From chords to series:

The evolution of sine function in India

K. Ramasubramanian

Indian Institute of Technology Bombay, India

mullaikramas@gmail.com

Institute Colloquium
International Centre for Theoretical Sciences
April 9, 2018

K. Ramasubramanian From chords to series:The evolution of sine function in India



Introduction

@ When people talk of contribution of India, generally it centers around
religion, philosophy, art forms, caste system, etc. Their contributions
towards science and technology is almost completely ignored.

@ Here is a representative list of different branches S & T that were
practised in Ancient India.

SCIENCES TECHNOLOGY
@ Astronomical @ Water harvesting
© Chemical @ Iron and Steel
© Mathematical © Casting statues
© Agricultural @ Ship building
© Psychological @ Constructing temples
@ Medicinal @ Textile manufacturing
@ Veterinary @ Town planning
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Introduction
What should our attitude be while looking at the past?

@ Right at the beginning of his famous drama Malavikagnimitram (1.2)
(through the words of suatradhara) Kalidasa observes:

RIS T A1 99 7 =910 Hrd FarmaaTm |

T IR ARg ST q&: v adie: |l

By virtue of being ancient, not all is good. And [similarly],
by virtue of being new, modern literature should not be
condemned. The noble ones having examined, choose
either of them; the unintelligent is carried away by the
views of others.

o Mindless glorification of the past ~» counterproductive.

o Equally counterproductive would be downright condemnation.

@ Indians have not shied to break the moulds of the past! As and when
required they had indeed done so!
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Motivation for finding accurate sine values

Sun (in conjunction

@ The positions of the planets in the
with Moon)

background of stars forms the
basis for reckoning time.

@ Determination of their positions
crucially depends upon accurate
knowledge of sine function.

~ krsna-paksa“” ’

* oo
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" Earth spinning
onitsaxis
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Determination of time from shadow measurement

‘w

rays from
the sun

Circle drawn around
the Sanku

\

Figure: Zenith distance and the length of the shadow.

t = (Rsin) ™! [ ficosz iRsinAa] ¥ Aa.

cos ¢ cosd

If ¢ and § are known (Aa = f(¢, d)), then ¢ is known.

K. Ramasubramanian From chords to series:The evolution of sine function in India



The significance of sine function in astronomy

Munisvara at the beginning of the second chapter of
Siddhanta-sarvabhauma observes:

TITTEHIT: ThehaT Uewl: TdTstacs HHoT o duT |

G ohATATTHE h e ST hAdl Jare || Il Jg=fer: |l

Based on the true positions, ... The correction procedure which
is based on agama and yukti and which has discarded schools
that are devoid of rationales, is being stated by me.

Then outlining the significance of sine function, he notes:

2E U7 AEHTEHRT T s Esha 2 |
SR ST TOH 9eI™ TASHRT f[qaesgardrg | |l 3usia: |l

As the body is tied together [i.e., completely criss-crossed| with
veins, so too are the procedures for to computation of the true
position of the planets with the sines. [Hence,] I present the
values of sines for every degree; ...
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The sine table presented by Munisvara

FERMT: Fa e &2 FRaErp<: & |

ST i i H

fer=aTear: ggET TFRAAT I I JUSTr: |l

Arcin Verbal value of the Sine Symbolic | Sexagesi- | From his 4-fig

deg. form mal form Sine table

1 HRZRMT: 343 3; 20 3;20,00,17
2 [ECEISEINIE T3 6; 40 6; 39,56,54
3 = 10 10; 0 9; 59,46,12
4 EREIHDUECE 13+ % | 1320 | 13;19,24,33
5 fezizreer: 17— | 16:40 | 16;3848,17
6 TIAT: 20 20; 0 19; 57, 53,46
7 AT 23+1 | 23,15 | 23;1637,22
8 ATRAAATT 27— 25 | 26;35 26; 34,55,25
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The sine of sum and difference of two arcs presented by

Nityananda

ATt O ¥ IEETTEEr |

Frsalege qaET TR AT ST g9 |l Il st ol
The Sines of the two desired arcs are mutually multiplied by the
Cosines of the other two; when divided by the Radius, whatever
is sum of the two, that is the Rsine of the sum of the [two] arcs.

RsinOR cos ¢+Rcos OR sin ¢

Rsin(0 + ¢) = - - W
F=IRifesEt o 3 JeeTIEEsy |
Prvireg Tt fagfa: A amfesRsaT 1 g9 | | S
Rsin(f — ¢) = RsinfRcos¢ RcosORsing o

R R
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Computing Rsines: Approach in earlier siddhantas

@ Varahamihira has given the following Rsine values and relations in his
Pancasiddhantika (c. 505 CE):

Rsin(30°) = g (3a)
. o _ R
Rsin(45°) = 7 (3b)
Rsin(60°) = ?R (3¢)
Rsin(90°) = R (34d)
Rsin(@) = Rcos(90 —0) (4a)
Rsin?(0) + Rcos?(f) = R2 (4b)
Rsin (g) = (%) [Rsin?(0) 4+ R vers? (9)]% (4¢)

@ The above Rsine values given by (3) and relations (4) can be derived using the
bhuja-koti-karna-nyaya and trairasika (rule of three for similar triangles). Equations (4)
can be used to compute all the 24 tabular Rsine values.
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Construction of the sine-table

A quadrant is divided into 24 equal parts, so that each arc bit
o =99 =345 =225/,

P
24 Py p

@ Aryabhata presents two
different methods for

2 finding

Rsinif, (P;N;) i =

1,2,...24.

o The Rsines of the
intermediate angles are
determined by
interpolation (I order or
IT order).
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Finding tabular sines: Geometrical approach

ooy L o <
FHTARIATE fe=ard. ErsTegysTET |

FEASATI q [shers g 1)

@ We know, chord 60° = R = 3438
@ From the triangle OBC,

Rsin30 = BC = R/2 =1719

@ Using bhuja-koti-karna-nyaya from 8th Rsine
(30°) we can get 16th Rsine (60°).

o« @ In other words, Rsinf ~» Rsin(90 — 0).
@ Further, noting that

Rsin@ ~ Rcos® ~» Rvers@

0
Rsinf & R vers 6 ~ Rsiné,

it can be seen that all the 24 Rsines can be
calculated.
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Finding tabular sines: Geometrical approach (contd.)

@ Most of the Indian astronomers have presented their sine tables by dividing
the quadrant (90°) into 24 parts.

@ By the principle outlined above, it can be easily shown that all the 24 Rsines
can be obtained provided the 24th, 12th and 8th Rsines are known.

@ The circumference of the circle was
taken by Aryabhata to be 21600 units.

‘ . o From that using the approximation for
7 given by him, we get

R = 24th Rsine ~ 3438.

@ . @ Once this it known, it is noteworthy
that in the proposed scheme of
@ @ @ @ constructing the table, all that is

required is extraction of square root, for
@ @ which Aryabhata had clearly evolved an

efficient algorithm.
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Finding tabular sines: Analytic approach

TAIAITTST: ARAS ST ||

Let By, = Rsin (k x 225"), (k =14,2,...,24) , be the twenty-four Rsines, and
let A, = By, — Br_1, (k=1,2,..., 24)... be the Rsine-differences. Then, the formula

coded in the above siitra may be expressed as!

B
Ao = Bi- )
31
B B ...+ B
Apy1 = p - Bt Bt .+ B (k=1,2,...,23). (6
By
This second relation is also sometimes expressed in the equivalent form
A +DAo+ ...+ A
Appr = A, — BrfBet..+ A (k=1,2,...,23). @)
By
From the above, the discrete version of the harmonic equation follows
—By
Apg1 — A= —- (k=1,2,...,23). (8)
By

! Aryabhata is using the approximation Ay — Ay ~ 1’.
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Aryabhata’s table for computing Rsines

@ Using either/both the approaches, Aryabhata having obtained Rsine values
has presented a table in Gitika-pada of Aryabhatiya (verse 12).

@ This verse? lists the 24 first order Rsine-differences (in arc-minutes):

oy g7 o foreT wafs e |
w5k R T afh Tohe
T FHTF T hordsan ||

225, 224, 222, 219, 215, 210, 205, 199, 191, 183, 174, 164, 154, 143,
131, 119, 106, 93, 79, 65, 51, 37, 22, and 7—these are the
Rsine-differences [at intervals of 225’ of arc] in terms of the
minutes of arc.

@ In Aryabhata’s notation: ¥ — 25; & & — 200;

*This verse is one of the most terse verses in the entire Sanskrit literature that I
have ever come across. Only after several trials would it be ever possible to read the
verse properly, let alone deciphering its content.
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Bhaskara’s approximation

@ We know that sine function

@ is symmetric about 90° point ‘ Bhaskara’s approximation ‘
@ is concave over the range
0° — 180°
. 49(180 — 9)
@ Bhaskara’s (7th cent.) formula sinf = 40500 — (180 — 0)

clearly satisfies these properties.

@ It would indeed have been a mathematician’s delight to arrive at an
expression for sine function that at once captures the properties as
well as serves as a very good approximation (= 99%) for the entire
range (0 — 180°).

@ Bhaskara II (12th century) discusses sine at great length by
exclusively devoting a chapter to it.

@ The 17th century astronomer Nityananda devotes almost 65 verses!
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The structure of the five sections on trigonometry

The organization of different sections is as follows:

verses 19-23 Preamble and definitions

verses 24-30 | Section1 The Sines of ninety, thirty, eighteen degrees
verses 31-36 | Section 2  The Sine of half the arc

verses 37-40 | Section3  The Sine of double the arc

verses 41-48 | Section4  The Sine of the sum of two arcs

verses 49-54 | Section 5 The Sine of the difference of two arcs

verses 55-59 Demonstration of equivalences by geometrical
construction (Silpa)

verses 60-85 | Section 6  Obtaining the Sine of one degree

Nityananda introduces each section with a short statement in prose which
describes which has a distinct structure:

@ they announce the section number
o indicate the relation that is to be discussed (in locative absolute), and

o specify what relation is going to be presented.
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Setting the background for defining Sines

I ATHI |

- : .
gedf werrErsar NS |
X s o o C

SECHERRCES CRECHITH

FATEId. IS A== 1l R8I Il SIsTevETa I
Sin90 = R, )
R
Sin30 = 2 (10)

Sin18 = D2+1 D\’ 1D (11)
PV ) Ta\d) 2w

The relation given here is justified by means of a geometrical construction.

A diagram depicting the construction has been presented in some of the

manuscripts.
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Determination of the Sine of one degree

Trigonometric identity that forms the basis for the cubic

The multiple-angle formula that forms the basis of all the three algorithms
presented by Nityananda is:

sin30 = 3sinf — 4 sin> 6. (12)

Given that the modern sine and the non-unit-radius Sine are related by the
expression R sin f# = Sin 6, the above formula reduces to:

4Sin® 0
Sin30 = 3Sin6 — % (13)
Substituting 6 = 1° and denoting Sin 1° = 1, equation (13) becomes:
a0 4y?
Sin3° = 3y — Nk (14)
Sin3° 43
, - = 15
o 3 | 3R (13)
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Determination of the Sine of one degree
Method due to al-Kashi (15th cent)
@ Since the Arabic sources employed chords, Nityananda appears to be
emulating this by multipliying equation (15) by two, so that we have:

_2-Sin3  (2y)?

2 . 16
Y 3 SR (16)
o The left hand side 2y can be considered to be made up of successive
sexagesimal digits. Denoting them by pg, p1, 2, . . . we have: 3
2y = Po,P1,P2,---

@ By a careful analysis of equation (16), al-Kashi establishes each of
these components one by one, by an iterative process. In essence y is
updated with each iteration by an additional sexagesimal place.

@ At any stage of the operation, an approx. value of the Sine of one
degree is obtained by dividing the current value of 2y by 2.

*The text calls each of these components: degrees (lava), minutes (lipta),
seconds (vilipta), and so on, respectively.
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Determination of the Sine of one degree
Method due to al-Kashi (15th cent)

@ Since y is small, neglecting 4, a good first approximation to y is
2-Sin3 To
3 = Do + 37
@ Now, pg is then used to generate the next segasesimal digit p;:
3
o+ (22) 1
—3 —h + 3

@ The third sexagesimal digit ps is to be found using the relation:

2y =~

(po,p1)3 - (PO)S
R2 . T2
3 P2t g

1+

@ In the n'" iteration, one produces p,, using the equation:

(Pos - Pn-1)* — (Po, - - -, Pn—2)’
R2 Tn
3

Tn +

3

K. Ramasubramanian From chords to series:The evolution of sine function in India



Numerical value of the Sine of three degrees

@ Nityananda simply describes the algorithm, and does not specify the
numerical value of the Sine of one degree.

@ However, we carried out a few iterations of the procedure to
demonstrate how the numbers might have been generated.

@ The one and only numerical parameter Nityananda does give is the
Sine of three degrees. Its value, recorded using the object-numeral
system is:

Sin3° = 3;8,24, 33, 59, 34, 28, 14, 50

@ Interestingly, this value is not the same as the one given by al-Kashi.
In their scholarly paper, it has been noted by Rosenfeld and
Hogendijk* that the correct value of the 8th place is 50 and not 29.

o This clearly suggests that Nityananda has independently evaluated it
and not simply borrowed this parameter.

“Rosenfeld and Hogendijk 2003, fn. 57, p. 45.
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Nityananda’s approach to the problem

o The second method Nityananda describes to solve the cubic is again
an iterative procedure. He commences with the approximation:
2-Sin3
OO

o This is to be increased by its own cube, and divided by the product of
three and the square of the radius to get the next iterate:

Yo =

y
Y1 =Y T 553 3 R2
o Now we use y; to get the next iterate. That is,
3
Y1
= Yo+ ons
Y2 = Yo 3R2
@ Subsequent iterations are generated via:
(yn—1)3
Yn = Yo + 3R

@ The iterative process is terminated when vy, 11 ~ y,.

K. Ramasubramanian From chords to series:The evolution of sine function in India



Convergence of the iterates (Nityananda’s approach)

Itn. No. (n)

Sin1° = y,, /2

difference = ¥»—¥n=1

AN U WD = O

124811195129 24 56 40
1249 430432005337 37
1249431114 14 50 04 39
124943111444141710
12494311144416 2608
124943111444 16 26 17
124943111444 16 26 17

00001 31 44 40 31 28 40 57
000 00 00 06 42 13 56 27 02
0 00 00 00 00 00 29 24 12 31
0 00 00 00 00 00 00 02 08 58
0 00 00 00 00 00 00 00 00 09
0 00 00 00 00 00 00 00 00 00

o It may be noted from the table above, that the successive difference
keep rapidly decreasing (in 5 steps you get 10 sexagesimal digits).

o This may have to do with the problem being akin to fixed point

iteration technique applied to a cubic.

@ It has been noted before® that such approaches were employed by
Indian astronomers of earlier period to solve similar problems.

%See the recent studies by Plofker 2002, and Sriram, Ram and Pai 2012.

K. Ramasubramanian
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Arriving at the cubic through geometrical construction

o Nityananda presents an interesting geometrical construction in order
to arrive at the cubic.

@ Having described the construction in detail he finally states:
evam jato bhimivaktravaghatah
dorvargadhyah karnavargassa eva ||
Thus, what is obtained is the product of the base and the

face increased by the square of the chord. This is indeed
the square of the diagonal.

@ This amounts to the following equation:

(ka-ga)? = (Crd #)? + Crd @ - Crd 30 (17)
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Arriving at the cubic through geometrical construction

o Nityananda having presented an alternative expression for the
diagonal states:

evam prakaradvayato pi kuryat

karnasya vargau ganakapravinah |

Thus, the expert mathematician may compute the squares
of the diagonal by both the approaches.

o The other equation for the diagonal given is:
»  (Crd®6)?

(kha-gha)? = 4(Crd 0) 2

(18)
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Arriving at the cubic through geometrical construction

o Equating the two expressions for the diagonals, and replacing all
instances of Crd # with an unknown, say y, we have:

(y%)?

@ Reducing both sides by the unknown quantity produces:

3
y+Crd39:4y—%. (19)
@ Rearranging the above we have,
Y
3y = Crd 30 + i3
Crd 36 Y3
y=3 3p2 (20)

@ This is the cubic to be solved, for which the various iterative methods
were prescribed.
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Representation of algebraic equations in the manuscripts
Simple expressions

Crd @ = ka-kha =y tui L

yia 1
Now, the base (bhi) is to be diminished by that:

b-y L
i Tl

Half of that is the part (sandhi):

h— P [
— [y
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Representation of algebraic equations in the manuscripts

More complex expressions

Herein below we present an example of how more complex expressions are
represented in Sanskrit manuscripts.®

2

1 e

. (b—y)zjyz +2by — NI TRIHIY
yava 3 yabhi 2 bhiva 1
[4]

L"’"?J?ra‘w'sﬁlaﬁ g 1|-aaqaa&ramu%=aaaﬁ% EumTgEE
mzrﬁ‘oaaafrm (T LS Y A A S 1 @E S )
Fu%&mm : S RS @ g Y e ans darag y Sy adansa
T aaumamaumgggwmd\amﬁa‘ﬁmmm

.?nv:raaram TFF e MITTRNTIINTET SIS Bioecs) \Tmgoar. angBIans
T ST T e00) F AR TS T AT GRS S R A R
TS (T ST A W R g WG e (i vt iﬁmmf
mﬁraamma;awaaﬁmﬁfhﬁwasﬁma?ﬁmm%

6 Clemency and Ramasubramanian, SCTAMVS 19 (2018), 1-52
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Signal achievements of Kerala mathematicians

@ The “Newton” series
e

+T
sinz =z — -+ — ...
3l 5l '

(1)

@ The “Gregory-Leibniz" series

1 1 1
Paridhi4xVydsax<13+57+...) (22)

@ The derivative of sine inverse function

d M (]1\1
7 [sinf1 (% sin ]\Jﬂ = R €08 (23)
1- (% sinM)2

and many more remarkable results are found in the works of Kerala
mathematicians (14th—16th cent.)

"The quotation marks indicate the discrepancy between the commonly
employed names to these series and their historical accuracy.
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Why should we look into the past?

@ In The Times of India (Kolkata) August 17 (p 10), there appeared an
interview of Manjul Bhargava (Fields Medalist, 2014). When asked:

Why is India still a middle power in mathematics despite
its famed legacy?

@ The reply that Manjul gave was:

Students in India should be taught about the great ancient
Indian mathematicians like Panini, Pingala, Hemacandra,
Aryabhata and Bhaskara. Their stories and works inspired
me, and I think they would inspire students across India.
Many of these works were written in Indian languages in
beautiful poetry, and contain important breakthroughs® in
the history of mathematics.

8For instance: zero, Pythagorean theorem, combinatorial rules, analytical
expression for finding sine function, solution to indeterminate equations (I and II
order), infinite series, their fast convergent approximations, etc.
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Do the books on history present the truth?

Alex Bellos, a British journalist in his text authored in 2010 observes:

For two thousand years the only way to pinpoint pi was by using polygons.
But, in the seventeenth century, Gottfried Leibniz and John Gregory ush-
ered in a new age of pi appreciation with the formula:

In other words, a quarter of pi is equal to one minus a third plus a fifth
minus a seventh plus a ninth and so on, alternating the addition and
subtraction of unit fractions of the odd numbers as they head to infin-
ity. Before this point scientists were aware only of the scattergun random-
ness of pi's decimal expansion. Yet here was one of the most elegant and

Making unverifiable claims or exaggerated claims is unscientific, but what
is scientific about suppressing or making blind rejection?
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The thrill in investigating historical material
An interesting observation by Donald Knuth — the author of The Art of Computing

.

My major failihg as a teacher was that | F¥==
wasn't able to get a single one of my 28 —
——

My major failing as a teacher was that I wasn’t able to get a single one of

my 28 PhD students to realize what a thrill it is to work on source material!
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Concluding Remarks

@ In 1969 Sir C V Raman observes:

We have, I think, developed an inferiority complex. I think what is
needed in India today is the destruction of that defeatist spirit. We
need a spirit of victory, a spirit that will carry us to our rightful
place under the sun; a spirit which will recognise that we, as
inheritors of a proud civilisation, are entitled to our rightful place on
the planet. If that indomitable spirit were to arise,” nothing can hold
us back from achieving our rightful destiny."®

@ Raman brings out an extremely important point here. The inferiority
complex, residing in us as a parasite, without our knowledge, has
been inhibiting us for centuries!

@ One way (if not the only way) to get rid of this problem is to make the
citizens of our nation to shed way the cultivated ignorance by making
them aware of their own scientific heritage.

*The Upanisadic passage — 3RS STHIA T SRITHTEd — essentially does this.
'"This, and other quotes shared by Amartya Dutta, ISI Kolkata;
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Concluding Remarks

What is to be done?

o Efforts should be made to highlight important discoveries made in
India'! as a part of the school curriculum.

@ History as taught is schools today is primarily political history, '? and
at best social history, talking of caste system, suppression, oppression,
and so on — and that too as portrayed by others to us!

o The scientific and cultural history of India — which is currently either
completely absent, or presented in a banal manner — must be
introduced in an “accurate” and attractive manner!

@ Such an introduction, if not anything else, will at least help the people
of India shed away their ignorance/myth that Indians were only
interested in spirituality, religion, philosophy, literature and arts.

" As a first step books must be prepared based on authentic facts presenting
what, where, who, why and how great ideas emerged. Eminent scientists (not
merely historians) who appreciate history, should be involved for they will be
better equipped to fathom the depth and significance of Indian contributions.

2filled with lurid details of betrayals, machinations, etc.
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THANK YOU !

K. Ramasubramanian From chords to series:The evolution of sine function in India



