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Abstract

This paper is an introduction to virtual knot theory and ampesition of new ideas and construc-
tions, including the parity bracket polynomial, the arroalynomial, the parity arrow polynomial
and categorifications of the arrow polynomial.

1 Introduction

Virtual knot theory is an extension of classical knot thetwrystabilized embeddings of circles
into thickened orientable surfaces of genus possibly graatn zero. Classical knot theory is
the case of genus zero. There is a diagrammatic theory fdyisiw virtual knots and links, and

this diagrammatic theory lends itself to the constructibmamerous new invariants of virtual

knots as well as extensions of known invariants.

This paper gives an introduction to virtual knot theory ardkffines a new invariant of virtual
links and flat virtual links that we call therrow polynomial[4l, [32].

One of the applications of this new invariant is to the cate@d flat virtual knots and links.

In Section 5 we review the definitions of flat virtuals and wewver thatisotopy classes of long
flat virtual knots embed in the isotopy classes of all longual knotsvia the ascending map
A: LVF — LVK. See Section 5 for this result. This embedding of the longvilatial
knots means that there are many invariants of them obtaigeappling any invariantnv of
virtual knots via the composition with the ascending maf his situation is in direct contrast to
closed long virtual flats, where it is not so easy to defineriavais. The arrow polynonmial is an
invariant of both long virtual flats and closed virtual flats.
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This paper is relatively self-contained, with Section 2ieawng the definitions of virtual
knots and links, Section 3 reviewing the surface interpi@ta of virtuals and Section 4 reviewing
the definitions and properties of flat virtuals.

Section 5 proves that long flat virtual knots (virtual stsng Turaev’s terminology) embed
into long virtual knots. This result is a very strong tool ébscriminating long virtual knots from
one another. We give examples and computations using tthsitgue by applying invariants of
virtual knots to corresponding ascending diagram imagésatfirtual knots. A long virtual can
be closed just as a long knot can be closed. It is a remarkabpeefy of long virtuals (both flat
and not flat) that there are non-trivial long examples whdssuces are trivial. Thus one would
like to understand the kernel of the closure mapping frong leintuals to virtuals both in the
flat and non-flat categories. It is hoped that the invariarsisugsed in this paper will further this
guestion. We also introduce in Section 5 the notion of thé@yévdd or even) of a crossing in a
virtual knot and recall thedd writheof a virtual knot — an invariant that is a kind of self-linking
number for virtual knots.

Section 6 is a review of the bracket polynomial and the Jongpmial for virtual knots and
links. We recall the virtualization construction that pueés infinitely many non-trivial virtual
knots with unit Jones polynomial. These examples are ofestesince there are no known
examples of classical non-trivial knots with unit Jonesypoimial. One may conjecture that all
non-trivial examples produced by virtualization are ndassical. It may be that the virtualization
of some non-trivial classical knot is isotopic to a claskkrent, but we have no evidence that this
can happen. The arrow polynomial invariant developed is plaiper may help in deciding this
question of non-classicality.

Section 7 introduces the Parity Bracket, a modification &f bihacket polynomial due to
Vassily Manturov that takes into account the parity of ciogs in a knot diagram. The Parity
Bracket takes values in sums of certain reduced graphs wltmpmial coefficients. We show
the power of this invariant by given an example of a virtuabkwith unit Jones polynomial that
is not obtained from a classical knot by the virtualizati@mstruction of the previous section.
This is the first time such an example has been pinpointed andoanot know any method to
detect such examples at this time other than the Parity Btaxfk/assily Manturov.

In Section 8 we give the definition of the arrow polynomi#lK’| and a number of examples
of its calculation. These examples include a verificatiothefnon-classicality of the simplest ex-
ample of virtualization, a verification that the Kishino giam [36] and the flat Kishino diagram
are non-trivial. The arrow polynomial is an invariant of ftédgrams by taking the specialization
of its parameters so that = 1 andd = —2. We give an example showing that the arrow poly-
nomial can detect a long virtual knot whose closure is trivldis is a capability that is beyond
the reach of the Jones polynomial. As the reader will see fimrdefinitions in section 8, the
arrow polynomial is a direct generalization of the brackedel of Jones polynomial, using the
oriented structure of the link diagrams. Section 8 ends wihort discussion of how to create a
parity version of the arrow polynomial. This study will bééa up in a separate paper.
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The arrow polynomial has infinitely many variables and ietegoefficients. It has been
discovered independently by Miyazawa, via a different diedin in [45,/48]. Miyazawa does not
consider the applications of this polynomial to flat virtikabts. In [32] we use the interaction
of the arrow polynomial with the extended bracket polyndrtwaobtain results on the genus
of virtual knots. In this paper we go beyond our previous workthe arrow polynomial by
extending it to long virtual knots and to examples involvaagegorification and parity.

In Section 9 we give a quick review of Khovanov homology, am&ection 10 we describe
the work of Heather Dye, the Author and Vassily Manturov itegarifying the arrow polyomial.
We include an example (one of many found by Aaron Kaestneg) jgdir of virtual knots that
are not distinguished by the Jones polynomial, the brac&itpmial, the arrow polynomial
or by Khovanov homology, while the pair is distinguished lhy oategorification of the arrow
polynomial. We also show that this pair is distinguishedtiey Parity Bracket.

Section 10 ends the paper with a discussion about futhestdire in virtual knot theory.

2 Virtual Knot Theory

Knot theory studies the embeddings of curves in three-dsmoeal space. Virtual knot theory

studies the embeddings of curves in thickened surfacesifany genus, up to the addition and
removal of empty handles from the surface. Virtual knotstegpecial diagrammatic theory, de-
scribed below, that makes handling them very similar to gnedfing of classical knot diagrams.

Many structures in classical knot theory generalize to thte@al domain.

In the diagrammatic theory of virtual knots one addsrtual crossing(see Figure 1) that is
neither an over-crossing nor an under-crossing. A virtuzdsing is represented by two crossing
segments with a small circle placed around the crossing.poin

Moves on virtual diagrams generalize the Reidemeister sifweclassical knot and link di-
agrams. See Figure 1. One can summarize the moves on viragahths by saying that the
classical crossings interact with one another accordintpeausual Reidemeister moves while
virtual crossings are artifacts of the attempt to draw théusi structure in the plane. A seg-
ment of diagram consisting of a sequence of consecutivealidrossings can be excised and a
new connection made between the resulting free ends. Iféheconnecting segment intersects
the remaining diagram (transversally) then each new iat#ian is taken to be virtual. Such an
excision and reconnection is calledletour move Adding the global detour move to the Reide-
meister moves completes the description of moves on vidiagrams. In Figure 1 we illustrate
a set of local moves involving virtual crossings. The glotbetour move is a consequence of
moves (B) and (C) in Figure 1. The detour move is illustrate8ligure 2. Virtual knot and link
diagrams that can be connected by a finite sequence of thesesrace said to bequivalentor
virtually isotopic
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Figure 2:Detour Move

Another way to understand virtual diagrams is to regard themepresentatives for oriented
Gauss codes$ [8], [24, 25] (Gauss diagrams). Such codes dowegs have planar realizations.
An attempt to embed such a code in the plane leads to the grodwf the virtual crossings.
The detour move makes the particular choice of virtual engssirrelevantVirtual isotopy is the
same as the equivalence relation generated on the colleofioriented Gauss codes by abstract
Reidemeister moves on these codes.

Figure 3 illustrates the twdorbidden moves Neither of these follows from Reidmeister
moves plus detour move, and indeed it is not hard to constsashples of virtual knots that are
non-trivial, but will become unknotted on the applicatidrooe or both of the forbidden moves.
The forbidden moves change the structure of the Gauss catjéf @esired, must be considered
separately from the virtual knot theory proper.
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Figure 4:Surfaces and Virtuals

3 Interpretation of Virtuals Links as Stable Classes of Links
in Thickened Surfaces

There is a useful topological interpretation|[24], 26] fasthirtual theory in terms of embeddings
of links in thickened surfaces. Regard each virtual cragsama shorthand for a detour of one of
the arcs in the crossing through a 1-handle that has beaerhattdo the 2-sphere of the original
diagram. By interpreting each virtual crossing in this wag,obtain an embedding of a collection
of circles into a thickened surfacg x R whereg is the number of virtual crossings in the original
diagramL, S, is a compact oriented surface of geruand R denotes the real line. We say that
two such surface embeddings atably equivalenif one can be obtained from another by isotopy
in the thickened surfaces, homeomorphisms of the surfacgéghee addition or subtraction of
empty handles (i.e. the knot does not go through the handle).

We have the

Theorem 1 [24]3126,13]Two virtual link diagrams are isotopic if and only if their cespond-
ing surface embeddings are stably equivalent.

In Figure 4 we illustrate some points about this associadfonrtual diagrams and knot and link

diagrams on surfaces. Note the projection of the knot dragya the torus to a diagram in the
plane (in the center of the figure) has a virtual crossing englanar diagram where two arcs
that do not form a crossing in the thickened surface progthé same point in the plane. In
this way, virtual crossings can be regarded as artifactg@egption. The same figure shows a
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Figure 5:Surfaces and Virtual States

virtual diagram on the left and an “abstract knot diagran®,[&] on the right. The abstract knot
diagram is a realization of the knot on the left in a thickeseadace with boundary and it is
obtained by making a neighborhood of the virtual diagran thsolves the virtual crossing into
arcs that travel on separate bands. The virtual crossingaap@s an artifact of the projection
of this surface to the plane. The reader will find more infaioraabout this correspondence
[24,[31] in other papers by the author and in the literaturérd@ial knot theory.

4 Flat Virtual Knots and Links

Every classical knot or link diagram can be regarded &segular plane graph with extra struc-
ture at the nodes. This extra structure is usually indichyetthe over and under crossing conven-
tions that give instructions for constructing an embeddihthe link in three dimensional space
from the diagram. If we take the flat diagram without this axdtructure then the diagram is the
shadow of some link in three dimensional space, but the wgan that link is not specified. It
is well known that if one is allowed to apply the Reidemeist@ves to such a shadow (without
regard to the types of crossing since they are not specitiea)the shadow can be reduced to a
disjoint union of circles. This reduction is no longer true ¥irtual links. More precisely, let a
flat virtual diagrambe a diagram witlvirtual crossingsas we have described them dtat cross-
ingsconsisting in undecorated nodes of theegular plane graph. Two flat virtual diagrams are
equivalentf there is a sequence of generalized flat Reidemeister m@agafiustrated in Figure
1) taking one to the other. A generalized flat Reidemeisteren®any move as shown in Figure
1 where one ignores the over or under crossing structuree that in studying flat virtuals the
rules for changing virtual crossings among themselves a@dtles for changing flat crossings
among themselves are identical. Detour moves as in Figuaad @vailable for virtual crossings
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with respect to flat crossings amdtthe other way around. The analogs of the forbidden moves
of Figure 3 remain forbidden when the classical crossingseplaced by flat crossings.

The theory of flat virtual knots and links is identical to theory of all oriented Gauss codes
(without over or under information) modulo the flat Reidestei moves. Virtual crossings are
an artifact of the realization of the flat diagram in the plahe Turaev’s work [[53] flat virtual
knots and links are calledrtual strings See also recent papers of Roger Fénn[6, 7] for other
points of view about flat virtual knots and links.

We shall say that a virtual diagraaverliesa flat diagram if the virtual diagram is obtained
from the flat diagram by choosing a crossing type for each fftetsing in the virtual diagram. To
each virtual diagrank’ there is an associated flat diagr&X’), obtained by forgetting the extra
structure at the classical crossingsiin Note that if X and K’ are isotopic as virtual diagrams,
then F'(K') and F'(K') are isotopic as flat virtual diagrams. Thus, if we can show fhgy)
is not reducible to a disjoint union of circles, then it witllfiow that K is a non-trivial virtual
link. The flat virtual diagrams present a challenge for thestaction of new invariants. They
are fundamental to the study of virtual knots. A virtual kimhecessarily non-trivial if its flat
projection is a non-trivial flat virtual diagram. We wish te hble to determine when a given
virtual link is isotopic to a classcal link. The reducibylibr irreducibility of the underlying flat
diagram is the first obstruction to such an equivalence.

Definition. A virtual graphis a flat virtual diagram where the classical flat crossingsrant
subjected to the flat Reidemeister moves. Thus a virtualgis@4 — regular graph that is
represented in the plane via a choice of cyclic orders atatdes. The virtual crossings are
artifacts of this choice of placement in the plane, and wevallletour moves for consecutive
sequences of virtual crossings just as in the virtual knedtjp Two virtual graphs arsotopicif
there is a combination of planar graph isotopies and detawesithat connect them. The theory
of virtual graphs is equivalent to the theory4sfegular graphs on oriented surfaces, taken up to
empty handle stabilization, in direct analogy to our dggmn of the theory of virtual links and
flat virtual links.

5 Long Virtual Knots, Long Flats, Parity and the Odd Writhe

A long knot or link is al — 1 tangle. It is a tangle with one input end and one output end. In
between one has, in the diagram, any knotting or linkingiuairor classical. Classical long
knots (one component) carry essentially the same topaobgitormation as their closures. In
particular, a classical long knot is knotted if and only & @osure is knotted. This statement is
false for virtual knots. An example of the phenomenon is showFigure 5.

The long knotsL. and L' shown in Figure 5 are non-trivial in the virtual category. eith
closures, obtained by attaching the ends together are ttekinartuals. Concomittantly, there
can be a multiplicity of long knots associated to a givenarknot diagram, obtained by cutting
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an arc from the diagram and creating a 1 tangle. It is a fundamental problem to determine
the kernel of the closure mapping from long virtual knotsittual knots. In Figure 5, the long
knotsZ and L’ are trivial as welded long knots (where the first forbiddervenis allowed). The
obstruction to untying them as virtual long knots comes ftbafirst forbidden move. The matter
of proving thatZ. and L’ are non-trivial distinct long knots is difficult by directtatk. There is a
fundamental relationship betweem long flat virtual knotd Eoxmg virtual knots that can be used
to see it.

Let LF'K denote the set of long flat virtual knots and I8t K denote the set of long virtual
knots. We define
A:LFK — LVK

by letting A(S) be the ascending long virtual knot diagram associated \w#Hdng flat virtual
diagramsS. That is,A(SS) is obtained fromS by traversingS from its left end to its right end and
creating a crossing at each flat crossing so timt passes under each crossing before passing
over that crossingVirtual crossings are not changed by this constructiore iflea of using the
ascending diagram to define invariants of long flat virtualsxploited in[[51]. The following
result is new.

Long Flat Embedding Theorem 2. The mappingA : LFFK — LV K is well-defined on the
corresponding isotopy classes of diagrams, and it is ingdencdong flat virtual knots embed
in the class of long virtual knots.

Proof. It is easy to see that if two flat long diagrarfisT” are virtually isotopic them(.S) and
A(T) are isotopic long virtual knots. We leave the verificatiotit® reader. To see the injectivity,
define

Flat : LVK — LFK

by letting F'lat( K') be the long flat diagram obtained fraf by flattening all the classical cross-
ings in K. By definition Flat(A(S)) = S. Note that the magiat takes isotopic long virtual
knots to isotopic flat virtual knots since any move using thdar and over crossings is a legiti-
mate move when this distinction is forgotten. This provgsdtivity and completes the proof of
the Theorem. //

The long flat theorem is easy to prove, and it has many gooceqoiesices. First of all, let
Inv(K') denote any invariant of long virtual knotslr{v(K') can denote a polynomial invariant,
a number, a group, quandle, biquandle or other invarianttire.) Then we can define

Inv(S)
for any long flat knotS by the formula
Inv(S) = Inv(A(S)),
and this definition yields an invariant of long flat knots.
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Figure 6:Ascending Map

Using the Odd Writhe J(K). View Figure 5. We show the long flat' and its image under
the ascending mapi(F') are non-trivial. In fact,A(F) is non-trivial and non-classical. One
computes that/(A(F)) is non-zero where/(K') denotes thedd writheof K. The odd writhe
[30] is the sum of the signs of the odd crossings. A crossiragsif it flanks an odd number
of symbols in the Gauss code of the diagram. Classical diagteave zero odd writhe. In this
case, the flat Gauss code fbris 1212 with both crossings odd. Thus we see from the figure
that J(A(F')) = 2. Thus A(F) is non-trivial, non-classical and inequivalent to its rairimage.
Once we check thatl(F’) is non-trivial, we know that the flat knaf' is non-trivial, and from
this we conclude that the long virtualis also non-trivial. Note that' (L) = 0, so we cannot
draw this last conclusion directly fromi(L). This same figure illustrates a long flat that is
obtained by reflecting” in a horizontal line. Then, as the reader can calculate flamfigure,
J(A(G)) = —2. Thus F' and G are distinct non-trivial long flats. We conclude from these
arguments that the long virtual knatsand L’ in Figure 5 are both non-trivial, and thatis not
virtually isotopic toL’ (since such an isotopy would give an isotopyroivith G by the flattening
map).



6 Review of the Bracket Polynomial for Virtual Knots

In this section we recall how the bracket state summationahfdd] for the Jones polynomial
[9, 55] is defined for virtual knots and links. In the next sectwe give an extension of this
model using orientation structures on the states of thekbtaxpansion. The extension is also
an invariant of flat virtual links.

We call a diagram in the planurely virtualif the only crossings in the diagram are virtual
crossings. Each purely virtual diagram is equivalent byvinal moves to a disjoint collection
of circles in the plane.

A state S of a link diagramK is obtained by choosing a smoothing for each crossing in
the diagram and labelling that smoothing with eitieor A~! according to the convention that
a counterclockwise rotation of the overcrossing line swegm regions labelled!, and that a
smoothing that connects theregions is labelled by the lettet. Then, given a stat§, one has
the evaluation< K|S > equal to the product of the labels at the smoothings, and agdfte
evaluation||.S|| equal to the number of loops in the state (the smoothingsusegdurely virtual
diagrams). One then has the formula

<K >=Yg < K|S > dlI*lI7!

where the summation runs over the statesf the diagramk’, andd = —A% — A~2. This state
summation is invariant under all classical and virtual nso&gcept the first Reidemeister move.
The bracket polynomial is normalized to an invarigiat( A) of all the moves by the formula
fr(A) = (=AH(E) < K > wherew(K) is the writhe of the (now) oriented diagraf.
The writhe is the sum of the orientation signsl( of the crossings of the diagram. The Jones
polynomial, Vi (t) is given in terms of this model by the formula

Vie(t) = fe(t™1).

This definition is a direct generalization to the virtualegry of the state sum model for the
original Jones polynomial. It is straightforward to verifye invariances stated above. In this
way one has the Jones polynomial for virtual knots and links.

We havel[[26] the

Theorem 3. To each non-trivial classical knot diagram of one compong&nthere is a corre-
sponding non-trivial virtual knot diagrairt(K') with unit Jones polynomial.

Proof Sketch. This Theorem is a key ingredient in the problems involvingual knots. Here
is a sketch of its proof. The proof uses two invariants ofsitzd knots and links that generalize
to arbitrary virtual knots and links. These invariants &reJones polynomiahnd theinvolutory
qguandledenoted by the notation)(K') for a knot or link K.
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Given a crossing in a link diagram, we defing(i) to be the result owitchingthat crossing
so that the undercrossing arc becomes an overcrossing @énaanversa. We define thartu-
alizationv(7) of the crossing by the local replacement indicated in Figurén this figure we
illustrate how, in virtualization, the original crossirgrieplaced by a crossing that is flanked by
two virtual crossings. When we smooth the two virtual cnogsiin the virtualization we obtain
the original knot or link diagram with the crossing switched

Suppose thaf is a (virtual or classical) diagram with a classical crogdabeled:. Let
K" be the diagram obtained frofd by virtualizing the crossingwhile leaving the rest of the
diagram just as before. Lét*(") be the diagram obtained frod§ by switching the crossing
while leaving the rest of the diagram just as before. Thealibivs directly from the expansion
formula for the bracket polynomial that

VKs(i) (t) — VKU(i) (t)

As far as the Jones polynomial is concerned, switching asocrgsand virtualizing a crossing
look the same. We can start with a classical knot diagkand choose a subsgtof crossings
such that the diagram is unknotted when these crossingsvitehed. LettingVirt(K') denote
the virtual knot diagram obtained by virtualizing each sing in S, it follows that the Jones
polynomial of Virt(K) is equal to unity, the Jones polynomial of the unknot. Néedgss, if
the original knotX' is knotted, then the virtual kndt:rt( /') will be non-trivial. We outline the
argument for this fact below.

The involutory quandle [18] is an algebraic invariant eqlewt to the fundamental group of
the double branched cover of a knot or link in the classicakcdn this algebraic system one
associates a generator of the algeligd K') to each arc of the diagrai and there is a relation
of the formc = ab at each crossing, wheré denotes the (non-associative) algebra produet of
andbin IQ(K). See Figure 8. In this figure we have illustrated the fact that

I1Q(K"Y) = IQ(K).

As far as the involutory quandle is concerned, the originassing and the virtualized crossing
look the same.

If a classical knot is actually knotted, then its involutapyandle is non-trivial [54]. Hence
if we start with a non-trivial classical knot and virtualiaay subset of its crossings we obtain
a virtual knot that is still non-trivial. There is a subsébf the crossings of a classical knat
such that the knat' K obtained by switching these crossings is an unknot.Vzet(K') denote
the virtual diagram obtained from by virtualizing the crossings in the subsétBy the above
discussion, the Jones polynomial 6irt(K) is the same as the Jones polynomialsdf, and
this is1 sinceSK is unknotted. On the other hand, th@ of Virt(K) is the same as th&) of
K, and hence if{ is knotted, then so i¥irt(K'). We have shown thdtirt(K) is a non-trivial
virtual knot with unit Jones polynomial. This completes gneof of the Theorem. //
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Figure 7:Switch and Virtualize
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Figure 9:Kishino Diagram

See Figure 32 for an example of a virtualized trefoil, the@aat example of a non-trivial
virtual knot with unit Jones polynomial. More work is neededprove that the virtual kndf’
in Figure 32 is not classical. In the next section we will gavg@roof of this fact by using an
extension of the bracket polynomial.

It is an open problem whether there are classical knots gddgtknotted) having unit Jones
polynomial. (There are linked links whose linkedness iseengd42[ 5] by the Jones polynomial.)
If there exists a classical knot with unit Jones polynontiaén one of the knot¥irt(K) pro-
duced by this Theorem may be isotopic to a classical knoth 8xemples are guaranteed to be
non-trivial, but they are usually also not classical. We db know at this writing whether all
such virtualizations of non-trivial classical knots, ylg virtual knots with unit Jones polyno-
mial, are non classical. It is an intricate task to verifytthaecific examples df irt(K') are not
classical. This has led to an investigation of new invagdot virtual knots. In this way the
search for classical knots with unit Jones polynomial egigan exploration of the structure of
the infinite collection of virtual knots with unit Jones potymial.

In Figure 9 we show thK&ishino diagrami’. This diagram has unit Jones polynomial and its
fundamental group is infinite cyclic. The Kishino diagramswdiscovered by Kishino in [36].
Many other invariants of virtual knots fail to detect the Kiiso knot. Thus it has been a test case
for examining new invariants. Heather Dye and the authdrlia&e used the bracket polynomial
defined for knots and links in a thickened surface (the statees are taken as isotopy classes
of curves in the surface) to prove the non-triviality and +otesssicality of the Kishino diagram.
In fact, we have used this technique to show that knots withdames polynomial obtained by
a single virtualization are non-classical. See the probisnby Fenn, Kauffman and Manturov
[27] for other problems and proofs related to the Kishingydian. In the next section we describe
a new extension of the bracket polynomial that can be usestoichinate the Kishino diagram,
and, in fact, shows that its corresponding flat virtual kisaton-trivial.

7 The Parity Bracket Polynomial

In this section we introduce the Parity Bracket PolynomiaVassily Manturov [40]. This is

a generalization of the bracket polynomial to virtual knat&l links that uses the parity of the
crossings. We definePRarity Stateof a virtual diagrami to be a labeled virtual graph obtained
from K as follows: For each odd crossing i replace the crossing by a graphical node. For
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Figure 10:Parity Bracket Expansion

each even crossing i replace the crossing by one of its two possible smoothingd,|l@bel
the smoothing site byl or A=! in the usual way. Then we define the parity bracket by the state
expansion formula

(I)p =3 A"O[s]
S

wheren(S) denotes the number of-smoothings minus the number df ' smoothings and
[S] denotes a combinatorial evaluation of the state definedlmsvi First reduce the state by
Reidemeister two moves on nodes as shown in Figure 10. Thuhgi@e taken up to virtual
equivalence (planar isotopy plus detour moves on the Vichassings). Then regard the reduced
state as a disjoint union of standard state loops (withodéspand graphs that irreducibly contain
nodes. With this we write

[S] = (=4 = A7*)P[G(9)]

wherel(S) is the number of standard loops in the reduction of the statand [G(S)] is the
disjoint union of reduced graphs that contain nodes. Inw@g, we obtain a sum of Laurent
polynomials inA multiplying reduced graphs as the Manturov Parity Brackeis not hard to
see that this bracket is invariant under regular isotopydetdur moves and that it behaves just
like the usual bracket under the first Reidemeister move. d¥ew the use of parity to make
this bracket expand to graphical states gives it consideatira power in some situations. For
example, consider the Kishino diagram in Figure 9. We seteaththe classical crossings in this
knot are odd. Thus the parity bracket is just the graph obthby putting nodes at each of these
crossings. The resulting graph does not reduce under tpaiged Reidemeister two moves, and
so we conclude that the Kishino knot is non-trivial and ntassical. Since we can apply the
parity bracket to a flat knot by taking = —1, we see that this method shows that the Kishino
flat is non-tirival.

In Figure 11 we illustrate th&-moveand thegraphical Z-move Two virtual knots or links

that are related by a Z-move have the same standard bradgebpadal. This follows directly
from our discussion in the previous section. We would likanalyze the structure of Z-moves
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Figure 11:Z-Move and Graphical Z-Move
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using the parity bracket. In order to do this we need a versidime parity bracket that is invariant
under the Z-move. In order to accomplish this, we need to aclati@sponding Z-move in the
graphical reduction process for the parity bracket. Thisaegraphical reduction is indicated
in Figure 11 where we show a graphical Z-move. The readernile that graphs that are
irreducible without the graphical Z-move can become rdaleai we allow graphical Z-moves
in the reduction process. For example, the graph assoamtedhe Kishino knot is reducible
under graphical Z-moves. However, there are examples @hgréhat are not reducible under
graphical Z-moves and Reidemister two moves. An exampledf a graph occurs in the parity
bracket of the knof<S shown in Figure 12. This knot has one even classical crossidgour
odd crossings. One smoothing of the even crossing yieldsta ttat reduces to a loop with no
graphical nodes, while the other smoothing yields a statashrreducible even when the Z-move
is allowed. The upshotis that this knot KS is not Z-equivaterany classical knot. Since one can
verify that K'S has unit Jones polynomial, this example is a counterexatopeconjecture of
Fenn, Kauffman and Maturol [27] that suggested that a kntht wiit Jones polynomial should
be Z-equivalent to a classical knot.

Parity is clearly an important theme in virtual knot theondawill figure in many future
investigations of this subject. The type of constructioattiwe have indicated for the bracket
polynomial in this section can be varied and applied to oinariants. Furthermore the notion
of describing a parity for crossings in a diagram is also spsble to generalization. For more
on this theme the reader should consult [41, 33] [30]doooiginal use of parity for another
variant of the bracket polynomial.

Remark on Free Knots Manturov (See([40]) has defined the domainfigle knots A free
knot is a Gauss diagram (or Gauss code) without any orientabr signs, taken up to abstract
Reidemeister moves. The reader will see easily that fre¢slare the same as flat virtual knots
modulo the flatZ-move. Furthermore, the parity bracket polynomial evadaatA = 1 or

A = —1 s an invariant of free knots. By using it on examples whel¢ha& crossings are odd,
one obtains infinitely many examples of non-trivial free teoThis is just the beginning of an
investigation into free knots that will surely lead to deefationsips between combinatorics and
knot theory. Any free knot that is shown to be non-trivial llaeumber of non-trivial virtual
knots overlying it. The free knots deserve to be studiedHleirtown sake. A first example of
new invariants of free knots that go beyond Gaussian paaitybe found in the papéer [34].

8 The Arrow Polynomial for Virtual and Flat Virtual Knots

and Links
This section describes an invariant for oriented virtuatkrand links, and for flat oriented virtual
knots and links that we call theerow polynomiall4, [32]. This invariant is considerably stronger

than the Jones polynomial for virtual knots and links, anid & very natural extension of the
Jones polynomial, using the oriented diagram structurbegtate summation. The construction
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Figure 14:Oriented Bracket Expansion

of the arrow polynomial invariant begins with the orientéates summation of the bracket poly-
nomial. This means that each local smoothing is either antet smoothing or disoriented
smoothingas illustrated in Figures 14 and 15. In [4] we show how thevapolynomial can be
used to estimate virtual crossing numbers.[In [32] we dis¢he arrow polynomial and also a
generalization, thextended bracket polynomial'he extended bracket polynomial is harder to
compute than the arrow polynomial, and we shall not disagssroperties in this introduction.
We recommend that the interested reader consult our paBpofBthis subject. We describe a
new extension of the arrow polynomial to long virtual knatshee end of the present section.

In Figure 14 we illustrate the oriented bracket expansiom&ih positive and negative cross-
ings in a link diagram. An oriented crossing can be smoothetheé oriented fashion or the
disoriented fashion as shown in Figure 14. We refer to thesmthings a®rientedanddisori-
entedsmoothings. To each smoothing we make an associated catfgguthat will be part of
the arrow polynomial state summation. The configuratiooeiased to a state with oriented and
disoriented smoothings is obtained by applying the reduatilles described below. See Figures
15 and 16. The arrow polynomial state summation is definethé&ydrmula:

((K)) = AIK] = S5(K|S)d ¥~ [9]

wheresS runs over the oriented bracket states of the diagfdmy) is the usual product of vertex
weights as in the standard bracket polynomial, gfjds a product of extra variables;, Ko, - - -
associated with the staté These variables are explained below. Note that we use thgndgon
((K)) to indicate the arrow polynomial in this paper and in the figuin this paper. 11 [32] we
have used this notation to refer to the extended bracketrgkzegion of the arrow polynomial.
Since we do not use the extended bracket in this paper, ingetent to use the double bracket
notation here for the arrow polynomial.

Due to the oriented state expansion, the loops in the ragudtates have extra combinatorial
structure in the form of paireduspsas shown in Figure 14. Each disoriented smoothing gives
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Figure 17:Simple arrow polynomial Expansion via Formal Kronecker Delas.

rise to a cusp pair where each cusp has either two oriented Going into the cusp or two
oriented lines leaving the cusp. We reduce this structucerding to a set of rules that yields
invariance of the state summation under the Reideimeiste#em The basic conventions for this
simplification are shown in Figures 15 and 16. Each cusp isteenby an angle with arrows
either both entering the vertex or both leaving the vertextitermore, the angle locally divides
the plane into two parts: One part is the span of an acute atigdether part is the span of an
obtuse angle. We refer to the span of the acute angle asdidgeof the cusp.

Remark on State Reduction. View Figures 15 and 16. The basic reduction move in these
figures corresponds to the elimination of two consecutivspsion a single loop. Note that we
allow cancellation of consecutive cusps along a loop whegetisps both point to the same local
region of the two local regions delineated by the loop. We dbaflow cancellation of a “zig-
zag” where two consecutive cusps point to opposite (loecddssof the loop. We shall note that
in a classical knot or link diagram, all state loops reducetps that are free from cusps.

Figure 15 illustates the basic reduction rule for #reow polynomial. The reduction rule
allows the cancellation of two adjacent cusps when they nasides on the same sidg the
segment that connects them. When the insides of the cusps apposite sides of the connecting
segment, then no cancellation is allowed. Each state dsdeen as a circle graph with extra
nodes corresponding to the cusps. All graphs are taken uptt@hequivalence, as explained
earlier in this paper. Figure 15 illustrates the simplificatof two circle graphs. In one case the
graph reduces to a circle with no vertices. In the other desetis no further cancellation, but the
graph is equivalent to one without a virtual crossing. Tlaeséxpansion fod[K]| =<< K >>
is exactly as shown in Figure 14, but we use the reductionotilégure 15 so that each state
is a disjoint union of reduced circle graphs. Since suchlgae planar, each is equivalent to
an embedded graph (no virtual crossings) via the detour peowk the reduced forms of such
graphs haven vertices that alternate in type around the circle so thate pointing inward and
n are pointing outward. The circle with no vertices is evaddas] = —A? — A2 as is usual for
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these expansions, and the circle is removed from the grapdpansion. We lek’,, denote the
circle graph with2n alternating vertex types as shown in Figure 15/foe 1 andn = 2. Each
circle graph contributeg = —A? — A2 to the state sum and the grapkis for n > 1 remain in
the graphical expansion. Eagf, is an extra variable in the polynomial. Thus a product of the
K,’s corresponds to a state that is a disjoint union of copig¢lede circle graphs. By evaluating
each circle graph as= — A% — A2 (as well as taking its arrow variabl€,) we guarantee that
the resulting polynomial will reduce to the original bratk®lynomial when each of the new
variablesk, is set equal to unity. Note that we continue to use the caheatn isolated circle
or circle graph (i.e. a state consisting in a single circlsingle circle graph) is assigned a loop
value of unity in the state sum. This assures thgk’| is normalized so that the unknot receives
the value one.

We have the following Proposition, showing that the phenoomeof cusped states and extra
variablesk’,, only occurs for virtual knots and links.

Proposition 2. In a classical knot or link diagram, all state loops reductps that are free
from cusps.

Proof. The result follows from the Jordan Curve Theorem. Each $baig for a classical knot

is a Jordan curve on the surface of thephere, dividing the surface of the sphere into an inside
and an outside. If a state loop has a non-trivial arrow redocthen there will be non-empty
collections of inward-pointing cusps and a collection ofveard-pointing cusps in the reduced
loop. Each cusp must be paired with another cusp in the stiaiee(cusps are originally paired).
No two inward-pointing cusps on a loop can be paired with amatleer, since they will have
incompatible orientations (similarly for the outward-pting cusps). Therefore, for a given non-
trivial reduced loop\ in a classical diagram there must be another non-trivigithuced loop\
inside A\ and another such loop’ outside) to handle the necessary pairings. This means that
the given state of the diagram would have infinitely many Bopince we work with knot and
link diagrams with finitely many crossings, this is not pb$si Hence there are no non-trivially
reduced loops in the states of a classical diagram. This egthe proof. //

We now have the following state summation for the arrow poiyiral
A[K] = Sg < K|S > d¥II-1Y[9]

wheresS runs over the oriented bracket states of the diagrand|S > is the usual product of
vertex weights as in the standard bracket polynoniidl] is the number of circle graphs in the
stateS, andV[S] is a product of the variables’,, associated with the non-trivial circle graphs in
the stateS. Note that each circle graph (trivial or not) contributestie power ofd in the state
summation, but only non-trivial circle graphs contributéXs|.

Theorem 6. With the above conventions, the arrow polynomilK] is a polynomial in4, A~*
and the graphical variablds,, (of which finitely many will appear for any given virtual knot
link). A[K] is a regular isotopy invariant of virtual knots and links.eTiormalized version

WIK] = (=A%) O A[K]
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Figure 19:0riented Second Reidemeister Move

is an invariant virtual isotopy. If we set = 1 andd = —A%? — A=2 = —2, then the resulting
specialization
FIK] = AK](A=1)

is an invariant of flat virtual knots and links.

Proof Sketch. We have already discussed the first Reidemeister move.idmezr under virtual
detours is implicit in the definition of the state sum. Thewarpolynomial has framing behaviour
under the first Reidemeister moves as shown in Figure 18.duarés 19 and 20 we show how
the removal of a disoriented loop gives rise to invarianageurthe directly oriented second Rei-
demeister move. In the state expansion, the disorientgdifocemoved but multiplies its term
by d = —A% — A=2. The other two disoriented local configurations receiveasevteights ofA?
and A—2, andeach of these configurations has the same set of reduced. sTates these three
configurations cancel each other from the state sum. Thigsetine remaining local state with
parallel arcs, and gives invariance under the directlyntei@¢ second Reidemeister move. Invari-
ance under the reverse oriented second Reidemeister mehews in Figure 20. Invariance
under the third Reidemeister move follows from an analySKigure 21.

Here is a first example of a calculation of the arrow polyndnmeariant. View Figure 22.
The virtual knotK in this figure has two crossings. One can see that this knon@natrival
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Figure 22:Examplel

virtual knot by simply calculating the odd writh&(K') (defined in section 5). We have that
J(K) = 2, proving thatK is non-trivial and non-classical. This is the simplestuaitknot,
the analog of the trefoil knot for virtual knot theory. Theaw polynomial polynomial gives an
independent verification th& is non-trivial and non-classical.

In the next example, shown in Figure 23, we have a long vidisgjramZ with two crossings.
The calculation of the arrow polynomial fdr is given in Figure 23 and shows that it is a non-
trivial and non-classical. In fact, this same formalismvy@® that/'/at(L) is a non-trivial flat
link (as we have also by using the odd writheNote that the arrow polynomial is an invariant
of flat diagrams when we také = 1. In the Figure 23 we have illustrated for this example how
non-cancelling cusps can occur on a long state in the expasithe invariant. This means that,
effectively, there are more variables for the arrow polyraras an invariant of long knots, and
this gives it extra powers of discrimination for in the longtegory. Note the closure df of
Figure 23 is a trivial knot. Thus we see that the arrow poly@biwan sometimes discriminate
between a long knot and its closure. Another example of ytpis ts shown in Figure 24. In both
of these cases the cusps on the long state are in an orderdukat ke differerent if we were to
turn the long knot byl 80 degrees. Thus the invariant distinguishes between thekioogand its
reverse.

The next example is given in Figure 25. Here we calculate tf@vapolynomial for a non-
trivial virtual knot with unit Jones polynomial. Speciadizon of the calculation tol = 1 shows
that the corresponding flat knot is non-trivial as well.

Figures 26 exhibits the calculation of the arrow polynorfoakhe Kishino diagram, showing
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Figure 25:Arrow Polynomial for the Virtualized Trefoil

once again that the Kishino knot is non-trivial and that mslerlying flat diagram is also non-
trivial.

The example shown in Figures 27 and Figure 28 shows the @seipanding a virtualized
classical crossing using the arrow polynomial state sunrtu&lization of a crossing was de-
scribed in Section 6. In a virtualized crossing, one seesssidal crossing that is flanked by
two virtual crossings. In Section 6 we showed that the stahteacket state sum does not see
virtualization in the sense that it has the same value assthétrof smoothing both flanking vir-
tual crossings that have been added to the diagram. The ie#uht the value of of the bracket
polynomial of the knot with a virtualized classical croggia the same as the value of the bracket
polynomial of the original knot after the same crossing heeniswitched(exchanging over and
undercrossing segments).

As one can see from the formula in Figure 27, this smoothiogenty of the bracket poly-
nomial will not generally be the case for the arrow polyndretate sum. In Figure 28 we show
that this difference is indeed the case for an infinite ctitbecof examples. In that figure we use
a tangleT that is assumed to be a classical tangle. arrow polynompamesison of this tangle is
necessarily of the form shown in that figure: a linear comioameof an oriented smoothing and
a reverse oriented smoothing with respective coefficie(if§ andb(7") in the Laurent polyno-
mial ring Q[A, A~1]. We leave the verification of this fact to the reader. In Fig2Bewe show
a generic diagram that is obtained bgiaglevirtualization from a classical diagram, and we il-
lustrate the calculation of its arrow polynomial invariaAt the reader can see from this Figure,
there is a non-trivial graphical term wheneWb€r’) is non-zero. Thus we conclude that the single
virtualization of any classical link diagram (in the formosim in this figure) will be non-trivial
and non-classical whenevigil") in non-zero. This is an infinite class of examples, and theltres
can be used to recover the results about single virtuadizdtiat we obtained in a previous paper
with Heather Dyel[15] using the surface bracket polynomial.

For more information about the arrow polynomial, we refer tbader to our paper![4] where
we prove that the maximal monomial degree in figvariables is a lower bound for the virtual
crossing number of the virtual knot or link. There are mangroproblems associated with this
estimate for the virtual crossing number. Also the readJofill encounter examples of virtual
knots and links that are undetectable by the arrow polynbmia
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Figure 26:Arrow Polynomial for the Kishino Diagram

Figure 27:The 1-Virtualization of a Classical Diagram (A)
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Figure 28:The 1-Virtualization of a Classical Diagram (B)

8.1 Generalizing Parity to the Arrow Polynomial

The purpose of this section is to indicate how our constomctif the Parity Bracket in Section
7 generalizes to the arrow polynomial. The reader will findasy to verify that at the site of a
Reidemeister Two move either both crossings are odd, ordetleven. At the site of a Reide-
meister Three move either all three crossings are even, @mofwhe three are odd. It follows
from this that if we decide (as in the Parity Bracket) to makagpdical vertices from all the odd
crossings and expand the oriented bracket (for the arroynpatial) then we must factor the
graphs that result from the state expansion on the eveniicgsssf the diagram by an equiva-
lence relation generated by patterns of graph reductiaesponding to the second Reidemeister
moves on graphical vertices. These reductions come in a eudailpossible orientations, and it
is possible to have a single cusp involved as illustratedgare 29. In this figure we do not indi-
cate the orientations. Because the cusps in the graphsvatead with the graphical reductions
one takes the resulting graphs up to virtual graphical edence, these reductions and the cusp
cancellation is restricted to single edges of the graphs.r€bult is a parity version of the arrow
polynomial. We will not calculate examples of this invatiam this survey. The Parity Arrow
Polynomial will be taken up in a subsequent paper.

9 Khovanov Homology

In this section, we describe Khovanov homology along thediof [35/ 1], and we tell the story
so that the gradings and the structure of the differentiargein a natural way. This approach to
motivating the Khovanov homology uses elements of Khovaariginal approach, Viro’s use of
enhanced states for the bracket polynomial [43], and BaatNaemphasis on tangle cobordisms

28



Figure 29:Relations for the Parity Arrow Polynomial

[2]. We use similar considerations in our pager|[13]. Theppse of this section is to provide
background for the next section where we describe a categthan of the arrow polynomial and
give examples of detection that can be accomplished by tnslogical invariant.

Two key motivating ideas are involved in finding the Khovamavariant. First of all, one
would like to categorifya link polynomial such asK’). There are many meanings to the term
categorify, but here the quest is to find a way to express ttkegolynomial as ayraded Euler
characteristic(K') = x,(H (K)) for some homology theory associated wifki).

The bracket polynomial [17, 18] model for the Jones polyrairf8, [10,[11)55] is usually
described by the expansion

Xy =400+4700 1)
and we have
(KO) = (-A" = A7)(K) )
(&) = (=A%) () 3)
(C) = (=AT) () (4)



Lettingc( k) denote the number of crossings in the diagdanif we replace( k) by A=) (K),
and then replacd by —¢~!, the bracket will be rewritten in the following form:

(X0 =(X) =400 (5)

with (O) = (¢ + ¢ '). Itis useful to use this form of the bracket state sum for tileeof the
grading in the Khovanov homology (to be described below). Shall continue to refer to the
smoothings labeled (or A~! in the original bracket formulation) a8-smoothings We should
further note that we use the well-known conventiorenhanced stateshere an enhanced state
has a label of or X on each of its component loops. We then regard the value dbtipe; + ¢+
as the sum of the value of a circle labeled with @he value is;) added to the value of a circle
labeled with anX (the value is;~!). We could have chosen the more neutral labels-bfand
—1 so that

=+l =1

and

¢ le= 1= X,

but, since an algebra involvingand X naturally appears later, we take this form of labeling from
the beginning.

To see how the Khovanov grading arises, consider the forimeagxpansion of this version of
the bracket polynonmial in enhanced states. We have theufaras a sum over enhanced states

v <K> _ Z(_l)nB(s)qj(s)

S

whereng(s) is the number of3-type smoothings i3, A(s) is the number of loops ir labeled
1 minus the number of loops labeled andj(s) = ng(s) + A(s). This can be rewritten in the

following form: o B
(K) = 3(=1)'qdim(C")
i\
where we defin€® to be the linear span (ovér= Z/27 as we will work with mod2 coeffi-
cients) of the set of enhanced states wiff{s) = ¢ andj(s) = j. Then the number of such states
is the dimensiomim(C%).

We would like to have a bigraded complex composed ofXheavith a differential
d:CY — C'tH,

The differential should increase themological grading by 1 and preserve thguantum grading
j. Then we could write

(K)=>_¢" > (=1)'dim(C”) = >_¢’'x(C*),
j i j
wherex (C*7) is the Euler characteristic of the subcompiix for a fixed value of;.
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This formula would constitute a categorification of the letqolynomial. Below, we shall see
how the original Khovanov differentiad is uniquely determined by the restriction thiabs) =
j(s) for each enhanced state Since;j is preserved by the differential, these subcompléXés
have their own Euler characteristics and homology. We have

X(H(C*)) = x(C*)

whereH (C*7) denotes the homology of the compléX’. We can write
(K) = @x(H(C*)).
j

The last formula expresses the bracket polynomialgaded Euler characteristiof a homology
theory associated with the enhanced states of the braeitetstmmation. This is the categori-
fication of the bracket polynomial. Khovanov proves thas thomology theory is an invariant
of knots and links (via the Reidemeister moves) , creatingva and stronger invariant than the
original Jones polynomial.

The differential is based on regarding two stateadjacentif one differs from the other by
a single smoothing at some site. Thugdfr) denotes a pair consisting in an enhanced state
and siter of that state withr of type A, then we consider all enhanced statesbtained froms
by smoothing at and relabeling only those loops that are affected by the@etimmg. Call this
set of enhanced staté$[s, 7]. Then we shall define theartial differential 0, (s) as a sum over
certain elements ily’[s, 7], and the differential by the formula

O(s) = >_0:(s)

with the sum over all typel sitesr in s. It then remains to see what are the possibilities¥dr)
so thatj(s) is preserved.

Proposition. The partial differential®. (s) are uniquely determined by the condition that') =
j(s) for all s’ involved in the action of the partial differential on the @nleed state. This unique
form of the partial differential can be described by thedwaling structures of multiplication and
comultiplication on the algebra A #[X]/(X?) wherek = Z/2Z for mod-2 coefficients, or
k = Z for integral coefficients.

1. The element is a multiplicative unit and{? = 0.
2. A =1 X+X®landA(X) =X ® X.

These rules describe the local relabeling process for looastate. Multiplication corresponds
to the case where two loops merge to a single loop, while ctyphahtion corresponds to the
case where one loop bifurcates into two loops. (The prooimgted.)
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There is more to say about the nature of this constructioh v@spect to Frobenius alge-
bras and tangle cobordisms. The partial boundaries canmeeptualized in terms of surface
cobordisms. The equality of mixed partials correspondspolbgical equivalence of the corre-
sponding surface cobordisms, and to the relationshipsdestwrobenius algebras and the surface
cobordism category. The proof of invariance of Khovanov btogy with respect to the Reide-
meister moves (respecting grading changes) will not bendiege. See [35] L] 2]. Itis remarkable
that this version of Khovanov homology is uniquely specitigdnatural ideas about adjacency
of states in the bracket polynomial.

10 Categorifying the Arrow Polynomial ((K)) = A[K]

Itis not hard to see that Khovanov homology modulo two exs¢nd homology theory for virtual
links. In [13] we extend this to a new homology theory thaegatifies the arrow polynomial.

In order to consider gradings for Khovanov homology in lielatto the arrow polynomial
A[K] we have to examine how the arrow number of state loops chamder & replacement of
an A-smoothing by aB-smoothing. Such replacement, when we use oriented diagramlves
the replacement of a cusp pair by an oriented smoothing erwecsa. Furthermore, we may be
combining or splitting two loops. Refer to Figure 30 for a ué#pn of the different cases. This
figure shows the three basic cases. These are all the waysdpatcan interact and change their
respective arrow numbers. We apply these results to thengradKhovanov homology.

10.1 Dotted gradings and the dotted categorification

We call an enhanced statiottedif it has an odd arrow number, and otherwise it is undotted.
The number of dotted&’s and the number of dotteds in the state correspond to the number of
enhanced state loops (labeled withor with 1) that are dotted. We define a grading

g(s) = #(X) — (1)

Theorem. Take[[K], to be the space of enhanced statesfoendowed with new grading as
above. Defing’ to be the composition af with the new grading projection and sét= 0 — J'.
Then the homology of{ K], (with respect ta)') is invariant (up to a degree shift and a height
shift).

With this result we have a version of Khovanov homology treaithe arrow information. In
[13] we have investigated this categorification and othkted ones for the arrow polynomial.
So far this categorifcation is effective in thae [12] have many pairs of virtual knots that are
distinguished by the arrow categorification, but not digtirshed by either Khovanov homology
or the arrow polynomialAn example of such a pair (due to Aaron Kaestner) is showngnreéi
31 and 32. In Figure 31 we illustrate the kriiof<5[129] and in Figure 32 we illustrate the knot
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Figure 30:Arrow Numbers for Interacting Loops

V K5[267] from Jeremy Green’s tables (See the website of Dror Bar Niathese tables.).
The examples shown in these figures do not seem to be relatadybform of mutation and
the difference betweem them is not dectected by the arroynpatial, but it is detected by the
categorification of the arrow polynomial.

Note however, that one can compute the Parity Bracket (Seo8€) for these examples.
In the case of/ K'5[129] there are five crossings and four odd crossings. It is easgddisat
the Parity Bracket expansion contains an irreducible gwipih four nodes. On the other hand,
the diagram forl/ K'5[267] has two odd crossings and hence its Parity Bracket (whichcane
compute to be non-trivial with an irreducible graphs withotwodes) cannot be equal up to
normalization with the Parity Bracket faf K'5[129]. Thus this pair of knots is distinguished by
using parity. This example shows the power of the parity meth

This approach through examples and combining categorditand parity is very fruitful
for producing examples and for sharpening concepts. Weragrgmming an integral version
of Khovanov homology for virtual knots that is structuredray the lines proposed by Vassily
Manturov [39], and we expect all this work to reflect back ottdreunderstanding of Khovanov
homology for classical knots. This is the first instance of+tavial use of categorified homology
in virtual knot theory.
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Figure 31:VK5[129]

Figure 32:VK5[267]
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11 Discussion

In this paper we have given an introduction to the subjectibial knot theory and we have
concentrated on the easy extension of the Jones polynamattal knots and links and a more
subtle generalization that we have called #énew polynomial The arrow polynomial uses the
oriented structure of link diagrams in a way that is partciyl suited to virtual knot theory and
obtains an invariiant of virtual knots and links that hasnitéily many variables. The ideas
behind the arrow polynomial have been used to create andeddiracket polynomial [32] that
uses more of the oriented structure and has graphs represéstextra variables. The arrow
polynomial itself can be seen to be a reformulation or gdization of some of the constructions
of Miyazawa and Kamada [44, 45,146,/ 47 48]. After discussiregarrow polynomial, we gave
a quick summary of Khovanov homology and a brief descriptbour categorification of the
arrow polynomial([4, 13] and an indication of the fact thastbategorification gives a yet stronger
invariant and generates even more new problems.

We also designed this paper to present examples of the usaitf m virtual knot theory.
We began with a discussion of the odd writhe in Section 5. én@®auss code of the diagram
each crossing appears twice with a sequence of symbolswebetthe two appearances. When
this sequence is odd we say that the given crossing is odd.nWh® sequence is even, we
say that the given crossing is even. Many possibilites fav meariants are inherent in this
parity distinction between even and odd crossings. We haxengne example of this kind of
application in Section 7 where we discuss the Parity Brack®assily Manturov and apply it to
solving a conjecture that we had made about virtual knotrdrag with unit Jones polynomial.
A second example is given at the end of the paper to distihgbes knots in Figures 31 and 32.
There is much potential for the use of parity in virtual knceary.
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