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Recall that X is a projective algebraic manifold over C of dimension
dim(X) = r. M C Hy (X,Z) is the monoid of homology classes
represented by closed algebraic curves in X. The Novikov ring is the set of
functions A = QM, with convolution product.

Choose a homogenous basis {v, € HP»9(X,Q)},¢; of the rational
cohomology H*(X,Q), with 7o =1 € H(X, Q). Let p1, = p — 5.

Denote the non-degenerate Poincaré form by

Tab :/ Ya U Vb,
X

and its inverse by 7?°.
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The large phase space is the formal space with coordinate ring
N[ |a€el, k>0],
where t7 is obtained from t7 by the dilaton shift
E/f = tf — 5/(17703.
The jet space is the formal space with coordinate ring
ANuty = A[[u]][e, v, .. a0
The coordinate ring A{u} has an increasing filtration
FEMu} = A[[u]le, u@, ... ).
The topological recursion relations state that
Okt,an - - - Ok, Fg € F32TN{u}.
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The total potential of the theory is
Z = exp(h7F),

where

[e.9]

F=> neF,.

g=0

Let R be multiplication by the Chern class ¢1(X):
Rb = nbc/ c1(X)UvaUAe.
X
The string equation is L_1Z = 0, where
1 n
Loy =L+ onapfiig-

Here, £_1 is the vector field

oo
L= B 10ka

acl k=0
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There is a morphism from the large phase space to the jet space, defined

by
8k u? = nab(ao7o)k+lao7b/_-0‘

The string equation implies that

Oku? = 6,1m° + 7 + O(t?).

In other words, the large phase space is a completion of Spec(A{u}) at the
“dilaton” point
B =t — 0kan®™.

Roughly speaking, the KdV (or integrable systems) picture studies the
coordinate ring A{u}, while the Virasoro conjecture studies its completion
A[[£2]]. Our task is to compare these pictures.
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The Hori equation is LgZ = 0, where

1 a 1
Lo = Lo+ ——Rapfate + —/ (3= r)cr(X) — 2c1(X)cr—1(X)).
oh 48 |

Here, Lg is the vector field

Lo=> > (k+pat3)E0at Y D R 00

ael k=0 a,bel k=0
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Consider the generating function
D s'ei(R,x,n) = (sR+x)(sR+x+1)...(sR+x+n)

Thus, for each i, e;(R,x, n) is a matrix whose coefficients are polynomials
of degree k — i +1in x.

We now introduce the differential operators L,,, n > 0, that enter into the
Virasoro conjecture. Unlike L_1 and Lg, these are second order differential
operators on the large phase space.

n+1 -1

Z Z Z “ei (R, k + 12+ 3)?°0—k—1,20k4n—i.b-

abEIl 0 k=i—n

Here, L, is the vector field

n+1 oo

L, = Z Z Z ei(R k + o+ 3) 280k n—ip

a,bcl i=0 k=0
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The Virasoro conjecture says that L,Z =0, n > 0.

The commutation relations [Ln, L] = (n — m)Lp+m give a necessary
consistency condition for this conjecture: for example, if L,_1Z = 0, then

Lq,L,Z = ([Ln, Lfl] — (n + 1)Ln,1)Z,

and so must vanish if L,Z is to vanish.

These commutation relations are proved using the free field

- r(l) k L~ b - F(k + l) k 1
¢a(z) — 2 z +Hats tf o hna 2 7~ —Hta_iak,b-
2 ik+ D 2T

For n > —1, we have

[Ln, $(2)] = —(z + R)"10;4(2).
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The tricky part in proving the commutation relations is checking the
constant term in the formula

[L1, L_1] = 2Lo.

This uses the Libgober-Wood formula, itself a consequence of the
Riemann-Roch-Hirzebruch theorem (or an explicit calculation, in the case
of projective spaces):
Patda,,2 L
S0Pt = = e (X) 4+ 2a1(X)er-a(X).
X

acl
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We now begin the translation of the Virasoro conjecture into a statement
in the ring A{u}. Introduce the generating function of two-point
correlators in genus 0

O(2)5 =65+ 0" 20y 100, Fo
k=0

The following fundamental formula is due to Dubvrovin.

Lemma
O(2)0(—2)* =1 J
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Proof.

The topological recursion relation in genus 0 shows that
9(8(2)0(-2)") =0,
and the string equation shows that
L_1(0(2)0(—-2)*) = 0.

Thus ©(z)©(—2z)* is a constant. But at t = 0 it equals /, and the formula
is proved. [

v
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Let M be the matrix
M3 = 180,200, Fo,

and let X = OM. The following formula is again proved using the
topological recursion relation and string equation in genus 0:

07 4(2)00(z) = X.

At the point t = 0, the matrix X equals the identity: thus, it is invertible
in a neighbourhood of this point.
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The following theorem is a consequence of the topological recursion
relation and string equation in genus O.

Theorem

Let t(z) be the formal generating function given by the formula
(e} o0
ta(z) = T]ab szak,bFo -+ z(—z)_k_lf}?.
k=0 k=0
We have

s(z) = O"(2)t(2) = Y 2 ((xtayk 1),

k=0
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We may use ©(z) to convert derivatives in the coordinates tj to
derivatives in the coordinates u(%). Let

[°S)
=2 2%
k=0

and let -
o(z) =) Mo =07 (2)7(2).
k=0

Observe that
— 1 041
Za O(z 4),

and hence

0

-1 ¢+1
)=z Z@ 2)0"10(2) 5 -
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For example,

0

4

o9 = E 0 X—au(g).
/=0

In general, oy vanishes on FXA{u} if £ > k; conversely, FKA{u} is the
subalgebra of functions that are constant along the vector fields oy, £ > k.

Let U = M + [u, M] + R, and let

6, =0+z Y (u+3)+U.
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Although we have not emphasized this point of view in the lectures, U
may be interpreted as multiplication in the quantum cohomology by the

Euler vector field
E=> (1= pa)u’ + Rg)0..

ael

Recall that this product is given by the formula
1(0a *t Op, Oc) = 90,200,600, Fo-

It is associative, commutative, and equals the cup-product at t = 0.

Most results on the Virasoro conjecture concern semisimple quantum
cohomology: this is the situation where the matrix U is generically
semisimple, with distinct eigenvalues. It follows from this condition that
the product on the quantum cohomology is also semisimple: for example,
this is the case for projective spaces, for which the relation x™*1 =0 in
H*(CP™) deforms to x™*1 = gq.
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In the semisimple case, the Virasoro conjecture follows from the fact that
it holds for a point. The basic idea is to find a group action on
tau-functions Z such that

Ix =g- Zr?d,y/v

and then to identify the conjugate of the Virasoro operators in the KdV
case by the group element g with the Virasoro operators for X.
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The following formula is straightforward, using the above definitions and
Dubrovin’s formula for ©71(z2).

Theorem
L, = Res;—o(s(z), 200" o(z)) J

The vanishing of the coefficients of z, k > 0, in s(z) now implies the
Virasoro conjecture in genus 0 (for all compact Kahler, and even
symplectic, manifolds!).

Now that we know that the Virasoro conjecture holds in genus 0, we can
reformulate the Virasoro conjecture in higher genus in the ring A{u}.
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Consider the expansion of the Virasoro conjecture

ZUnZ =) hE 2y
g=0

If n> 0, we have z,9 = L,Fg = 0.
The case g = 1 is due to Liu.

Theorem

Zp1 = Lo.F— 425’0’ (,u L{k(,u—i— )Ll" k)

Note that this formula holds for n = 0 (the constant term of Hori's
equation) and n = —1 as well.
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Next, we have a formula for z, ,, g > 1.

Theorem

1
Zng = ﬁan aF 5 Res,—o 77(0(_2)7 252+10(Z)) Fg_l

1= .
+ . hz_:l Res,—o n(o(—2z)Fh, zéZHa(z)Fg_h).

V.
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The following result is due to Dubrovin and Zhang.

Lemma

Suppose that X has semisimple quantum cohomology. If f € FKA{u} and
Lof =0 forall n> —1, then f € FK=IA{u}.

It follows that if the quantum cohomology is semisimple and Z satisfies the
Virasoro conjecture, then the solution of the Virasoro conjecture is unique.

At first sight, this result is surprising, since it seems that the Virasoro
conjecture doesn’t impose enough constraints. But in combination with
the topological recursion relations, and under the condition of
semisimplicity, it does give sufficient information.
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