
Virtual Knot Invariants and
Virtual Knot Cobordism

Louis H. Kauffman, UIC



  

Figure 1 - A knot diagram.
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Figure 2 - The Reidemeister Moves.

That is, two knots are regarded as equivalent if one embedding can be ob-
tained from the other through a continuous family of embeddings of circles
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Reidemeister Moves 
reformulate knot theory in 

terms of graph 
combinatorics.



Figure 4: Surfaces and Virtuals

We have the

Theorem 1 [17, 24, 19, 3]. Two virtual link diagrams are isotopic if and only if their

corresponding surface embeddings are stably equivalent.

In Figure 4 we illustrate some points about this association of virtual diagrams and knot

and link diagrams on surfaces. Note the projection of the knot diagram on the torus to

a diagram in the plane (in the center of the figure) has a virtual crossing in the planar

diagram where two arcs that do not form a crossing in the thickened surface project to

the same point in the plane. In this way, virtual crossings can be regarded as artifacts of

projection. The same figure shows a virtual diagram on the left and an “abstract knot

diagram” [38, 3] on the right. The abstract knot diagram is a realization of the knot

on the left in a thickened surface with boundary and it is obtained by making a neigh-

borhood of the virtual diagram that resolves the virtual crossing into arcs that travel

on separate bands. The virtual crossing appears as an artifact of the projection of this

surface to the plane. The reader will find more information about this correspondence

[17, 24] in other papers by the author and in the literature of virtual knot theory.

4 Flat Virtual Knots and Links

Every classical knot or link diagram can be regarded as a 4-regular plane graph with ex-
tra structure at the nodes. This extra structure is usually indicated by the over and under

crossing conventions that give instructions for constructing an embedding of the link in

three dimensional space from the diagram. If we take the flat diagramwithout this extra

structure then the diagram is the shadow of some link in three dimensional space, but

the weaving of that link is not specified. It is well known that if one is allowed to apply

the Reidemeister moves to such a shadow (without regard to the types of crossing since

they are not specified) then the shadow can be reduced to a disjoint union of circles.
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Virtual Knot Theory
 studies stabilized knots in thickened surfaces.





v = # classical crossings

L = # loops on boundary

g = genus of surface obtained by 
attaching disks to the loops.

This surface is the least genus surface 
associated with the diagram, but not 

always with the virtual knot.

g = 1 + (v - L)/2

v = 2
L = 2
g = 1

FACT: g is invariant
under Reidemeister

I and III moves.

Euler 

v-e+L = 2-2g
4v=2e

g = 1+(v L)/2.
Hence





to the handling of classical knot diagrams. Many structures in classical knot theory

generalize to the virtual domain.

In the diagrammatic theory of virtual knots one adds a virtual crossing (see Figure

1) that is neither an over-crossing nor an under-crossing. A virtual crossing is repre-

sented by two crossing segments with a small circle placed around the crossing point.

Moves on virtual diagrams generalize the Reidemeister moves for classical knot

and link diagrams. See Figure 1. One can summarize the moves on virtual diagrams by

saying that the classical crossings interact with one another according to the usual Rei-

demeister moves while virtual crossings are artifacts of the attempt to draw the virtual

structure in the plane. A segment of diagram consisting of a sequence of consecutive

virtual crossings can be excised and a new connection made between the resulting free

ends. If the new connecting segment intersects the remaining diagram (transversally)

then each new intersection is taken to be virtual. Such an excision and reconnection

is called a detour move. Adding the global detour move to the Reidemeister moves

completes the description of moves on virtual diagrams. In Figure 1 we illustrate a set

of local moves involving virtual crossings. The global detour move is a consequence

of moves (B) and (C) in Figure 1. The detour move is illustrated in Figure 2. Virtual

knot and link diagrams that can be connected by a finite sequence of these moves are

said to be equivalent or virtually isotopic.
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Figure 1: Moves

Another way to understand virtual diagrams is to regard them as representatives

for oriented Gauss codes [8], [17, 18] (Gauss diagrams). Such codes do not always

have planar realizations. An attempt to embed such a code in the plane leads to the

production of the virtual crossings. The detour move makes the particular choice of
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Generalized Reidemeister Moves for 
Virtual Knots and Links



Detour Move
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Figure 1. Moves

Figure 2. Detour Move
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Figure 3. Forbidden Moves



VKT 
= Virtual Knot Theory

= Virtual Diagrams up to Virtual Equivalence
= Oriented Gauss Codes up to Reidemeister Moves

= Links in Thickened Surfaces up to 1-handle stabilization



Kuperberg showed that 1-handle surgery gives unique knot 
type in the minimal genus surface.

From Kuperberg it follows that one only need descend
by surgery from any given surface to reach 

the minimal surface.

min min’

~

min min’

min = min’
(by common

descent)



Combinatorial Descent to Minimal Surface

1. Given a virtual diagram, form the
standard band surface.

2. Add 2-cells to the boundary.

3. Allow Reidemeister moves on the diagram
in the surface constructed in 2.

4.Cut out a band surface neighborhood 
of the link diagram in the surface.

5. Go to 2.





[16], and Bar-Natan’s emphasis on tangle cobordisms [2]. We use similar considera-

tions in our paper [10].

Two key motivating ideas are involved in finding the Khovanov invariant. First

of all, one would like to categorify a link polynomial such as 〈K〉. There are many
meanings to the term categorify, but here the quest is to find a way to express the link

polynomial as a graded Euler characteristic 〈K〉 = χq〈H(K)〉 for some homology
theory associated with 〈K〉.

The bracket polynomial [7] model for the Jones polynomial [4, 5, 6, 17] is usually

described by the expansion

〈 〉 = A〈 〉 + A−1〈 〉 (4)

and we have

〈K ©〉 = (−A2 − A−2)〈K〉 (5)

〈 〉 = (−A3)〈 〉 (6)

〈 〉 = (−A−3)〈 〉 (7)

Letting c(K) denote the number of crossings in the diagramK, if we replace 〈K〉
by A−c(K)〈K〉, and then replace A by −q−1, the bracket will be rewritten in the fol-
lowing form:

〈 〉 = 〈 〉 − q〈 〉 (8)

with 〈©〉 = (q+q−1). It is useful to use this form of the bracket state sum for the sake
of the grading in the Khovanov homology (to be described below). We shall continue

to refer to the smoothings labeled q (or A−1 in the original bracket formulation) as

B-smoothings. We should further note that we use the well-known convention of en-
hanced states where an enhanced state has a label of 1 or X on each of its component

loops. We then regard the value of the loop q + q−1 as the sum of the value of a circle

labeled with a 1 (the value is q) added to the value of a circle labeled with an X (the

value is q−1).We could have chosen the more neutral labels of +1 and −1 so that

q+1 ⇐⇒ +1 ⇐⇒ 1

and

q−1 ⇐⇒ −1 ⇐⇒ X,

but, since an algebra involving 1 and X naturally appears later, we take this form of

labeling from the beginning.
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Bracket polynomial model 
for the Jones polynomial 

extends to virtuals by counting all 
loops the same way.



Conjecture: (Modification of a conjecture of
Jozef Przytycki) If K in a surface S is in 

minimal genus, then this fact is detected by 
the surface bracket polynomial.



Bracket Polynomial is Unchanged 
when smoothing flanking virtuals.
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<Virt(K)> = <Switch(K)>
and

IQ(Virt(K)) = IQ(K).

There exist infinitely many non-trivial 
Virt(K) with unit Jones polynomial.

K’ = Virt(K)

K



There exist infinitely many non-trivial K 
with unit Jones polynomial.

Bracket Polynomial is Unchanged 
when smoothing flanking virtuals.

Z-Equivalence



Conjecture: 
If K is a classical knot (known to be 

knotted)  and Virt(K) is a virtual knot 
obtained from K by virtualizing a set of 

crossings that unknot K, then the minimal 
surface genus of Virt(K) is > 0.



Approachable Conjecture:
A virtualization (corresponding to 
an unknotting choice) of a reduced 

alternating diagram has minimal 
surface genus  > 0.



Classical knot theory embeds in virtual knot theory.

Open Question: 
Does classical knot theory embed in virtual knot theory 

modulo Z-equivalence?

Open Question:
Are all the virtual knots with unit Jones 
polynomial made by the virtualization 

process non-classical?

Z-Knot Theory



The Odd WritheParity



Parity
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The Parity Bracket provides the simplest proof that 
the Kishino diagram is non-trivial.

Manturov Parity Bracket
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All classical nodes are odd.
Graph is irreducible.
One parity bracket state.
Genus g = 2.

Determining Genus for Odd Knots



The Knot S3 (found with Slavik Jablan) has unit Jones 
polynomial. It is not Z-equivalent to a classical knot.

Proof via 
Parity 

Bracket.

e
o o

o o

The standard surface 
construct has 

g = 2.



The Parity bracket of S3 has only two terms and
includes the graph G. The virtual graph G cannot be reduced 

by Reidemeister Two moves on its nodes.

This state graph G
has g = 2 and does not reduce under 

graphical Z move.

Conclusion: The knot S3 has surface genus g = 2. 



ARROW POLYNOMIAL

The arrow polynomial is a 
generalization of the Jones polynomial
(bracket polynomial) that takes into

account the state structure of oriented diagrams.

2 -2
d = - A    - A

K =     Kd

= A              + A      
-1

= A               + A      
-1

Figure 1: Oriented Bracket Expansion.

is an invariant of virtual isotopy. Here wr(K) denotes the writhe of the diagram
K; this is the sum of the signs of all the classical crossings in the diagram. If we

set A= 1 and d = −A2−A−2 = −2, then the resulting specialization

F [K] = 〈K〉A(A= 1)

is an invariant of flat virtual knots and links.

Example. Figure 4 illustrates the Kishino diagram. With d = −A2−A−2

〈K〉A = 1+A4+A−4−d2K21 +2K2.

Thus the simple extended bracket shows that the Kishino is non-trivial and non-

classical. In fact, note that

F [K] = 3+2K2−4K
2
1 .

Thus the invariant F [K] of flat virtual diagrams proves that the flat Kishino diagram
is non-trivial. This example shows the power of the arrow polynomial. See [Kau09,

DK09] for the details of this calculation.

3 Khovanov homology for virtual knots

In this section, we describe Khovanov homology for virtual knots along the lines

of [Kho97, BN02, Man07b].

The bracket polynomial [Kau87] is usually described by the expansion

〈 〉 = A〈 〉+A−1〈 〉 (2)

Letting c(K) denote the number of crossings in the diagram K, if we replace 〈K〉
by A−c(K)〈K〉, and then replace A2 by −q−1, the bracket will be rewritten in the
following form:

〈 〉 = 〈 〉−q〈 〉 (3)
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Non trivial reduced loops 
do not occur

for classical knots.

Sufficient for 
invariance under

Reidemeister moves.

K1

K2



Zig-zags survive in higher genus.



Affine Index Polynomial

AN AFFINE INDEX POLYNOMIAL INVARIANT OF VIRTUAL
KNOTS

LOUIS H. KAUFFMAN

Abstract. This paper describes a polynomial invariant of virtual knots that is defined
in terms of an integer labeling of the virtual knot diagram. This labeling is seen to derive
from an essentially unique structure of affine flat biquandle for flat virtual diagrams. The
invariant is discussed in detail with many examples,including its relation to previous
invariants of this type and we show how to construct Vassiliev invariants from the same
data.

1. Introduction

This paper generalizes invariants of virtual knots defined by Z. Cheng [2] and by A.
Henrich [11] to a new polynomial invariant of virtual knots and links. The invariant
discussed herein is also related to the generalized parity invariants of H. Dye [5]. In all
these cases, an invariant is constructed in terms of weights, WK(c), associated to the
crossings c of an oriented virtual knot K and the invariants take the form of a polynomial
defined by the equation

PK(t) =
∑

c

sgn(c)(tWK(c) − 1)

where sgn(c) denotes the sign of the crossing c in the oriented knot K. The weights for
the authors mentioned above are derived from the combinatorics of chord intersections
in Gauss diagrams for the knots. In Cheng’s case the polynomial utilizes parity and the
weights are restricted to odd crossings (crossings corresonding to chords that intersect an
odd number of other chords in the Gauss diagram). In Henrich’s case the weights utilized
are absolute values of the Cheng weights. The invariants in this paper are quite distinct
from the index polynomial invariants discussed in [15, 13, 14], while these invariants follow
a similar pattern in the form of the polynomial. We call the polynomial invariant given
in this paper the Affine Index Polynomial because in our approach the polynomial is a
way of assembling a set of crossing weights that are derived from a very simple affine
biquandle structure on the underlying flat diagram. This affine structure is explained in
detail in the body of the paper.

In this paper, we give a definition of weights WK(c) that exhibits them as differences
related to an integer labeling of a flat virtual diagram associated with the knot diagram.
This makes the system of weights very easy to compute and one can then develop the in-
variant on this basis. We call the resulting polynomial the Affine Index Polynomial PK(t)

2000 Mathematics Subject Classification. 57M27 .
Key words and phrases. virtual knot, virtual link, writhe, Vassiliev invariant, quandle.
The author was partially supported by UIC.

1

AN AFFINE INDEX POLYNOMIAL INVARIANT OF VIRTUAL KNOTS 5

a b

d=a-1c= b+1

W    = a - c
W    = b - d 

+
-

a b

ab

No change at a 
virtual crossing.

A

B

C

A

B

C

0

-1

0

0
1

1

2 2

1

1

0

A

B

C

W W+ - sgn(A) = sgn(B) = +1
sgn(C) = -1
wr(K) = 1

P   (t) =  t   + t    - 2

-2   +2

+2   -2

0     0
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Figure 4. Labeled Flat Crossing and Example 1

c d

sgn(c) = +1 sgn(d) = -1

Figure 5. Crossing Signs

Definition. Given a crossing c in a diagram K, we let sgn(c) denote the sign of the
crossing. The sign of the crossing is plus or minus one according to the convention shown
in Figure 5. The writhe, wr(K), of the diagram K is the sum of the signs of all its
crossings. For a virtual link diagram, labeled in the integers according to the scheme
above, and a crossing c in the diagram, define WK(c) by the equation

WK(c) = Wsgn(c)(c)

where Wsgn(c)(c) refers to the underlying flat diagram for K. Thus WK(c) is W±(c)
according as the sign of the crossing is plus or minus. We shall often indicate the weight
of a crossing c in a knot diagram K by W (c) rather than WK(c).



a



Virt(K)

P          = 0.Virt(K)

This one is not detected
by the Affine Index Poly.







Figure 9: Virtual Slice Knot

Figure 10: A Virtual Slice Knot
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The virtual stevedore’s knot 
VS is slice.



VS I E

<VS> = <I> = <E> = A     - A     + 1  - A     + A
-8 -4 4 8

The knot VS has bracket polynomial equal to the
bracket polynomial of the classical figure eight 
knot diagram E. This implies that VS is not a
connected sum.

Figure 12: Bracket Polynomial of the Virtual Stevedore Knot

VS

VS on a torus.

Figure 13: Virtual Stevedore Knot on a Torus
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Virtual Stevedore
is not

classical.

Definition of Virtual Ribbon:

A knot is said to 
be virtually ribbon 
if it can be sliced 
using only saddles 

and deaths of 
trivial circles. No 
births allowed.

(There may be a way 
to define 

this concept that is 
closer to 

‘ribbon singularities’ 
as in classical knots)

AAAA AAAB AABA AABB

ABAA ABAB ABBA
ABBB

BAAA
BAAB BABA BABB

BBAA
BBAB BBBA BBBB

Figure 14: Torus States for Virtual Stevedore Knot
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a b

c

d

b

c

d

a

Figure 11: Labeled Virtual Stevedore’s Knot

d−1ad = b, dbd−1 = c, b−1cb = d, bdb−1 = a

Whence, a = c. Thus

π(V S) = (a, d|d−1ad = b, b−1ab = d)

= (a, b|aba−1 = bab1).

Since in the original presentation, a = c, we see that this is the group of the corresponding virtual

2 − sphere in four-space.
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Equivalence of Virtual Surfaces via the Yoshikawa Moves

INVARIANTS OF SURFACES IN 4-SPACE 239

Such a representation L̃ is called a hyperbolic splitting of L [19]. Suppose that a
surface link L in R4 is described by a hyperbolic splitting L̃. Then the intersection
L̃ ∩ R3

0 of such a surface L̃ with the 0-level cross section R3
0 is a 4-valent spatial

graph in the 3-space R3
0. Imposing an extra structure, “marker”, for each vertex,

that is, for each saddle point, we indicate how the saddle points open up above, as
shown in Figure 1.

Figure 1. Marking of a vertex

As usual we describe such a marked 4-valent spatial graph in R3
0
∼= R3 by its

regular projection on the plane R2 with over and under crossings indicated in the
standard way and with marked vertices, called a ch-diagram of the surface link L.
In what follows we denote the set of all classical crossings and marked vertices in
a ch-diagram D by C(D) and V (D), respectively, and the number of all classical
crossings and vertices of D are denoted by |C(D)| and |V (D)|, respectively.

Let D be a 4-valent spatial graph diagram in R2 with marked vertices. Define
L+(D) and L−(D) to be the classical link diagrams obtained from D by replacing
each marked vertex, as illustrated in Figure 2.

Figure 2

If L+(D) and L−(D) are diagrams which both represent trivial links, then we
can define a surface link in R4 associated with D.

Theorem 2.1 ([14, 27]). Any surface link in R4 is represented by some ch-diagram.

On the other hand, let L be a surface link in R4. Given a ch-diagram D of L with
V (D) = {v1, v2, . . . , vs}, define a properly imbedded surface FD in R3×[−1, 1] ⊂ R4
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by

(R3
t , FD ∩ R3

t ) =






(R3, L+(D)), for 0 < t ≤ 1;
(R3, L−(D) ∪ {b1, . . . , bs}), for t = 0;
(R3, L−(D)), for −1 ≤ t < 0,

where bi (i = 1, . . . , s) is a band attached to L−(D) as shown in Figure 2. Note that
the links L+(D) and L−(D) are trivial links in R3, and thus we obtain a knotted
surface FD from FD by adding a set of 2-disks bounded by L+(D) in R3

1 and a set
of 2-disks bounded by L−(D) in R3

−1. Then the surface link FD in R4 is equivalent
to the surface L [8, 14]. Therefore, any surface link L in R4 can be represented by a
ch-diagram D and L can be completely reconstructed from its ch-diagram D up to
equivalence. Equivalent surface links in R4 may be represented by many different
ch-diagrams.

Figure 3. Moves of Type I

Definition 2.2. Two ch-diagrams D and D′ are said to be stably equivalent if they
can be transformed into each other by a finite sequence of moves Ωi (i = 1, 2, . . . , 8)
and Ω∗

6 as shown in Figures 3 and 4, and their mirror image moves.
Two surface links L and L′ in R4 are said to be stably equivalent if their ch-

diagrams are all stably equivalent.

The moves Ω1, Ω2, . . . , Ω8 are local changes in a diagram, which were first in-
troduced by Yoshikawa [27] in 1994. Note that the moves Ω1, Ω2 and Ω3 are just
Reidemeister moves for classical knots and link diagrams and Ω∗

6 is a mirror move
of Ω6 with respect to the time direction, not in 3-space. It is known that all
these moves and their mirror moves can be realized by ambient isotopies of R4

[14, 22, 26]. This implies that if two ch-diagrams are stably equivalent, then they
represent equivalent surface links in R4.

Conjecture 2.3 (K. Yoshikawa, [27]). Two surface links L and L′ in R4 are equiv-
alent if and only if they are stably equivalent, that is, their ch-diagrams are stably
equivalent.
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Figure 4. Moves of Type II

Remark 2.4. (1) In 2001, F. J. Swenton in his paper [26] claimed to have proved
that Conjecture 2.3 above is true. In a private communication, S. Kamada told me
that Swenton’s paper has a gap and he has recovered it recently [12]. Consequently,
any two ch-diagrams representing the same surface link are stably equivalent.

(2) In [27], Yoshikawa introduced the ch-index, denoted by ch(L), of a surface link
L, which is defined to be the minimum number ch(L) = minD∈D(|V (D)|+ |C(D)|),
where D denotes the set of all ch-diagrams representing L. Note that ch(L) is an
ambient isotopy invariant of L. Using this terminology, he made a table of 23 surface
links in R4, denoted by Ng1,g2,...,gn

k , whose ch-indices are less than or equal to ten
(see [27, Table I] or [15, Table F.7]), where Ng1,g2,...,gn

k means the k-th surface with
ch-index N and n components whose genera are g1, g2, . . . , gn. If gi < 0, then it
means non-orientable genus. For a 2-knot, N0

k is abbreviated by Nk.

3. A polynomial for a marked 4-valent spatial graph diagram

Let R be a commutative ring with the additive identity 0 and the multiplicative
identity 1 and let R̂ = R[A1, . . . , Am], m ≥ 0, denote the ring of polynomials
in the commuting variables A1, . . . , Am with coefficients in R. If m = 0, then
R̂ = R. Let [ ] be a regular or an ambient isotopy invariant of classical knots and
links in 3-space with the values in R̂ and the following properties: for an element
δ = δ(A1, . . . , Am) ∈ R̂ and an invertible element α = α(A1, . . . , Am) ∈ R̂,

(3.1) [ ] = α[ ], [ ] = α−1[ ], [K©] = δ[K],

where K© denotes any addition of a disjoint circle © to a classical knot or link
diagram K. Notice that [ ] is an ambient isotopy invariant of classical knots and
links if and only if α = 1.

Plus Detour Moves for
virtual crossings.

And Virtual Moves -- Next Slide



 1. Reidemeister Moves and Virtual Moves (Detour).
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Figure 18: Middle Level Moves
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FundGrp(S) = FundGrp(VS)

S

S'

FundGrp(S') = Z.

Figure 20: Two Two-Spheres

The generalized Yoshikawa moves present a useful first formulation for a theory of virtual surfaces.

One of the advantages of this approach is that we can adapt the generalization of the bracket polyomial

of Sang Youl Lee [62] to obtain a bracket invariant for virtual two-spheres. This will be an important

subject of investigation for this proposal. We want to know how this diagrammatic formulation is related

to immersions of surfaces in four space that could represent virtual two-knots. In this case the levels

(movie of a cobordism) description that we have adopted gives such an immersion, and one can begin the

investigation at that point. For these reasons, we believe that this formulation of virtual cobordism and

virtual surfaces will be very fruitful and lead to many new results.

8 Virtual Khovanov Homology

Khovanov homology [33, 1, 2, 16, 18, 66] for classical knots works, with mod-2 coefficients, for virtual
knots. It has been generalized by Manturov [23, 32, 49] for a homology therory with integer coeffi-

cients. We [61] have a new formulation of Manturov’s construction that simplifies some of the choices in

constructing the chain complex. We hope to see new results from this technology. In particular we are

examining the structure of the Rasmussen invariant [24] with an eye to generalizing it in this framework.

Using the notions of cobordism given here, we can define the virtual four genus of a virtual knot as the

least cobordism genus that it can attain. Thus slice knots have genus zero and others will have higher

genus in this sense. The Rasmussen invariant gives a lower bound on the 4-ball genus of classical knots.

We are investigating the possibility for a similar lower bound for the virtual four genus.

9 Band-Passing and Other Problems

The Arf invariant of a classical knot can be interpreted as the pass-class of the knot, where two knots are

pass equivalent [6] if one can be obtained from the other by ambient isotopy combined with switching

pairs of oppositely oriented pairs of parallel strands. The pass-class is a concordance invariant of classical

knots and closely related to the Alexander polynomial. We would like to determine the pass-classes of
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Advantage of using Yoshikawa moves is 
computability and formulation of invariants.

Fundamental group or quandle via movies is an invariant.

Bracket generalizations of S.Y. Lee will generalize to virtual 
surfaces.

Does the Yoshikawa move definition for virtual surfaces
correspond to Jonathan Schneider and 

Yasushi Takeda definitions via generalizations of 
Roseman moves?

There is more to come.


