
bunches observed at long interaction lengths [e.g.,
Figs. 1(c) and 1(d)]. Monoenergetic beam production in a
self-injecting laser wakefield can be aided by the fact that
continuous injection is inhibited by a reduction of the
plasma wave amplitude by the space-charge field of elec-
trons that have already been injected. A bunch can thus be
localized in space and, consequently, as the electrons are
accelerated by almost the same fields, also in phase space.
Intensity amplification means that the plasma wave ampli-
tude also continues to rise, allowing further injection. The
bunches which are injected when the wakefield amplitude
has increased due to the intensity amplification experience
a larger wake amplitude and thus can be accelerated to
higher energies. Of course, for this to be possible, the laser
pulse must be self-guided over multiple zR.

Figure 3 depicts multiple views of the laser propagation
through the plasma. Interferometry [Fig. 3(a)] shows a
plasma channel whose size is increasing at an angle similar

to that of the F ¼ 20 focusing optic used. Figures 3(d) and
3(e) shows the beam profile after transmission through
10 mm of plasma at high intensity. The profiles show a
central bright spot comparable in size to the initial beam
focus [Fig. 3(b)], with an outer halo that is comparable to
the laser beam profile when the laser is propagated in
vacuum [Fig. 3(c)]. We believe the expanding plasma
cone is produced by the unguided halo, but there is a
central guided filament which propagates at sufficiently
high intensity to drive a large amplitude plasma wave.
Figures 3(d)–3(h) highlight that self-guiding becomes
less effective for decreasing laser powers. Measurements
of the transmitted energy with a calibrated diode show that
there is typically 30% energy transmission at the end of the
interaction, and that half of this transmitted energy is in the
central spot (of 2w0 ¼ 22 !m ’ "p). We calculate that
there is P ’ 5 TW within the guided central filament for
conditions shown in Fig. 3(f). This compares favorably
with the value of Pc for this threshold density.
For the 10 mm nozzle, particle in cell simulations were

performed with parameters matching experimental values
with OSIRIS [21]. Results are for a three-dimensional
simulation of a linearly polarized, diffraction limited laser
pulse with a0 ¼ 3:9 focused at the entrance of the plasma.
The longitudinal profile of the laser electric field is sym-
metric and given by 10#3 " 15#4 þ 6#5, with # ¼
ðt" t0Þ=#FWHM, and #FWHM ¼ 55 fs. The transverse pro-
file of the laser is Gaussian with 2wHWHM ¼ 22 !m. The
plasma density profile increases linearly from zero to ne ¼
5:7& 1018 cm"3 in the first 650 !m, is constant for
7317 !m, and falls linearly to zero in 1180 !m. In the
transverse direction, ne falls linearly from the center to
5:1& 1018 cm"3 at the edges of the box. The simulation

FIG. 3 (color online). (a) Typical interferogram obtained by
transverse probing. (b)–(h) background subtracted 2D images of
the laser mode for various conditions: (b) in vacuum at the
position of optimal focus z ¼ 0; (c) in vacuum at z ¼ 10 mm;
(d)–(h) at z ¼ 10 mm with plasma ne ¼ ð5:7' 0:2Þ &
1018 cm"3 and input laser powers of: (d) 180 TW, (e) 60 TW,
(f) 30 TW, (g) 20 TW, and (h) 7 TW.

3          4          5          6          7          8          9        10        11        12
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

electron density / 10 18 cm −3

el
ec

tr
on

 e
ne

rg
y 

/ G
eV

10 mm nozzle5 mm nozzle

a=3.9

a=6

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

plasma length / mm

pe
ak

 e
ne

rg
y 

/ G
eV

FIG. 2 (color online). Scaling of electron beam energy as a
function of plasma density. The maximum achievable peak
energy for the 5 mm ([red] squares) and 10 mm nozzle ([blue]
circles) and the average peak energy for the 10 mm nozzle
(dashed [blue] line) are plotted for ð10:0' 1:5Þ J on target.
The dotted [black] and solid [black] lines show the predictions
by the nonlinear scaling law [8] for a ’ 3:9 and a ’ 6:0. The rms
energy stability is 40% and 15% for the 10 mm nozzle at 5.7 and
6:3& 1018 cm"3 averaging over 14 and 7 shots, respectively.
(inset) Maximum observed electron energy as a function of
plasma length. Error bars are explained in the text.
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Chapter 7. MULTI-GEV SCALE ELECTRON ACCELERATION

7.4 Plasma density scans

7.4.1 High laser energy scans

The two crucial parameters determining the properties of an accelerated electron

beam in laser wakefield accelerators are the plasma density and length. Scans with

varying accelerator distance were presented in the preceding section, with ⇠ 125 TW

laser enabling acceleration up to nearly 2 GeV and monoenergetic electron beams ob-

served at lower plasma densities and higher laser energies. However, most of these scans

performed at fixed plasma density and it is important to optimise the plasma density

as well.

Plasma density was scanned under the optimum laser parameters, delivering a peak

energy of 11 J on target. This was the highest intensity achieved during the experi-

mental campaign, corresponding to a peak normalised vector potential of a0 = 1.8

and a laser power of P
L

' 240 TW. Plasma density was varied in the range of

1.6 ⇥ 1018 cm�3 < n
e

< 3.3 ⇥ 1018 cm�3. Raw electron spectrometer data taken at

di↵erent plasma densities is shown in Figure 7.16. Electron beam energy increases ver-

tically; the non-linear dispersion arising from the magnetic spectrometer again causes

bunching near the higher energies. The horizontal dimension is proportional to beam
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Figure 7.16: Raw electron spectrometer data for the high laser energy pressure scan with gas cell
length of 20 mm.
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2D PIC simulations

• laser pulse radial envelope
à oscillates around matched spot

• laser pulse temporal envelope 
à catastrophic events

• Bubble elongates more than 
à radial excursions

• Laser field à discrete surge events

• field surge à optical shock trigger

• optical shock state
à long pond. F >> radial pond. F

• optical shock state
à plasma field nearly TV/m
à high-quality beam injection



Optical shock excitation
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each laser field surge event à optical shock excitation

The highest energy bunches are injected around 24ps
when the bubble is rapidly elongating in response to
the largely dis-balanced and increasing longitudinal pon-
deromotive force due to excitation of an optical shock, a
condition represented in eq.6.
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At 21 ps, the laser energy and the peak laser field
are still high enough to cause the strongest dis-balance
between the radial and longitudinal forces of the laser
(see Fig.5) during its evolution.

2.1 Optical shock excitation

We analyze the triggering of an optical shock excitation
by the evolving dynamics of the laser envelope in the
strongly mismatched regime. In this regime, due to the
oscillations of the laser radial envelope each of the enve-
lope squeeze event towards the matched spot-size causes
a large surge in the laser electric field. We show that
each of the surge in the laser electric fields triggers an
optical shock excitation event.

The time evolution of the on-axis laser field from PIC
simulations is shown for one such event in Fig.4 which
corresponds to the formation of an optical shock at 21ps.
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Figure 4: On-axis line-out from 2D PIC simulations
showing the formation of the optical shock in the
strongly mismatched regime. The red curve is the laser
transverse electric field. The plasma longitudinal field
(blue curve) can be used to infer the bubble length, which
is seen undergoing an increase.

The third-order perturbative expansion based relation
for the laser pulse group velocity [13] in a quasi-static

Figure 5: Evolution of the peak ponderomotive force of
the laser. The blue curve shows the peak longitudinal
ponderomotive force along the axis of the laser and the
red curve shows the peak transverse ponderomotive force
where the laser field is maximum.

plasma wake with local plasma �n(⇠, r)/n0 and laser
a(⇠, r) parameters (where, ⇠ = c�

g0t � z is a co-moving
coordinate to the propagating laser) is in eq.7. We can
use this equation to treat spatially-localized laser-plasma
interaction at each instant of the simulation, because it
handles group velocity �

g

(⇠, r) at each point in space in
the co-moving coordinate.
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This relation in eq.7 can also be used to estimate a
locally zero group velocity condition shown in eq.8.
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Though the local envelope velocity being zero might be
a hypothetical condition because in this work the typical
n

c

/n0 ' 30, it does demonstrate that the group velocity
of a pulse in di↵erent parts of the wake can be signifi-
cantly di↵erent. It is quite evident that if �n(⇠, r) ! n

c

when ha?(⇠, r)i2 ! 0, then the local group velocity,
�

g

(⇠, r) ! 0. This implies that a part of the envelope
can be slowed down much more in comparison to the
rest of the pulse and thus a part of the envelope can be
lost leading to slicing of the laser into two distinct pulse
under the conditions above. It should also be noted that
the �

g

(⇠, r) ! 0 implies �
��las

(⇠, r) ! 1 which means
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localized laser velocities

ZERO local group velocity

The highest energy bunches are injected around 24ps
when the bubble is rapidly elongating in response to
the largely dis-balanced and increasing longitudinal pon-
deromotive force due to excitation of an optical shock, a
condition represented in eq.6.
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At 21 ps, the laser energy and the peak laser field
are still high enough to cause the strongest dis-balance
between the radial and longitudinal forces of the laser
(see Fig.5) during its evolution.

2.1 Optical shock excitation

We analyze the triggering of an optical shock excitation
by the evolving dynamics of the laser envelope in the
strongly mismatched regime. In this regime, due to the
oscillations of the laser radial envelope each of the enve-
lope squeeze event towards the matched spot-size causes
a large surge in the laser electric field. We show that
each of the surge in the laser electric fields triggers an
optical shock excitation event.

The time evolution of the on-axis laser field from PIC
simulations is shown for one such event in Fig.4 which
corresponds to the formation of an optical shock at 21ps.
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Figure 4: On-axis line-out from 2D PIC simulations
showing the formation of the optical shock in the
strongly mismatched regime. The red curve is the laser
transverse electric field. The plasma longitudinal field
(blue curve) can be used to infer the bubble length, which
is seen undergoing an increase.

The third-order perturbative expansion based relation
for the laser pulse group velocity [13] in a quasi-static

Figure 5: Evolution of the peak ponderomotive force of
the laser. The blue curve shows the peak longitudinal
ponderomotive force along the axis of the laser and the
red curve shows the peak transverse ponderomotive force
where the laser field is maximum.
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a(⇠, r) parameters (where, ⇠ = c�

g0t � z is a co-moving
coordinate to the propagating laser) is in eq.7. We can
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interaction at each instant of the simulation, because it
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locally zero group velocity condition shown in eq.8.

�

g

(⇠, r) = 0

1

2

✓
�n

n0
� ha?i2

◆
' n

c

n0

(8)

Though the local envelope velocity being zero might be
a hypothetical condition because in this work the typical
n

c

/n0 ' 30, it does demonstrate that the group velocity
of a pulse in di↵erent parts of the wake can be signifi-
cantly di↵erent. It is quite evident that if �n(⇠, r) ! n

c

when ha?(⇠, r)i2 ! 0, then the local group velocity,
�

g

(⇠, r) ! 0. This implies that a part of the envelope
can be slowed down much more in comparison to the
rest of the pulse and thus a part of the envelope can be
lost leading to slicing of the laser into two distinct pulse
under the conditions above. It should also be noted that
the �

g

(⇠, r) ! 0 implies �
��las

(⇠, r) ! 1 which means

5

Local group velocity difference

Slice-up the laser pulse



Dis-balanced Ponderomotive Forces
optical shock excitation à imbalanced pond. forces 

elongated bubble

The highest energy bunches are injected around 24ps
when the bubble is rapidly elongating in response to
the largely dis-balanced and increasing longitudinal pon-
deromotive force due to excitation of an optical shock, a
condition represented in eq.6.
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At 21 ps, the laser energy and the peak laser field
are still high enough to cause the strongest dis-balance
between the radial and longitudinal forces of the laser
(see Fig.5) during its evolution.

2.1 Optical shock excitation

We analyze the triggering of an optical shock excitation
by the evolving dynamics of the laser envelope in the
strongly mismatched regime. In this regime, due to the
oscillations of the laser radial envelope each of the enve-
lope squeeze event towards the matched spot-size causes
a large surge in the laser electric field. We show that
each of the surge in the laser electric fields triggers an
optical shock excitation event.

The time evolution of the on-axis laser field from PIC
simulations is shown for one such event in Fig.4 which
corresponds to the formation of an optical shock at 21ps.
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Figure 4: On-axis line-out from 2D PIC simulations
showing the formation of the optical shock in the
strongly mismatched regime. The red curve is the laser
transverse electric field. The plasma longitudinal field
(blue curve) can be used to infer the bubble length, which
is seen undergoing an increase.
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for the laser pulse group velocity [13] in a quasi-static

Figure 5: Evolution of the peak ponderomotive force of
the laser. The blue curve shows the peak longitudinal
ponderomotive force along the axis of the laser and the
red curve shows the peak transverse ponderomotive force
where the laser field is maximum.
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Wavelength and a0



electron beam properties 



high-energy bunch quality

bunch transverse properties at ~ 2GeV 
à due to elongating bubble injection

à rms transverse-size ~ 150 nm

à rms angular-size ~ 100 μrad

à geometric emittance ~ 10-5 mm-mrad

à norm. emittance ~ 0.1 mm-mrad

à beam exiting the plasma undergoes
emittance reduction in exit ramp



Summary
• matched spot-size – NOT easy to experimentally achieve Gaussian spot

• plasma-wave transverse profile distorted – due to laser hot-spots or non-
uniformities – not good for sustained acceleration

• strongly mismatched regime – possible to achieve high-energy multi-GeV 
beams – here peak-energy > 2GeV

• Optical shock excitation – slicing up of the laser pulse due to its envelope 
dynamics

• elongated bubble – driven by optical shock state – high peak electric field 
and longer de-phasing lengths

• Injection scheme based on elongating bubble – high-quality bunch 
emittance < 0.1 mm-mrad

• mismatched regime – more injection events – higher total efficiency –
laser to energetic particles 


