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QUOTATIONS

“The scientist does not study nature because it is useful to
do so. He studies it because he takes pleasure in it, and he
takes pleasure in it because it is beautiful. If nature were not
beautiful it would not be worth knowing, and life would not
be worth living."

– H. Poincare, Science and Method (1914)

“The reduction of a colorful variety of phenomena to a
general and simple principle, or, as the Greeks would have
put it, the reduction of the many to the one, is precisely what
we mean by ’understanding’. The ability to predict is often the
consequence of understanding, of having the right concepts,
but is not identical with understanding."

– W. Heisenberg, Physics and Beyond (1971)

“Simple (mathematical) models can be invaluable without
being "right," in an engineering sense. Indeed, by such lights,
all the best models are wrong. But they are fruitfully wrong.
They are illuminating abstractions. I think it was Picasso who
said, "Art is a lie that helps us see the truth." So it is with many
simple beautiful models... because they capture qualitative
behaviors of overarching interest"

– J. M. Epstein, Why model? (2008)
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ABSTRACT

KEYWORDS: two-phase flow, mass transfer, multi-scale averaging, hydrody-
namic instabilities, Dean vortices, microchannels

In this thesis, we study the transport of momentum and mass in two-phase layered (strat-
ified) flows, in microchannels, with the aim of developing a theoretical understanding of
the governing physical mechanisms. These flows are encountered in several microfluidic
applications, which often involve transport of a solute from one phase to the other, e.g.
solvent extraction and phase transfer catalysis. These applications will benefit from de-
sign and operating protocols that enhance the rate of inter-phase mass transfer. Here, we
propose several such strategies, based on a detailed analysis of the physics of these flows.

Two classes of problems are investigated:

• Mass transport of a solute between immiscible fluid layers, flowing in straight mi-
crochannels. Here, coupling between momentum and mass transport can lead to
new physical phenomena, and significantly impact the performance of these chan-
nels as mass transfer devices.

• Vortices in layered flow of immiscible fluids through curved channels. Here, we
investigate the three-dimensional circulatory flow that arises in curved channels,
due to the action of centrifugal forces. Special attention is paid to the structure of
the vortices and their dependence on system parameters. A detailed understanding
of these flows will aid in the design of microchannels with curved sections that
enhance intra-fluid mixing and mass transfer.

Chapters 2 to 4 belong to the first category. In Ch. 2, we analyze the influence of fluid
and solute properties on the rate and extent of mass transfer between layered fluids. These
parameters can impact mass transfer either directly, by modifying the rate of diffusion in
each phase, or indirectly through its affect on the flow field. A reduced order model, de-
rived systematically using multi-scale averaging techniques, is used to study this system
across a wide range of the multi-dimensional parameter space. In Ch. 3, the influence of
the relative flow direction of the two phases is considered; i.e. we investigate the extent
to which operating in counter-current flow increases mass transport. These two chap-
ters demonstrate the significant, and often non-intuitive, influence of the unidirectional
two-phase flow field on transverse mass transport. On the other hand, solutal diffusion
across the fluids can in turn have a dramatic effect on the flow, if the solute is a soluble
surfactant. This situation is investigated in Ch. 4, where the action of solutal-Marangoni
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stresses on a deformable interface are taken into account. We find that the base unidi-
rectional flow becomes unstable, even under creeping flow conditions, and gives rise to a
new dynamic flow state.

Ch. 5 and Ch. 6 are concerned with layered flow in curved channels. When the
channel has a bounded cross-section, such as a rectangle, the centrifugal forces are dis-
tributed non-uniformly because of no-slip conditions at the wall. This mandates a three-
dimensional circulatory flow state at any finite Reynolds number. This case is studied in
Ch. 5. When the height of the rectangular channel is increased, however, the magnitude
of the vortices decreases, until they vanish completely in the limit of an infinitely tall
curved channel. Instead, arrays of vortices can arise via a centrifugal instability, similar
to the classic Taylor-Couette instability. This problem is addressed in Ch. 6, with a focus
on determining the critical conditions for instability and the associated vortex patterns.

The results of every chapter suggest a different strategy for enhancing mass transfer
in layered micro-flows, without compromising the integrity of the inter-fluid interface.
These strategies stem from an increased understanding of the physics of layered micro-
flows and the two-way coupling between momentum and mass transport. These results,
both quantitative and qualitative, are expected to aid in the design of efficient micro-
devices, while paving the way for future experimental and numerical studies on transport
phenomena in layered fluids.
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expansions of û0 and v̂0 (6.22). . . . . . . . . . . . . . . . . . . . . 207

xi



LIST OF FIGURES

1.1 Experimental observations of layered two-phase flow in microchannels
(i)Ethyl-acetate (21µL min−1) and water (10µL min−1) in a channel of
width 220 µm and height 50 µm. (a) entrance, (b) curved part, (c) flat
part and (d) exit of the microreactor (Znidarsic-Plazl and Plazl, 2007).
(ii) Toluene (80µL min−1) and water (80µL min−1) in a channel of width
300 µm and height 180 µm (Fries et al., 2008). (iii) Kerosene (3 mL
min−1) and water (2.65 mL min−1) in a channel of width 600 µm and
height 300 µm (Zhao et al., 2006). . . . . . . . . . . . . . . . . . . . 3

2.1 Schematic of two-phase layered flow between flat plates: a simplified
model for layered flow in rectangular microchannels. The interface be-
tween the fluids is located at h. In extraction, phase 1 is the carrier fluid,
which enters the channel with solute, and phase 2 is the solvent fluid. In
reactive extraction, a reaction occurs in phase 2. . . . . . . . . . . . . 13

2.2 Velocity profiles for different viscosity ratios (µ12) and holdups of phase
1 (h): (a) µ12 = 3, h = 0.5 and (b) µ12 = 1/2, h = 0.6. The interface is
marked by a vertical dashed line. . . . . . . . . . . . . . . . . . . . . 13

2.3 Comparison of the one equation averaged (OEA) model (2.24) with the
full PDE model (2.2) - (2.5) and the simple heuristic (SH) model (2.25),
for different values of p and Da. At the inlet (x = 0), ĉ1,in = 1 and
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CHAPTER 1

Introduction

The pursuit of science has often been compared to the scaling of moun-
tains, high and not so high. But who amongst us can hope, even in imagi-
nation, to scale the Everest and reach its summit when the sky is blue and
the air is still, and in the stillness of the air survey the entire Himalayan
range in the dazzling white of the snow stretching to infinity? None of us
can hope for a comparable vision of Nature and the universe around us,
but there is nothing mean or lowly in standing in the valley below and
waiting for the sun to rise over Kanchenjunga.

– S. Chandrasekhar

1.1 Layered two-phase flows in microchannels

Layered (or stratified) two-phase flow of immiscible liquids has been the subject of sev-
eral investigations, including theory, experiments and simulations (Charles and Lilleleht,
1965; Boomkamp and Miesen, 1996; Valluri et al., 2010; Barmak et al., 2016). Here, two
immiscible liquids flow alongside one another, with a clearly defined inter-fluid interface.
These flows find applications in several technological processes, spanning a wide range
of length and time scales. At the macro-scale, the stability of layered flow plays a crucial
role in the lubricated transport of a viscous liquid by a less viscous one, e.g. transport of
oil using water, and rinsing of equipment in the food industry (Valluri et al., 2010; Bar-
mak et al., 2016). Slower layered flows, at smaller scales, are encountered in extrusion
processes and fabrication of laminated materials and multi-layer coatings (Pozrikidis,
2004). At the even smaller scale of micro-meters, layered flows have recently gained
attention as effective systems for carrying out mass transfer limited processes, such as
liquid-liquid extraction (Assmann et al., 2013; Picardo et al., 2015). In this thesis, we
focus on this relatively unexplored micro-scale regime, where capillary forces dominate
gravity, solutes diffuse rapidly (diffusion time is O(10) s), and inertia is held in check by
viscous forces (Re ranges from O(1) to O(100)).

Due to the small dimensions of microchannels (O(101) – O(102) µm), liquid-liquid
flows in rigid microchannels are laminar. Nevertheless, two-phase micro-flows can ex-
hibit complex dynamical flow regimes, due to nonlinear capillary forces that act at the



deformable inter-fluid interface. The interaction of capillary, inertial and viscous forces
result in a rich variety of flow states that undergo transitions/bifurcations as flow param-
eters are varied. The relative magnitude of these forces can be expressed in terms of
two dimensionless groups, Reynolds number (Re) and Capillary number (Ca = ucµ/γ),
which are ratios of inertial to viscous forces and viscous to capillary forces respectively.
Here lc and uc are characteristic length and velocity scales, ρ and µ are a representative
density and viscosity respectively, and γ is the interfacial tension. The Weber number
(We = ReCa), expressing the ratio of inertial to capillary forces, is often used in place
of either Re or Ca in the literature. Gravity does not play a significant role in deciding
the stratification of liquids in microchannels, because capillary forces dominate buoyancy
(l2c(ρ1− ρ2)g/γ � 1). Several experimental studies have mapped out various steady and
dynamic flow states as a function of fluid flow rates. These include drop and slug flow,
steady layered flow (stratified and core-annular), wavy interface flow and fully dispersed
flow (Zhao et al., 2006; Fries et al., 2008; Cubaud and Mason, 2008; Kashid et al., 2011).

Two-phase micro-flows are typically set up by pumping two immiscible liquids (such
as water and toluene), using syringe pumps, into two separate branches of a microchan-
nel. The phases are brought into contact at a T or Y shaped junction (Zhao et al., 2006;
Fries et al., 2008; Znidarsic-Plazl and Plazl, 2007; Cubaud and Mason, 2008), the latter
being more effective at producing layered flow. At low flow rates, capillary forces are
dominant (We ≈ O(10−6) – O(10−1), Ca ≈ O(10−4) – O(10−1)) and cause one of the
liquids to break up into drops, depending on relative flow rates and wall-wetting proper-
ties. This leads to a dynamic drop or slug flow regime. At higher flow rates, both viscous
stresses and inertia enable the liquids to stream past the junction without rupturing the
inter-fluid interface (We ≈ O(10−1) – O(1), Ca ≈ O(10−1) – O(1)). The resulting flow
is steady and layered, with a stationary interface. Fig. 1.1 presents some micro-graphs of
two-phase layered micro-flows.

This layered flow regime is observed over quite a wide range of flow rates (Znidarsic-
Plazl and Plazl, 2007; Fries et al., 2008), provided the flow rate ratio is not too far from
unity. As an example, Fries et al. (2008) obtained layered flow (cf. Fig. 1.1(ii)) in the
range of 100-150 µL min−1, for a water-toluene combination, in a channel of width 300
µm and height 150 µm. Layered flow eventually becomes unstable at large flow rates
(We ≈ O(101) – O(102), Ca ≈ O(101)) and gives way to dynamic and disordered
regimes, in which the interface develops waves that ultimately breakup and result in fully
dispersed flow (Zhao et al., 2006).

Two-phase micro-flows offer several advantages for carrying out separations and re-
actions. These include small diffusion path lengths, large interfacial area per unit volume
and low inventories (beneficial when dealing with exothermic processes or hazardous
substances (Hotokezaka et al., 2005)). An added advantage of the layered flow configu-
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Figure 1.1: Experimental observations of layered two-phase flow in microchannels (i)Ethyl-
acetate (21µL min−1) and water (10µL min−1) in a channel of width 220 µm and height 50
µm. (a) entrance, (b) curved part, (c) flat part and (d) exit of the microreactor (Znidarsic-Plazl
and Plazl, 2007). (ii) Toluene (80µL min−1) and water (80µL min−1) in a channel of width 300
µm and height 180 µm (Fries et al., 2008). (iii) Kerosene (3 mL min−1) and water (2.65 mL
min−1) in a channel of width 600 µm and height 300 µm (Zhao et al., 2006).

ration is that it allows the fluids to be separated at the outlet easily. Among applications of
layered micro-flows that have been successfully demonstrated are liquid-liquid extraction
(Assmann et al., 2013; Fries et al., 2008; Okubo et al., 2008; Znidarsic-Plazl and Plazl,
2007), separation of biomolecules (Huang et al., 2013), reactive extraction and phase
transfer catalysis (wherein a catalyst facilitates the transport of a reactant and product
species between immiscible liquids (Aljbour et al., 2010; Šinkovec et al., 2013)).

All the applications mentioned above involve diffusion of a solute from one phase
(carrier) to the other (solvent). This can give rise to new physical phenomena, involving
a two-way coupling between momentum and mass transport. The flow field controls the
diffusion path length and the residence time of each fluid in the channel. Inversely, varia-
tions in solute concentration can generate gradients of interfacial tension that modify the
flow, provided the solute is a soluble surfactant. Another interesting physical situation
commonly encountered in these applications is the flow of layered fluids through curved
channels. Curved and serpentine sections are often included in microchannels to reduce
the size of microchips (cf. Fig. 1.1(i) from Znidarsic-Plazl and Plazl (2007)) and to im-
prove mixing (Carlo, 2009; Gelfgat et al., 2003). While the effects of centrifugal force on
single phase flow are extensively documented (Berger et al., 1983; Carlo, 2009; Vashisth
et al., 2008), its influence on the flow and stability of immiscible fluid layers is largely
unknown. This thesis treats both these relatively unexplored aspects of layered micro-
flows – solutal diffusion and centrifugal effects – with a focus on gaining fundamental
understanding of these technologically relevant flows.
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1.2 What, why and how

The objective of this thesis is two-fold: firstly, to develop an illuminating theoretical de-
scription of inter-phase diffusion and centrifugal effects in layered micro-flows; secondly,
to investigate strategies for enhancing inter-phase mass transfer without destabilizing the
inter-fluid interface. These two objectives are complementary, since an in-depth under-
standing of the system enables us to anticipate its response to modifications in design,
fluid properties and operating parameters. Such insight is essential for designing and
operating robust, high performance micro devices.

The simplest approach to improve mass transfer is to vary adjustable parameters, such
as flow rates, channel dimensions and fluid properties (if alternative solvent liquids are
available). A mathematical model is ideally suited to this purpose. However, the equa-
tions governing diffusive transport of a solute, in steady layered flow, involve coupled
partial differential equations in two spatial dimensions (at least). These are tedious to
solve repeatedly for a large range of parameter values, as is required for optimization.
To overcome this issue, we develop a low dimensional model, or averaged model, that
accounts for the essential physical processes while greatly reducing computational cost
(cf. Chapter 2). This is done systematically using the Lyapunov-Schmidt reduction tech-
nique, which has been applied successfully to many single phase problems (Balakotaiah
and Chakraborty, 2003; Ratnakar et al., 2012). This reduced model enables us to explore
the system’s behaviour across the high dimensional parameter space, and understand how
parameters affect mass transfer by modifying the flow field and concentration gradients
within the fluids.

A common and traditional strategy for improving mass transfer in two-phase sys-
tems is to operate in counter-current flow, rather than co-current. The average departure
from equilibrium is typically higher in counter-current systems, where the fluids flow in
opposite directions. Unfortunately, it is quite difficult to obtain counter-current flow in
microchannels (Aota et al., 2007), and specially designed channels with fluid specific
wall properties are required. This extra investment is justified only if the benefit provided
by counter-current flow is significant. To identify conditions under which this is true, we
develop and analyze mathematical models of both flow configurations (cf. Chapter 3).
Since this comparison is relevant to many separation processes, we attempt to identify its
generic features that extend beyond microfluidic extraction.

As long as the flow is unidirectional, mass transfer can only occur by transverse
molecular diffusion. Therefore, mass transfer will be significantly enhanced if a trans-
verse component of velocity can be induced within each fluid. Such a flow may be spon-
taneously generated if the diffusing solute is a soluble surfactant. An example of such
a system is acetone diffusing between water and toluene (Javed et al., 1989). Variations
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in solute concentration along the interface will generate gradients of interfacial tension,
which in turn give rise to Marangoni stresses. Although these stresses are weak in com-
parison to the applied pressure gradient (Picardo et al., 2015), they may destabilize the
base steady flow and give rise to a dynamic flow state. We investigate this possibility by
carrying out a linear stability analysis for arbitrary wavelength perturbations (cf. Chap-
ter 4). We focus on understanding the nature of the instability modes and their influence
on the inter-fluid interface. The ultimate goal is to identify conditions under which the
system selects an instability mode that generates a transverse flow in each fluid, while
leaving the interface stationary.

In the absence of a favorable instability, circulations must be induced by external
forces. Curved channels make this possible, by subjecting the fluids to a transverse cen-
trifugal force that generates a secondary circulatory flow (Dean, 1927). We analyze these
vortex flows in detail using perturbation methods and numerical simulations (cf. Chap-
ter 5). The aim is to determine all possible vortex patterns and their corresponding mag-
nitudes. Attention is paid to the interaction of the circulatory flows in the two fluids,
which are intimately coupled via interfacial viscous stresses.

In laterally stratified flow (with a vertical interface), the interfacial area per unit vol-
ume for mass transfer can be increased by increasing the height of the channel. Unfortu-
nately, this decreases the strength of circulatory flow in rectangular curved channels. In
fact, in the limit of an infinitely tall channel, the flow is unidirectional. However, if the
flow rates are sufficiently high, strong vortical flows are generated due to a centrifugal
instability, as demonstrated by Dean (1928b) for single phase flow. Such an instability
could lead to high mass transfer rates in tall microchannels, by combining the benefits of
circulatory flows and a high specific interfacial area. For simplicity, we analyze the case
of an infinitely tall channel, with emphasis on those instability modes that do not disturb
the interface (cf. Chapter 6).

Apart from mass transfer based applications of layered micro-flows, a considerable
portion of this work is also motivated by a desire to understand instabilities and pattern
formation in two-phase systems. Multiple instability mechanisms operate simultaneously
in these systems, both in the fluid domains and at the interface (Govindarajan and Sahu,
2014). Layered flows provide an ideal setting in which to study these complex phenom-
ena, without the additional burden of complicated boundary geometry and background
flows. Here we analyze previously unreported instabilities, which arise due to solutal-
Marangoni effects (Chapter 4) and centrifugal forces (Chapter 6). Both cases raise the
uncommon possibility of destabilizing layered flow, at low Re, without disrupting the
interface. The study on solutal-Marangoni instabilities is particularly interesting, as it
connects the extensive literature on solutal-Marangoni convection in stationary fluid lay-
ers (Schwarzenberger et al., 2014) with that on the stability of layered Poiseuille flows
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(Govindarajan and Sahu, 2014).

1.3 Organization and content

This thesis is organized into five main chapters, each of which may be read independently
of the others. Each chapter opens with an introduction that reviews the relevant literature
and highlights the scientific and practical significance of the specific problem considered
therein. The mathematical notation is chapter specific and symbols are defined as they
arise within each chapter. The concluding section at the end of every chapter summarizes
the results, discusses their significance and highlights promising areas for future work.
In addition, an overall summary of the thesis work is presented in the Epilogue. Here, the
relevance of the results to layered micro-flows is discussed from a unified perspective.
The five appendices included at the end of the thesis contain mathematical derivations
and formulas, discussions of numerical methods and their implementation, and additional
comments and explanations.

The key results contained in chapters 2 to 6 are summarized in the following para-
graphs.

Chapter 2: Averaging of Transport and Reactions in Layered Flows

In this chapter, we develop low dimensional models to describe steady state mass transfer
and reactions in two-phase stratified flow in microchannels. The partial differential equa-
tions that consider the effect of axial convection, transverse diffusion and reaction are
averaged in the transverse direction using the Lyapunov-Schmidt method. The resulting
reduced order model describes the evolution of the cup-mixing average and cross-section
average concentrations along the axial direction. Two different reduced models are ob-
tained: a One Equation Averaged model (OEA) in which we average across both fluids
simultaneously, and a Two Equation Averaged model (TEA) in which we average across
each fluid separately. The OEA model cannot capture the initial mass transfer between
the phases when they first come into contact at the inlet of the channel. It can only be
used when there is a deviation from equilibrium due to a reaction. The TEA model over-
comes this limitation and is able to describe mass transfer between the phases right from
the inlet of the channel. It accurately predicts extraction and reactive extraction with slow
reactions. However, if the reaction is fast, the TEA model does not perform as well, and
the OEA model is preferable. Some applications of the TEA model are presented. It
leads to closed form expressions for the overall mass transfer coefficient in terms of the
properties of the fluids and their holdups. An analytical solution of the TEA model is de-
rived for the case of non-reactive extraction and used to identify the operating conditions
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for high extraction performance. Finally, the TEA model is applied to investigate how
the yield in competitive-consecutive reactions can be improved by exploiting the mass
transfer resistance between the two phases.

Chapter 3: Selecting between Co-Current and Counter-Current Flow

Counter-current flow always results in higher overall mass transfer that co-current flow,
under similar operating conditions. However, because it is challenging to implement
counter-current flow in a microchannel, the improvement in mass transfer must be sub-
stantial to justify its selection over co-current flow. In this chapter, we use simplified
mathematical models to identify the range of fluid properties and operating conditions for
which counter-current flow is a truly attractive proposition. An analytical solution, based
on the theory of Sturm-Liouville linear operators, is obtained for the case of co-current
flow. The counter-current model belongs to the class of two-way diffusion equations for
which a novel semi-analytical solution is presented. Analysis of the predictions of the
models shows that the relative extraction performance is governed by a general principle
of maximum gain at mediocre performance (MGMP). According to MGMP, the relative
improvement of counter-current operation is low when the fluid properties and operating
conditions (parameter values) either strongly promote, or oppose extraction. Instead, the
improvement in performance is greatest for conditions that correspond to an intermediate
extent of extraction.

Chapter 4: Solutal-Marangoni Instability of Layered Micro-Flows

In this chapter, the instability of layered two-phase flows caused by the presence of a
soluble surfactant (or a surface active solute) is studied. The fluids have different vis-
cosities, but are density matched to focus on Marangoni effects. The fluids flow between
two flat plates, which are maintained at different solute concentrations. This establishes
a constant flux of solute from one fluid to the other in the base state. A linear stability
analysis is performed, using a combination of asymptotic and numerical methods. In the
creeping flow regime, Marangoni stresses destabilize the flow, provided a concentration
gradient is maintained across the fluids. One long wave and two short wave Marangoni
instability modes arise, in different regions of parameter space. A well-defined condition
for the long wave instability is determined in terms of the viscosity and thickness ratios
of the fluids, and the direction of mass transfer. On increasing the Reynolds number, the
long wave viscosity-induced interfacial instability comes into play. This mode is shown
to either suppress or enhance the Marangoni instability, depending on the viscosity and
thickness ratios.

Energy budget calculations are carried out to gain insight into the origins of the long
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wave and short wave Marangoni instabilities. We find that the former is caused by inter-
face deformation while the latter is associated with convection by the disturbance flow.
Consequently, even when the interface is non-deforming (in the large interfacial tension
limit), the flow can become unstable to short wave disturbances. This implies that mass
transport between the phases could be enhanced, without disturbing the inter-fluid inter-
face, by exciting the appropriate short-wave instability. Apart from its relevance to mass
transfer in microchannels, this analysis is also applicable to the thermocapillary problem
of layered flow between heated plates.

Chapter 5: Steady Layered Flow through Curved Microchannels

In this chapter, we study the laterally layered (stratified), fully developed flow of two
viscous immiscible fluids in a curved channel, of rectangular cross-section. We focus on
understanding the circulatory flow in each fluid, the shape of the deformed interface, the
modified axial velocity profile and the modified flow rates. Using the method of domain
perturbations, we obtain an analytical solution for the limit of small curvature ratios (ra-
tio of the channel’s width to its radius of curvature) and low Reynolds numbers. The
flow field consists of helical vortices within each fluid, that are induced by centrifugal
forces. The fluids have a tendency to flow in opposite directions on either side of the
interface. However, depending on the properties of the fluids and their holdups (volume
fractions), one of the fluids dominates the flow and causes the other to reverse its direction
of circulation. This inter-fluid competition results in five different vortex patterns. Using
the analytical solution, we study the effect of each parameter on the flow pattern and
construct flow regime maps in parameter space. The strength of the circulatory flow, in
each fluid, is found to peak at specific optimum values of the aspect ratio of the channel.
We show that the interface is deformed by normal stresses associated with the centrifu-
gal force and the circulatory flow; it bulges outward along the horizontal centerline. This
deformation increases with the Reynolds number (higher centrifugal forces) and the Cap-
illary number (lower interfacial tension forces). The axial velocity profile and the flow
rates are found to be significantly different in a curved channel, compared to a straight
channel. This modification is related to effects of the curved geometry (geometric effect),
as well as the circulatory flow (inertial effect). The asymptotic solution is compared with
numerical simulations, and found to be accurate for the range of Reynolds numbers and
curvature ratios typically encountered in microchannels.

Chapter 6: Centrifugal Instability of Layered Flows

The centrifugal instability of layered two-phase flow in an infinitely tall curved channel
is investigated, in this chapter. The fluids are laterally stratified between cylindrical walls
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of infinite extent. We focus on the limiting case of small Capillary numbers (relatively
high surface tension), wherein interfacial deformation and associated interfacial instabil-
ities are suppressed. The centrifugal instability, caused by unstable gradients of angular
momentum, destabilizes the axisymmetric azimuthal base flow. As in the correspond-
ing single phase problem (Dean instability), an array of vortices are formed within each
fluid beyond a critical value of the Reynolds number. A numerical linear stability anal-
ysis is carried out using a recombined Chebyshev Galerkin spectral method, as well as
a shooting method. Across the space of physical parameters (volume fractions, density
and viscosity ratios), six critical modes corresponding to distinct secondary flows are
observed. These are classified into axisymmetric stationary vortices and rotating spiral
vortices (travelling waves). Each category consists of three subtypes based on the rela-
tive vortex strength in the fluids: stronger in the outer fluid, stronger in the inner fluid and
comparable strength in both fluids. The critical mode switches amongst these six types
as parameters are varied. The outer fluid is found to be more unstable than the inner
fluid, even if the fluids have equal physical properties. This is explained using Rayleigh’s
criterion for inviscid flows. Consequently, the arrangement of fluids has a significant
impact on stability. Instability and vortex motion is promoted if the fluid with a higher
density, a lower viscosity and a larger volume fraction is placed on the outer side of the
channel. These results imply that although the base flow in tall curved channels is nearly
uni-directional, strong circulatory flows can still be generated by exploiting the centrifu-
gal instability. Hence, tall curved channels could make excellent mass transfer devices,
by combining a large interfacial area with good intra-fluid mixing.
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CHAPTER 2

Averaging of Transport and Reactions in Layered Flows

“Why is it possible to encapsulate the complicated deep structure of mat-
ter? The answer is that matter ordinarily relaxes to a stable internal state
with high energetic or entropic barriers to excitation of all but a few de-
grees of freedom. We can focus our attention on those few effective degrees
of freedom; the rest just supply the stage for the actors."

– F. Wilczek, Whence the Force: Culture Shock

2.1 Introduction

In this first chapter, we begin our study of layered flows with an analysis of diffusion
and reaction of a solute between co-flowing fluid layers in a straight channel. This is the
basic process underlying many applications of layered micro-flows, including extraction
(Assmann et al., 2013; Huang et al., 2013; Priest et al., 2012) and phase transfer catal-
ysis (Aljbour et al., 2010). Consequently, many experiments have been conducted, to
measure the rate and extent of mass transfer in these flows (Assmann et al., 2013; Fries
et al., 2008; Znidarsic-Plazl and Plazl, 2007; Kashid et al., 2011; Aljbour et al., 2010).
In addition, mathematical models of varying degrees of complexity have been devel-
oped to describe these systems. Fries et al. (2008), Znidarsic-Plazl and Plazl (2007) and
Šinkovec et al. (2013) have performed CFD simulations and found good agreement with
experimental data. Simpler models have been developed by Pushpavanam and cowork-
ers, to investigate the underlying physics of extraction in layered flows (Picardo et al.,
2015). They have analyzed the influence of the channel geometry (Picardo et al., 2015),
axial velocity profile (Malengier et al., 2012) and the flow regime (laterally layered or
core-annular) (Vir et al., 2014a) on extraction performance.

The models used to describe these systems consist of partial differential equations
(PDEs) for each phase. The key physical processes to be modeled include transverse dif-
fusion, axial convection and possibly reactions. These models must generally be solved
numerically. They contain a large number of parameters, all of which can affect the sys-
tem performance. Thus analysis of the system across parameter space and optimization
become quite tedious.



Here, we aim to overcome this computational limitation by deriving a reduced order
model or averaged model of the system. This model would describe the evolution of
the transversely averaged concentration along the length of the channel. In many appli-
cations, it is the averaged quantities that are of relevance for analysis and optimization.
Such a model can reduce computation time and may also lead to new insights into the
governing physics.

Over the past fifteen years, Balakotaiah and coworkers have developed a powerful
technique for averaging partial differential equations of the convection-diffusion-reaction
type (Chakraborty and Balakotaiah, 2002, 2003, 2005; Balakotaiah and Chakraborty,
2003; Balakotaiah and Ratnakar, 2010). They have applied the Lyapunov-Schmidt (LS)
reduction technique from bifurcation theory to average the equations when transverse dif-
fusion is relatively fast in comparison with axial convection and reaction. The reduction
is made possible by the existence of a low dimensional slow invariant manifold (SIM) in
solution space, along which the system evolves slowly. Due to much faster dissipative
processes (transverse diffusion in this case), the system, starting from an arbitrary initial
state, collapses rapidly onto the SIM. Thereafter, it evolves along the SIM. It is this slow
evolution, involving only a few active degrees of freedom, that we seek to describe by
a reduced order model or averaged model. The LS reduction is one method to obtain
such a low-dimensional model. Two other prominent techniques that have been used
to successfully average equations on long thin domains are the slow-manifold reduction

(Roberts, 2015) and the weighted-residual integral boundary layer method (Ruyer-Quil
and Manneville, 2000; Kalliadasis et al., 2012; Dietze and Ruyer-Quil, 2013). These two
methods have been extensively applied to free-surface flows of thin liquid films. The
LS method, on the other hand, has been applied mainly to reaction-diffusion convection
problems, where it leads to a particularly insightful and useful parameterization of the
SIM (Balakotaiah and Ratnakar, 2010).

Balakotaiah and coworkers have used the LS reduction to obtain averaged equations
for many single fluid flow systems and have studied Taylor-Aris dispersion (Ratnakar
and Balakotaiah, 2011; Balakotaiah, 2004; Balakotaiah and Ratnakar, 2010) and homo-
geneous and heterogeneous reactions in tubular reactors (Balakotaiah and Chakraborty,
2003; Chakraborty and Balakotaiah, 2002, 2003). They have also applied this technique
to other systems, including supported catalysts (Ratnakar and Balakotaiah, 2014) and IC
engines (Kumar et al., 2011). The averaged equations consist of one evolution equa-
tion for the cup-mixing averaged concentration mode and another local equation that
accounts for the difference between the cup-mixing and cross-section averaged concen-
trations. These two averages are different because transverse diffusion is not instanta-
neous. Heuristically derived simple models, such as the ideal Plug Flow Reactor do
not account for the finite rate of transverse mixing and hence are inaccurate and cannot
describe important physical effects, such as Taylor-Aris dispersion.

11



In this chapter, we apply the LS reduction to two-phase layered flow that involves
mass transfer and reactions. Two different reduced order models are derived. The first
model is called the One Equation Averaged model (OEA). In this case, we apply the LS
technique to both phases simultaneously. Mathematically, the PDEs are formulated as a
single operator equation in a direct sum space and then reduced. This approach was used
by Ratnakar et al. (2012) to develop an averaged model for a monolith catalytic reactor
that consists of a core fluid phase and an annular solid catalyst. The OEA model is found
to have an important drawback - it is unable to describe mass transfer in the absence
of a reaction. To overcome this limitation, we adopt a novel approach in which the LS
technique is applied to each fluid separately, using a homotopy parameter. This leads
to two averaged evolution equations – one for each fluid. This model is called the Two
Equation Averaged (TEA) model.

In this work, we focus on the steady state behavior of the system. We analyze the
case of solvent extraction, without any reaction, as well as reactive extraction, wherein a
reaction occurs in the solvent.

This chapter is organized as follows. In the first half, we derive the averaged models
and in the second half we present some applications of the TEA model. We first present
the governing PDEs for the problem of interest in Sec. 2.2. Then we derive the OEA
model and compare its predictions with simulations of the full PDE model, as well as
a simple heuristic plug flow model (Sec. 2.3). Having identified the drawbacks of the
OEA model, we proceed to derive the TEA model (Sec. 2.4). The two models are then
compared with each other and with the full PDE model. The second half of the chapter
begins with an analysis of mass transfer between the fluids and its dependence on fluid
properties and holdups (volume fractions) (Sec. 2.5). Next, an analytical solution of
the TEA model is derived for extraction, without a reaction (Sec. 2.6). These results are
used to identify rules for selecting a solvent, and the corresponding holdup, that increases
extraction performance. Lastly, we investigate the possibility of using the mass transfer
resistance between layered fluids to increase product yield in a system of competitive-
consecutive reactions (Sec. 2.7). We conclude with a summary and discussion of the key
results (Sec. 2.8).

2.2 Detailed PDE Model

Transport phenomena in layered flow through microchannels can be effectively studied
by considering the simpler problem of layered flow between two infinite flat plates, as
depicted in Fig. 2.1. This geometric simplification has been shown to result in an accurate
model for rectangular channels with the wider side aligned along the inter-fluid interface
(Vir et al., 2014a; Picardo et al., 2015). It also works reasonably well for square channels.
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Figure 2.1: Schematic of two-phase layered flow between flat plates: a simplified model for
layered flow in rectangular microchannels. The interface between the fluids is located at h. In
extraction, phase 1 is the carrier fluid, which enters the channel with solute, and phase 2 is the
solvent fluid. In reactive extraction, a reaction occurs in phase 2.

Figure 2.2: Velocity profiles for different viscosity ratios (µ12) and holdups of phase 1 (h): (a)
µ12 = 3, h = 0.5 and (b) µ12 = 1/2, h = 0.6. The interface is marked by a vertical dashed line.

In this model, the interface is considered to be flat and located at a fractional distance h
from the bottom plate. The holdup (volume fraction) of phase 1 is given by h and that
of phase 2 by (1 − h). Pressure driven, unidirectional fully developed steady flow is
assumed. The axial velocity varies in the transverse direction, in accordance with the
momentum balance equations. The boundary conditions for the axial velocity field are
no-slip at the walls and continuity of velocity and continuity of tangential shear stresses
at the interface. The non-dimensional velocity field in each fluid (v1, v2), scaled by the
respective average velocity, is given by (Vir et al., 2014b):

vi = Aiy
2 +Biy + Ci (2.1)

Ai, Bi and Ci are constants that depend on the holdup of phase 1 (h) and on the ratio of
the viscosities of fluid 1 to fluid 2 (µ12) (cf. (E.1) in Appendix E.1). Typical velocity
profiles are depicted in Fig. 2.2, for different viscosity ratios and holdups.

In this chapter, we mainly focus on extraction and reactive extraction. Phase 1
(0 ≤ y < h) is considered to be the carrier phase that enters the channel with dissolved
solute. Phase 2 (h ≤ y ≤ 1) is the solvent phase, into which the solute is transfered
by diffusion, where it possibly undergoes a reaction of the type A → products. The
non-dimensional partial differential equations governing the concentration of the solute
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(ci) are given below.
∂2c1

∂y2
= pv1

∂c1

∂x
(2.2a)

1

D12

∂2c2

∂y2
= p

v2

ω

∂c2

∂x
− pDa r (c2) (2.2b)

The concentration at the inlet of the channel is an input to the problem:

c1 =
c1,in

ĉ1,in

and c2 =
c2,in

ĉ1,in

at x = 0 (2.3)

Here, the concentration variables have been scaled with the mixing cup average concen-
tration (cf. (2.13a)) of the carrier phase at the inlet of the channel (ĉ1,in). The dimension-
less parameters are the ratio of average fluid velocities (ω), ratio of diffusivities (D12),
the Damhkohler number (Da) and the transverse Peclet number (p):

ω =
v̄1

v̄2

, D12 =
D1

D2

, Da =
R
(
ĉ1,in

)
L

ĉ1,inv̄1

, p =
v̄1H

2

D1L
(2.4)

Here, Di denotes the diffusivity of the solute in each fluid and v̄i denotes the dimen-
sional average velocity of each fluid. The ratio of average velocities (ω) is a function of
µ12 and h, as given in (E.2) of Appendix E.1. R is the dimensional rate of reaction while r

is the non-dimensional rate expression given by
R(c2 ĉ1,in)
R(ĉ1,in)

. (e.g. for an nth order reaction
of the solute we have r = −cn2 ). L is the length of the channel. In this model, the channel
is assumed to be sufficiently long so that axial diffusion is negligible in comparison with
convection ( v̄iL

Di
� 1).

Equations (2.2) are subject to no-flux boundary conditions at the walls. At the inter-
face, continuity of flux must be satisfied. In addition, we assume that the two phases are
in equilibrium at the interface.

∂c1

∂y
= 0 at y = 0 (2.5a)

∂c2

∂y
= 0 at y = 1 (2.5b)

D12
∂c1

∂y
=
∂c2

∂y
at y = h (2.5c)

c1 = Kc2 at y = h (2.5d)

Here, K is a constant distribution coefficient. If K < 1 then phase 2 (solvent) has a
higher concentration at equilibrium, and is said to have a greater affinity for the solute.
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2.3 One Equation Averaged (OEA) Model

In this section, we average across the entire channel, i.e. across both fluids simultane-
ously, using the Lyapunov-Schmidt (LS) reduction. The LS reduction is described in de-
tail by Golubitsky and Schaeffer (1984), in the context of bifurcation theory. Balakotaiah
and co-workers have explained how to use the LS reduction for order reduction of partial
differential equations that describe convection, diffusion and reaction (Chakraborty and
Balakotaiah, 2002, 2003). Ratnakar et al. (2012) have derived reduced models for a cat-
alytic monolith reactor, consisting of a core flowing fluid phase and an annular stationary
catalytic solid. They applied the LS technique to average across both phases together.
We follow a similar approach in this section.

2.3.1 Derivation

Equations (2.2) can be written in linear operator form as follows:

Lc− pN(c) = 0 (2.6a)

where
Lc =

1

Dr

∂2c

∂y2
(2.6b)

c =

{
c1 0 ≤ y < h

c2 h ≤ y < 1
(2.6c)

Dr =

{
1 0 ≤ y < h

D12 h ≤ y < 1
(2.6d)

N(c) =


v1

∂c1
∂x
−v1

c1,in
ĉ1,in

δ (x) 0 ≤ y < h

v2
ω
∂c2
∂x
−Da r (c2)−v2

ω

c2,in
ĉ1,in

δ (x) h ≤ y < 1

(2.6e)

The inlet conditions (2.3) are included in (2.6e) using Dirac delta functions δ (x). (2.3)
is recovered on integrating (2.6) in x from 0− to 0+, while the differential equations
(2.2) are obtained for x > 0. Writing the inlet conditions in this manner enables us to
systematically derive the inlet conditions for the averaged model, as demonstrated by
Balakotaiah and coworkers (Balakotaiah and Ratnakar, 2010).
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Equations (2.6b) to (2.6d) define a linear operator L operating on functions c, which
belong to the subspace of L2(0, 1) that satisfies (2.5a)-(2.5d). This operator is self adjoint
under the following inner product (Ramkrishna and Amundson, 1974):

〈u · w〉 =

h∫
0

u1w1dy +K

1∫
h

u2w2dy (2.7)

When p = 0, (2.6a) reduces to Lc = 0. The operator L has a nullspace ψ given by:

ψ =


K
E

0 ≤ y < h

1
E

h ≤ y < 1

(2.8a)

where
E =

(
K2h+K (1− h)

)1/2 (2.8b)

Here, ψ has been normalized so that 〈ψ · ψ〉 = 1.

The first step of the LS procedure, is to decompose the domain space into orthogonal
subspaces given by ker(L) and ker(L)⊥:

c(x, y) = φ(x)ψ + c̃(x, y) (2.9a)

where
φ = 〈c · ψ〉 and 〈c̃ · ψ〉 = 0 (2.9b)

The co-domain is also decomposed into orthogonal subspaces given by range(L) and
range(L)⊥. Since L is self-adjoint, range(L)⊥ = ker(L). Projecting (2.6a) onto ker(L),
i.e. onto ψ, effectively averages the governing PDEs (2.2a) and (2.2b) across both fluids:〈(

Lc− pN (c)
)
· ψ
〉

= 0 (2.10)

Substituting from (2.6)-(2.8) in (2.10) yields

h∫
0

∂2c1

∂y2
dy +

1∫
h

1

D12

∂2c2

∂y2
dy −

h∫
0

(
pv1

∂c1

∂x
− pv1

c1,in

ĉ1,in

δ (x)

)
dy

−
1∫

h

(
p
v2

ω

∂c2

∂x
−pv2

ω

c2,in

ĉ1,in

δ (x)− pDa r (c2)

)
dy = 0 (2.11)
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Using the boundary conditions (2.5a) - (2.5d), we obtain:

h∫
0

(
v1
∂c1

∂x
− v1

c1,in

ĉ1,in

δ (x)

)
dy+

1∫
h

(
v2

ω

∂c2

∂x
− v2

ω

c2,in

ĉ1,in

δ (x)

)
dy =

1∫
h

Dar (c2) dy

(2.12)
This equation can be expressed in terms of physically relevant cup mixing (ĉ1, ĉ2) and
cross-section (c̄1, c̄2) averages. These quantities are defined as follows:

ĉ1 =

h∫
0

v1c1dy

h∫
0

v1dy

=
1

h

h∫
0

v1c1dy and ĉ2 =

1∫
h

v2c2dy

1∫
h

v2dy

=
1

(1− h)

1∫
h

v2c2dy (2.13a)

c̄1 =
1

h

h∫
0

c1dy and c̄2 =
1

(1− h)

1∫
h

c2dy (2.13b)

where we have used the fact that
h∫
0

v1dy = h and
1∫
h

v2dy = (1− h), due to non-

dimensionalization. The reaction term in (2.12) can be simplified, when p is small. In
this case, fast transverse mixing causes the deviation of c2 from its cross-section averaged
value c̄2 to be small. Thus we may expand r(c2) in a Taylor series about c̄2. Making these
substitutions in (2.12) we obtain:

h

(
dĉ1

dx
− δ (x)

)
+

(1− h)

ω

(
dĉ2

dx
− ĉ2,in

ĉ1,in

δ (x)

)
= Da r (c̄2) (1− h) +O

(
(c2 − c̄2)2

)
(2.14)

This is the global equation, which governs the evolution of the averaged concentra-
tions along the length of the channel. To close the averaged model, we must have an
equation that relates the average concentration of phase 1 to that of phase 2. In addition,
we need relations between the cup-mixing average and cross-section average concentra-
tions in each fluid. These relationships can be derived only after determining c̃, which
accounts for the variation of the concentration field in the transverse direction (cf. (2.9a)).

The equations for c̃ are obtained by projecting (2.6a) onto range(L) or equivalently
onto ker(L)⊥:

Lc− pN (c)−
〈(

Lc− pN (c)
)
· ψ
〉
ψ = 0 (2.15)
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Substituting from (2.6) - (2.9) in (2.15) yields

∂2c̃1

∂y2
= p

[
dφ

dx

K

E

(
v1 (y)−

(
K

E

)2

− K

ωE2

)
+

(
K

E

)2(
Dar (c̄2) (1− h) +O

(
(c2 − c̄2)2

))

+ v1 (y)
∂c̃1

∂x
−
(
K

E

)2
d

dx

 h∫
0

v1c̃1dy +
1

ω

1∫
h

v2c̃2dy


−

v1 (y)
c1,in

ĉ1,in

−

(
h+

(1− h)

ω

ĉ2,in

ĉ1,in

)(
K

E

)2

 δ (x)

 (2.16a)

∂2c̃2

∂y2
= pD12

dφ
dx

1

E

(
v2 (y)

ω
−
(
K

E

)2

− K

ωE2

)

−Da
(
r (c̄2) + r′ (c̄2) (c2 − c̄2) +O

(
(c2 − c̄2)2

))
+
K

E2

(
Dar (c̄2) (1− h) +O

(
(c2 − c̄2)2

))

+
v2 (y)

ω

∂c̃1

∂x
− K

E2

d

dx

 h∫
0

v1c̃1dy +
1

ω

1∫
h

v2c̃2dy


−

v2 (y)

ω

c2,in

ĉ1,in

−

(
h+

(1− h)

ω

ĉ2,in

ĉ1,in

)
K

E2

 δ (x)

 (2.16b)

Equations (2.16a) and (2.16b) specify the transverse concentration variations (c̃) in terms
of the average modes φ and c̄2. Here we obtain an asymptotic solution for small p by
expanding c̃ as a perturbation expansion in p:

c̃1 = c̃1,0 + pc̃1,1 +O(p2) (2.17a)

c̃2 = c̃2,0 + pc̃2,1 +O(p2) (2.17b)

Substituting (2.17) into (2.16a) and (2.16b), and applying the orthogonality condition
(2.9b), we find that c̃1,0 = c̃2,0 = 0. This corresponds to the case of perfect transverse
mixing.
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At O(p), we obtain:

∂2c̃1,1

∂y2
=
dϕ

dx

K

E

(
v1 (y)−

(
K

E

)2

− K

ωE2

)
+

(
K

E

)2

Da r (c̄2) (1− h)

−

v1 (y)
c1,in

ĉ1,in

−

(
h+

(1− h)

ω

ĉ2,in

ĉ1,in

)(
K

E

)2

 δ (x) (2.18a)

∂2c̃2,1

∂y2
= D12

dϕ
dx

1

E

(
v2 (y)

ω
−
(
K

E

)2

− K

ωE2

)
−Da r (c̄2)+

K

E2
Da r (c̄2) (1− h)

−

v2 (y)

ω

c2,in

ĉ1,in

−

(
h+

(1− h)

ω

ĉ2,in

ĉ1,in

)
K

E2

 δ (x)

 (2.18b)

Note that we have assumed Da to be O(1), i.e. the time scale of reaction is comparable
to the time scale of convection.

We can further simplify (2.18a) and (2.18b) by using the relation between dϕ
dx

and c̄2,
obtained by substituting (2.9) into the averaged equation (2.14):

(
K

E
h+

1

ωE
(1− h)

)
dφ

dx
= Da r (c̄2) (1− h) +

(
h+

(1− h)

ω

ĉ2,in

ĉ1,in

)
δ (x) +O (p)

(2.19)
Using (2.19) to replace dϕ

dx
in (2.18a) and (2.18b), and retaining terms to O(p), we obtain

∂2c̃1,1

∂y2
= Da r (c̄2)

v1 (y) (1− h)(
h+ (1−h)

ωK

) − δ (x) v1 (y)

c1,in

ĉ1,in

−
h+ (1−h)

ω

ĉ2,in
ĉ1,in

h+ (1−h)
ωK

 (2.20a)

∂2c̃2,1

∂y2
= D12Da r (c̄2)

(
v2 (y) (1− h)

ωKh+ (1− h)
− 1

)
−D12 δ (x)

v2 (y)

ω

c2,in

ĉ1,in

−
h+ (1−h)

ω

ĉ2,in
ĉ1,in

hK + (1−h)
ω


(2.20b)

These equations are subject to the boundary conditions given in (2.5). In addition, the so-
lution must satisfy the orthogonality condition (2.9b). The solvability of these equations
is guaranteed by the manner in which the domain and co-domain are decomposed in the
Lyapunov-Schmidt procedure. The solution is of the following form:

c̃1,1 = f1 (y)Da r (c̄2) + d1 (y) δ (x) (2.21a)

c̃2,1 = f2 (y)D12Da r (c̄2) + d2 (y)D12 δ (x) (2.21b)

Now, substituting (2.21) into (2.9), we obtain a low dimensional slow invariant manifold
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in solution space (accurate to O(pDa)) that is parameterized by φ and c̄2.

c1 =
K

E
φ+ pDa r (c̄2) f1 (y) + pδ (x) d1 (y) (2.22a)

c2 =
1

E
φ+ pDa r (c̄2)D12f2 (y) + pD12 δ (x) d2 (y) (2.22b)

Starting from arbitrary inlet conditions, the concentration rapidly relaxes to this manifold
due to relatively fast transverse diffusion (small p). After collapsing onto the manifold,
the system’s evolution along x is governed by the averaged equation (2.14).

In order to close the averaged model, we substitute (2.22) into (2.13a) and (2.13b) and
derive the following relationships between the cross-section and cup-mixing averages (to
O(p)):

ĉ1 − c̄1 = pDa r (c̄2)
(
f̂1 − f̄1

)
+ pδ (x)

(
d̂1 − d̄1

)
(2.23a)

ĉ2 − c̄2 = pDaD12 r (c̄2)
(
f̂2 − f̄2

)
+ pD12 δ (x)

(
d̂2 − d̄2

)
(2.23b)

c̄1 −Kc̄2 = pDa r (c̄2)
(
f̄1 −KD12f̄2

)
+ pδ (x)

(
d̄1 −KD12d̄2

)
(2.23c)

Here f̂i, d̂i and f̄i, d̄i are cup-mixing and cross-section averages of fi(y), di(y).

Now, dropping the δ (x) terms, we obtain the reduced order OEA model for x > 0 as
follows:

h
dĉ1

dx
+

(1− h)

ω

dĉ2

dx
= Dar (c̄2) (1− h) (2.24a)

ĉ1 − c̄1 = pDa r (c̄2)
(
f̂1 − f̄1

)
(2.24b)

ĉ2 − c̄2 = pDaD12 r (c̄2)
(
f̂2 − f̄2

)
(2.24c)

c̄1 −Kc̄2 = pDa r (c̄2)
(
f̄1 −KD12f̄2

)
(2.24d)

The expressions for fi are given in appendix E.1.

To obtain the inlet condition for the averaged model, we use the relations in (2.23)
to write the averaged equation (2.14) entirely in terms of c̄2. The resulting equation is
integrated in x from 0− to 0+ to yield the inlet condition (Balakotaiah and Ratnakar,
2010). The calculation is straightforward, and we omit the details for the sake of brevity.
The final inlet condition to O(p) is:

hĉ1 +
(1− h)

ω
ĉ2 = h+

(1− h)

ω

ĉ2,in

ĉ1,in

at x = 0 (2.24e)

The source terms (diδ (x)) do not contribute to the inlet condition. This is because after
substitution into (2.14), δ (x) is transformed to δ′ (x) and does not contribute to the inte-
gral in x from 0− to 0+. The inlet condition (2.24e) ensures that the total input of solute
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in the averaged model is the same as that in the PDE model.

This reduced model consists of one averaged mass balance equation (2.24a), which
describes the evolution of the cup mixing averaged concentrations along the channel
length. Equations (2.24b) and (2.24c) account for the difference between the cup-mixing
and cross-section average concentrations in each phase. This difference arises due to
the interplay between the reaction and the non-uniform velocity profile, which results
in varying residence times along the cross-section. Also intra-fluid diffusive mixing is
not instantaneous (p 6= 0) but proceeds at a finite rate and hence cannot completely
homogenize the concentration in each phase. Equation (2.24d) accounts for the departure
from equilibrium maintained between the two phases due to the reaction in phase 2.

It is possible to systematically derive the model to higher orders in p. However,
we do not pursue this here, because our goal is to obtain a relatively simple reduced
order model. Also the major features of the system, and all the physical parameters, are
captured at O(p).

In the following subsection we compare the predictions of the OEA model with the
full PDE model. We also compare its performance to that of a simple heuristic plug flow
model.

2.3.2 Comparison of the OEA model with the PDE model and a Sim-
ple Heuristic model

Apart from comparing the OEA model with the full PDE model, it is also instructive to
analyze how much better it performs in comparison to a simpler model that is derived
heuristically. If we assume the fluids to be perfectly mixed, i.e. the cup-mixing and
cross-section averages to be equal, and the two phases to be in equilibrium, then a mass
balance directly leads to the following model:(

hK +
(1− h)

ω

)
dĉ2

dx
= Dar (ĉ2) (1− h) (2.25a)

ĉ1 = Kĉ2 (2.25b)

Note that the OEA model reduces to this simple heuristic (SH) plug-flow model when
p → 0. Thus we expect the improvement in accuracy of the OEA model over the SH
model to increase as p increases. Since the reduced model was derived for small p, we
expect quantitative accuracy for p ≤ 1 and qualitative agreement, possibly, with the full
PDE model for larger p > 1.

Fig. 2.3 presents predictions of the three models – full PDE, OEA and SH – for dif-
ferent values of p and Da, for the case of µ12 = 1/2, D12 = 3, K = 2, h = 0.4. The
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Figure 2.3: Comparison of the one equation averaged (OEA) model (2.24) with the full PDE
model (2.2) - (2.5) and the simple heuristic (SH) model (2.25), for different values of p and Da.
At the inlet (x = 0), ĉ1,in = 1 and ĉ2,in = 0. Parameter values: µ12 = 1/2, D12 = 3, K = 2,
h = 0.4.
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reaction is assumed to be second order: r(c̄2) = −(c̄2)2. At the inlet, phase 2 (solvent)
is taken to be pure (ĉ2,in = 0). At low values of p (Fig. 2.3a), the predictions of all
three models nearly coincide. So there is no advantage of using the OEA model over the
SH model. However, as p increases (compare Figs. 2.3a - 2.3c) the predictions of the
Lyapunov-Schmidt averaged OEA model are much better than the SH model. Although
the derivation was carried out for small p, the OEA model predicts the outlet concentra-

tion well even for p greater than unity.

Fig. 2.3 shows that the predictions of the OEA model differ from that of the full
PDE model, in the initial portion of the channel. At the inlet, the concentrations in
the two phases do not lie on the slow invariant manifold (2.22). As they flow through
the channel, rapid transverse diffusion causes the concentrations to relax to this slow
manifold. As p increases, the diffusion time scale increases relative to convection, and
the initial length required for the concentrations to fall onto the slow invariant manifold
increases. Therefore, the predictions of the full PDE model matches the OEA after a
greater distance along the channel, when p is larger.

These results show clearly that the initial mass transfer between the phases that occurs
near the inlet of the channel is not captured by the OEA model. Only the subsequent mass
transfer that is sustained by the reaction is captured. Therefore, the OEA model cannot be
used to model extraction without a reaction. This shortcoming of the OEA model is ap-
parent from the model equations (2.24). When Da = 0, equations (2.24) merely predict
the final equilibrium concentrations, without giving any information about the evolution
along the channel length. Thus, averaging across both fluids simultaneously has resulted
in a loss of information regarding the flux of solute between the phases in the absence
of a reaction. In the following section, we seek to overcome this drawback by averaging
across each fluid separately and obtaining an explicit low dimensional approximation for
the inter-fluid solute flux.

2.4 Two Equation Averaged (TEA) Model

In this section, we will apply the Lyapunov-Schmidt method to each fluid domain sep-
arately, and obtain two averaged equations to describe the evolution of the mixing cup
concentrations in the two fluids. Our objective is to describe the mass transfer that occurs
between the phases in the absence of a reaction.
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2.4.1 Derivation

In the derivation of the OEA model, the LS reduction was based on the null space ob-
tained in the limit of p → 0. This null space consisted of uniform concentrations in
each phase, related to each other by the equilibrium relationship (2.5d). In order to aver-
age each phase separately, we must carry out the LS reduction of a different base state,
in which an independent null space is obtained for each fluid. To accomplish this, we
embed the problem into a family of problems parameterized by α, as follows:

For phase 1:
∂2c1

∂y2
= pv1

∂c1

∂x
− pv1

c1,in

ĉ1,in

δ (x) (2.26a)

∂c1

∂y
= 0 at y = 0 (2.26b)

−∂c1

∂y
= αJ(x) at y = h (2.26c)

For phase 2:

1

D12

∂2c2

∂y2
= p

v2

ω

∂c2

∂x
− pv2

ω

c2,in

ĉ1,in

δ (x)−Dar (c2) (2.27a)

∂c2

∂y
= 0 at y = 1 (2.27b)

− 1

D12

∂c2

∂y
= αJ(x) at y = h (2.27c)

Here, J(x) is the inter-fluid flux.. It has been multiplied by the parameter α. The
original problem ((2.2) and (2.5)) is recovered from (2.26) and (2.27) on setting α = 1

and using the the equilibrium condition (2.5d) to determine J(x).

In the derivation that follows, we consider the base state in the limit of α→ 0 and p→
0. In this limit, the equations for the two phases decouple and result in an independent
null space in each fluid. The LS reduction is carried out, to first order in α and p, for each
fluid separately. We then set α = 1 to obtain two reduced equations for the averaged
concentration in each fluid, in terms of the inter-fluid flux J(x). The flux is determined
by requiring the low dimensional manifold solutions to satisfy the equilibrium condition
(2.5d). This last step couples the variation of the concentrations in the two fluids, while
accounting for local equilibrium at the interface.

The introduction of an artificial small parameter, to provide a convenient base state
for constructing an asymptotic solution, is a well known technique (Bender and Orszag,
1999). It has recently been applied for obtaining low dimensional models via center
manifold reduction (Roberts, 2015). The effectiveness of this reduction procedure will
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be evaluated a posteriori by comparison with the full PDE model.

Beginning with phase 1, we find that, in the limit of p → 0 and α → 0, (2.26)
reduces to L1c1 = ∂2c1

∂y2
= 0. The linear operator L1 is self adjoint under the inner

product 〈u · w〉1 = 1
h

h∫
0

uwdy. The normalized basis for ker(L1) is 1. Decomposing c1

into ker(L1) and ker(L1)⊥ yields:

c1(x, y) = 〈c1 · 1〉1 (1) + c̃1 = c̄1(x) + c̃1(x, y) (2.28a)

〈c̃1 · 1〉1 = 0 (2.28b)

The equations for phase 2 (2.27) reduce to L2c2 = ∂2c2
∂y2

= 0 when p→ 0 and α→ 0.
L2 is also self adjoint and has a nullspace with normalized basis equal to unity. The inner

product in this case is defined as: 〈u · w〉2 = 1
1−h

1∫
h

uwdy. Decomposing c2 into ker(L2)

and ker(L2)⊥ yields:

c2(x, y) = 〈c2 · 1〉2 (1) + c̃2 = c̄2(x) + c̃2(x, y) (2.29a)

〈c̃2 · 1〉2 = 0 (2.29b)

Here c̄1 and c̄2 are the cross-section average concentrations in phase 1 and phase 2 re-
spectively (cf. (2.13b)).

The next step is to project (2.26) onto ker(L1) and (2.27) onto ker(L2). Using the
boundary conditions (2.26b), (2.26c) and (2.27b), (2.27c) we obtain two averaged equa-
tions that describe the evolution along x of the cup-mixing average concentration (cf.
(2.13a)) in each fluid :

p
dĉ1

dx
− pδ (x) =

−αJ (x)

h
(2.30a)

p

ω

(
dĉ2

dx
− ĉ2,in

ĉ1,in

δ (x)

)
=

αJ (x)

(1− h)
+ pDar (c̄2) +O

(
c̃2

2

)
(2.30b)

Here, we have expanded r(c2) in a Taylor series about c̄2, as was done in the derivation
of the OEA model.

To close the averaged model, we need to identify J(x) and relate the cup-mixing av-
erage concentrations to the cross-section averages. This is achieved by solving the equa-
tions obtained from the projections of (2.26) onto ker(L1)⊥ and (2.27) onto ker(L2)⊥, to
first order in p and α.
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Focusing first on phase 1, we obtain the following equation for c̃1:

∂2c̃1

∂y2
= pv1 (y)

∂

∂x
(c̄1 + c̃1)− αJ (x)

h

− p

h

h∫
0

v1 (y)
∂

∂x
(c̄1 + c̃1) dy − pδ (x)

[
v1 (y)

c1,in

ĉ1,in

− 1

]
(2.31)

At zeroth order (p = 0, α = 0), this equation results in c̃1 = 0, because 〈c̃1 · 1〉1 = 0. At
first order in p and α, we obtain the following equation for c̃1:

∂2c̃1

∂y2
= p

(
v1 (y)− 1

) ∂c̄1

∂x
− αJ (x)

h
− pδ (x)

[
v1 (y)

c1,in

ĉ1,in

− 1

]
(2.32)

Substituting (2.28) in (2.30a), we obtain p∂c̄1
∂x

= −αJ(x)
h

+ pδ (x) to leading order. Sub-
stituting this result in (2.32) yields:

∂2c̃1

∂y2
= −αJ (x)

h
v1 (y)− pδ (x) v1 (y)

[
c1,in

ĉ1,in

− 1

]
(2.33)

Proceeding in a similar manner for phase 2, we obtain c̃2 = 0 at O(1) and the following
equation for c̃2 at first order:

1

D12

∂2c̃2

∂y2
= α

J (x)

(1− h)
v2 (y) + pDa r (c̄2)

(
v2 (y)− 1

)
− pδ (x)

v2 (y)

ω

[
c2,in − ĉ2,in

ĉ1,in

]
(2.34)

Solving (2.33) and (2.34), subject to boundary conditions (2.26b), (2.26c) and (2.27b),
(2.27c) and the orthogonality conditions in (2.28b) and (2.29b), we obtain:

c̃1 = s1 (y)αJ (x) + e1 (y) pδ (x) (2.35a)

c̃2 = s2 (y)D12αJ (x) + q2 (y)D12pDa r (c̄2) + e2 (y)D12 pδ (x) (2.35b)

Substituting these solutions into (2.28a) and (2.29a), and setting α = 1, we obtain two
low dimensional manifolds parameterized by c̄1 and c̄2:

c1 = c̄1 + s1 (y) J (x) + e1 (y) pδ (x) (2.36a)

c2 = c̄2 + s2 (y)D12J (x) + q2 (y)D12pDa r (c̄2) + e2 (y) pD12 δ (x) (2.36b)

The cup-mixing and the cross-section average concentrations in the two fluids can
now be related by substituting (2.36) in (2.13a) and (2.13b).

ĉ1 − c̄1 = ŝ1J (x) + pê1δ (x) (2.37a)
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ĉ2 − c̄2 = D12ŝ2J (x) + pDaD12 q̂2r (c̄2) + pD12 ê2δ (x) (2.37b)

Here ŝi, êi, q̂2, are the mixing-cup averages of si, ei, q2.

The flux J(x) is identified by requiring the manifold (2.36) to satisfy the equilibrium
condition c1 = Kc2 at the interface (2.5d). This yields:

J (x) =
(c̄1 −Kc̄2)− pDaD12K r (c̄2) q2 (h) +

(
e1 (h)−KD12e2 (h)

)
pδ (x)

KD12s2 (h)− s1 (h)
(2.38)

Now we can obtain the inlet conditions for ĉ1 and ĉ2. First, we use (2.37) and (2.38)
to rewrite (2.30) in terms of c̄1 and c̄2 only. Then integrating in x from 0− to 0+, we
obtain the following inlet conditions (to O(p)):

ĉ1 = 1−
[
e1 (h)−KD12e2 (h)

KD12s2 (h)− s1 (h)

]
at x = 0 (2.39a)

ĉ2 =
ĉ2,in

ĉ1,in

+
ω

(1− h)

[
e1 (h)−KD12e2 (h)

KD12s2 (h)− s1 (h)

]
at x = 0 (2.39b)

The source terms (involving eiδ(x)) modify the inlet condition atO(1), through the inter-
fluid flux (2.38). The source terms do not contribute at higher orders of p because δ(x) is
transformed to δ′(x) on substituting into the averaged equation. The O(1) modification
accounts for transverse variations in the inlet concentrations. If the inlet concentrations
are uniform across the cross-section, then e1 = e2 = 0. We assume this to be the case, in
this work. The inlet condition then reduces to:

ĉ1 = 1 and ĉ2 =
ĉ2,in

ĉ1,in

at x = 0 (2.40)

Note that, for the case of uniform inlet concentrations, the inlet cup-mixing average
concentrations of the TEA model are identical to the inlet cup-mixing average concentra-
tion of the full PDE model. This is not the case in the OEA model, where only the total
amount of solute entering the channel is the same (cf. (2.24e)).

Having obtained the inlet conditions, we drop the δ(x) terms to obtain the two equa-
tion averaged (TEA) model for x > 0:

p
dĉ1

dx
=
−J (x)

h
(2.41a)

ĉ1 − c̄1 = ŝ1J (x) (2.41b)

p

ω

dĉ2

dx
=

J (x)

(1− h)
+ pDar (c̄2) (2.41c)

ĉ2 − c̄2 = D12ŝ2J (x) + pDaD12q̂2r (c̄2) (2.41d)
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J (x) =
(c̄1 −Kc̄2)

D12Ks2 (h)− s1 (h)
− pDa r (c̄2)

D12Kq2 (h)

D12Ks2 (h)− s1 (h)
(2.41e)

Expressions for si and q2 are given in Appendix E.1.

Equations (2.41a) to (2.41e) define the TEA model. This model consists of two dif-
ferential equations for the evolution of the cup-mixing average concentrations along the
channel. Two more equations account for the difference between the cup-mixing and the
cross-section averages (due to the finite rate of transverse diffusion). The last equation
gives an expression for the flux between the fluids.

The flux J(x) is composed of two terms (cf. (2.41e)). The first is due to the departure
of the concentration in the two fluids from equilibrium. Note that this term is non-zero

even in the absence of a reaction, implying that this averaged model can be used to study
non-reactive extraction. The second term is a correction to the flux due to a chemical
reaction. The magnitude of this terms depends on pDa.

We can identify the coefficient of (c̄−Kc̄2) in (2.41e) as a Sherwood number (Shb).
This is a dimensionless number given by (kbL

D1
) where kb is an overall mass transfer co-

efficient based on the cross-section average concentrations in the two phases (Cussler,
2009).

Shb =
[
D12Ks2 (h)− s1 (h)

]−1 (2.42)

By studying the variation of Shb, we can easily ascertain the influence of various fluid
and flow parameters on the rate of inter-phase mass transfer. This is done in Sec. 2.5.

In the following subsection, we compare the TEA model with the full PDE model
and the previously derived OEA model.

2.4.2 Comparison of the TEA model with the PDE model and the
OEA model

The OEA model, develop in Sec. 2.3, was unable to capture the variation of the average
concentration near the inlet of the channel. Also, it did not yield useful results for the
case of extraction without a reaction. With the aim of overcoming these limitations, the
TEA model was formulated in Sec. 2.4.1. Now, we will evaluate the accuracy of the
TEA model by comparing its predictions with simulations of the PDE model and the
OEA model.

Fig. 2.4 presents a comparison of the predictions of the TEA, OEA and full PDE mod-
els. The simulations are carried out for the same case as Fig. 2.3: second order reaction,
with pure solvent (phase 2) at the inlet. The results show that the TEA model predicts
the average concentrations much better than the OEA model, whenDa is relatively small
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Figure 2.4: Comparison of the two equation averaged (TEA) model (2.41) with the full PDE
model (2.2) - (2.5) and the one equation averaged (OEA) model (2.24) for the case of second
order reaction in phase 2. The variation of the cup-mixing average concentration along the length
of the channel is plotted. Different values of p and Da are considered. At the inlet (x = 0),
ĉ1,in = 1 and ĉ2,in = 0. Parameter values: µ12 = 1/2, D12 = 3, K = 2, h = 0.4
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Figure 2.5: Comparison of the two equation averaged (TEA) model (2.41) with the full PDE
model (2.2) - (2.5) and the one equation averaged (OEA) model (2.24) for the case of extraction
(without a reaction). The variation of the cup-mixing average concentration along the length of
the channel is plotted. Different values of p are considered. The concentration in phase 1 (carrier)
is always greater than that in phase 2 (solvent). Parameter values: µ12 = 1/2, D12 = 3, K = 2,
h = 0.4

(Figs. 2.4a-2.4c). This improvement is pronounced near the inlet; the TEA model cap-
tures the variation of the average concentrations right from the entrance of the channel.
Clearly, for small Da, the TEA model based on averaging the two fluids separately is
superior to the OEA model, which averages across both fluids.

The predictions of the TEA model deteriorate, however, as Da is increased and the
OEA model performs better, as seen in Fig. 2.4d. This was found to be the case in other
comparisons as well, which were carried out for a range of parameter values. Thus,
when modeling reactive extraction, the TEA model should be used unless Da is large
(Da < 1).

The primary objective of developing the TEA model was to predict extraction, with-
out any reaction. Comparisons of the two averaged models with simulations of the full
PDEs, for the case of non-reactive extraction, are shown in Fig. 2.5. The parameter values
are the same as in Fig. 2.4. Here, the TEA model performs remarkably well in compari-
son with the OEA model, which only predicts the equilibrium concentrations. The TEA
model is able to capture the system’s approach to equilibrium along the length of the
channel. Extraction will be analyzed in greater detail using the TEA model in Sec. 2.6.
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Figure 2.6: Variation of the Sherwood number (Shb) with the holdup (h), for different values
of mu12 and (KD12). Shb is a non-dimensional inter-phase mass transfer coefficient, and its
variations is indicative of the influence of fluid and flow parameters on the rate of mass transfer.

2.5 Effect of holdup and fluid properties on mass trans-
fer: Variation of the Sherwood number

An explicit low-dimensional approximation for the flux between the two fluids J(x) was
obtained while deriving the TEA model (cf. (2.41e)). In the absence of a reaction or when
pDa is small, the flux depends primarily on the difference between the cross-section
average concentrations and on the Sherwood number: J(x) ∼ Shb(c̄1 − Kc̄2). The
Sherwood number (Shb) depends on the holdup (h), the viscosity ratio (µ12) and the
product (KD12) (Shb does not depend on K and D12 separately, as is clear from (2.42)).
In this section, we analyze the variation of Shb with these parameters, to identify their
effect on inter-fluid mass transfer. In particular, we wish to identify the holdup (h), which
will maximize Shb for a specific fluid-solute combination.

Fig. 2.6 depicts the dependence of Shb on the holdup (h), for different values of µ12

and (KD12). The variation is non-monotonic for the cases shown in Fig. 2.6 and Shb
attains a maximum value at a holdup, which we call hmax. The value of hmax is affected
considerably by changes in µ12 and (KD12). Comparing the curves for different viscosity
ratios, we infer that Shb is greater when the more viscous fluid occupies a larger portion
of the channel. hmax is very sensitive to the value of (KD12). For values not close
to unity, the variation of Shb becomes monotonic as hmax shifts out of the physically
relevant range (0,1). When the value of hmax approaches zero or one, Shb becomes a
monotonically decreasing or increasing function of h respectively.

Contours of hmax are plotted in Fig. 2.7 as a function of µ12 and (KD12). The varia-
tion of hmax clearly shows that Shb is larger when the fluid with higher viscosity, higher
diffusivity and more affinity for the solute occupies a larger portion of the channel. (The
fluid with a higher concentration in equilibrium relationship c1 = Kc2 is said to have
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Figure 2.7: Contours of hmax as a function of µ12 and (KD12). hmax is the value of the holdup
(h) at which Shb attains its maximum value. When the value of hmax approaches zero or one,
Shb becomes a monotonically decreasing or increasing function of h respectively.

more affinity for the solute.) For example, when µ12 > 1 and (KD12) > 1, we find that
hmax > 0.5.

Using these results, the layered flow micro channel can be operated at a holdup that
enhances the rate of mass transfer between the fluids. In some applications, it may be de-
sirable to decrease the rate of mass transfer by increasing the net mass transfer resistance.
We discuss such an application in Sec. 2.7.

2.6 Analysis of Extraction using the TEA model

In this section we shall apply the TEA model to study extraction, without a reaction.
Our aim is to use the averaged model to obtain insights into the affect of parameters
on the extent of extraction, determined by the equilibrium concentrations, and the rate
at which the equilibrium is attained. This information will be useful for optimizing the
performance of microchannel extraction systems.

The TEA model can be simplified for the case of extraction by setting r(c̄2) = 0 in
(2.41). The simplified equations are analytically solvable. First, the algebraic equations
(2.41b), (2.41d) and (2.41e) are solved to obtain the following expressions for c̄1 and c̄2,
in terms of ĉ1 and ĉ2:

c̄1 =

(
D12Ks2 (h)− s1 (h)−D12Kŝ2

)
ĉ1 + ŝ1Kĉ2(

D12Ks2 (h)− s1 (h)
)
− (D12Kŝ2 − ŝ1)

(2.43a)

c̄2 =
−D12ŝ2ĉ1 +

(
D12Ks2 (h)− s1 (h) + ŝ1

)
ĉ2(

D12Ks2 (h)− s1 (h)
)
− (D12Kŝ2 − ŝ1)

(2.43b)
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Substituting these expressions into (2.41a) and (2.41c) yields a system of two differ-
ential equations for ĉ1 and ĉ1, the solution to which is given below:

ĉ1 =
K

1 + h (Kω − 1)

hω +
ĉ2,in

ĉ1,in

(1− h)

(
1− exp

(
−λx

p

))
+

(1− h)

K
exp

(
−λx

p

)
(2.44a)

ĉ2 =
1

1 + h (Kω − 1)

(1− exp

(
−λx

p

))
hω +

ĉ2,in

ĉ1,in

1− h

(
1−Kω exp

(
−λx

p

))


(2.44b)
where

λ =
1 + h (Kω − 1)

h (1− h)
[(
D12Ks2 (h)− s1 (h)

)
− (D12Kŝ2 − ŝ1)

] (2.44c)

This solution has been derived for the general case wherein both phase 1 and phase 2
may contain solute at the inlet of the channel. However, in extraction it is common to
have a pure solvent entering the channel (phase 2). We assume this to be the case in the
remainder of this section, and use the solution above with ĉ2,in = 0.

Comparison of the analytical solution (2.44) with simulations of the PDE model are
presented in Fig. 2.8, for different parameter values. The match is quite good.

The analytical solution of the TEA model enables us to efficiently analyze the sys-
tem’s behavior across parameter space. We focus here on the extent of extraction and the
rate at which extraction progresses along the channel. The maximum extraction that is
possible depends on the equilibrium concentrations in the two phases, which are attained
as x

p
→ ∞ or p → 0. The rate at which the equilibrium is reached, as fluid flows along

the channel, is determined by the decay rate λ
p
.

To quantify the extent of extraction we use the extraction ratio (ER), defined as the
ratio of the mass of solute transfered to the solvent (phase 2) to the mass that enters the
channel in the carrier (phase 1). For the case of a pure solvent, we have ER = (ĉ2)(1−h)

(ĉ1)(h)
.

The maximum possible ER for a given system is attained at equilibrium, i.e. as p → 0.
Using (2.44), we obtain:

EReq = lim
p→0

(
ĉ2

ĉ1

)
1− h
h

=
ω (1− h)

1 + h (Kω − 1)
(2.45)

Here we see that EReq depends on h, µ12 and K, but not on D12. λ on the other hand is
affected by all four parameters. We now study how the extent of extraction and the rate
of approach to equilibrium changes as the holdup is varied, for different fluid properties.

Fig. 2.9 shows the variation of λ and EReq with the holdup of the carrier (h) for
different fluid properties. EReq is seen to have maximum value (EReq

max) at a particular
value of the holdup (hmax). Interestingly, even when the fluids have identical properties,
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Figure 2.8: Comparison of the analytical solution of the TEA model for the case of extraction
without a reaction with the full PDE model. The solvent (phase 2) enters the channel without any
solute. Parameter values: (a) D12 = 1/3, h = 0.5, µ12 = 3, K = 1/2; (b) D12 = 3, h = 0.7,
µ12 = 3, K = 1/2; (c) D12 = 1.2, h = 0.5, µ12 = 2, K = 0.95; (d) D12 = 1/3, h = 0.3,
µ12 = 1/3, K = 2. In all cases, p = 5.
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Figure 2.9: Variation of λ and EReq with the holdup of the carrier phase (h), for different fluid
properties. These quantities indicate the rate at which equilibrium is attained and the extent of
extraction at equilibrium respectively.
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Figure 2.10: Variation of the maximum extraction attainable at equilibrium (EReq
max) and the cor-

responding value of the holdup (heqmax) with the viscosity ratio (µ12). The distribution coefficient
K is kept constant at a value of 1.

the maximum EReq does not occur at h = 0.5 (Fig. 2.9a). Rather, the maximum occurs
at h = 0.39, i.e. when the carrier fluid (phase 1) has a lower holdup than the solvent
(phase 2). The corresponding diffusion path length is smaller in the carrier phase. This
result implies that extraction is promoted when the solute bearing carrier phase has a

slightly lower mass transfer resistance than the solvent phase.

A striking result, observable in all cases in Fig. 2.9, is that for the holdup at which
EReq peaks, λ is relatively small and ofter very near its minimum value. Thus, there is an

inherent trade-off between the extent and rate of extraction. When the extent of extraction
at equilibrium is maximized (by adjusting the holdup), then the rate at which equilibrium
is attained is very slow, i.e. the channel length required for equilibrium becomes large.

To gain insight into the effects of µ12 and K on the extent of extraction, we compute
the maximum EReq (called EReq

max) and the corresponding value of h (called heqmax) for
different values of µ12 and K. Fig. 2.10 depicts the variation of these quantities with µ12,
while Fig. 2.11 shows the effect of varying K. These results indicate that the maximum

attainable extraction is greater when the solvent is more viscous than the carrier fluid

(µ12 < 1) and when it has a greater affinity for the solute (K < 1). The value of heqmax

is seen to vary considerably with µ12 and K in Figs. 2.10 and 2.11. Therefore, after
selecting a solvent, it is important to calculate heqmax and to operate at this holdup, in order
to maximize the extent of extraction.

Finally, we consider the effect of the solute’s diffusivities in the two fluids. The
diffusivity ratio (D12) does not affect the extent of extraction (EReq) but it does affect
the approach to equilibrium (λ). This effect is illustrated in Fig. 2.12, which plots the
variation of λ and EReq with the holdup, for two different diffusivity ratios. This figure
shows that equilibrium is attained faster when the diffusivity of the solute is greater in

the solvent (D12 < 1). However, the maximum EReq still occurs near the minimum of λ.

The results of this section provide guidance for selecting a solvent for extraction and
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Figure 2.11: Variation of the maximum extraction attainable at equilibrium (EReq
max) and the

corresponding value of the holdup (heqmax) with the distribution coefficient K. The viscosity ratio
(µ12) is kept constant at a value of 1.

Figure 2.12: Influence of the diffusivity ratio (D12) on the rate of extraction (λ) and the extent of
extraction attained at equilibrium (EReq). The variation of λ and EReq with the holdup (h) is
plotted for two different diffusivity ratios (D12). While EReq is unaffected by changes in D12, λ
increases as the diffusivity of the solvent (phase 2) increases. Other parameter values: K = 1/2
and µ12 = 2.
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for deciding the holdup (or flow rate ratio) at which the layered-flow microchannel should
be operated. Extraction will be better when the solvent has a higher solute diffusivity and
higher viscosity than the carrier fluid. These requirements for a good solvent are not
intuitively obvious and would have been difficult to identify without the TEA reduced
order model. The third criteria, which is more intuitive, requires the solvent to have a
greater affinity for the solute. Once the solvent is selected, the holdups can be chosen
using plots like Fig. 2.9. The extent of extraction will be maximum if the holdup of the
carrier phase is set as heqmax.

2.7 Improving the yield of competitive consecutive reac-
tions: insights from the TEA model

In this section, we investigate the possibility of increasing the yield of a desired product
that is formed by a two step competitive-consecutive reaction system, using two-phase
layered flow. The model reactions are given below:

A+B
k1−→ C

C +B
k2−→ D

(2.46)

Here, D is the desired product. A and B are the reactants and C is an intermediate. k1

and k2 are the reaction rate constants of the reactions whose rates are given by k1cAcB

and k2cCcB. If the first reaction is much faster than the second (k1 � k2), then all the B
is consumed by the first reaction and a very small amount of B is available to react with
C. The outcome is a large amount of intermediate and a very small amount of the desired
product, i.e. the yield of D is very low. (The yield of D is defined as ratio of the moles
of D formed to the moles of B input to the reactor.) This reaction system is a model for
the class of competitive-consecutive reactions, which are often encountered in industry
where increasing the yield of the desired product is of prime importance.

Chakraborty and Balakotaiah (2002) have studied these reactions in a homogeneous
tubular reactor using a LS reduced order model. They showed how mixing limitations in
the transverse direction affects the yield in single phase flow. In this section, we consider
the possibility of increasing the yield ofD by using mass transfer resistance in two-phase
flow to slow down the progress of the first reaction. This may be accomplished by feeding
A into the reactor in phase 1 (carrier fluid) and B in phase 2 (reacting phase). To react
with B, A must first diffuse into phase 2. Thus mass transfer resistance can slow down
the consumption of B in the first reaction and allow more of B to react with C and form
the desired product. We assume that C, B and D are all confined to phase 2 and only A
can be exchanged between the two fluids.
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In Sec. 2.5, we showed that the mass transfer resistance depends on the fluid prop-
erties and the holdups. Therefore, there is a possibility of further increasing the yield by
appropriate selection of the carrier fluid for A and its holdup (phase 1).

We will use the TEA model to predict the system’s behavior and investigate the effect
of parameter variations on the yield of D. The extension of the TEA model to multiple
reactions is straightforward: the steps outlined in Sec. 2.4.1 should be followed for each
reactant, using appropriate reaction rate expressions. The final reduced order model is
given below:

p
dĉ

(1)
A

dx
=
−JA
h

(2.47a)

ĉ
(1)
A − c̄

(1)
A = ŝ1JA (2.47b)

p

ω

dĉ
(2)
A

dx
=

JA
(1− h)

− pDa1c̄
(2)
A c̄B (2.47c)

ĉ
(2)
A − c̄

(2)
A = D12,Aŝ2JA − pDa1D12,Aq̂2c̄

(2)
A c̄B (2.47d)

JA =

(
c̄

(1)
A −KAc̄

(2)
A

)
D12,AKAs2 (h)− s1 (h)

+ pDa1c̄
(2)
A c̄B

D12,AKAq2 (h)

D12,AKAs2 (h)− s1 (h)
(2.47e)

1

ω

dĉB
dx

= −Da1

 ĉ(1)
A,in

ĉB,in

 c̄
(2)
A c̄B −Da2c̄C c̄B (2.47f)

ĉB − c̄B = −pDAB q̂2

Da1

 ĉ(1)
A,in

ĉB,in

 c̄
(2)
A c̄B +Da2c̄C c̄B

 (2.47g)

1

ω

dĉC
dx

= +Da1

 ĉ(1)
A,in

ĉB,in

 c̄
(2)
A c̄B −Da2c̄C c̄B (2.47h)

ĉC − c̄C = pDAC q̂2

Da1

 ĉ(1)
A,in

ĉB,in

 c̄
(2)
A c̄B −Da2c̄C c̄B

 (2.47i)

1

ω

dĉD
dx

= Da2c̄C c̄B (2.47j)

ĉD − c̄D = pDADq̂2Da2c̄C c̄B (2.47k)

The inlet conditions at x = 0 are :

ĉ
(1)
A = 1, ĉ

(2)
A = 0, ĉB = 1, ĉC = 0, ĉD = 0 (2.47l)

Here, c(1)
A and c(2)

A denotes the concentration of A in phase 1 and phase 2 respectively.
ĉB, ĉC and ĉD denote the concentrations of B, C, and D in phase 2 respectively. The
concentrations of A in both phases have been scaled with the mixing-cup average of the
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concentration of A that enters the channel in phase 1 (ĉ(1)
A,in). The concentrations of B,

C and D in phase 2 have been scaled with the mixing-cup average concentration of B,
entering the channel in phase 2 (ĉB,in). D12,A is the ratio of the diffusivity of A in phase 1
to that in phase 2. DAB, DAC , DAD are the ratios of the diffusivity of A in phase 1 to the
diffusivity of B, C and D in phase 2 respectively. Da1 and Da2 are Damkohler numbers
given by kiĉB,in(L/v̄1) (i = 1, 2). The expressions for s1, s2 and q2 are the same as those
used in Sec. 2.4 and are given in Appendix E.1.

Results of simulations of this averaged model (cf. (2.47)) are presented in Fig. 2.13
for the case of Da1 = 50, Da2 = 5. Two different cases are considered with different
fluid properties and holdup. In both cases, p = 0.5 and all the diffusivities are taken to
be equal for simplicity. Equal number of moles of A and B are fed into the reactor. This
figure also shows the predictions obtained by solving the governing PDEs. The TEA
model matches well with the full PDE model and is clearly able to predict the system’s
behavior.

The amount of D formed is very different for the two cases presented in Fig. 2.13.
This shows that the yield ofD is very sensitive to the fluid properties and holdup of phase
1. Varying these parameters affects the mass transfer resistance and thereby modifies the
net rate of progress of the first reaction. The parameter values that lead to higher mass
transfer resistance will result in a higher yield of D.

The yield of D (YD) is plotted as a function of the holdup (h) of phase 1 in Fig. 2.14,
considering different fluid properties. The other parameters are the same as in Fig. 2.13.
The yield for the case of single phase flow is also indicated in this figure. The results
clearly show that increasing the holdup of the carrier phase (phase 1) increases the yield
of D (except when h nears unity). This is because the path length for diffusion from the
carrier phase (phase 1) to the reacting phase (phase 2) increases as h increases. Conse-
quently, the rate of transport of A into the reacting phase decreases. Another reason for
the increase in the yield of D with h (phase 2) is that the flow rate of the carrier phase
increases as its holdup (h) is increased. Since the input number of moles of A is fixed, the
concentration of A in the entering carrier phase will be lower. This results in a smaller
driving force for mass transfer of A to the reacting phase.

Comparing the three curves in Fig 2.14, we find that the yield ofD is higher when the
carrier (phase 1) has a greater affinity for A (K > 1) than the reacting phase. In this case,
more A is retained in the carrier phase than the reacting phase, which allows B to react
with C to form more D. Fig. 2.14 also shows that a less viscous carrier fluid promotes
the yield ofD. When the viscosity of the carrier fluid is lower, its flow rate will be higher,
which as explained above results in a smaller driving force for mass transfer.

These results show that the yield of the desired product can be significantly increased
when A is supplied through a second carrier fluid, instead of supplying it along with
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Figure 2.13: Comparison of the TEA model (2.47) for the competitive-consecutive reaction sys-
tem (2.46) with simulations of the corresponding PDEs. The cup-mixing average concentration
profiles of various species are plotted along the reactor length. Solid lines are simulations of the
governing PDEs while dashed lines are the simulations of the TEA reduced order model. Param-
eter values: Da1 = 50, Da2 = 5, p = 0.5, D12,A = DAB = DAC = DAD = 1. Equal number
of moles of A and B are fed into the reactor.

Figure 2.14: Yield of D as a function of the holdup (h) for different fluid properties. The yield in
the case of single phase flow is indicated by the horizontal dashed line for the sake of comparison.
Common parameter values: Da1 = 50, Da2 = 5, p = 0.5, D12,A = DAB = DAC = DAD = 1.
Equal number of moles of A and B are fed into the reactor.
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B in the same fluid. This layered flow system ensures a controlled slow input of A
into the reacting phase, which allows enough time for B to react with C and form the
desired product D. This basic concept can be applied to other problems, such as runaway
reactions. In this case, restricting the availability of one of the reactants by supplying it in
a second fluid will reduce the rate of heat generation in a manner similar to a semi-batch
reactor.

2.8 Concluding Remarks

In this chapter, two reduced order models were derived to describe mass transfer and
reactions in two-phase layered flows. These models were derived assuming transverse
diffusion to be fast compared to convection, i.e. for small Peclet number (p). Yet, they
remain quantitatively accurate for p upto unity and capture the qualitative behavior of the
system for p moderately greater than unity. These models will reduce computation time
and aid in optimization, parameter identification, model based control and analysis of the
system across the multidimensional parameter space.

The OEA model consists of a single ordinary differential equation (ODE) that de-
scribes the evolution of the average concentrations of both fluids along the channel. The
model includes three algebraic equations that account for the difference between the cup-
mixing average and the cross-section average concentration in each fluid and the concen-
tration difference between the fluids. This model cannot predict mass transfer in the ab-
sence of a reaction – it only predicts the final equilibrium concentrations. The model can
only capture the deviation from equilibrium brought about by a reaction. Even in these
cases, the model cannot predict the concentration near the inlet of the reactor, where the
phases first come into contact. On the positive side, the concentration at the outlet of the
reactor is predicted accurately over a large range of Da, if p is small (p ≤ 1).

The TEA model is a major improvement over the OEA model. It consists of two
ordinary differential equations for the evolution of the cup-mixing average concentration
– one for each fluid. These ODEs are accompanied by algebraic equations that relate the
cup-mixing averages, the cross-section averages and the flux between the fluids. This
model captures the mass transfer between the phases in the absence of reactions, right
from the inlet of the channel. Thus, it gives very good predictions for extraction. It also
works well when a reaction is present, unless the reaction is very fast and Da is large.

The TEA model provides closed form expressions for the Sherwood number (based
on an overall mass transfer coefficient). Studying its dependence on system parameters
revealed that inter-fluid flux is promoted when the fluid with higher holdup (volume frac-

tion) has a higher viscosity, a higher solute diffusivity and more affinity for the solute.
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The TEA model was solved analytically for the case of extraction without a reaction.
Analysis of the solution showed that the extent of extraction is higher when the solvent
phase has a higher viscosity, a higher solute diffusivity and more affinity for the solute
than the carrier phase. The holdup of the carrier phase that maximizes the extent of ex-

traction at equilibrium was shown to correspond to a very slow approach to equilibrium.

Thus a trade-off between these two factors must be made when deciding the holdup.

Finally, the TEA model was used to study consecutive-competitive reactions in lay-
ered flow. We found that the yield of the desired product can be significantly increased by
using inter-phase mass transfer resistance to slow down the formation of the intermediate
species. This results in increased formation of the desired product.

The example of competitive-consecutive reactions demonstrates that the TEA aver-
aged model may be easily extended to systems with multiple species, involving interfacial
transport and multiple reactions. An important avenue for future work is the develop-
ment of averaged models for practically important layered flow microsystems, involving
surface and bulk reactions. An example of such a system is phase transfer catalysis in
microchannels (Aljbour et al., 2010; Šinkovec et al., 2013).

Using the TEA model, one can identify the system parameters (flow rates and sol-
vents) that maximize extraction performance in co-current layered flows. However, even
better performance may be obtained by operating in a counter-current flow instead of a
co-current flow. The reason this is not common practice is that obtaining counter-current
flow in microchannels is difficult, requiring fluid specific channel modifications. In Chap-
ter 3, we compare the performance of both systems across parameter space, to determine
whether the gain in performance is sufficient to justify this extra investment.
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CHAPTER 3

Selecting between Co-Current and Counter-Current
Flow

A double minded man (is) unstable in all his ways

– James 1:8, KJV

3.1 Introduction

In separation operations, like solvent extraction, the driving force for interphase mass
transfer is given by the difference of the solute concentrations in each phase from the val-
ues at thermodynamic equilibrium. In this context the configuration of the flow, whether
co-current or counter-current, assumes significance. In the co-current mode, the two liq-
uid phases flow in the same direction and the concentration in each phase monotonically
approaches the equilibrium value. Therefore the driving force decreases along the length
of the channel. On the other hand, in the counter-current mode, the two phases flow in
opposite directions. At the solvent inlet, pure solvent is brought into contact with the ex-
iting depleted carrier stream. At the opposite end, the entering concentrated carrier phase
meets with the exiting enriched solvent. In this counter-current flow configuration, the
two streams are always away from equilibrium throughout the channel. The overall driv-
ing force for mass transfer is consequently greater in counter-current flow. Hence, with
all other system properties being the same, a counter-current extraction process always
outperforms a co-current process (Treybal, 1980). However, this performance improve-
ment can be significant or marginal depending on the parameters of the system, such as
the relative affinity of the solute for the solvent phase, fluid flow rates and channel size.

In microchannels, the higher efficiency of counter-current flow is offset by the dif-
ficulty of establishing such a flow regime. Gravity and inertia cannot be exploited to
establish counter-current flow, as is done in macro systems. At the micro scale, inter-
facial and viscous forces play a dominant role. These forces ensure stable layered flow
over a wide range of operating conditions. Co-current layered flow arises naturally in
pressure driven flow through a microchannel with a Y-junction inlet. This flow system



has been investigated extensively (Hotokezaka et al., 2005; Fries et al., 2008; Znidarsic-
Plazl and Plazl, 2007; Okubo et al., 2008). On the other hand, layered counter-current
flow requires the hydrodynamic driving force to act in opposite directions in each phase.
Aota et al. (2007) have achieved counter-current flow for an aqueous-organic fluid pair
by making one wall hydrophobic and the other hydrophilic.

Due to the relative difficulty in implementing counter-current flow in microchannels,
the choice between the two flow configurations in a non-obvious one. The extraction
performance gain must be significant to justify the selection of counter-current flow over
co-current. The relative extraction performance will vary with the equilibrium and trans-
port properties of the fluids, their relative flow rates and the geometric features of the
microchannel. Investigating these extraction systems experimentally over a wide range
of parameters is challenging, especially for the counter-current system. Therefore, it is
important to identify the regions of the parameter space that correspond to a significant
performance gain. Experiments and detailed calculations can then be made within this
restricted subset of parameter values. This information can be obtained with the help of
simplified mathematical models.

In Ch. 2, we used an averaging strategy to reduce computation costs while retaining
the ability to describe intricate physical effects, such as the influence of the velocity
profile on mass transfer. In this section, we are primarily concerned with the influence
of the relative flow direction of the two phases, on extraction performance. Therefore,
we significantly simplify the PDE model used in Sec. 2.2, by assuming a plug flow
velocity profile within each fluid. This enables us to obtain analytical and semi-analytical
solutions, which greatly aid in carrying out a thorough comparison of the two systems
across the high dimensional parameter space.

The organization of this chapter is as follows. The mathematical models used in this
work are presented in Sec. 3.2. These partial differential equations have been recently
analyzed in the context of extraction by Malengier et al. (2012). In Sec. 3.3, we present an
analytical solution for the co-current equations based on the theory of Sturm-Liouville
linear operators. The counter-current model belongs to the class of two way diffusion
equations and is mathematically more challenging. Such equations arise in various fields
of study and an analytical solution is available (Fisch and Kruskal, 1980; Beals, 1981).
However, in this chapter, a novel semi-analytical solution strategy is adopted, which is
closely related to the physics of the mass transfer process. This is presented in Sec. 3.4.

In Sec. 3.5, we define metrics to quantify the mass transfer performance of both sys-
tems. The ability of the simple model to describe the essential behavior of extraction
systems is confirmed in Sec. 3.6, by a comparison with detailed simulations and exper-
imental results from the literature. In Sec. 3.7, we demonstrate that, while the model
contains 5 parameters, the relative extraction performance depends on only 4 of these.
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Figure 3.1: Schematic of simplified co-current and counter-current flow systems. The interface
is located at a position h within the channel of width H and length L. Phases 1 and 2 correspond
to the carrier and solvent phases respectively, which flow with constant velocities v1 and v2.

This reduction in the number of independent parameters is extremely helpful in the sub-
sequent investigation of the influence of parameters on relative extraction performance.
This is done in terms of a relative extraction ratio in Sec. 3.8. A general principle is
identified, namely “maximum gain at mediocre performance", which can aid the engi-
neer/experimentalist in selecting between co-current and counter-current configurations.
The results are summarized and discussed in Sec. 3.9.

3.2 Simple model for extraction in microchannels

Consider layered flow of the carrier and solvent phases in a microchannel with a uni-
formly flat interface of contact. For the sake of simplicity, we consider only plug flow
velocity profiles. The model is restricted to two spatial dimensions by neglecting any
variations in the direction perpendicular to the flow and parallel to the interface/walls.
Further, diffusion in the direction of the flow is neglected in comparison with convection.
A schematic of this system for co-current and counter-current flow is depicted in Fig. 3.1.

A differential mass balance of the solute species in each phase yields the following
partial differential equations.

v1
∂c1

∂x
= D1

∂2c1

∂y2
0 ≤ y ≤ h (3.1a)

v2
∂c2

∂x
= D2

∂2c2

∂y2
h < y ≤ H (3.1b)

Here ci denotes the concentration of the solute in each phase and Di is the diffusivity of
the solute in each phase. vi are the constant phase velocities. h represents the location
of the interface and H is the channel width. i = 1 denotes the carrier phase while i = 2
denotes the solvent phase.
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These equations are subject to four boundary conditions and two initial conditions.
At the walls we have the no-flux conditions:

∂c1

∂y

∣∣∣∣
y=0

= 0,
∂c2

∂y

∣∣∣∣
y=H

= 0 (3.2)

A balance of material flux across the interface yields the following condition at y = h:

D1
∂c1

∂y
= D2

∂c2

∂y
(3.3)

At the interface the two phases are assumed to be in local thermodynamic equilibrium.
This yields (at y = h):

c1 = Kc2 (3.4)

where K is a constant equilibrium coefficient.

For co-current flow, the initial concentration of the solute in both phases is specified
at x = 0. For counter-current flow, the initial concentration of the carrier phase (Cin) is
specified at x = 0 and that of the solvent phase at x = L. The inlet solvent stream is
assumed to be pure, without any solute. This yields for co-current flow:

c1(0, y) = Cin 0 ≤ y ≤ h (3.5a)

c2(0, y) = 0 h < y ≤ H (3.5b)

and for counter-current flow:

c1(0, y) = Cin 0 ≤ y ≤ h (3.6a)

c2(L, y) = 0 h < y ≤ H (3.6b)

Equations (3.1) to (3.4) along with (3.5) or (3.6) constitute the simplified mathemati-
cal model for the co-current or counter-current extraction system respectively. The co-
current problem is a purely initial value problem in the x coordinate. A solution for a
large channel length can be used to determine the performance for all intermediate chan-
nel lengths as well. On the other hand, the split initial conditions of the counter-current
problem require it to be solved separately for each value of the channel length; it is a
boundary value problem in both the x and y coordinates. The solution methodologies for
the two problems, described in sections 3.3 and 3.4, are therefore quite different.
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3.3 Analytical solution of the co-current model

The model equations for co-current flow ((3.1) to (3.4) and (3.5)) are non-dimensionalized
with the characteristic scales of the channel length (L) and width (H) and the initial con-
centration of the carrier phase (Cin).

x∗ =
x

L
, y∗ =

y

H
, hr

∗ =
h

H
, ci

∗ =
ci
Cin

(3.7)

The asterisk indicates dimensionless variables. The dimensionless Peclet numbers and
the diffusivity ratio (β) are defined as

Pe1 =
v1H

2

D1L
, Pe2 =

v2H
2

D2L
, β =

D1

D2

(3.8)

From this point forward we work only in dimensionless variables and drop the asterisk
for convenience. The co-current model equations in dimensionless form are given below.

∂c1

∂x
=

1

Pe1

∂2c1

∂y2
0 ≤ y ≤ hr (3.9a)

∂c2

∂x
=

1

Pe2

∂2c2

∂y2
hr < y ≤ 1 (3.9b)

∂c1

∂y

∣∣∣∣
y=0

= 0,
∂c2

∂y

∣∣∣∣
y=1

= 0 (3.10a)

β
∂c1

∂y
=
∂c2

∂y
at y = hr (3.10b)

c1 = Kc2 at y = hr (3.10c)

c1(0, y) = 1 0 ≤ y ≤ hr (3.10d)

c2(0, y) = 0 hr < y ≤ 1 (3.10e)

Based on the theory of Sturm-Liouville operators (Ramkrishna and Amundson, 1974,
1985) an analytical solution in the form of a series of orthonormal eigen functions is
obtained. Malengier et al. (2012) present a solution for the special case of equal liquid
velocities. Here we extend this solution to the general case of unequal velocities by
suitably redefining the inner product. The details are given in Appendix A. The final
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solution of the co-current concentration field follows:

c (x, y) =

 c1 (x, y) 0 ≤ y ≤ hr

c2 (x, y) hr < y ≤ 1


=

{
1

1/K

}
hr

hr + (Pe2/Pe1) (1−hr)
βK

+
∞∑
n=1

bn sin
(
λn
√
Pe1hr

)
λn
√
Pe1

e−λ
2
nx

 bn cos
(
λn
√
Pe1y

)
dn cos

(
λn
√
Pe2 (1− y)

) 
 (3.11)

Here, λn are eigenvalues, which are roots of the characteristic equation (A.7). bn and dn
are parameter dependent constants, given by (A.9) (cf. Appendix A).

3.4 Semi-analytical solution of the counter-current model

The counter-current model is given by equations (3.1) to (3.4) and (3.6). This model has
been studied previously in various asymptotic regimes (Fitt et al., 1985; Hagan and Ock-
endon, 1991). These equations belong to the category of ’two-way diffusion equations’.
Since the flow is in opposite directions in each phase, the equations cannot be cast into
the standard Sturm-Liouville form. Nevertheless a series solution has been obtained in
terms of two sets of eigenfunctions corresponding to the two fluid sub-domains (Fisch
and Kruskal, 1980). The eigenfunctions in the carrier phase decay along the channel
length while eigenfunctions in the solvent phase grow in magnitude. These eigenfunc-
tions have been shown to be complete in their respective fluid sub-domains (Beals, 1981).
Unfortunately the eigenfunctions are not orthogonal. Therefore the coefficients of the
eigenfunctions in the series solution must be computed numerically by a least squares
procedure for a given initial condition (Fisch and Kruskal, 1980). Further the calculation
of the eigenfunctions is complicated by the degeneracy of the zero eigenvalue. These
difficulties motivate us to develop a new strategy for the solution of two-way diffusion
equations, which is based on a simpler mathematical formalism. An additional advan-
tage of this method lies in the close relationship between the calculation procedure and
the physics of the extraction problem. An overview of the method follows after which
the procedure is described in detail.

The two coupled partial differential equations (3.1) are decomposed into two separate
equations by introducing an auxiliary function f(x), which describes the concentration
at the interface. Both of these equations are standard non-homogeneous Sturm-Liouville
equations and are easily solved in their respective domains. To complete the solution,
the interface concentration f(x) must be determined. This is done by enforcing the equal
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Figure 3.2: Schematic of the coordinate systems defined for each phase separately. The sub-
domains 1 and 2 correspond to the carrier and solvent phases respectively, which flow in a
counter-current manner. The axes are displaced for visual clarity. The true origin locations are at
the domain vertices and are indicated by dashed lines.

flux condition (3.3) at the interface. This last step is carried out numerically, resulting
in a semi-analytical solution of the counter-current extraction problem. This solution
procedure is described below in detail.

First, two new Cartesian coordinate axes are introduced for each fluid sub-domain.
Each pair of axes has the horizontal axis oriented along the respective flow direction and
the vertical axis points towards the center of the channel. A schematic of the co-ordinate
system is presented in Fig. 3.2. The dimensionless variables used in this section are
different from those used in the co-current case (Sec. 3.3). These are defined below with
an asterisk, which is later dropped for convenience.

y∗1 =
y1

H
, y∗2 =

y2

(H − h)
, x∗i =

xi
L
, ci

∗ =
ci
Cin

(3.12)

Pe1 =
v1h

2

D1L
, Pe2 =

v2(H − h)2

D2L
, β =

D1

D2

(3.13)

Equations (3.1)-(3.4) and (3.6) are presented below in terms of the new co-ordinate
systems (x1, y1) and (x2, y2). Here, i = 1 corresponds to the carrier phase and i = 2

corresponds to the solvent phase.

∂ci
∂xi

=
1

Pei

∂2ci
∂y2

i

0 < yi < 1

0 < xi < 1
(3.14a)

∂ci
∂yi

∣∣∣∣
yi=0

= 0 (3.14b)

c1 (x1 = 0, y1) = 1 (3.14c)

c2 (x2 = 0, y2) = 0 (3.14d)
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Instead of applying the boundary conditions in (3.3) and (3.4), which couple the equa-
tions for the carrier and solvent phases, the concentration at the interface in each domain
is described in terms of an auxiliary function f(x1). Thus the equations for i = 1, 2 are
decoupled and two independent equations with non-homogeneous Dirichlet boundary
conditions at the interface (yi = 1) are obtained:

c1 (x1, y1 = 1) = f1(x1) = Kf(x1) (3.15a)

c2 (x2, y2 = 1) = f2(x2) = f(1− x2) (3.15b)

Here x1 = 1 − x2. These new interface conditions, in terms of f(x1), inherently satisfy
the thermodynamic equilibrium condition (3.4). Thus, only the equal flux condition (3.3)
is left to be satisfied. This condition will be used to determine the auxiliary function
f(x1) after the decoupled equations in (3.14)-(3.15) are solved.

Both the equations in (3.14a) are instances of the following general non-homogeneous
partial differential equation.

∂u

∂x
=

1

P

∂2u

∂y2
(3.16a)

∂u

∂y

∣∣∣∣
y=0

= 0 (3.16b)

u (x, 1) = p (x) (3.16c)

u (0, y) = u0 (3.16d)

here x and y are general independent variables and not the co-ordinates in Fig. 3.1.

We now construct a solution to this general equation, which may then be applied to
obtain solutions for (3.14) - (3.15). The solution u(x, y) is constructed as a superposition
of two functions ua(x, y) and ub(y). We require ua(x, y) to satisfy (3.16) but with homo-
geneous boundary conditions. ub(y) is a linear function that is superposed to account for
the forcing from the non-homogeneous boundary conditions. Thus, ub(y) is required to
satisfy the following:

∂2ub
∂y2

= 0,
∂ub
∂y

∣∣∣∣
y=0

= 0, ub (x, 1) = p (x) (3.17)

Solving (3.17) yields ub = p(x). Substituting u = ua + ub = ua + p(x) in (3.16), we
obtain

∂ua
∂x

=
1

P

∂2ua
∂y2

− dp

dx
(3.18a)

∂ua
∂y

∣∣∣∣
y=0

= 0 (3.18b)

ua (x, 1) = 0 (3.18c)
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ua (0, y1) = u0 − p(0) (3.18d)

A solution can be obtained as a convergent infinite series in a manner similar to the
solution of the co-current problem detailed in Appendix A. The major difference lies in
the non-homogenous term, which however does not present any difficulty to the eigen-
function expansion method (Ramkrishna and Amundson 1985). The final solution for u
obtained after combining ua and ub is

u = p (x)+
∞∑
n=0

[
4(−1)n

π (2n+ 1)
cos

(
(2n+ 1)

π

2
y

)
×

(1− p (0)
)

exp
(
−λ2

nx
)
−

x∫
0

dp (m)

dm
exp

(
−λ2

n (x−m)
)
dm


 (3.19)

where λn = (2n+ 1) π

/(
2
√
P
)

.

From (3.19), the solutions for c1 and c2 in (3.14) can be directly obtained as

c1 (x1, y1) = Kf (x1) +
∞∑
n=0

[
4(−1)n

π (2n+ 1)
cos

(
(2n+ 1)

π

2
y1

)
×

(1−Kf (0)
)

exp
(
−λ2

1,nx1

)
−K

x1∫
0

df (m)

dm
exp

(
−λ2

1,n (x1 −m)
)
dm




(3.20a)

c2 (x2, y2) = f (1− x2) +
∞∑
n=0

[
4(−1)n

π (2n+ 1)
cos

(
(2n+ 1)

π

2
y2

)
×

−f (1) exp
(
−λ2

2,nx2

)
−

x2∫
0

df (1−m)

dm
exp

(
−λ2

2,n (x2 −m)
)
dm


 (3.20b)

where λ1,n = (2n+ 1) π

/(
2
√
Pe1

)
, λ2,n = (2n+ 1) π

/(
2
√
Pe2

)
Equation (3.20) will be the solution of the concentration field provided f(x1) satisfies

the equal flux condition at the interface (3.3). This condition in terms of the new co-
ordinate systems (Fig. 3.2) is

β
∂c1 (x1, y1)

∂y1

∣∣∣∣
y1=1

+

(
h

H − h

)
∂c2 (x2, y2)

∂y2

∣∣∣∣
y2=1

= 0 with x1 = 1− x2 (3.21)

The derivatives in (3.21) can be analytically calculated in terms of f(x1) from the so-
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lutions for c1 and c2 in (3.20). Equation (3.21) provides an independent condition to
determine the auxiliary function. This final calculation bears a close relationship to the
extraction process as it basically accounts for the transfer of mass from one phase to the
other. For an arbitrary function f(x1), the concentration fields calculated from (3.20) will
lead to unequal fluxes across the interface. But the physical process requires these fluxes
to be equal, since mass cannot accumulate at the interface. There is a unique function
f(x1) that satisfies this condition and leads to the unique solution of the counter-current
concentration field, determined by (3.20). The last step is executed numerically as de-
scribed below.

The domain is discretized usingN nodes along the x1 coordinate direction, intoN−1

intervals. The function f(x1) is approximated as a piecewise linear function over these
intervals. Hence, the function derivative df(x1)/dy is piecewise constant in each interval
(k) and is given by

df (x1)

dx1

= −df (1− x2)

dx2

= f̄k where
xk1 < x1 < xk+1

1 , 1 ≤ k ≤ N − 1

x1 = 1− x2

(3.22)

Apart from the N − 1 unknown derivative values, the value of f(0) = f0 is also an
unknown. Thus there are a total of N unknowns to be determined.

Under this numerical approximation each integral in (3.20) becomes a finite sum and
(3.21) results in a linear algebraic equation withN unknowns. This equation is applied at
each of the N nodes to give a closed system of N linear algebraic equations. This system
has a unique solution, and it is solved to obtain the discretized f(x1). The equation to be
applied at each node q (1 ≤ q ≤ N) is given in (3.23). Here, the superscript indices on
the x coordinate variables (x1 and x2) refer to the node index.

2β
∞∑
n=0

(
exp

(
−λ2

1,nx
q
1

))
=

fo

[
2βK

∞∑
n=0

(
exp

(
−λ2

1,nx
q
1

))
+ 2

(
h

H−h

) ∞∑
n=0

(
exp

(
−λ2

2,nx
r
2

))]

+
q−1∑
i=1

f̄i


∞∑
n=0

2Kβ
λ21,n

{
exp

(
−λ2

1,n

(
xq1 − xi+1

1

))
− exp

(
−λ2

1,n

(
xq1 − xi1

))}
+ 2

(
h

H−h

)(
xi+1

1 − xi1
) ∞∑
n=0

(
exp

(
−λ2

2,nx
r
2

))


+
r−1∑
j=1

f̄N−j


−
∞∑
n=0

2
λ22,n

(
h

H−h

){
exp

(
−λ2

2,n

(
xr2 − x

j+1
2

))
− exp

(
−λ2

2,n

(
xr2 − x

j
2

))}
+2
(

h
H−h

)(
xj+1

2 − xj2
) ∞∑
n=0

(
exp

(
−λ2

2,nx
r
2
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(3.23)
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where r = N − q + 1

A large number of terms must be considered in the eigenfunction expansions (3.20)
to obtain a converged solution near the horizontal boundaries. This is because the inlet
conditions (3.6) at x1 = 0, 1 do not satisfy the equilibrium condition at the interface
(3.4). This mismatch causes oscillations in the numerical solution close to the horizontal
boundaries (Gibbs phenomena). However, the region of Gibbs oscillations decreases as
more terms are included in the eigenfunction expansions. In this work the first 501 terms
(0 ≤ n ≤ 500) are used, because they are sufficient for obtaining a smooth converged
solution over more than 99% of the horizontal domain. We use an unequally spaced
mesh of grid points with a finer grid near the ends of the channel where there are sharp
gradients in concentration. In all our calculations, 1800 nodes are found to be sufficient
for a converged solution. Half of these nodes are located in the first and last 10% of the
length of the channel.

3.5 Definition of extraction performance metrics

In this section we define some key metrics that shall be used in the remainder of this study.
The extraction ratio (ER), defined below, is used to quantify the extractor performance.

ER =
C2,outv2 (H − h)

C1,inv1h
(3.24)

C1,in is the average concentration of the carrier stream at the inlet andC2,out is the average
concentration of the solvent stream at its outlet. ER represents the fraction of the total
solute input in the carrier phase that is removed by the solvent. This performance metric
focuses on the purification of the carrier phase, which is the goal in most applications.
ER has been used in several studies to quantify the extent of extraction in microchannels
(Okubo et al., 2008; Malengier et al., 2012; Malengier and Pushpavanam, 2012).

The relative performance improvement of the counter-current extraction system over
the co-current system is quantified via a relative extraction ratio (RER)

RER =
ERcounter − ERco

ERco

(3.25)

The RER will be strictly positive, as counter-current flow always performs better than co-
current flow. However only a substantial improvement will merit the selection of counter-
current operation. Studying the dependence of RER on the system parameters will help
to identify regions where it is desirable to operate in counter-current flow. While other
metrics, such as number of equivalent stages, have been used in the extraction literature,
the RER provides a direct and clear measure of the relative performance of counter-
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current and co-current systems. One significant advantage of using RER is demonstrated
in Sec. 3.7, where the number of independent parameters affecting the relative extraction
performance is reduced from five to four.

3.6 Verification of the qualitative predictions of the sim-
ple model

In this section the predictions of the proposed simplified model are compared with pub-
lished experimental results and detailed simulations. The goal is to ensure that the model
captures important physical phenomena as well as the effect of parameter variations on
extraction performance. The focus of the comparison is on qualitative trends. A cer-
tain quantitative discrepancy is to be expected due to the simplifying assumptions of the
present model. Here, only results for the co-current model are verified, for which there
is sufficient literature available. Since the physics is essentially the same in the counter-
current system, a verification of the co-current predictions should be sufficient for the
purpose of this study.

Fig. 3.3a presents a comparison with the experiments and simulations of Znidarsic-
Plazl and Plazl (2007). Here, the outlet concentrations of the carrier phase and the solvent
phase are plotted against the flow rate of the carrier phase. The carrier phase concentra-
tion is normalized with its concentration at the inlet. The solvent concentration is nor-
malized with its value at saturation. Another comparison with the work of Okubo et al.

(2008) is presented in Fig. 3.3b. Here, the extraction ratio (ER) is plotted as a function
of the total flow rate of both phases. In both studies (Znidarsic-Plazl and Plazl, 2007;
Okubo et al., 2008), numerical simulations based on a detailed model of the extraction
process are carried out. These simulations show a very good match with the experiments
(Fig. 3.3, compare dashed lines with circular markers). In this work we use a simplified
model of the extraction process. The results of the simple model are plotted as solid lines
in Fig. 3.3.

In the detailed model used by Znidarsic-Plazl and Plazl (2007) and Okubo et al.

(2008), the laminar fully developed flow field in a rectangular duct is considered and the
3-D species conservation equation is solved numerically. The channel geometry used
in the simulations has a finite height and width, which introduces wall effects into the
calculations. These computationally intensive simulations also consider diffusion in all
directions. In contrast, the simplified model in this study approximates the velocity field
in each phase by a uniform plug flow profile. The velocity is constant in each phase and
represents the average flow in that phase. In general the two velocities can have different
values. The dimensionality of the problem is reduced by considering flow between two
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Figure 3.3: Comparison of the results of the model presented in this chapter with the experiments
and simulations of Znidarsic-Plazl and Plazl (2007) and Okubo et al. (2008). Experimental data
is represented as circular markers. The dashed lines represent simulations in the original work.
The results of the present work are represented by solid lines.

infinite parallel plates (wall effects are neglected). Further, diffusion in the axial direction
is neglected in comparison to axial convective transport.

Given the many simplifications made in the present model, the predictions agree re-
markably well with the literature. All qualitative trends are described faithfully (Fig. 3.3)
and the quantitative mismatch is uniform without any abrupt variations. The discrepancy
between the simple model and the experiments are due to the simplifying assumptions
described above. The predictions may be improved by systematically relaxing these as-
sumptions. However, the primary aim of this work is to study the variation of RER across
the parameter space in order to identify the regions in which it is high. This requires that
the qualitative predictions of the model, especially as regards the effects of parameter
variations, be accurate. In this section, the simple model has been shown to be suitable
for this task.

The main advantage of using a simple model, which retains only the essential physics,
lies in its relatively simple mathematical formulation. This in turn allows an analytical/semi-
analytical solution of the equations. These solutions are free from convergence issues for
all parameter values. Thus they can be used for investigating the effect of wide variations
in parameter values. Moreover, a considerable reduction in computation time is achieved
compared to full numerical solutions, especially in the case of the counter-current prob-
lem.
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Figure 3.4: Average concentration profiles in co-current and counter-current flow through a mi-
crochannel for typical parameter values. H = 4 × 10−4 m, h = 2 × 10−4 m , L = 0.0084 m,
u1 = 0.0857 m s−1, u2 = 0.0714 m s−1, D1 = 7.4× 10−8 m2s−1, D2 = 3.7× 10−8 m2s−1, K
= 0.4 (hr = 1/2, β = 2, Pe1 = 5.5157, Pe2 = 9.1929)

Figure 3.5: Contours of ER in the Pe1 − Pe2 parameter plane (cf. (3.13)). (a) co-current (b)
counter-current. K = 1/5, hr = 1/2 and β = 1

3.7 Typical concentration profiles and the influence of
Peclet numbers

The concentration field depends on five dimensionless parameters. These are the Peclet
numbers of the two phases Pe1 and Pe2, the ratio of diffusivities β, the fractional width of
the carrier phase hr (h/H) and the equilibrium constant K. The Peclet numbers contain
information of the flow conditions. The definition of the Peclet numbers given in (3.13)
are used in the remainder of this work.

Average concentration profiles for the co-current and counter-current systems, for a
typical case, are presented in Fig. 3.4. In the co-current flow system, the average concen-
tration in each phase steadily approaches the equilibrium state along the channel length.
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Figure 3.6: (a) Contours of RER in the Pe1 − Pe2 parameter plane (cf. (3.13)). (b) Scatter
plot of RER and the Peclet number ratio (Pe1/Pe2) for the data in Fig. 3.6a. Parameter values:
K = 1/5, hr = 1/2 and β = 1.

Thus the concentration difference decreases monotonically along the channel. On the
other hand, in the counter-current system, a nearly uniform concentration difference is
maintained between both phases. The overall average driving force is higher in counter-
current flow. This is confirmed by the lower outlet concentration of the carrier phase in
this case.

The extraction performance is quantified in terms of the extraction ratio (ER) defined
in Sec. 3.5. We now analyze the effect of the flow conditions on the ER by varying the
Peclet numbers. The results for the case of K = 1/5, hr = 1/2 and β = 1 are presented
as contour plots in Fig. 3.5. The ER is seen to increase monotonically with decreasing
Pe1 for both counter-current and co-current systems. At low values of Pe1, the velocity
of the carrier phase is low and it has a high residence time within the channel. Thus a
larger amount of solute is extracted from the carrier phase leading to a higher ER. On
the other hand, decreasing Pe2 gradually reduces the amount of solute extracted by the
solvent phase (low ER).

In order to compare the performance of the co-current and counter-current systems,
we now study the relative extraction ratio (RER, defined in Sec. 3.5) at various Peclet
numbers. The results for the case under consideration (K = 1/5, hr = 1/2 and β = 1)
are presented in Fig. 3.6a. The contours are nearly straight lines that pass through the
origin of the plot (small deviations from linearity may be attributed to numerical errors
in the counter-current calculation). This clearly indicates that while the ER is dependent
on Pe1 and Pe2 individually, the RER depends only on the ratio of the Peclet numbers
Pe1/Pe2. To confirm this important result, the ratio Pe1/Pe2 is computed for each of the
196 data points in Fig. 3.6a and plotted as a scatter plot of RER against Pe1/Pe2. All the
196 data points fall on a single curve (Fig. 3.6b), which confirms the unique dependence
of RER on the Peclet number ratio. This remains true for all values of K, hr and β. This
fact greatly aids our analysis, as the effective parameter space for studying the variation
of RER is now reduced by one dimension – it consists of only K, hr, β and Pe1/Pe2.
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3.8 Relative improvement of counter-current operation:
Maximum Gain at Mediocre Performance

Based on the results of Sec. 3.7, RER can be considered as a single valued function
of four dimensionless parameters - K, hr, β and Pe1/Pe2. In this section, the varia-
tion of RER with Pe1/Pe2 is studied for different values of K, hr, β. Based on the
results, we propose a general principle that governs the variation of RER in the four di-
mensional parameter space. This principle is ’maximum gain at mediocre performance’.
Henceforth, for convenience, we shall use the acronym MGMP to refer to this principle.
According to MGMP, the relative improvement of counter-current operation is low (low
value of RER) when the fluid properties and operating conditions (parameter values) ei-
ther strongly promote or oppose extraction. Under these conditions, both co-current and
counter-current systems perform well (high values of ER) or poorly (low values of ER),
respectively. The relative improvement (RER) is low in either case. Instead, the im-

provement in performance is greatest for conditions that result in an intermediate level

of extraction performance for both systems.

The principle of MGMP is illustrated in Fig. 3.7 where the variation of ER and RER
with Pe1/Pe2 is depicted for the case of K = 1, β = 1 and hr = 1/2. As demonstrated
in Sec. 3.7, the extraction performance is poor at high values of Pe1. Thus at high values
of Pe1/Pe2 the performance is poor for both counter-current and co-current extraction
systems, while it is very good at low Pe1/Pe2. At both these extremes the relative
improvement of counter-current flow (RER) tails off in a symmetric manner to low values
of about 12%. The case of intermediate performance (ER) occurs at intermediate values
of all the parameters, i.e. Pe1/Pe2 = 1, K = 1 and β = 1 when hr = 1/2. It is for
these parameter values that RER attains a maximum value (approximately 55 %) and
counter-current operation is most beneficial. This illustrates the principle of MGMP.

We now study the effect of the equilibrium constant (K) on RER. In Fig. 3.8, the
variation of RER with Pe1/Pe2 for various values of K is presented. β and hr are kept
at the same constant values of 1 and 1/2 respectively. Consider the variation of RER with
K at a constant Pe1/Pe2 = 1. The values ofK chosen in Fig. 3.8 are evenly spaced about
K = 1 on a geometric scale. Their corresponding curves intersect at Pe1/Pe2 = 1. This
indicates that RER decreases symmetrically as K is displaced away from unity, towards
higher or lower values. A high value of K implies that the solute has a greater affinity
for the carrier phase. Hence the extraction performance will be poor. Conversely, low
values of K will result in higher extraction from the carrier phase. Thus the maximum
value of RER at K = 1 corresponds to an average performance level for both co-current
and counter-current flow. This is again in agreement with the principle of MGMP.

A comparison of the cases forK = 2.5 andK = 1 makes it clear that the maximum in
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Figure 3.7: Illustration of the principle of maximum gain at mediocre performance (MGMP). ER
for co-current and counter-current systems are plotted along with RER as a function of the ratio
of Peclet numbers Pe1/Pe2. The other parameters are fixed at K = 1/5, hr = 1/2 and β = 1.

Figure 3.8: Effect of the equilibrium coefficient (K) on the improvement in extraction perfor-
mance offered by operating in counter-current flow instead of co-current. The variation of RER
with Pe1/Pe2 is plotted for various values of the K. Other parameters are fixed at β = 1 and
hr = 1/2.
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Figure 3.9: Effect of the diffusivity ratio on the improvement in extraction performance offered
by operating in counter-current flow instead of co-current. The variation of RER with Pe1/Pe2

is plotted for various values of K, and for for two values of the diffusivity ratio: (a) β = 1/4 (b)
β = 4. In both cases hr = 1/2.

RER shifts to lower values of Pe1/Pe2 when K is increased. This can also be explained
by MGMP. An increase in K above unity implies a greater affinity of the solute for the
carrier phase. This results in a decrease in the extraction performance of both co-current
and counter-current systems. To achieve intermediate performance, Pe1/Pe2 must be
decreased below unity (Section 7). Therefore, according to MGMP, the maximum in
RER must shift to Pe1/Pe2 < 1 when K > 1. Based on a similar argument, one may
anticipate a shift in the maximum of RER to values of Pe1/Pe2 > 1 when K < 1. This
shift is clear in Fig. 3.8.

The effect of relative solute diffusivities (β) is studied by computing RER - Pe1/Pe2

profiles for β values of 1/4 and 4. These curves are presented in Fig. 3.9. From this
figure it can be seen that a larger diffusivity of the carrier phase (β > 1, c.f. Fig. 3.9b)
leads to a higher relative performance of counter-current flow under two conditions: (i)
the solute should have a higher affinity for the solvent i.e. K < 1. For example, the curve
for K = 1/5 in Fig. 3.9b (β > 1) has higher RER values than the corresponding curve in
Fig. 3.9a (β < 1). (ii) the carrier phase must have a lower velocity than the solvent phase
(Pe1/Pe2 < 1 at fixed hr). For example compare the curves for K = 1 in Fig. 3.9b and
Fig. 3.9a. RER for β = 4 (Fig. 3.9b) is higher (lower) than RER for β = 1/4 (Fig. 3.9a)
when Pe1/Pe2 is less (greater) than unity. For parameter values that do not satisfy the
above two conditions, a lower diffusivity of the carrier phase (β < 1) results in a higher
RER.

In all the aforementioned cases, hr = 1/2 and the interface is located at the center
of the channel. This allows the two phases to be separated easily at a Y-junction outlet
(Znidarsic-Plazl and Plazl, 2007). Hence, it is the preferred configuration in applications.
Nevertheless, we also study the effect of interface position on RER. Results are presented
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Figure 3.10: Effect of carrier phase volume fraction (hr) on the improvement in extraction per-
formance offered by operating in counter-current flow instead of co-current. The variation of
RER with Pe1/Pe2 is plotted for various values of the volume fraction (or fractional width) of
the carrier phase (hr). Other parameters are fixed at K = 1 and β = 1.

for two other interface positions (with K = 1 and β = 1) in Fig. 3.10. Consider the case
of hr = 2/3 for which the carrier phase occupies a larger part of the channel. This
configuration has a higher RER if the Peclet number of the carrier phase is greater than
that of the solvent phase (Pe1/Pe2 > 1). However, if the solvent phase has a greater
Peclet number (Pe1/Pe2 < 1), then smaller volume fractions of the carrier phase result
in higher RER. If the Peclet numbers are nearly equal then the interface should be located
at the center of the channel in order to gain maximum benefit from counter-current flow.

The results of this section have demonstrated that under no condition will counter-
current systems perform well while co-current systems perform poorly (or vice-versa).
In other words, parameter values for the maximum or minimum extraction performance
coincide for both systems. The relative improvement due to counter-current flow is low
at both these extremes, but peaks under conditions that correspond to intermediate per-
formance levels for both systems (MGMP).

In a practical design problem, the diffusivity ratio (β) and the equilibrium constant
(K) are fixed properties of the solute and fluids. On the other hand, the volume frac-
tion (hr) and the ratio of Peclet numbers (Pe1/Pe2) can be experimentally controlled
by changing the fluid flow rates. So for any particular solute-fluid system, the results
of this section are helpful in identifying the range of Peclet ratios at which substantial
extraction improvement can be achieved by counter-current operation. It should be noted
that Pe1/Pe2 and hr cannot be varied independently. The relationship between these
quantities depends on the viscosities of the fluids and the means of driving flow (e.g.
pressure driven or electro-osmotic). To determine this relationship, the appropriate set of
momentum equations and boundary conditions must be solved to obtain the fully devel-
oped velocity profile. (The velocity field for pressure driven layered flow is given in (2.1)
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and (E.1).) The average velocities of each phase may then be determined as functions of
hr and used to obtain the relationship between Pe1/Pe2 and hr.

3.9 Concluding Remarks

Micro systems pose unique challenges and paradigms that are applicable at the macro
scale must be re-examined. Counter-current operation is widely preferred in large scale
interfacial mass transfer units (Treybal 1980). However, due to design and operational
difficulties, the choice between co-current and counter-current flow is a non-trivial one
in microchannels. The relative improvement of counter-current operation must therefore
be significant to justify its selection over co-current operation. In this chapter, we have
identified the operating conditions and the fluid properties for which counter-current op-
eration is most beneficial. This has been achieved by using simple models to carry out a
thorough investigation of the effect of the physical parameters on the relative extraction
performance.

A straight forward analytical solution has been obtained for the co-current model. The
counter-current model is mathematically more challenging and a novel semi-analytical
solution strategy has been developed. This method of solution can be applied to similar
’two way diffusion’ type problems arising in other fields of study (e.g. particle scatter-
ing). The corresponding computations are relatively less intensive and free from conver-
gence issues and thus a detailed study of the parameter space is possible.

This study reveals a general principle that governs the relative improvement in perfor-
mance achievable by using a counter-current flow configuration rather than co-current.
This is the principle of maximum gain at mediocre performance (MGMP), according to
which the relative increase in extraction due to counter-current operation is maximum

at parameter values for which both systems perform at a mediocre level. This translates
into a limited range of operating conditions and fluid properties for which counter-current
operation is a truly attractive option. For some fluid systems (e.g. low β and K values)
the improvement is relatively low. In such cases, co-current flow may be the operating
mode of choice due to ease of design and operation. Apart from quantitative results, the
principle of MGMP provides qualitative information even before any calculations or ex-
periments are done. For e.g., if hr ≈ 1/2, β ≈ 1 and K > 1, then one can expect high
performance improvement for Pe1/Pe2 < 1 (cf. Fig. 3.8).

With the aid of the quantitative results presented here, along with the intuitive guid-
ance of the principle of MGMP, the range of parameters for study can be significantly
reduced. Detailed numerical calculations and experiments may be performed within this
restricted range of parameter values to obtain the most useful results for a limited set
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of experiments/ calculations. In addition, the principle of MGMP provides a rationale
for organizing and interpreting results of a comparison between co-current and counter-
current mass transfer systems, in general.
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CHAPTER 4

Solutal Marangoni Instability of Layered Micro-Flows

“Galileo made a great advance in the understanding of motion when he
discovered the principle of inertia: if an object is left alone, is not dis-
turbed, it continues to move with a constant velocity in a straight line if it
was originally moving, or it continues to stand still if it was just standing
still. Of course this never appears to be the case in nature, for if we slide
a block across a table it stops, but that is because it is not left to itself – it
is rubbing against the table. It required a certain imagination to find the
right rule, and that imagination was supplied by Galileo."

– R. Feynman, Feynman Lectures on Physics, Vol I

4.1 Introduction

In the previous two chapters (Ch. 2 and Ch. 3), the layered flow field was assumed to
be insensitive to the presence of a diffusing solute. This is a reasonable approximation,
when the variations in density and viscosity produced by the solute are small, especially
when the difference in the properties of the pure immiscible fluids is much larger. How-
ever, even small concentration variations may have a significant effect on the flow, when
the solute is a soluble surfactant. In such cases, variations in solute concentration along
the interface will result in gradients of interfacial tension that produce surface forces,
called solutal Marangoni stresses. These stresses could significantly impact the flow and
modify (enhance?) the rate of mass transfer. Examples of such solute/fluid-fluid systems,
encountered in extraction processes, are acetone/water-toluene (Javed et al., 1989), Bu-
tyric acid/water-toluene (Sternling and Scriven, 1959) and oxyethylated alcohols/water-
heptane (Tadmouri et al., 2010). Several phase transfer catalysts also act as soluble sur-
factants and modify the interfacial tension of the interfluid interface (Dutta and Patil,
1993).

There are two fundamentally different routes through which Marangoni stresses may
impact mass transfer in these flows. The first is due to the fact that the concentration
at the interface generally varies significantly along the microchannel. The two phases
enter the channel with a significant concentration difference and leave the channel close



to or at equilibrium. Marangoni stresses due to this axial concentration gradient will
certainly modify the steady state flow of the system. However, in a recent study, we have
shown that this effect is not strong enough to impact the primary pressure driven flow, for
practical fluid solute systems (Picardo et al., 2015). The base steady state flow remains
almost the same as that in the absence of the solute.

The second route through which Marangoni stresses can impact mass transfer is by
generating a hydrodynamic instability that leads to a new dynamic flow state. It is the
aim of this work to establish if such an instability is possible, to determine the stability
threshold, and to understand the nature of the instability modes. Towards this end, we
study a model problem that is closely related to the extraction system, but in which the
base steady flow is fully developed and free from Marangoni stresses. Specifically, we
consider layered flow between two infinite flat plates, which are maintained at different
solute concentrations. The concentration gradient maintained across the fluids sustains
mass transfer between the phases. The corresponding base steady flow is fully developed
and unidirectional. We analyze the stability of this flow to infinitesimal perturbations via
a classic normal mode analysis.

There is good reason to expect a Marangoni instability in this flow, on the basis of past
work on the stability of stationary fluid layers sustaining mass transfer of a soluble sur-
factant. First analyzed by Sternling and Scriven (1959), this stationary solutal Marangoni

instability is the subject of a large body of literature. Much of this work is surveyed in the
reviews by (Schwarzenberger et al., 2014; Kovalchuk and Vollhardt, 2006). The stability
is affected by the fluid and solute properties as well as the direction of mass transfer.
The existence of a finite concentration gradient across the fluids is a necessary condition
for instability of the stationary fluid layers. Whether this remains a necessary condition
when pressure driven flow is imposed is a question that we aim to answer in this chapter.

A rather disjoint, though equally large body of literature exists on the stability of two-
phase layered Poiseuille flow (Boomkamp and Miesen, 1996; Govindarajan and Sahu,
2014; Barmak et al., 2016). In the absence of surfactants (but in the presence of inter-
facial tension), this flow is unstable to long wave and short wave interfacial instabili-
ties, that arise from the viscosity contrast between the fluids (viscosity-induced modes)
(Boomkamp and Miesen, 1996; Govindarajan and Sahu, 2014). Both these modes can oc-
cur at arbitrarily small Reynolds numbers (but not in creeping flow). However, the short
wave mode is suppressed by interfacial tension, and therefore does not play a prominent
role in the microscale regime where capillary forces are dominant. On the other hand,
interfacial tension is not as effective at stabilizing the long wavelength interfacial mode.
Thus, it remains relevant even as the channel dimensions are decreased. This mode was
first identified by Yih (1967), and we shall henceforth refer to it as the Yih-instability or
the (long wave) viscosity-induced instability.
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The viscosity-induced interfacial modes require finite fluid inertia for instability, and
therefore are stable in the creeping flow regime. At the other extreme of large Reynolds
numbers, the shear mode becomes unstable (Boomkamp and Miesen, 1996; Yiantsios
and Higgins, 1988). This mode takes the form of Tollmein-Schilichting waves and is
induced by Reynolds stresses near the walls. The shear instability is unimportant at the
low Reynolds numbers encountered in milli and micro channels.

Studies on the effects of surfactants on two-phase layered flow are largely limited
to the case of insoluble surfactants. Frenkel and Halpern (Frenkel and Halpern, 2002;
Halpern and Frenkel, 2003) first demonstrated that the otherwise stable creeping flow be-
comes unstable on introducing an insoluble surfactant. Further studies have explored the
influence of inertia on this instability (Blyth and Pozrikidis, 2004a; Frenkel and Halpern,
2005) and its nonlinear evolution (Blyth and Pozrikidis, 2004b; Wei, 2005; Blyth et al.,
2007; Samanta, 2013). From the perspective of this literature, the present study extends
current understanding of surfactant effects to the case of soluble surfactants.

A few studies that consider the influence of shear flow on the solutal Marangoni
instability have been carried out. Sun and Fahmy (2006) have analyzed the instability
caused by mass transfer in gas-liquid Poiseuille flow. Zaisha et al. (2008) have carried
out DNS simulations for the case of liquid-liquid Couette flow. Both studies are restricted
to the case of a non-deforming interface. However, interfacial deformation has a profound
impact on the solutal Marangoni instability when Poiseuille flow is present, as shown in
this chapter. Very recently You et al. (2014) have presented stability results for the solutal
Marangoni instability in Poisuelle flow. However, a key term that accounts for interfacial
concentration gradients due to interface deformation is absent in their model. Here, we
show that this term plays an important role in the Marangoni instability and cannot be
ignored unless the interface is flat.

We make certain assumptions that simplify the system while retaining its essential
features. We consider two dimensional Poiseuille flow between flat walls of two immis-
cible, incompressible Newtonian fluids. The concentrations of the solute at the two walls
are maintained at two different constant values. The channel width is assumed to be suffi-
ciently small for buoyancy effects to be neglected in comparison with Marangoni effects.
This occurs when the velocity scale of natural convection induced flow (βD∆Cgd2/µ)
to Marangoni stress induced flow (β∆Cd/lcµ) is small (dglcβD/β � 1), for each fluid.
Here, µ and d are the fluid’s viscosity and channel width respectively. βD and β are
measures of the sensitivity of density and interfacial tension to solute concentration re-
spectively. ∆C is the concentration difference applied across the plates and lc is the
longitudinal length scale of streamwise variations in concentration. As buoyancy effects
are unimportant in this regime, we simplify the model by assuming the densities of the
fluids to be equal and independent of concentration.
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We also make certain simplifying assumptions regarding the properties of the solu-
ble surfactant. A linear dependence of interfacial tension on concentration is considered.
The rate of solute adsorption/desorption to/from the interface is assumed to be instan-
taneous in comparison with transport processes on the interface and in the bulk. Under
these conditions, the interface solute concentration will be in equilibrium with the bulk
concentration in the adjacent fluid, on either side of the interface. The model can then
be written entirely in terms of bulk phase concentrations. It consists of a solute transport
equation in each fluid and two interface boundary conditions that enforce equality of flux
and local equilibrium at the interface (Picardo et al., 2015).

Apart from model simplification, an additional advantage of assuming the aforemen-
tioned solute properties is that the results and conclusions of this study can be directly ap-
plied to thermocapillary instabilities, which arise due to variations of temperature. In the
thermal analogue of this problem, the walls are maintained at different temperatures and
heat transfer occurs between the fluids. Marangoni stresses are generated due to the de-
pendence of interfacial tension on temperature. The corresponding governing equations
are identical to those considered in this chapter, provided an appropriate interchange of
physical quantities is made (e.g. replacing the solute diffusion coefficients by thermal
diffusion coefficients of the fluids). Scriven and Sternling (1964) were among the first
to study the thermocapillary instability in stationary fluid layers. Gumerman and Homsy
(1974) have studied the stability of layered Couette flow between heated plates, simul-
taneously considering bouyancy and thermocapillary effects. However, the parameter
space was not fully explored, as only a few specific fluid systems were analyzed. A de-
tailed asymptotic analysis of thermocapillary instability in Couette flow was carried out
by Wei (2006) for the case of one fluid layer being much thinner than the other (thin-layer
limit).

The outline of this chapter is as follows. The governing equations are presented in
Sec. 4.2. The steady base state concentration and velocity fields are presented in Sec. 4.3.
Brief descriptions of the linear stability analysis and energy budget calculation are pre-
sented in Sec. 4.4 and Sec. 4.5. An asymptotic analysis for long wave disturbances is
carried out in Sec. 4.6. The results of numerical calculations for all wave numbers are dis-
cussed next. Sec. 4.8 to Sec. 4.11 consider the limit of creeping flow, wherein Marangoni
effects are the only possible source of instability (the viscosity induced mode is stable
for creeping flow). In Sec. 4.8 three different types of instability modes - one long wave
and two short wave - are identified. Mode switching between the two short wave modes
is studied in Sec. 4.9. The results therein reveal a key qualitative difference between
the two short wave modes. The transition from long waves to short waves is analyzed in
Sec. 4.10. These numerical results along with the long wave analysis of Sec. 4.6 points to
a well defined transition boundary in parameter space. Sec. 4.11 investigates whether a fi-
nite concentration difference across the fluids is a necessary condition for the Marangoni
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Figure 4.1: Schematic of the system under study: layered flow between flat plates with transverse
diffusion of a soluble surfactant. The concentrations at the two plates are maintained at constant
values of C10 and C20. The deformable interface is located at y∗ = η∗(x∗, t∗). The dashed line
at y∗ = 0 corresponds to the undeformed interface in the base state. ū∗i and c̄∗i are the velocity
and concentration fields in the base state. The concentration field obeys the linear equilibrium
condition c̄∗1 = Kc̄∗2 at the interface. Since K can differ from unity, the concentration field can
be discontinuous at the interface in general. Both fluids have a density ρ, while µi and Di are the
viscosities and solute diffusivities respectively.

instability. The analysis is extended beyond the creeping flow limit to small but finite
Reynolds numbers in Sec. 4.12. This introduces the viscosity-induced mode in addi-
tion to the three previous Marangoni modes. The influence of inertia on the Marangoni
modes, as well as the effect of a soluble surfactant on the long wave viscosity-induced
mode are studied in this section. In Sec. 4.13 we compare our results with previous work
by Wei (2006) and You et al. (2014). The key results and conclusions of this chapter are
summarized in Sec. 4.14, along with some suggestions for future work.

4.2 Governing Equations

A schematic of the 2D flow system being investigated is shown in Fig. 4.1. Two im-
miscible, incompressible viscous fluids with equal densities flow side-by-side between
two infinite parallel plates separated by d1 + d2. The liquid-liquid interface is located at
y∗ = 0 (superscript ‘∗’ indicates that the quantity is dimensional). The flow is driven
by an imposed pressure gradient parallel to the x∗-axis. Concentrations at the top and
bottom plates are maintained at C10 and C20, respectively.

Choosing the interfacial velocity (U0), the thickness of the top fluid layer (d1) and
the concentration at the top plate (C10) as the characteristic velocity, length and concen-
tration scales, the dimensionless coordinate directions (x, y), streamwise velocity (u′j),
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transverse velocity (v′j), pressure (p′j) and concentration (c′j) fields are defined as

(x, y) =
(x∗, y∗)

d1

, (u′j, v
′
j) =

(u∗j , v
∗
j )

U0

, p′j =
p∗j

µjU0/d1

, c′j =
c∗j
C10

(4.1)

The subscript j takes the values 1 and 2 to denote the top and bottom fluids, respec-
tively. The dimensionless governing equations, viz. the continuity equation, Navier-
Stokes equation and the species transport equation, are given by

∇ · v′j = 0 (4.2a)

Re

mj

(
∂v′j
∂t

+ v′j · ∇v′j
)

= −∇p′j +∇2v′j (4.2b)

∂c′j
∂t

+ v′j · ∇c′j =
Dr,j

Pe
∇2c′j (4.2c)

with j = 1, m1 = 1, Dr,1 = 1 for fluid 1 and j = 2, m2 = m = µ2/µ1, Dr,2 = Dr =

D2/D1 for fluid 2. Here,

∇ =

(
∂

∂x
,
∂

∂y

)
; v′j = (u′j, v

′
j); Re =

ρU0d1

µ1

, P e =
U0d1

D1

(4.3)

The dimensionless parameters Re, Pe, m and Dr represent the Reynolds number, Péclet
number, ratio of dynamic viscosities and molecular diffusivities, respectively. All physi-
cal properties are assumed to be constant with the exception of interfacial tension, which
depends on the concentration of the solute at the interface.

In general, a separate solute balance equation must be written at the interface, which
accounts for changes in interface concentration due to surface convection and diffusion
along the interface, as well as adsorption/desorption (Leal, 2007). However, if the rates of
adsorption and desorption are very high, then the interface concentration may be assumed
to be in equilibrium with the concentration in the adjacent fluid on either side of the
interface. Under these conditions, the interface solute balance reduces to two boundary
conditions at the interface, y = η′(x, t), which require the diffusive flux to be continuous
and the bulk concentrations to be in equilibrium. For dilute solutions these boundary
conditions read as (Picardo et al., 2015):

−η′xc′1,x + c′1,y = Dr(−η′xc′2,x + c′2,y) (4.4)

c′1 = Kc′2 (4.5)

Here subscripts x and y indicate partial differentiation and K is the distribution coeffi-
cient. Note that the unit normal to the interface is given by (ey − η′xex)(1 + (η′x)

2)−1/2,
while the unit tangent is given by (η′xey + ex)(1 + (η′x)

2)−1/2. Here ey and ex are unit
vectors in the y and x directions respectively.
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The value of interfacial tension is calculated using the bulk concentration at the in-
terface. Assuming a linear dependence of interfacial tension on solute concentration, we
have:

σ∗ = σ0(1− βC10(c′1 − c′r)) (4.6)

where β = −(dσ∗/dc∗1)/σ0 and σ0 is the interfacial tension when the solute concen-
tration at the interface equals the reference value C10c

′
r. A positive value of β implies

that interfacial tension decreases with increasing solute concentration. Due to the linear
equilibrium relationship (4.5), either c′1 or c′2 can be used to express the dependency of
interfacial tension on concentration (Sternling and Scriven, 1959).

The variation of interfacial tension causes tangential Marangoni stresses at the in-
terface, which are balanced by shear stresses. Using relation (4.6), the tangential stress
balance at the interface reads:

1(
1 + (η′x)

2
)1/2

q
2η′xmj

(
v′j,y−u′j,x

)
+
(
1−(η′x)

2
)
mj

(
u′j,y+v

′
j,x

)y1

2
−Ma

Pe

(
c′1,x+η

′
xc
′
1,y

)
= 0

(4.7)
where the jump operator is defined as JgjK1

2 = g1 − g2. Ma is the Marangoni number,
given by σ0βC10d1/D1µ1. We have not included the concentration difference between
the plates in the Marangoni number, to allow for the possibility that the interface sensi-
tivity parameter (β) and the concentration difference (represented by γ = C20/C10) may
have independent effects on the system’s stability.

A similar description of solutal Marangoni effects has been used by Sternling and
Scriven (1959) and Smith (1966) to study instabilities in stationary layered fluids. The
two terms multiplied by Ma in (4.7) derive from the surface gradient of the solute con-
centration (∇sc1). They account for variations of interfacial tension due to a non-uniform
distribution of the solute along the interface. The first term represents concentration per-
turbations caused by the disturbance flow. The second term accounts for concentration
variations that arise along a deformed interface, when the base concentration varies trans-
versely. This latter term is absent in the analysis of You et al. (2014).

Interfacial tension also exerts normal stresses that tend to maintain a flat interface.
This effect is included in the normal stress balance at the interface, which reads:

(
1 + (η′x)

2
)(
mp′2 − p′1

)
+ 2

q
(η′x)

2mju
′
j,x + η′xmj

(
u′j,y + v′j,x

)
+mjv

′
j,y

y1

2

= − 1

Ca

(
σ∗

σ0

)
η′xx(

1 + (η′x)
2
)1/2

(4.8)

Ca = µU0/σ0 is the dimensionless Capillary number, which represents the relative
importance of capillary forces in comparison to viscous forces. Note that because the
characteristic scale for pressure in each fluid contains the respective fluid’s viscosity (cf.
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(4.1)), the dimensionless pressure is discontinuous across the interface even when the
interface is flat with v′i = 0 (mp′2 = p′1 in this case).

The remaining boundary conditions at the interface are the equality of velocities and
the kinematic condition:

v′1 = v′2 (4.9)

η′t + u′1η
′
x = v′1 (4.10)

At the bounding plates, no-slip and no-penetration conditions are applied on the velocity
field and Dirichlet conditions on the concentration field:

u′1 = v′1 = 0; c′1 = 1 at y = 1 (4.11)

u′2 = v′2 = 0; c′2 =
C20

C10

= γ at y = −n (4.12)

where n = d2/d1 is the ratio of thickness of fluid layers.

Equations (4.2–4.10) govern the behavior of the layered flow system, accounting
for inter-phase mass transfer of a soluble surfactant and associated Marangoni stresses.
These equations extend the model used by Sternling and Scriven (1959) to the case of lay-
ered Poiseuille flow. In this simplified model, the dissipative effect of surface viscosity
is neglected in comparison with that of bulk viscosity. Studies on stationary fluid layers
have found that surface viscosity has a stabilizing influence, but does not significantly
modify the key features of the stationary Marangoni instability (Hennenberg et al., 1977;
Kovalchuk and Vollhardt, 2006). The model also neglects dynamic transport of the so-
lute in the interface Gibbs adsorption layer. This idealization corresponds to the limit of
instantaneous adsorption/desorption of the solute to and from the interface. As a result of
this assumption, the present model cannot be reduced to the case of an insoluble surfac-
tant by taking the limit of zero solute diffusivity within the fluids. Insoluble surfactants
are trapped at the interface and can only be transported along the interface (Frenkel and
Halpern, 2002).

4.3 Base state velocity and concentration profiles

The steady base state consists of unidirectional fully developed flow with a flat inter-fluid
interface. The corresponding concentration field is invariant along the flow direction. The
transverse variation of the base state fields (denoted by an overbar), obtained by solving
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(4.2) - (4.12) are given by:

uj = 1 + ajy + bjy
2, vj = 0 (4.13a)

cj = sjy + tj, for j = 1, 2 (4.13b)

with a1 =
m− n2

n(n+ 1)
; b1 = − m+ n

n(n+ 1)
; a2 =

a1

m
; b2 =

b1

m
;

s1 =
Dr(1− γK)

Dr +Kn
; t1 =

K(n+Drγ)

Dr +Kn
; s2 =

s1

Dr

; t2 =
t1
K

The piecewise linear base concentration field has different slopes in each fluid, which
depend on the diffusivity ratio and thickness ratio. The direction of mass transfer depends
on γ, with γ < 1/K(> 1/K) corresponding to mass transfer from plate 1 to plate 2 (plate
2 to plate 1). When the plates are maintained at equilibrium (γ = 1/K), the concentration
is constant in each fluid and no net mass transfer occurs.

Marangoni stresses are absent in the base state since the concentration is uniform
along the interface. However, a perturbation to the base flow will disturb the uniformity
of the concentration profile and lead to Marangoni stresses. These stresses may cause the
initial perturbation to grow, resulting in an instability.

In the next section we analyze the stability of this base state to infinitesimally small
perturbations.

4.4 Linearized equations

Infinitesimally small perturbations (denoted by a hat) are imposed on the base state (4.13)
as follows:

u′j = uj(y) + ûj(x, y, t), v′j = v̂j(x, y, t), p′j = pj(x) + p̂j(x, y, t)

c′j = cj(y) + ĉj(x, y, t), η′ = η̂(x, t), j = 1, 2 (4.14)

The disturbance velocity field can be expressed in terms of a disturbance streamfunction
(ψ̂j) as ûj = ∂ψ̂j/∂y and v̂j = −∂ψ̂j/∂x.

We focus on a temporal stability analysis, in this work, and assume classic normal
mode forms for the perturbations:[

ψ̂j p̂j ĉj η̂
]

=
[
ψj(y) pj(y) cj(y) h

]
exp[iα(x− ωt)] + c.c. (4.15)

where c.c. denotes the respective complex conjugate and ψj, pj, cj and h are complex
amplitudes of the corresponding normal modes. The streamwise wavenumber α is real
while the wave speed ω is complex (ω = ωr+ iωi). The growth rate of each normal mode
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is given by αωi. Hence, the system is unstable if ωi > 0 for any α.

The governing equations (4.2) are linearized about the base state (4.13) to obtain
evolution equations for the disturbance fields. Applying the stream function formulation
and adopting the normal mode form of perturbations, we obtain:

iαRe
[
(uj − ω)(D2 − α2)ψj − 2bjψj

]
= mj(D2 − α2)2ψj (4.16a)

iαPe
[
(uj − ω)cj − sjψj

]
= Dr,j(D2 − α2)cj (4.16b)

where the operator D refers to differentiation with respect to y i.e. D = d/dy. The
boundary conditions at the interface are simplified for the case of small deflections (h�
1) using the domain perturbation technique (Johns and Narayanan, 2002). The resulting
boundary conditions for the normal mode amplitudes are:

ψ1(1) = Dψ1(1) = c1(1) = ψ2(−n) = Dψ2(−n) = c2(−n) = 0 (4.17a)

Dψ1(0) + ha1 = Dψ2(0) + ha2 (4.17b)

ψ1(0) = ψ2(0) (4.17c)

c1(0) + hs1 = K(c2(0) + hs2) (4.17d)

Dc1(0) = DrDc2(0) (4.17e)

(D2 + α2)ψ1(0)−m(D2 + α2)ψ2(0) = iα
Ma

Pe
(c1(0) + hs1) (4.17f)

mD3ψ2(0)−D3ψ1(0)− 3α2(mDψ2(0)−Dψ1(0)) = (1/Ca) iα3h (4.17g)

(ω − 1)h = ψ1(0) (4.17h)

Here, the reference concentration at which interfacial tension takes the value σ0 (cf.
(4.6)) is taken to be the interface concentration in the base state (c′r = c̄1(0) = t1). Note
that (4.17b) and (4.17c) are obtained from the x and y components of the continuity of
velocity condition (4.9), while (4.17h) is obtained from the kinematic equation (4.10).

Equations (4.16) & (4.17) constitute a linear differential eigenvalue problem with ω
as the eigenvalue. For the system to be stable, the entire spectrum of eigenvalues must lie
in the lower half of the complex plane (ωi < 0).

4.5 Energy budget

Energy budget calculations help to characterize instability modes and identify their sources,
especially when several different instability mechanisms are present simultaneously. Fol-
lowing the procedure described in Boomkamp and Miesen (1996) and Lin and Chen
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(1998), we take the inner product of the linearized momentum equations with the per-
turbation velocity vector (v̂j) and integrate across the transverse direction in each fluid.
The Gauss divergence theorem is applied to the stress integrals and the entire equation is
averaged over one axial wavelength λ = 2π/α and one time period T = 2π/(αωR). This
results in the following mechanical energy balance equation:

2∑
j=1

KEj =
2∑
j=1

REYj +
2∑
j=1

DISj +NOR + TANµ +MASI +MASF (4.18)

where

KEj =
Re

Tλ

∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy

[
d

dt

(
û2
j + v̂2

j

2

)]
(4.19a)

REYj = −Re
Tλ

∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy

[
ûj v̂j

duj
dy

]
(4.19b)

DISj = −mj

Tλ

∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy
[
2û2

j,x + 2v̂2
j,y + (ûj,y + v̂j,x)

2
]

(4.19c)

NOR =
1

TλCa

∫ T

0

dt

∫ λ

0

dx
[
v̂1η̂xx

]
y=0

(4.19d)

TANµ =
1

Tλ

∫ T

0

dt

∫ λ

0

dx
[
(û2 − û1)(û1,y + v̂1,x)

]
y=0

(4.19e)

MASI = − 1

Tλ

Ma

Pe

∫ T

0

dt

∫ λ

0

dx

[
û2η̂x

dc1

dy

]
y=0

(4.19f)

MASF = − 1

Tλ

Ma

Pe

∫ T

0

dt

∫ λ

0

dx
[
û2ĉ1,x

]
y=0

(4.19g)

Here j = 1, e1 = 0, f1 = 1 for fluid 1 and j = 2, e2 = −n, f2 = 0 for fluid 2.

On the LHS of the mechanical energy balance is the sum of the disturbance kinetic
energy of the two fluids. This term is positive when a finite Re flow is unstable. On
the RHS are six different work terms, which either produce kinetic energy or consume
it.
∑2

j=1REYj is the total energy transfered from the base state to the disturbance flow
by Reynolds stresses. This term becomes important only at relatively high Re. The
next term,

∑2
j=1DISj is always negative (cf. (4.19c)) and represents viscous dissipa-

tion. The other four terms correspond to work done by stresses at the interface. NOR
represents the contribution from normal Capillary forces while TANµ is associated with
the viscosity difference between the fluids. When the viscosities are unequal, û2 6= û1

(cf. (4.17b)) and this term can transfer energy to the disturbance flow. It is responsible
for the viscosity-induced instability (Yih, 1967; Boomkamp and Miesen, 1996), that oc-
curs at small but finite Re. The last two terms are associated with Marangoni stresses
due to a non-uniform distribution of soluble surfactant at the interface. MASI accounts
for concentration variations caused by interface deformation when the base concentra-
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tion field varies in the transverse direction. The transverse concentration gradient causes
the crest and trough of a deformed interface to have different solute concentrations, and
hence different values of interfacial tension. The second Marangoni stress term - MASF

- is caused by concentration perturbations associated with the disturbance flow. This
term will be present even if the interface is flat. These two mechanisms were identified
by Goussis and Kelly (1990) in the context of thermocapillary instability of a flowing
heated liquid film.

Analogous to the mechanical energy equation (4.18), we derive a balance equation
for a concentration energy functional in each fluid, defined as (ĉj)

2/2. Because the ki-
netic energy is identically zero in creeping flow (KEj = 0), the presence of an instabil-
ity cannot be detected from the mechanical energy equation. Instead the growth of the
concentration energy functional can be used to identify an instability. In addition, this
equation provides insight into the growth of concentration perturbations.

This equation is derived by multiplying the linearized solute balance with ĉj , integrat-
ing across the fluids and averaging over one axial wavelength λ = 2π/α and one time
period T = 2π/(αωR). Using the Gauss divergence theorem, we obtain:

2∑
j=1

Ec
j =

2∑
j=1

DIFj +
2∑
j=1

CONTj + INT (4.20)

where

Ec
j =

∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy

[
d

dt

(
ĉ2
j

2

)]
(4.21a)

DIFj = −Dr,j

Pe

∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy
[
ĉ2
j,x + ĉ2

j,y

]
(4.21b)

CONTj = −
∫ T

0

dt

∫ λ

0

dx

∫ fj

ej

dy

[
ĉj v̂j

dcj
dy

]
(4.21c)

INT = − 1

Pe

∫ T

0

dt

∫ λ

0

dx
[
(ĉ1 − ĉ2)ĉ1,y

]
y=0

(4.21d)

The dynamics of the concentration energy functional is governed by the three terms
on the RHS. DIFj term is always negative (cf. (4.21b)) and represents the damping
effect of diffusion. The other two terms can cause concentration disturbances to grow.
CONTj is associated with bulk convection effects in the transverse direction. This term
contributes only in the presence of a finite base state concentration gradient (dcj/dy 6= 0).
INT is associated with a jump in the disturbance concentration across the interface,
which occurs if the solute has a greater affinity for one of the fluids (K 6= 1), or has a
greater diffusivity in one of the fluids (Dr 6= 1), or both (cf. (4.17d) and (4.13b)).

These energy balance equations are used to get insight into the mechanism driving
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an instability. The eigenfunctions, calculated by solving equations (4.16) and (4.17), are
substituted into the energy equations. The terms with a large magnitude correspond to
dominant effects. The sign of these terms show whether they are stabilizing (negative) or
destabilizing (positive) influences. Therefore, identifying the largest positive work term
in the energy equation helps to identify the source of the instability.

4.6 Longwave asymptotic analysis

In this section, we obtain a regular perturbation solution to the eigenvalue problem (4.16)-
(4.17) in the limit of long waves (α → 0). In order to understand the interaction of
inertial and Marangoni effects, we assume bothRe andMa to beO(1). Other parameters
(m,n, k,Dr, Ca, Pe, γ) are also assumed to beO(1). The solution procedure is similar to
that used by Yih (1967) and Yiantsios and Higgins (1988). The dependent variables ψj , cj
and the eigenvalue ω are expanded as power series in α and substituted into (4.16)-(4.17).
Equating terms of O(1), we obtain a simplified eigenvalue problem whose solution is the
zeroth order approximation to ω, ψj and cj . At first order in α, an inhomogeneous linear
problem is obtained, which has a solution only if the inhomogeneity has no component
along the eigenvector of the zeroth order problem. Enforcing this solvability condition
provides an equation for the O(α) correction to ω (cf. Chapter 1 of Hinch (1991)). This
calculation result in the following asymptotic expression for αω:

αω = α

[
1 +

2n(m− 1)(m− n2)

m2 + 4mn+ 6mn2 + 4mn3 + n4

]
+iα2

[
Ma

Pe

DrKn
2(n+ 1)(n2 −m)(1− γK)

2(Dr +Kn)2(m2 + 4mn+ 6mn2 + 4mn3 + n4)

−Re (n2 −m)(m− 1)G(n,m)

420m2(1 + n)2(m2 + 4mn+ 6mn2 + 4mn3 + n4)3

]
+O(α3)

(4.22)

The speed of a travelling wave mode of wavelength α is given by ωr while its growth
rate is given by αωi (the imaginary part of (4.22)). The growth rate consists of two
terms: the first is due to Marangoni effects while the second accounts for the viscosity
induced mode that is active at non-zero Re. The latter term is the same as that obtained
by Yiantsios and Higgins (1988) (verified by reproducing Fig. 2a of their paper). The
expression for G(n,m) is given in Appendix E.2. Numerical evaluation shows this func-
tion to be positive definite over a wide range of n and m, spanning (10−4, 104) in both
parameters.

Let us first focus on the case of creeping flow (Re = 0) wherein only Marangoni
effects are important. From (4.22) it is clear that long waves become unstable when
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n2 > m, provided mass transfer occurs from fluid 1 to fluid 2 (γ < 1/K) and interfacial
tension decreases with increasing solute concentration (Ma > 0, i.e. β > 0). The
magnitude of the growth rate is seen to increase with the sensitivity of interfacial tension
to surfactant concentration (i.e. increases with Ma) and with the applied concentration
difference across the plates (1− γK).

Switching the direction of mass transfer (i.e. having γ > 1/K) inverts the condition
for long wave instability to n2 < m. Thus for a given pair of fluids and thickness ratio, the
direction of mass transfer decides whether a long wave instability is present or not. This
relation between long wave instability and the direction of mass transfer will reverse in
case the soluble surfactant has the relatively uncommon property of increasing interfacial
tension by its presence at the interface (Ma < 0) (Harkins and Humphery, 1916; Evans,
1937; Wang and Anderko, 2013). In the remainder of this work, we assume that mass
transfer occurs from phase 1 to phase 2 (γ < 1/K) and that Ma > 0.

In case of the thermocapillary problem, interfacial tension always decreases with
increasing temperature (Ma > 0). Consequently, long waves will be unstable when
n2 > m, provided plate 1 is hotter than plate 2.

Some insight into the role of the diffusivity ratio Dr is provided by (4.22). Dr is seen
to effect only the magnitude of the growth rate, but not its sign. Therefore, it plays no
role in the condition for instability. This is in contrast to the case of solutal Marangoni
instability in stationary fluid layers, wherein the system can be unstable if mass transfer
occurs from the fluid of lower diffusivity to that of the higher, even though the viscosity
and thickness ratios are unity (n2 = m = 1) (Sternling and Scriven, 1959; Schwarzen-
berger et al., 2014).

The maximum growth rate occurs at Dr = Kn. These properties correspond to a
base state concentration profile in which the interface concentration is a weighted mean
of the wall concentrations: c̄1(0) = Kc̄2(0)) = (C10 + KC20)/2. In the thermocapillary
problem, K = 1 and the base state interface temperature for maximum instability is the
arithmetic mean of the wall temperatures.

When Re is non-zero, the growth rate is affected by the presence of the viscosity-
induced mode that is associated with a discontinuity of the slope of the base state velocity
profile at the interface (Yiantsios and Higgins, 1988; Boomkamp and Miesen, 1996). This
discontinuity occurs when the viscosities are unequal (m 6= 1), provided the shear rate
is non-zero at the interface (n2 6= m). Equation (4.22) shows that this mode can either
counteract the longwave Marangoni instability or support it, depending on the viscosity
ratio. For example, if γ < 1/K, n2 > m and Ma > 0, then the Marangoni instability
is suppressed (enhanced) on increasing Re, provided m > 1 (m < 1). In such a case,
the onset of long wave instability will occur only if Ma is increased beyond a non-zero
critical value. This critical threshold will increase with Re. On the other hand, if n2 < m

78



(m > 1) then the viscosity induced mode will cause the growth rate to increase while
Marangoni effects exert a stabilizing influence. A similar interaction between long wave
Marangoni and viscosity-induced modes was identified in thermocapillary Couette flow
by Wei (2006).

4.7 Numerical Solution

The eigenvalue problem ((4.16)-(4.17)) is solved numerically for arbitrary wavenumbers
using the Chebyshev spectral collocation method described by Boomkamp et al. (1997).
The dependent variables, ψj and cj , are expressed as series expansions of Chebyshev
polynomials. Equations for the coefficients of the expansions are obtained by collocation
of the governing equations on the interior points of a Gauss-Lobatto grid. Boundary con-
ditions are applied at the boundary nodes. The result is a generalized (N × N) matrix
eigenvalue problem of the form Ax = ωBx. Here x is vector of N unknowns, which in-
cludes the (N−1)/4 coefficients in each Chebyshev polynomial expansion (for ψ1, ψ2, c1

and c2) and the amplitude of interface deformation (h). The matrix B is singular due to
the presence of zero rows (M in number) arising from the boundary conditions that do not
contain ω. Following Boomkamp et al. (1997), we use the corresponding M equations to
solve for M unknown coefficients and replace them in the remaining N −M equations.
The result is a (N −M) × (N −M) generalized eigenvalue problem A′x′ = ωB′x′ in
which B′ is invertible. The eigenvalue spectrum is obtained using the QZ algorithm. To
obtain ψj and cj , the eigenvectors x′ must be transformed back to x.

The computation is simplified in case of creeping flow (Re = 0) because the momen-
tum equations (4.16a) simplify to

(D2 − α2)2ψj = 0, for j = 1, 2 (4.23)

These equations (4.23) can be solved analytically to yield:

ψ1 = θ1 cosh(αy) + θ2 sinh(αy) + θ3y cosh(αy) + θ4y sinh(αy) (4.24)

ψ2 = θ6 cosh(αy) + θ7 sinh(αy) + θ8y cosh(αy) + θ9y sinh(αy) (4.25)

where θj are arbitrary constants of integration. These expressions are substituted into
the concentration equations (4.16b), which are solved by the aforementioned Chebyshev
spectral method.

In the limit of Ma → 0, the current system reduces to plane Poiseuille flow, the
stability of which has been studied by Yiantsios and Higgins (1988). We have verified our
numerical solution in this limit by comparing with their results. We have also compared
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Figure 4.2: Comparison of the dispersion curve, obtained numerically using the spectral method,
with the long wavelength asymptotic relation (4.22). Three cases, corresponding to Re = 0, 10,
50 are depicted. The arrow indicates the direction of increasing Re. Other parameter values: Ma
= 10, Ca = 1, m = 1.5, n = 2, Dr = 0.5, K = 0.5, Pe = 2, γ = 0.5.

our numerical predictions with the long wave asymptotic expansion (4.22). The two are
in good agreement in the limit of small α, as shown in Fig. 4.2. In this figure the long
wave Marangoni instability is stabilized as Re is increased. This is in accordance with
the prediction of (4.22) for the case of n2 > m and m > 1.

4.8 Instabilities in creeping flow: Long wave and short
wave modes

From this section onwards, we analyze the stability of the system to perturbations of all
wavelengths, using the spectral collocation method. The range of values for Ma and
Pe selected for numerical calculations are appropriate to layered microchannel flows.
In microchannels with dimensions of 50-200 µm, the flow rates of layered flow ranges
from 20-150 µL/min (Hotokezaka et al., 2005; Znidarsic-Plazl and Plazl, 2007; Fries
et al., 2008). Considering typical values of solute diffusivity of O(10−9) m2/s and liquid
viscosity of O(10−3) Pa s, we obtain Pe of O(103) to O(104). The magnitude of the
variation of interfacial tension with concentration (σ0β) is typically ofO(10−6) Nm2/mol
(Sternling and Scriven, 1959). This results in Ma of O(103)−O(104). The value of Ca
is varied over a wide range to uncover all instability modes of the system and understand
their behaviour. Ca in microchannels however is rather small, of O(10−3)−O(10−1).

Re for layered microchannel flows ranges from O(1) − O(10), which is small, but
not negligible. Nevertheless, we first analyse the case of creeping flow (Re = 0),
wherein Marangoni effects are the only source of instability. After understanding the
pure Marangoni instabilities, the influence of small but finite Re is examined. We begin
in this section by identifying different types of Marangoni instability modes, in the limit
of creeping flow, and study their characteristic features.
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Figure 4.3: Dispersion curves for the case of n2 > m, wherein long waves are unstable (a) Mode
M1 manifests as a long wave instability. Dispersion curves are shown for a series of Marangoni
numbers: 1, 1372.652, 3372.652, 5372.652, 11372.652. The arrow indicates the direction of
increasing Ma. Other parameter values: Ca = 100, m = 1.5, n = 1.24, Dr = 0.5, K = 0.5, Pe
= 2000, γ = 0.5. (b) Simultaneous instability of M1 long waves and M2 short waves. Parameter
values: Ma = 10000, Ca = 1, m = 0.9, n = 1.3, Dr = 0.5, K = 1.2, Pe = 1000, γ = 0.

The numerical solution of the linear stability equations (4.16) & (4.17) yields a spec-
trum of eigenvalues for each wavenumber α. Of these, only two eigenvalues that have
the largest and second largest imaginary parts play a role in deciding the system’s sta-
bility. As α is varied these two eigenvalues trace out separate dispersion curves, which
we label M1 and M2. Depending on parameter values, these two branches of eigenval-
ues can attain positive growth rates and render the system unstable. The real parts of
the eigenvalues are always non-zero indicating that all modes have the form of travelling
waves.

The asymptotic analysis for α → 0 in Sec. 4.6 (cf. (4.22)) revealed that the system
is unstable for small α when n2 > m (provided mass transfer occurs from plate 1 to 2
or γ < 1/K). Dispersion curves for such a case are plotted in Fig. 4.3a. Five different
values of Ma are considered in this figure. The M1 branch is seen to be unstable for a
range of wavenumbers that extend from zero to some positive wavenumber α0. As Ma

is decreased to zero, the range of unstable wavenumbers shrinks and α0 → 0. Based on
these features, this mode is termed a long wave (LW) instability. In this figure, the M2
branch is seen to be stable for all α. This indicates that the long wave analysis of Sec.
4.6 only describes the asymptotic behavior of the M1 branch of eigenvalues and not the
M2 branch.

In all our numerical calculations, the M2 branch is found to be stable for α near zero.
On the other hand, it can become unstable for a range of relatively large wavenumbers
that are bounded away from zero. Such a case is shown in Fig. 4.3b. In this figure, the
M1 mode is unstable to long waves, while the M2 mode is unstable to short waves (SW).

Next, we consider the case of n2 < m, for which the system is stable to long waves
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Figure 4.4: Two instability modes M1 and M2 manifest as short wave instabilities beyond a
critical Marangoni number. (a) Mode M1 becomes unstable; Ca = 10,Ma = 11631.21, 12231.21,
12831.21. (b) Mode M2 becomes unstable; Ca = 100,Ma = 9932.65, 10832.65, 11732.65. Other
parameter values: m = 1.5, n = 1, Dr = 0.5, K = 0.5, Pe = 2000, γ = 0.5. The arrow indicates
the direction of increasing Ma.

(α → 0), according to the asymptotic analysis (cf. (4.22)). In this case, only SW modes
can become unstable. They can originate from either the M1 branch or the M2 branch,
provided Ma is sufficiently large. Fig. 4.4a depicts a case in which the system just be-
comes unstable to M1 short waves, asMa is increased. Fig. 4.4b shows the alternate case,
wherein M2 short waves become unstable. As is apparent in both figures, SW modes be-
come unstable only when Ma is increased beyond a positive critical value. Beyond this
value, a range of wavenumbers, bounded away from zero, become unstable. Typically,
the range of unstable wavenumbers grows as Ma is increased, as seen in Fig. 4.4.

In Figs. 4.4a and 4.4b, only one short wave mode is unstable in each case. However,
the other short wave is not far from being unstable. In fact, if Ma is increased to larger
values, then both short wave modes can become unstable simultaneously. An example of
this is shown in Fig. 4.5a. The parameters here are the same as Fig. 4.4b, except that Ma

is larger.

The dispersion curves plotted in Figs. 4.4a, 4.4b and 4.5a are useful for distinguish-
ing the type of instability mode and for comparing their relative growth rates when Ma

is super-critical. However, the condition for stability of the system is more concisely
represented by a neutral stability diagram. Fig. 4.5b depicts such a diagram for the case
studied in Figs. 4.4b and 4.5a. This figure is obtained by determining the value of Ma

at which the growth rate of the largest eigenvalue is zero (called the marginal Marangoni
number Mam), as a function of the wavenumber. The system is stable below this curve
and unstable above it. The curve has two local minima, corresponding to the two short
wave modes. The global minima ofMam is the critical Marangoni number (Mac), above
which the system first becomes unstable. In Fig. 4.5b, Mac = 10832.65 and corresponds
to the M2-SW mode. This implies that the M2-SW is critical at the onset of instability
(as seen in Fig. 4.4b). Ma must be increased to supercritical values beyond 12500 for
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Figure 4.5: (a) Dispersion curve showing instability to both short wave modes simultaneously
(Ma = 13732.65). (b) Neutral stability curve. Parameter values are given in the caption of
Fig. 4.4b.

the M1-SW to become unstable as well.

The two short wave instability modes (Fig. 4.4) differ from the long wave instability
(Fig. 4.3) not only in the qualitative nature of their dispersion curves, but also in their
mechanical energy budgets. Tab. 4.1 presents the energy analysis for a long wave mode
from Fig. 4.3 (corresponding to the fastest growing mode atMa = 3732.652), the critical
M1-SW mode from Fig. 4.4a and the critical M2-SW mode from Fig. 4.4b. In all cases,
dissipation due to viscous forces is balanced primarily by Marangoni stress terms, af-
firming the fundamental association of these instabilities with solutal Marangoni forces.
However, in case of long waves, MASI is the dominant positive work term, whereas
MASF is the dominant positive term for both SW modes. Thus, the long wave insta-
bility is caused by concentration variations due to a deforming interface while the short
wave instabilities are caused by concentration perturbations associated with the distur-
bance flow.

In summary, the system is susceptible to three different types of instability modes in
the creeping flow limit: M1 long waves and M1 and M2 short waves. The M1 branch
exhibits long waves if n2 > m, and short waves otherwise. The M2 branch on the other
hand only exhibits a short wave instability. However, these short wave modes can become
unstable at any value ofm and n, ifMa is increased sufficiently (cf. Fig. 4.3b for n2 > m

and Fig. 4.4b for n2 < m).

Long and short wave creeping flow instabilities also occur in the presence of an insol-
uble surfactant that is restricted to the inter-fluid interface (Halpern and Frenkel, 2003).
However, only two instability modes are present in that case – one long wave and one
short wave. Both modes belong to the same branch of eigenvalues. The dynamics are
therefore richer in the present case of a soluble surfactant. The additional short wave
mode from the M2 branch introduces the possibility of instability to long and short wave
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Mode α Ma
∑2

j=1DISj NOR TANµ MASI MASF

M1-LW 1.410 3732.652 -1 −3.30× 10−4 −3.94× 10−3 1.137 -0.132
M1-SW 3.800 12231.212 -1 −1.50× 10−12 −7.9× 10−4 -0.031 1.032
M2-SW 1.851 10832.652 -1 −1.66× 10−8 0.105 -0.077 0.973

Table 4.1: Mechanical energy budget for LW and SW modes in Figs. 4.3 and 4.4. The values
have been normalized by the magnitude of total dissipation

∑2
j=1DISj . The LW and SW have

different energy signatures with the dominant positive work term being theMASI in case of long
waves and MASF in case of short waves. KEi and REYi are identically zero in the creeping
flow limit. Parameter values are as given in the captions of Figs. 4.3 and 4.4.

Figure 4.6: Switching between short wave modes M1 and M2 as Ca is varied. (a) Plot of the
critical Marangoni number (Mac) (b) Plot of the critical wave number (αc). Parameter values: n
= 1, m = 1.5, Dr = 0.5, K = 0.5, Pe = 2000, γ = 0.5.

modes simultaneously (eg. Fig. 4.3b). Such a scenario is not observed when the surfac-
tant is insoluble.

4.9 Switching between short wave modes

In this section, we focus on the M1 and M2 short wave modes, which can be simultane-
ously unstable when n2 < m. Fig. 4.4 in Sec. 4.8 demonstrated that the M1-SW mode
is critical for small Ca while the M2-SW mode is critical for large Ca (µU0/σ0). To
study the transition of the critical mode with Ca, we plot the critical Marangoni number
(Mac), at which the system first becomes unstable, and the wavenumber of the corre-
sponding critical mode (αc) as a function of Ca in Fig. 4.6. Here, the critical mode
is seen to switch from the M1-SW mode to the M2-SW mode as Ca is increased. At
the transition point, located at Ca = 35, both modes are critical, as shown in Fig. 4.7.
Across this point there is a jump in the critical wavenumber (cf. Fig. 4.6b). This point
is a codimension-two bifurcation point at which the nature of the mode at the onset of
instability changes abruptly.
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Figure 4.7: Dispersion curves at the bi-critical point corresponding to the transition from critical
M1-SW modes to critical M2-SW modes (codimension two bifurcation point). Parameter values:
m = 1.5, n = 1, Ca = 35, Ma = 12430.34, K = 0.5, Pe = 2000, γ = 0.5.

The transition between modes is caused by the significantly different effects of Ca on
these modes, as demonstrated by Fig. 4.6. Decreasing Ca strongly stabilizes the M2-SW
mode while it has only a weak influence on the M1-SW mode. In fact, as Ca → 0, the
M1-SW mode becomes invariant to Ca. Since large values of interfacial tension (small
Ca) prevent interface deformation, Fig. 4.6 suggests that interfacial deformation plays an
important role in the M2-SW mode but not in the M1-SW mode.

To verify this hypothesis, an energy budget analysis of the critical modes is carried
out for each value ofCa in Fig. 4.6. The results are depicted in Figs. 4.8a and 4.8b, for the
M1-SW and M2-SW critical modes respectively. The dissipation is primarily balanced
by the MASF term, which is characteristic of both SW modes (cf. Sec. 4.8). The con-
tribution from NOR is also insignificant in both cases. The key difference between the
two modes lies in the contributions of MASI and TANµ, which are non-zero only when
the interface deforms. In case of the M1-SW mode, both terms are insignificantly small.
On the other hand, their values are finite for the M2-SW mode, and grow larger as the
transition point Ca = 35 is approached. These results imply that interfacial deformation
is significant in the M2-SW instability mode, but not in the M1-SW mode. Consequently,
on increasing interfacial tension, the M2-SW mode is stabilized as interface deformation
is suppressed, whereas the M1-SW mode remains unstable.

This difference between the two modes is explained by the impact of the distur-
bance flow on the motion of the interface. Each instability mode introduces vertical
fluid motion, which exerts a net viscous normal stress on the interface. This is given by
2
(
v1,y −mv2,y

)
|y=0, to leading order. To check whether this stress supports or counter-

acts interface deformation, the phase difference (∆φ) between the viscous normal stress
and the velocity of the interface (η̂t) is computed for both modes. For the case wherein
both modes are critical (depicted in Fig. 4.7), we find that the viscous normal stress
is almost out-of-phase with interface velocity, in case of the the critical M1-SW mode
(∆φ = 0.79π), but nearly in-phase in case of the critical M2-SW mode (∆φ = 0.10π).
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Figure 4.8: Energy budget of the critical M1 and M2 short wave modes plotted in Fig. 4.6 and
Fig. 4.10b as a function of Ca. The REYi terms are identically zero because Re = 0. Parameter
values: n = 1, m = 1.5, Dr = 0.5, K = 0.5, Pe = 2000, γ = 0.5.

The corresponding plots of normalized viscous stress and interface velocity are presented
in Fig. 4.9. This result implies that the disturbance flow of the M1-SW mode counter-

acts interface deformation by exerting a downward stress on the interface, at locations
where it is rising. In contrast, the disturbance flow of the M2-SW mode supports inter-
face deformation by exerting an upward stress at positions where the interface is rising.
Therefore, the M1-SW mode manifests without significant interface deformation, while
the M2-SW mode is associated with a deforming interface.

As a final point in this section, we note that the codimension two bifurcation between
the short wave modes is affected by other parameter values. As an example, the influence
of Pe (d1U0/D1) is demonstrated in Fig. 4.10. As Pe is increased, the switching point
shifts to larger values of Ca. This implies that increasing the diffusivity of the solute (de-
creasing Pe) increases the range of criticality of the M2-SW mode. This occurs because
diffusion has a stronger stabilizing effect on the M1-SW mode due to its significantly
higher wavenumber (Fig. 4.6b). A large wavenumber disturbance has rapid streamwise
variations in concentration that are damped out more quickly by diffusion.

4.10 Transition from short to long waves

In Sec. 4.8, it was shown that the M1 branch of eigenvalues gives rise to a long wave
instability when n2 > m and a short wave instability when n2 < m. In this section
we examine, via numerical calculations, the transition from short to long waves as n is
increased beyond

√
m. We consider two examples, one for a viscosity ratio less than

unity and the other for a value larger than unity.

Fig. 4.11 illustrates the transition for a case of m = 1.5. The critical value of the
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Figure 4.9: Variation of normalized viscous normal stress along the interface, plotted along with
the normalized local velocity of the interface. (a) critical M1-SW mode (b) critical M2-SW mode.
Viscous stresses exerted by the disturbance flow are seen to suppress interface motion in case of
the M1-SW mode, but promote interface motion in case of the M2-SW mode. Parameter values
are same as Fig. 4.7, which corresponds to the co-dimension two bifurcation between M1-SW
and M2-SW modes.

Figure 4.10: Effect of Pe on mode-switching between short wave M1 and M2 modes. (a) Pe =
1000 (b) Pe = 2000 (c) Pe = 2500 Parameter values: n = 1, m = 1.5, Dr = 0.5, K = 0.5, Pe =
2000, γ = 0.5.
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Figure 4.11: Transition from a short wave to long wave instability as n is increased beyond
√
m.

Parameter values: m = 1.5, Ca = 100, Ma = 11732.65, Dr = 0.5, K = 0.5, Pe = 2000, γ = 0.5.

thickness ratio is n =
√

1.5 ≈ 1.2247. Six values of n from 1 to 1.24 are chosen to
illustrate the transition. A sufficiently large Capillary number (Ca = 100) is chosen so
that the M2 mode is unstable at the smallest of the selected values of n (Fig. 4.11a). The
value of Ma is fixed at 11732.65 for all cases.

As n increases, with Ma constant, the M2-SW mode is strongly stabilized. The
M1-SW mode is also stabilized initially (Fig. 4.11b), but is destabilized again as n is
increased further (Fig. 4.11c). Simultaneously, the local maximum growth rate shifts
towards longer wavelengths. At n = 1.19 (Fig. 4.11d) the M1 branch becomes unstable
again. This mode is also of the short wave kind, but has significantly larger wavelengths
than the M1-SW mode seen at n = 1 (cf. Fig. 4.11a). As n is increased further, the range
of unstable wavenumbers of the M1 branch move closer to zero until it becomes a long
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n α NOR TANµ MASI MASF
∑2

j=1E
c
j

1.00 3.805 3.09× 10−7 −6.74× 10−3 -0.0213 1.0280 -0.023
1.19 1.905 −8.70× 10−5 5.77× 10−3 1.258 -0.264 0.126
1.24 1.655 −2.80× 10−4 3.71× 10−3 1.576 -0.572 0.354

Table 4.2: Energy budget for M1 short and long wave modes corresponding to the local maxima
of the M1 dispersion curves in Figs. 4.11(a), 4.11(d) and 4.11(f). The mechanical energy terms
have been normalized by the magnitude of total viscous dissipation, such that

∑2
j=1DISj =

−1. KEi and REYi are identically zero in the creeping flow limit. The stability/instability of
the modes can be inferred from the evolution of the concentration energy functional

∑2
j=1E

c
j .

These terms have been normalized by the total amount of diffusive damping,
∑2

j=1DIFj = −1.
Parameter values are given in the caption of Fig. 4.11.

wave instability (Fig. 4.11f). At the transition (n =
√
m, Fig. 4.11e), the M1 dispersion

curve attains zero slope at the origin α = 0, in accordance with the asymptotic expression
4.22.

In Sec. 4.8 (Tab. 4.1), it was shown that the mechanical energy budget of long
wave instabilities is dominated by MASI while that of the short waves is dominated
by MASF . Hence the transition from short to long waves must be accompanied by a
significant change in the energy budget. This is verified in Tab. 4.2, which presents
the mechanical energy-work terms for the local maximum of the M1 dispersion curve
at n = 1, 1.19 and 1.24. While MASF is the dominant positive term for the M1-SW
mode (n = 1), it decreases as n is increased and becomes negative in the case of long
waves (n = 1.24). Instead, MASI becomes the dominant positive term that balances
dissipation.

Interestingly, Tab. 4.2 shows that the MASI term is already larger than the MASF

term at n = 1.19, although the M1 dispersion curve still bears the qualitative character-
istics of a short wave mode. This mode, which has a relatively longer wavelength than
the M1-SW mode at n = 1, may thus be considered as a distinct intermediate wave-
length instability mode. This intermediate mode occurs for a narrow band of n values
that separate the M1 short waves from the M1 long waves.

An example of the short-long wave transition when m < 1 is depicted in Fig. 4.12.
Due to the large value of the Capillary number Ca = 100, the M2-SW mode is strongly
unstable at n = 0.65. Nevertheless, as n is increased the M2-SW mode is stabilized. The
M1 branch of eigenvalues, which has negative growth rates across all α for n = 0.65,
develops a long wave instability when n exceeds

√
0.5 (= 0.707).

This section has demonstrated how the short wave instability of the M1 branch tran-
sitions to a long wave instability, as n is increased beyond

√
m. The M2-SW mode is

generally stabilized as n is increased, provided Ma is constant. If Ma is also increased
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Figure 4.12: Transition from a short wave to long wave instability as n is increased beyond
√
m.

Parameter values: m = 0.5, Ca = 1000, Ma = 5000, Dr = 1, K = 1, Pe = 2000, γ = 0.
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sufficiently, then the M2-SW can remain unstable. In such a case, the system will be
unstable to long and short waves simultaneously (as shown in Fig. 4.3b).

4.11 Necessity of a base state transverse concentration
gradient

In this section, we investigate whether the mere presence of soluble surfactant at the
interface is sufficient to cause a Marangoni instability, or whether a finite transverse con-
centration gradient is also required. The base state concentration field has a finite gradi-
ent if the plates are maintained at non-equilibrium concentrations (γ 6= 1/K). The long
wave analysis, in Sec. 4.6, demonstrated that a finite concentration gradient is necessary
for long wave Marangoni modes to be unstable. Here we check whether this remains a
prerequisite for short wave Marangoni instability modes as well.

Figs. 4.13 and 4.14 demonstrate the stabilizing effect of decreasing the base concen-
tration gradient. Each figure considers three cases, corresponding to γ = 0, 0.5/K, and
1/K (equilibrium). The parameter values in Fig. 4.13 are selected so that M1-SW and
M2-SW modes are unstable in the presence of base state mass transfer (γ = 0). Fig. 4.14
corresponds to the case of unstable M1-LW and M2-SW. In both figures, the system
is seen to become stable when the plates are maintained at equilibrium concentrations
(γ = 1/K).

The necessity of a transverse base state concentration gradient for solutal Marangoni
instability can be understood with the aid of the energy balance equations (cf. Sec. 4.5).
In the mechanical energy balance (4.18), the terms contributing to the Marangoni in-
stability are MASF and MASI . When the base state concentration gradient is zero
(dcj/dy = 0), interface deformation does not generate concentration variations along the
interface. Thus MASI is identically zero. MASF accounts for concentration perturba-
tions ĉi that are coupled to the disturbance flow within the fluids. In the absence of a base
state concentration gradient, convection by the disturbance flow is negligible in compar-
ison with the stabilizing effects of diffusion and viscous dissipation. This is reflected by
the vanishing of CONTj – the term that represents the contribution of convective effects
to the growth of the concentration energy functional (cf. (4.20)). Thus both mechanisms
for generating concentration variations along the interface are ruled out. This explains
why a finite concentration gradient must exist across the phases for the solutal Marangoni
instability to occur.
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Figure 4.13: Effect of the inter-fluid flux on the short wave instability. Both M1 and M2 short
waves are stabilized as the difference of the concentration at the walls from equilibrium is de-
creased. γ = 1/K corresponds to a base state without inter-fluid flux, as the fluids are in equilib-
rium in this case and have non-varying concentration profiles. Parameter values: m = 1.5, n = 1,
Ca = 100, Ma = 10000, Dr = 0.5, K = 1.2, Pe = 2000.

Figure 4.14: Effect of the inter-fluid flux on the long wave instability. The long wave M1 mode,
as well as the M2 short wave mode, is stabilized as the difference of the concentration at the walls
from equilibrium is decreased. γ = 1/K corresponds to a base state without inter-fluid flux, as
the fluids are in equilibrium in this case and have non-varying concentration profiles. Parameter
values: m = 0.9, n = 1.3, Ca = 1, Ma = 10000, Dr = 0.5, K = 1.2, Pe = 1000.
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4.12 Influence of finite inertia

Thus far we have focused on the creeping flow regime, wherein we have identified three
distinct instability modes - two short waves and one long wave. In this section, we briefly
consider the case of small but finite Re. A thorough analysis of the effects of inertia
would merit a separate study. Here we discuss only a few specific cases, which illustrate
the interplay of the viscosity-induced mode and the solutal Marangoni modes.

We pursue two different lines of inquiry. Firstly, we investigate the influence of in-
ertia on the three Marangoni instability modes. Starting with an unstable creeping flow,
the value of Re is increased and its effect on the three modes is observed. Secondly,
we investigate the effect of introducing soluble surfactant into a system that is already
unstable to the viscosity-induced mode. These two cases are considered separately in the
following subsections.

4.12.1 Effect of inertia on the solutal Marangoni instability

In this subsection, the effect of inertia on the three solutal Marangoni modes is investi-
gated for two examples: one for n2 < m and the other for n2 > m.

The first case of n2 < m is depicted in Fig. 4.15. Here, creeping flow is unstable to
short wave M1-SW and M2-SW modes (n2 < m). In Figs. 4.15a - 4.15f, Re is increased
sequentially from 0 to 40. The results for Re = 1 (Fig. 4.15b) are similar to the creeping
flow case (Fig. 4.15a). However, increasing Re to 5 (Fig. 4.15c) significantly stabilizes
both modes. The effect of further increasing Re differs for the two modes. The M2-SW
mode becomes unstable again and its growth rate increases with Re. On the other hand,
the M1-SW mode undergoes a transition to long waves as Re is increased beyond 10
(Figs. 4.15d - 4.15f). This behaviour is in accordance with the long wave asymptotic
prediction (4.22) that inertia destabilizes long waves when m > 1 and n2 < m.

Mechanical energy budget (cf. (4.18)) calculations for the local maximum of the
M1 and M2 dispersion curves, corresponding to Figs. 4.15a and 4.15f is presented in
Tab. 4.3. The dominant work term of the M1 mode changes from MASF to MASI in
accordance with the transition from short waves to long waves. The energy budgets of the
most unstable M2 mode for Re = 0 and Re = 40 are qualitatively the same (MASF is
the dominant positive term). This confirms that the M2 short wave mode that is unstable
at finite Re is qualitatively the same as the M2-SW mode observed in creeping flow.

Fig. 4.16 demonstrates the effect of inertia for a case of n2 > m, wherein the long
wave M1 mode and the M2-SW mode are unstable in the creeping flow limit (Fig. 4.16a).
As Re is increased, the M2-SW mode is completely stabilized. The long wave M1 insta-
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Figure 4.15: Effect of inertia on the solutal Marangoni instability when the M1 mode is short
wave. Parameter values: Ma = 10000, m = 1.5, n = 1, Ca = 100, Dr = 0.5, K = 1.2, γ = 0, Pe
= 2000.

Mode Re α
∑2

j=1KEj
∑2

j=1REYj NOR TANµ MASI MASF

M1 0 3.92 0 0 −2.4× 10−7 −4.62× 10−3 -0.011 1.016
M1 40 0.77 0.002 -0.029 −7.45× 10−5 −6.99× 10−2 0.730 0.371
M2 0 1.82 0 0 −3.29× 10−5 0.115 -0.108 0.994
M2 40 3.32 0.002 -0.024 −2.15× 10−4 0.108 0.090 0.828

Table 4.3: Energy budget for M1 and M2 modes corresponding to the local maxima of the dis-
persion curves in Figs. 4.15a and 4.15f. The values have been normalized by the magnitude of
total dissipation so that (DIS1 +DIS2) = −1. Parameter values are given in the caption of Fig.
4.15.
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Mode Re α
∑2

j=1KEj
∑2

j=1REYj NOR TANµ MASI MASF

M1 0 0.47 0 0 -0.014 -0.033 1.676 -0.629
M1 100 0.82 0.009 -0.029 -0.017 -0.037 1.552 -0.459

Table 4.4: Energy budget for long wave M1 modes corresponding to the local maxima of the
dispersion curves in Figs. 4.16a and 4.16d. The values have been normalized by the magnitude
of total dissipation so that (DIS1 + DIS2) = −1. Parameter values are given in the caption of
Fig. 4.16.

bility, on the other hand, remains unstable. In fact, the growth rate is greater at Re = 1

than at creeping flow. This is in accordance with the prediction of the long wave expan-
sion (4.22) for the parameter values of Fig. 4.16 (n2 > m and m < 1, cf. the figure
caption). The effect of further increase in Re cannot be predicted by the asymptotic ex-
pansion, since it was derived for the case of Re being O(1). Figs. 4.16c - 4.16d show
that long wave M1 modes continue to remain unstable, as Re is increased to 100, without
significant change in their growth rates. Even at Re = 100, these long wave modes are
primarily driven by Marangoni stresses associated with interface deformation (MASI),
as shown by the energy budget calculations presented in Tab. 4.4.

These two examples demonstrate that inertia affects the M1 and M2 Marangoni
modes quite differently. Increasing Re can qualitatively modify the M1 branch of eigen-
values and cause a transition between M1 short waves and M1 long waves. This strong
influence over the M1 branch is due to the fact that the viscosity-induced mode manifests
itself through the M1 branch of eigenvalues. (When Ma = 0 and Re 6= 0, the unsta-
ble viscosity induced mode emerges as long waves on the M1 branch, as shown in Sec.
4.12.2.) On the other hand, increasing Re does not modify the basic qualitative features
of the M2-SW mode. The effect on its growth rate, however, can be non-monotonic, caus-
ing intermediate stabilization of the system over a narrow range of Re as demonstrated
by Fig. 4.15b - 4.15d.

4.12.2 Effect of soluble surfactant on the viscosity-induced instabil-
ity at finite Re

In the absence of soluble surfactant effects (Ma = 0), a finite Re flow is unstable to
the long wave viscosity-induced instability, provided m > 1 (m < 1) when n2 < m

(n2 > m) (cf. Sec. 4.6). In this section, we follow the changes in stability characteristics
that occur on applying a transverse gradient of soluble surfactant. Two examples are
studied in this section, corresponding to n2 < m (with m > 1) and n2 > m (with
m < 1). Based on the preceding creeping flow analysis, the M1-SW Marangoni mode
is expected to play a more significant role than the M1-LW mode in the first case, while
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Figure 4.16: Effect of inertia on the solutal Marangoni instability when the M1 mode is long
wave. Parameter values: Ma = 10000, m = 0.9, n = 1.3, Ca = 1, Dr = 0.5, K = 1.2, γ = 0, Pe
= 1000.
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Mode Ma α
∑2

j=1KEj
∑2

j=1REYj NOR TANµ MASI MASF

M1 0 0.92 1.51× 10−3 −7.51× 10−3 −1.63× 10−3 1.010 0 0
M1 13000 4.67 1.17× 10−4 −1.47× 10−3 −2.91× 10−6 1.19× 10−3 -0.182 1.182

Table 4.5: Energy budget showing the transition from the viscosity induced mode to the so-
lutal Marangoni M1-SW mode. Calculations correspond to the fastest growing mode in Figs.
4.17a and 4.17e. The values have been normalized by the magnitude of total dissipation so that
(DIS1 +DIS2) = −1. Parameter values are given in the caption of Fig. 4.17.

the opposite is true of the second case (cf. Sec. 4.8). The M2-SW mode could impact the
flow in either case.

Fig. 4.17 corresponds to the case of n2 < m. When Ma = 0 (Fig. 4.17a), the
long wave viscosity-induced mode is unstable. The identity of this mode is confirmed
by energy budget calculations, presented in Tab. 4.5, which show that the dominant
work term is TANµ (Boomkamp and Miesen, 1996). Since the viscosity-induced mode
manifests itself via the M1 branch of eigenvalues, the M1 Marangoni modes (M1-SW
in this case) are expected to have a direct impact on it. Indeed, on increasing Ma, the
viscosity induced mode is suppressed and undergoes a transition to the short wave M1
Marangoni mode (Fig. 4.17b - 4.17e). This transition is confirmed by the energy budget
calculations presented in Tab. 4.5. At Ma = 13000, TANµ is negligible in comparison
with MASF , which is the dominant positive term. This is characteristic of the energy
budget of the short wave solutal Marangoni mode (Sec. 4.9).

Along with the emergence of the M1-SW mode, the M2-SW mode also becomes
unstable as Ma is increased beyond 10000 (Fig. 4.16d - 4.16f). Therefore, as Ma is in-
creased, solutal Marangoni effects dominate and become the primary cause for instability
of the flow.

An example in which n2 > m is considered in Fig. 4.18. As in the previous case
(Fig. 4.17), short waves from the M2 branch (M2-SW mode) become unstable on in-
creasing Ma. The growth rates of the long waves increase with Ma, but the M1 dis-
persion curve does not change qualitatively. To investigate the nature of this long wave
instability, the variation of the energy budget with Ma for α = 1 is plotted in Fig. 4.19.
For small Ma, TANµ is dominant, indicating that the instability is due to the viscos-
ity induced mode. As Ma is increased, TANµ decreases while the Marangoni stress
terms MASI + MASF increase. The crossover point occurs around Ma = 2000. By
Ma = 7000 (Fig. 4.18b), TANµ is negative and solutal Marangoni forces are the dom-
inant cause of instability. The energy budget of the fastest growing long wave modes
for Ma = 0 and Ma = 20000 (Figs. 4.18a and 4.18d respectively) are presented in
Tab. 4.6. While TANµ is the largest positive term for Ma = 0, the energy budget for
Ma = 20000 is dominated by the MASI term, which is characteristic of the long wave
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Figure 4.17: Effect of soluble surfactant on the viscosity-induced interfacial instability. The
chosen parameter values correspond to the case of n2 < m, for which the short wave M1-SW
and M2-SW modes are unstable in the creeping flow limit. Parameter values: Re = 10, m = 1.5,
n = 1, Ca = 100, Dr = 0.5, K = 1.2, γ = 0, Pe = 2000.
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Figure 4.18: Effect of soluble surfactant on the viscosity-induced interfacial instability. The
chosen parameter values correspond to the case of n2 > m, for which the long wave M1 and
short wave M2-SW instabilities are prevalent in the creeping flow limit. Parameter values: Re =
100, m = 0.5, n = 1.3, Ca = 1, Dr = 0.5, K = 1.2, γ = 0, Pe = 1000.
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Figure 4.19: Transition from the viscosity-induced instability (driven by TANµ) to the long wave
solutal Marangoni instability (driven by MASI ). The variation of terms in the energy budget is
depicted as Ma is varied, for the mode corresponding to α = 1 in Fig. 4.18. Parameter values are
given in the caption of Fig. 4.18.

Mode Ma α
∑2

j=1KEj
∑2

j=1REYj NOR TANµ MASI MASF

M1 0 0.92 0.119 0.183 -0.069 1.005 0 0
M1 20000 1.57 0.168 0.165 -0.086 -0.281 1.254 0.117

Table 4.6: Energy budget showing the transition from the viscosity induced mode to the long
wave solutal Marangoni M1 mode. Calculations correspond to the fastest growing mode in Figs.
4.18a and 4.18d. The values have been normalized by the magnitude of total dissipation so that
(DIS1 +DIS2) = −1. Parameter values are given in the caption of Fig. 4.18.

solutal Marangoni instability M1-LW (Sec. 4.8).

In summary, introducing a gradient of soluble surfactant into an unstable small Re
flow causes a transition from the viscosity induced mode to the solutal Marangoni insta-
bility (provided Ma is sufficiently large). When the M1-SW Marangoni mode is domi-
nant (n2 < m), this transition may cause the system to become stable in an intermediate
range of Ma (cf. Fig. 4.17). This is because the long wave viscosity induced mode is
first suppressed before arising again as the short wave M1-SW Marangoni mode. On the
other hand, when the long wave M1-LW Marangoni mode is dominant (n2 > m) the
flow becomes increasingly unstable to long wave disturbances, on increasing Ma. The
viscosity-induced mode eventually transitions to the Marangoni M1-LW mode.

4.13 Comparison with previous work

In this section, we compare our results with the closely related study by Wei (2006),
on the thermocapillary instability of Couette flow. We also discuss the implications of
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neglecting concentration perturbations caused by interface deformation, as is done in You
et al. (2014).

Wei (2006) has studied the stability of two-phase layered Couette flow between flat
plates, which are maintained at different temperatures. The temperature variation across
the fluids in the base state is analogous to the variation of solute concentration in the
present solutal Marangoni problem. In fact, our entire analysis is valid for thermocapil-
lary instabilities in Poiseuille flow, provided we set K = 1 (as temperature is continuous
at the interface) and restrict Ma to positive values (since interfacial tension decreases
with temperature). Also Dr must be identified with the ratio of thermal diffusivities.

Wei (2006) considered the problem in the “thin layer limit", in which one fluid layer
is very thin in comparison with the other fluid layer. He obtained a long wave instability
mode, which is driven by thermocapillary stresses caused by deformation of the interface
in the presence of a base state temperature gradient. This is the thermocapillary analogue
of the M1-LW mode (Sec. 4.8). The mode was found to be unstable when the thin layer is
heated. If we consider fluid one to be the thin fluid, then we have n� 1 and consequently
n2 > m for any finite viscosity ratio m. Under these conditions our analysis predicts
instability of the long wave M1-LW mode (cf. (4.22)) if the concentration at plate 1 is
greater than that at plate 2 (γ < 1), which is analogous to heating the thin fluid.

Wei (2006) also finds that the growth rate for small wavenumber is linearly propor-
tional to Dr. Our long wavelength asymptotic result (4.22) shows that the growth rate
varies as n2Dr/(Dr + n)2, which implies linear proportionality with Dr in the thin layer
limit of large n. (Note that the wavenumber should be rescaled with the depth of fluid
2 before taking the limit of large n in (4.22).) Furthermore, at small nonzero Re, it was
observed that the viscosity induced mode reinforces the long wave thermocapillary mode
if the thin layer is more viscous (m < 1), and suppresses it if the thin layer is less viscous
(m > 1). This interaction is entirely analogous to that predicted by (4.22) for the case
of a heated thin layer (n � 1 and γ < 1). Thus our results for the M1-LW mode are in
qualitative agreement with Wei (2006). Further quantitative comparison is not possible
since Wei (2006) studied Couette flow while we have analysed Poiseuille flow.

Neither of the short wave instability modes (M1-SW, M2-SW) are identified by the
asymptotic analysis of Wei (2006). Their absence in the thin layer limit implies that,
for a fixed finite Ma, the short wave modes are stabilized as one fluid layer is made
much thinner that the other. Numerical calculations that demonstrate this behavior are
presented in Fig. 4.20. Each plot in this figure is a thin layer variation of a case studied
in a previous section of this chapter, wherein one or both of the short wave modes are
unstable. For example, Fig. 4.20a is plotted for the same parameter values (including
Ma) as Fig. 4.5a, except for the thickness ratio n. For n = 1 (Fig. 4.5a) both M1-
SW and M2-SW are unstable, but when the depth of fluid 2 is significantly decreased
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Figure 4.20: Stabilization of short wave modes (M1-SW and M2-SW) when one fluid layer is
much thinner than the other. Each plot has the same parameter values as a previous figure in this
chapter (mentioned above each plot), with the exception of the thickness ratio n. Moderate values
of n are used in the previous figures, wherein one or both of the short wave modes are unstable.
In contrast, the new values of n, displayed above each plot, correspond to cases in which either
fluid 1 or fluid 2 has a relatively small depth. Making one of the fluid layers thin (while Ma is
fixed) clearly has a stabilizing effect on the short wave modes (compare each plot with the figure
mentioned above it).

(n = 0.1, Fig. 4.20a) both short wave modes become stable. Comparing Fig. 4.20b
with Fig. 4.14a shows that the M2-SW mode is stabilized on decreasing the thickness of
fluid 1. The long wave mode M1-LW, on the other hand becomes more unstable as n is
increased, in accordance with the long wave asymptotic prediction (4.22). Fig. 4.20c and
Fig. 4.20d show that this behaviour persists when inertial effects are included (nonzero
Re). Consequently, the simplified equations of the thin layer limit (Wei, 2006) predict
only long wave instability modes. An analysis of the governing equations for moderate
thickness ratios, will most likely uncover M1-SW and M2-SW modes in Couette flow as
well.

Athough Wei (2006) did not observe the M1-SW and M2-SW modes, he did find a
range of Ca in which the long wave instability transitions to an intermediate wavelength
mode that has a range of unstable wavenumbers bounded away from zero (cf. Fig. 4
of Wei (2006)). This mode cannot be identified with the M1-SW mode because it was
found to stabilize completely on decreasing Ca, which is contrary to the behaviour of the
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M1-SW mode (cf. Sec. 4.9). Moreover, since it transitions smoothly to the long wave
instability on increasing Ca, it is not the M2-SW mode either. Instead it is most likely
the analogue of the intermediate wavelength M1 mode shown in Fig. 4.11d of Sec. 4.10,
which arises as a distinct mode in the transition of M1-SW to M1-LW modes.

The physical problem studied by You et al. (2014) is identical to that of the present
work. However, they do not account for the effect of interface deformation on the concen-
tration perturbations at the interface. As a result, the Marangoni stresses due to interface
deformation are absent (the second term multiplying Ma in (4.7)). In this work, we have
shown that these Marangoni stresses are the cause of the long wave Marangoni instabil-
ity. In terms of the energy budget, the MASI term that is dominant in the budget of the
M1-LW mode is absent. Consequently, the M1-LW mode will not appear in the model
analyzed by You et al. (2014).

You et al. (2014) do, however, report long wave instabilities at very small Re. These
are unstable even when n2 < m, in contradiction with our asymptotic result (4.22) for
long wave Marangoni modes. These modes do not correspond to the viscosity induced
mode either, because You et al. (2014) report that they are stabilized as Re is increased
beyond unity. Moreover, their calculations for cases of n = 1 and m 6= 1 show the
flow to be stable when Re > 1. This is in contradiction with the established results of
Yih (1967) and Yiantsios and Higgins (1988), which predict instability to the viscosity
induced mode at any non-zero value of Re when n = 1 and m 6= 1. On the other
hand, both our asymptotic and numerical results are consistent with the instability of the
viscosity induced mode at finite Re (Yiantsios and Higgins, 1988).

You et al. (2014) also report one short wave instability that occurs above a critical
value of Ma, at small Re. Accounting for differences in the definition of dimensionless
groups, we find that the neutral stability curves presented in You et al. (2014) correspond
to large Ca of O(103) and greater. Since the M2-SW mode dominates over the M1-SW
mode at very large Ca (cf. Sec. 4.9), the short wave mode reported by You et al. (2014)
is probably the M2-SW mode.

In summary, Wei (2006) found the M1-LW mode in Couette flow, while You et al.

(2014) found the M2-SW mode in Poiseuille flow. In this work, we have found an addi-
tional short wave mode - M1-SW - that becomes unstable in the region where the long
wave M1-LW mode is stable. The dominant instability is shown to switch between these
three modes as parameters are varied. The M1-SW instability is dominant at smaller
values of Ca (cf. Sec. 4.9) and thus is expected to be important in microchannel flows.
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4.14 Concluding Remarks

This work has shown that the presence of a soluble surfactant can destabilize layered flow
via solutal Marangoni effects, provided a transverse concentration gradient is maintained
across the fluids. Three distinct Marangoni instability modes are present, which desta-
bilize the system even in the limit of creeping flow. One of these is a long wave mode
(M1-LW), which is destabilized by concentration variations due to deformation of the in-
terface in the presence of a base transverse concentration gradient. The other two modes
are short wave instabilities (M1-SW and M2-SW), which are amplified by the coupling
between the disturbance flow and the interface concentration perturbations. One of the
short wave modes (M1-SW) remains unstable even in the limit of large interfacial tension
(Ca → 0), wherein the interface is non-deforming. Thus, the base unidirectional flow
may be unstable, leading to higher mass transfer rates, even in experiments that report a
flat stationary interface.

When Re is nonzero, the long wave viscosity-induced instability comes into play and
interacts with the Marangoni instability. In certain regions of parameter space (γ < 1/K,
n2 > m, m > 1), the viscosity-induced mode counteracts the long wave Marangoni
mode and has a stabilizing influence. In other cases (γ < 1/K, n2 > m, m < 1), the
viscosity-induced mode promotes the instability of long wave disturbances.

A summary of the instabilities that destabilize the system under different conditions
is presented in Tab. 4.7. Surfactant laden creeping flow (Re � 1) is unstable to three
different Marangoni instability modes. The long wave M1-LW mode is unstable when
n2 > m (Tab. 4.7, (1)) whereas the short wave M1-SW mode can be unstable when
n2 < m (Tab. 4.7, (2)). The second short wave mode, M2-SW, can be unstable at any
value of n (Tab. 4.7, (1-2)). The short wave modes are unstable only if the magnitude of
Ma is greater than a critical value, which is different for each mode and depends on the
other parameters. The critical Ma is significantly greater when one of the fluid layers is
much thinner than the other.

A necessary condition for these Marangoni instabilities is the presence of inter-fluid
mass transfer in the base state. Therefore, the Marangoni modes are suppressed when
equilibrium concentrations are maintained at the bounding plates (γ = 1/K) (Tab. 4.7,
(3)). The flow stability in this case is the same as that in the absence of surfactant effects
(Ma = 0). When Re is increased to finite values the flow becomes unstable to the vis-
cosity induced mode (Boomkamp and Miesen, 1996) (Tab. 4.7, (4)). If soluble surfactant
effects and inertia are present simultaneously, then both Marangoni and viscosity induced
modes are present (Tab. 4.7, (5)). The outcome of mutual interaction between these ef-
fects depends on the viscosity and thickness ratio of the fluids. Inertia can stabilize or
destabilize the flow, as well as change the nature of the dominant instability from short
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Sr. No. Condition M1-LW M1-SW M2-SW Viscosity-induced
1 Re� 1, n2 > m X 7 X 7

2 Re� 1, n2 < m 7 X X 7

3 Re� 1, γ = 1/K 7 7 7 7

4 Re > 1, γ = 1/K 7 7 7 X
5 Re > 1 (γ 6= 1/K) X X X X

Table 4.7: Summary of the instabilities present in the system under different conditions. The
three Marangoni modes are the long wave and short wave instabilities from the M1 eigenvalue
branch (M1-LW and M1-SW respectively), the short wave instability from the M2 branch. The
viscosity-induced mode is the long wave instability first identified by Yih (1967). Re is restricted
to small values in this classification. Ma is non-zero and γ < 1/K in all cases, unless explicitly
stated otherwise. The latter inequality implies that mass transfer occurs from plate 1 to plate 2.
Reversing the direction of mass transfer reverses the condition on the transition between long and
short waves.

wave to long wave, as shown in Sec. 4.12.

The term (n2 − m) plays a key role in the stability characteristics of the M1-LW
and M1-SW Marangoni modes (Tab. 4.7). It is associated with the transverse gradient
of the base state velocity field at the interface (dui/dy|y=0). The gradient is positive if
(n2 < m), negative if (n2 > m) and zero if (n2 = m). This term is also prominent
in the viscosity-induced mode (cf. Sec. 4.6 and Yiantsios and Higgins (1988)) and in
the instability caused by insoluble surfactants (Frenkel and Halpern, 2002; Halpern and
Frenkel, 2003; Wei, 2005, 2007). Elucidating the physical mechanisms through which
this term influences these different instabilities is an interesting avenue for further work.

An important task for future work is the extension of the present two-dimensional
stability analysis to the analysis of three dimensional instability modes, i.e to include
disturbances with variations in the direction perpendicular to the flow but parallel to the
bounding plates. Wei (2006) has shown that such 3D modes are more unstable than 2D
modes for the case of thermocapillary instability in layered Couette flow. It is thus quite
possible that the inclusion of 3-D modes will lower the critical Marangoni number of the
present Poiseuille layered flow.

In an effort to understand the key effects of solutal Marangoni stresses on the flow’s
stability, we have used a simplified model for mass transfer of the solute. In this model,
adsorption and desorption of the solute to and from the interface is assumed to be instan-
taneous. This is an idealization. For a solute that adsorbs and desorbs at a finite rate, the
distribution of solute at the interface will be affected by surface convection and diffusion
in the Gibbs adsorption layer. These processes can have a subtle effect on the dynamics of
the system. In the context of solutal Marangoni instability in stationary fluid layers, accu-
mulation and transport at the interface can stabilize or destabilize the system, depending
on parameter values. The temporal nature of the linear instability modes (oscillatory or
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stationary) can also be affected (Kovalchuk and Vollhardt, 2006; Schwarzenberger et al.,
2014). In the nonlinear regime, surface transport of solute can lead to complex dynami-
cal states, such as spontaneous oscillations (Tadmouri et al., 2010). It would therefore be
interesting to extend the present model to account for these processes, and examine their
influence on the stability of flowing fluid layers.

This study indicates that the solutal Marangoni instability can play an important role
in applications involving low Re layered flow, such as solvent extraction in microchan-
nels (Assmann et al., 2013). It has revealed the importance of the direction of mass-
transfer between the fluids, which controls whether a long wave instability or a short
wave instability is observed. This is of practical importance since long wave modes be-
come unstable at any non-zero Ma while short wave instability modes require Ma to
be greater than a critical value for instability. In order to accurately predict the insta-
bility threshold for these systems, however, the longitudinal variation of the base state
concentration field must be accounted for. If this variation is gradual (large Pe), then
a weakly nonparallel stability analysis (Huerre and Monkewitz, 1990; Chomaz, 2005)
can be carried out, in which the base state is treated as non-varying locally at each point
along the flow direction. In case the longitudinal concentration variation is rapid (small
Pe), then the disturbance cannot be decomposed into wave-like normal modes. Instead
global eigenmodes (Chomaz, 2005; Theofilis, 2003), with aperiodic variation along both
the transverse and longitudinal directions, should be analyzed.
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CHAPTER 5

Steady Layered Flow through Curved Microchannels

“(Newton’s law) implies that if we study the mass times the acceleration
and call the product the force, i.e., if we study the characteristics of force
as a program of interest, then we shall find that forces have some simplic-
ity. The law is a good program for analyzing nature; it is a suggestion
that the forces will be simple."

– R. Feynman, Feynman Lectures on Physics, Vol I

5.1 Introduction

In the previous chapters (Ch. 2 to Ch. 4), we have neglected the bounding walls in the out
of plane direction, as they do not modify the essential physics of mass transport in straight
channels. However, when the channel is curved, the presence of bounding walls has a
profound effect on the flow. The no-slip condition at the walls results in a non-uniform
axial velocity profile and a corresponding non-uniform distribution of centrifugal forces.
This in turn leads to a three-dimensional flow, with circulations in the cross-sectional
plane, which can have a significant magnitude if the channels aspect ratio is close to
unity. Keeping in mind, the potential of these circulations to enhance mass transfer, we
study the structure of these three-dimensional flows in detail, in this chapter.

Fluid flow in curved channels has been the focus of several investigations owing to
both, the subject’s intrinsic theoretical value as well as practical relevance (Vashisth et al.,
2008; Ku, 1997; Carlo, 2009). This class of flows is illustrative of the situation in which
inertial effects, though small, have a significant impact on the nature of a viscous flow.
A viscous fluid flowing in a curved channel experiences a transverse centrifugal force.
This force is proportional to the square of the axial component of velocity. Consequently
it is strongest at the center of the channel and weakens near the walls, where the no-
slip condition applies. This spatially varying centrifugal force results in a secondary
circulatory motion that is superposed on the primary axial flow. This circulatory flow
exists at any non-zero Reynolds number (Re). As a result, the axial velocity profile as
well as the net flow through the channel is modified.



The context for this two phase flow analysis is set by the many studies carried out on
single phase flows in curved channels. Regular perturbation expansions have proved to
be an important tool in the analysis of curved channel flows. The transverse secondary
motion is induced even in channels with small values of longitudinal curvature. This
makes the problem amenable to an asymptotic analysis in the limit of a narrow channel
width i.e. when the radius of curvature of the channel is considerably greater than the
characteristic dimension of its cross-section (a gently curved channel). The first such
study was carried out by Dean (1927, 1928b) for fully developed flow of a single phase
fluid in a curved channel of circular cross-section. He demonstrated the helical motion of
fluid elements due to the presence of a pair of secondary counter-rotating vortices (Dean
vortices). Similar analyses were carried out by (Cuming, 1952) for a rectangular channel
and (Topakoglu, 1967) for a circular annulus. These studies were successful at capturing
the key features of the flow in curved channels at low Reynolds numbers and for a gentle
curvature of the channel. Later studies investigated the developing flow and the effect
of finite curvature and high Reynolds numbers. Detailed reviews of these studies are
presented by Berger et al. (1983) and Vashisth et al. (2008). One feature of the flow
at high Reynolds number is the bifurcation of the two vortex solution to a four vortex
solution (Nandakumar and Masliyah, 1982; Winters, 1987). These studies have been
crucial in understanding and exploiting flow in curved geometries, which occur either
naturally, e.g. blood flow in arteries (Ku, 1997), or in man-made systems. The latter
include heat exchangers, reactors and other process equipment (Vashisth et al., 2008),
fluid mixers in micro systems (Carlo, 2009) and stents used in the treatment of vascular
disease (Peterson, 2010).

While the effects of longitudinal curvature on single phase flows through curved chan-
nels have been studied extensively, the extension of this knowledge to two-phase flows is
challenging, and is a topic of ongoing research (Vashisth et al., 2008). The primary chal-
lenges associated with the mathematical analysis of two phase flows in curved geometries
are associated with the description of the fluid-fluid interface. The configuration of the
interface is unknown a priori and must be determined as part of the solution. In addition,
accounting for interfacial tension forces acting at the interface introduces nonlinear terms
into the mathematical problem. Apart from interfacial phenomena, the coupling of the
flow fields in the two fluids results in a richness of hydrodynamic behavior, unseen in the
single phase case. Due to these challenges, most work on two-phase curved channel flows
have focused on constructing coarse flow regime maps and measuring pressure drop and
phase holdups (Ellenberger et al., 1988; Bandaru and Rajendra, 2002; Kirpalani et al.,
2008; Donaldson et al., 2011; Sarkar et al., 2012). Among the few studies that have
presented a more detailed analysis of the flow field, are the works of Muradoglu and
Stone (2007) and Kumar et al. (2007) on slug flow, and Ghosh et al. (2011), Picardo and
Pushpavanam (2013) and Ooms et al. (2015) on core-annular flow. Gelfgat et al. (2003)
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Figure 5.1: Micrograph of laterally layered flow in the curved section of a microchannel. The
inner fluid is water and the outer fluid is cyclohexane with a small amount of surfactant (Tween
80, 0.3 vol%). The flow rates are 480 µl min−1 and 280 µl min−1 respectively. The channel’s
width and height are 150 µm. The interface is seen as a dark line located near the center of the
channel. (Micrograph provided by Mr. Avinash Sahu.)

have simulated vertically layered flow and demonstrated the ability of Dean vortices to
enhance inter-fluid mass transfer. However, because they carried out simulations for a
limited set of parameters, they observed only one vortex pattern in co-current flow at low
Re. They also assumed the interface to be flat, which is not true in general. A detailed
study of the flow field in co-flowing vertical fluid layers has been carried out by Garg
et al. (2015), who by applying the methodology presented in this chapter have identified
nine different vortex patterns. They have also studied the influence of the circulatory flow
on the interface shape and the axial velocity profile, in detail.

The purpose of this chapter is to investigate fully developed steady flow of laterally
layered fluids in a curved channel. Laterally layered flows have taken on a new sig-
nificance in microfluidics, as efficient systems for carrying out inter-fluid mass transfer
and chemical reactions. Several workers have successfully applied these flows to liquid-
liquid extraction (Assmann et al., 2013; Novak et al., 2012; Znidarsic-Plazl and Plazl,
2007) and phase transfer catalysis (Aljbour et al., 2010). The length scales (lc) of the
microchannels used in these studies range from O(10) to O(102) µm, resulting in small
values of the Reynolds number

(
lcvcρ/µ

)
. The relative Bond number

(
(ρ1 − ρ2) gl2c/γ

)
is also very small, implying that capillary forces dominate gravitational effects; this al-
lows the fluids to remain laterally stratified despite differences in density. A typical
example, reported by Fries et al. (2008), involves the flow of water (W) and toluene (T)
through a microchannel of width 300 µm and height 150 µm. Stable layered flow was
obtained for flow rates ranging from 100-150 µl min−1. At 150 µl min−1, the Reynolds
numbers are ReW = 69 and ReT = 180 (where Rei is defined on the basis of the pressure
drop, as in Sec. II). The relative Bond number is 7 × 10−4 and the Capillary number(
Ca = vcµ/γ

)
is approximately 2 × 10−3. In Fig. 5.1, a micrograph of steady layered

flow in the curved section of a microchannel is presented. The inner fluid is water and
the outer fluid is cyclohexane with a small amount of surfactant (Tween 80, 0.3 vol%).
The stable interface is seen as a thick dark line near the center of the channel.
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We focus on three important aspects of the flow – secondary circulations and vortex
patterns, the shape of the deformed interface and the modified axial velocity profile. To
gain insight into the physical mechanisms governing these flow features, we study the
problem in the asymptotic limit of small curvature ratios (ε: ratio of the channel’s half
width to its radius of curvature) and low Reynolds numbers (Re). This asymptotic limit
is particularly relevant to curved microchannels. We also assume a 90 deg contact angle
between the inter-fluid interface and the top or bottom wall. In general, the contact angle
will depend on the relative wettability of the wall by the two fluids, as well as the flow
field near the three-phase contact line (Davis, 2000). However, as our aim is to understand
the effects of centrifugal forces on the bulk flow, we consider the mathematically simplest
case of a fixed 90 deg contact angle. This condition implies that the interface would be
flat in a straight channel, which enables us to obtain an analytical solution by applying
of the method of domain perturbations. Moreover, any deformation of the interface due
to centrifugal forces will be revealed most clearly in this case. The analytical solution
enables an efficient exploration of parameter space, facilitating a detailed study of the
influence of fluid properties and operating conditions on the flow field. Apart from its
importance for microchannel applications, this parametric study also sheds light on the
physics of the flow. The range of validity (in Re and ε) of the perturbation solution is
assessed by comparison with three-dimensional numerical simulations, for specific sets
of parameter values.

The contents of this chapter are organized as follows. The mathematical formulation
of the problem is presented in Sec. 5.2. In Sec. 5.3, the method of domain perturbations
is applied to obtain an asymptotic solution. The transverse circulatory flow is analyzed in
Sec. 5.4. In Sec. 5.4.1 the five basic vortex patterns are presented. The parameter space
is organized on the basis of these flow patterns in Sec. 5.4.2, while the influence of each
parameter is explained in Sec. 5.4.3. The strength of the circulatory flow is studied in
Sec. 5.4.4, and in Sec. 5.4.5 we determine the optimum aspect ratios of the channel for
which the circulation strength is maximized ,in either fluid. In Sec. 5.5 the deformation
of the interface is investigated. The influence of each parameter on the deformation is
also studied. In Sec. 5.6, redistribution of the axial velocity is analyzed, in terms of
inertial and geometric effects. The resultant change in flow rates of the two fluids is also
examined. In Sec. 5.7, we compare the asymptotic solution with numerical simulations
to assess its accuracy. We conclude in Sec. 5.8, with a summary of the key results and a
discussion of their significance. We also suggest some topics for future work.
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Figure 5.2: Schematic of layered flow in a curved channel. (X,Y, Z) is the Cartesian coordinate
system and (x, y, θ) is the curvilinear orthogonal coordinate system used in this study. In the
cross-section view of the channel, the dashed line represents the undeformed interface, as it would
be in a straight channel, while the solid curve represents the interface in the curved channel.

5.2 Governing equations

A schematic of the flow system under consideration is shown in Fig. 5.2. Here, O is
the origin of the Cartesian coordinate axes (X, Y, Z). O′ marks the center of the lateral
cross-section of the channel. The line OO′ lies in the X-Y plane, at an angle of θ with
the X axis. With O′ as the origin, two new orthogonal axes, x and y, are defined with
y parallel to the Z Cartesian axis. (x, y, θ) form a curvilinear, orthogonal coordinate
system. This coordinate system was used by Cuming (1952) to study single phase flow
in curved rectangular channels.

The channel is of width 2a and of height 2b. The radius of curvature of the channel
(the length of the segment OO′) is R. The interface between the two laterally layered
fluid is expected to deform, under the action of centrifugal forces. The position of the
interface is represented by the function F according to the equation x = aF (y/b). The
fluid on the inner part of the channel (−a ≤ x ≤ aF (y/b)) is denoted as fluid 1 and that
on the outer part (aF (y/b) ≤ x ≤ +a) as fluid 2. The fraction of the channel volume
occupied by fluid 1 (called the volume fraction, α) is a specified input to the problem,
which F (y/b) must satisfy. In addition, we assume that the contact angle of the interface
with the wall is 90 deg. In Fig. 5.2b (cross-section view), the vertical dashed line at (ak)

represents the flat interface that would be present if the channel were straight. The flat
interface position (k) is directly determined by the volume fraction (holdup) of fluid 1
(α) as k = 2α− 1.

Along with the volume fraction of fluid 1 (α), the pressure drop applied along the
channel must be specified. In the case of steady fully developed flow, the azimuthal
derivative of pressure along the channel ∂P ii

∂θ
is a constant (independent of position and
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time), and is identical in both fluids (i = 1, 2). Let this value be −GR. Specifying G
fixes the pressure drop that drives the flow. This parameter is used to scale the pressure
and velocity variables as follows:

x = ax̄; y = aȳ; Pi = GaP̄i; (wi, ui, vi) =
Ga2

µi
(w̄i, ūi, v̄i) (5.1)

where G =

(
− 1

R

∂Pi
∂θ

)
Here the velocity components in the (x, y, θ) directions are denoted as (u, v, w). The
over-bar denotes dimensionless variables. This scaling gives rise to seven dimensionless
parameters. A Reynolds number for each fluid (Rei), the interface location if the channel
was straight (k), the aspect ratio of the channel (λ), the ratio of fluid viscosities (µ12 =

µ1/µ2), the Capillary number (Ca) and the curvature ratio (ε).

Rei =
ρiGa

3

µ2
i

; λ =
a

b
; Ca =

Ga2

γ
; ε =

a

R
(5.2)

In this work the influence of gravity is neglected. This approximation is appropriate for

pressure driven flow through small channels in which |(ρ1−ρ2)|ga2
γ

<< 1.

The non-dimensional continuity and Navier-Stokes equations in the (x, y, θ) curvilin-
ear coordinate system (cf. Fig. 5.2) are presented below, for the case of fully developed
flow of an incompressible fluid (Cuming, 1952). In the following, the over-bar on dimen-
sionless variables is dropped for convenience.

∂ui
∂x

+ λ
∂vi
∂y

+ ε
(ui)

(1 + xε)
= 0 (5.3a)

Rei

[
ui
∂ui
∂x

+ λvi
∂ui
∂y
− ε wi

2

(1 + xε)

]
= −∂Pi

∂x
+ λ2∂

2ui
∂y2
− λ ∂

2vi
∂y∂x

(5.3b)

Rei

[
ui
∂vi
∂x

+ λvi
∂vi
∂y

]
= −λ∂Pi

∂y
+
∂2vi
∂x2
− λ ∂

2ui
∂y∂x

+
ε

(1 + xε)

(
∂vi
∂x
− λ∂ui

∂y

)
(5.3c)

Rei

[
ui
∂wi
∂x

+ λvi
∂wi
∂y

+ ε
wiui

(1 + xε)

]
=

1

(1 + xε)
+
∂2wi
∂x2

+ λ2∂
2wi
∂y2

+
ε

(1 + xε)

∂wi
∂x
− ε2wi

(1 + xε)2 (5.3d)

This particular form of the momentum equations are obtained by substituting ∇2v =

−∇×∇×v+∇ (∇ · v), and applying the continuity equation for incompressible flow,
∇ · v = 0. The gradient, divergence and curl operators in the (x, y, θ) coordinate system
may be obtained by following the general procedure described in Aris (1989). Equations
(5.3) are applicable to each fluid (i = 1, 2) in its respective domain (−1 ≤ x ≤ F (y) for
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i = 1 and F (y) ≤ x ≤ +1 for i = 2 (cf. Fig. 5.2).

Equations (5.3a) to (5.3d) are subject to a total of 28 boundary conditions. At the
walls, the no-slip condition is applicable, leading to the following 18 boundary condi-
tions:

{u1; v1;w1} = 0 at x = −1; −1 ≤ y ≤ +1 (5.4a)

{u1; v1;w1} = 0 at y = +1; −1 ≤ x ≤ F (+1) (5.4b)

{u1; v1;w1} = 0 at y = −1; −1 ≤ x ≤ F (−1) (5.4c)

{u2; v2;w2} = 0 at x = +1; −1 ≤ y ≤ +1 (5.4d)

{u2; v2;w2} = 0 at y = +1; F (+1) ≤ x ≤ +1 (5.4e)

{u2; v2;w2} = 0 at y = −1; F (−1) ≤ x ≤ +1 (5.4f)

At the interface, x = F (y), continuity of the velocity field yields 3 more conditions:

{u1; v1;w1} = µ12 {u2; v2;w2} at x = F (y); −1 ≤ y ≤ +1 (5.5)

The viscosity ratio arises in (5.5) because the velocity scales for the two fluids are differ-
ent – each scale contains the respective fluid’s viscosity. Another 3 boundary conditions
result from the balance of normal and tangential stresses at the interface (cf. Ch. 2 of
Leal (2007)). First we define the outward unit normal (n) to the interface (directed into
fluid 2). If the interface location is represented implicitly by H (x, y) = x − F (y) = 0,
then n = ∇H

/
|∇H|, which yields

n =

(
êx − λ

dF

dy
êy

)(
1 +

(
λ
dF

dy

)2
)−1/2

(5.6)

Here, êx and êy are the unit vectors in the x and y directions respectively. The normal
stress balance, in terms of the deviatoric stress tensor (Ti) and the capillary number (Ca),
reads

P1 − P2 +
[
(n · n · T2)− (n · n · T1)

]
=

1

Ca
(∇ · n) at x = F (y) (5.7)

The tangential stress balance comprises of two scalar equations and is given below in
vectorial form.

n · T2 − (n · n · T2)n = n · T1 − (n · n · T1)n at x = F (y) (5.8)
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The components of (T), for the case of fully developed flow, are given below:

Txx = 2
∂u

∂x
; Tyy = 2λ

∂v

∂y
; Tθθ = 2

uε

1 + εx
(5.9)

Txy =
∂v

∂x
+ λ

∂u

∂y
; Txθ =

∂w

∂x
− wε

1 + εx
; Tyθ = λ

∂w

∂y

The expressions in (5.2) are valid for each fluid and the index i has been excluded for
convenience.

The kinematic condition, which expresses the fact that fluid cannot cross the interface,
must also be satisfied. This yields

u1 − λ
dF

dy
v1 = 0 at x = F (y) (5.10)

Three additional conditions on F (y) are necessary to determine the location of the in-
terface. The first two fix the contact angle of the interface at the walls as 90 deg, which
allows the interface to be vertical and flat in a straight channel.

dF

dy
= 0 at y = ±1 (5.11)

The final condition is the input specification of the volume fraction of fluid 1 (α):

+1∫
−1

dy
F (y)∫
−1

dx (1 + εx)

+1∫
−1

dy
+1∫
−1

dx (1 + εx)

=
1

4

+1∫
−1

dy

F (y)∫
−1

dx (1 + εx) = α (5.12)

Specifying the value of α is equivalent to specifying the position of the interface in a
straight channel (k); the relationship between the two quantities is α = (k + 1)/2. Note
that the pressure drop has been inherently specified by its use in the velocity scales.

Equations (5.3) to (5.12) describe fully developed layered flow in a curved rectangular
channel. Their solution requires the pressure drop and volume fraction (holdup) to be
specified as inputs. On setting ε = 0, these equations describe layered flow in a straight
channel and admit an analytical series solution. For the case of a curved channel (ε 6= 0),
the governing equations are nonlinear and coupled and demand a numerical solution.
However, an asymptotic solution can be derived by considering the problem in the limit
of small curvature ratios (ε� 1). This is carried out in Sec. 5.3.
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5.3 Solution by the method of domain perturbations

In this section, the method of domain perturbations (Johns and Narayanan, 2002; Joseph,
1975; Leal, 2007; Van Dyke, 1975) is applied to obtain an asymptotic solution as a power
series expansion in ε. The procedure results in a sequence of linear problems, which can
be solved analytically. It further eases the calculations by decoupling the solution of the
velocity and pressure fields from the determination of the interface location. We first
outline the general procedure and then carry out the calculation to O(ε1).

5.3.1 Outline of the method of domain perturbations

Consider the problem defined by (5.3) to (5.12) as one among a family of problems
parameterized by the curvature ratio ε. Now, consider the special case of ε = 0, which
corresponds to layered flow in a straight channel. This is referred to as the base problem.
The corresponding base solution has only an axial component of velocity (ui = vi = 0).
With a contact angle of 90 deg at the top and bottom walls (y = ±1), the interface in the
base problem will be flat and located at x = k. For values of ε slightly greater than zero
(perturbed problem), one would expect, physically, a solution only slightly different from
the base solution at ε = 0. Formally, the solution and its derivatives with respect to ε have
a continuous dependence on ε (solution is analytic in ε). This is the primary prerequisite
of the method of domain perturbations, by which the flow in a gently curved channel is
approximated as a regular perturbation of the flow in a straight channel.

An asymptotic power series expansion in ε is proposed as the solution of the perturbed
problem. For ui, the expansion reads as

ui (x, y; ε) = ui,0 (x, y) + ui,1 (x, y) ε+ ui,2 (x, y) ε2 +O
(
ε3
)

(5.13a)

Similar expansions are assumed for vi, wi and Pi. Here, the first subscript denotes the
fluid and the second subscript denotes the order of the term in the expansion. The function
that determines the interface location x = F (y, ε) is also expanded as a power series in
ε:

F (y, ε) = k + f1 (y) ε+ f2 (y) ε2 +O
(
ε3
)
a (5.13b)

The perturbation solution must satisfy the input specification of the volume fraction of
fluid 1 at all orders. The solution at O(ε0) corresponds to unidirectional layered flow in
a straight channel (ε = 0). The terms at O(ε1) capture the most important effects of the
curvature of the channel on the flow field and the interface position. The higher order
terms account for increasingly smaller effects of the curved channel on the flow, such as
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the influence of Coriolis forces.

The perturbation solution is obtained by successively solving a series of problems
for the unknown functions in the expansions (5.13a) and (5.13b). These problems are
obtained by substituting the expansions into the governing equations (cf. (5.3) to (5.12))
and equating the coefficients of various powers of ε (cf. Ch. 4 of Leal (2007)). The
procedure is straightforward except when considering the boundary conditions at the
interface (5.5) to (5.12). Since the interface deforms as ε is varied, the terms in the
boundary condition have an implicit dependence on ε. This dependence is made explicit
by expanding the functions in a Taylor series about ε = 0 (Van Dyke, 1975; Leal, 2007).
As an example, consider the continuity condition on the axial component of velocity at
the interface (cf. (5.5)):

w1

(
x = F (y, ε) , y

)
= (µ12)w2

(
x = F (y, ε) , y

)
−1 ≤ y ≤ +1 (5.14a)

On expanding in a Taylor series about ε = 0, one obtains

w1 (x = k, y) + ε
∂w1

∂x

∣∣∣∣
x=k

∂F (y, ε)

∂ε

∣∣∣∣
ε=0

=

(
µ1

µ2

)[
w2 (x = k, y) + ε

∂w2

∂x

∣∣∣∣
x=k

∂F (y, ε)

∂ε

∣∣∣∣
ε=0

]
+O

(
ε2
)

(5.14b)

Substituting from (5.13a) and (5.13b) and grouping terms of different orders of ε yields

w1,0 (x = k, y) + ε

(
w1,1 (x = k, y) + f1

∂w1,0

∂x

∣∣∣∣
x=k

)

= µ12

w2,0 (x = k, y) + ε

(
w2,1 (x = k, y) + f1

∂w2,0

∂x

∣∣∣∣
x=k

)+O
(
ε2
)

(5.14c)

Equating terms at various orders of ε leads to a sequence of boundary conditions, all of
which are applied at the flat interface of the base problem, x = k. A similar procedure is
applied to the other interface boundary conditions. Note that the functions fi(y), which
determine the position of the interface (cf. (5.13b)), enter the perturbation problem via
the boundary conditions at the interface. In the following subsections, the calculation is
carried out to O(ε1).

Before proceeding with the calculations, a few comments on the interpretation of the
expansions in (5.13a) and (5.13b) are in order. The formulation of the method of do-
main perturbations adopted here is the so-called Eulerian formulation. It has the benefit
of ease of application and conceptual simplicity. However, the following technical dif-
ficulty may arise when evaluating the expansions in (5.13a) and (5.13b). The terms in
the expansions (RHS of (5.13a) and (5.13b)) are obtained by solving the perturbations
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equations on the base domain with undeformed boundaries; i.e. a flat interface. How-
ever, the solution approximated by the asymptotic expansion (LHS of (5.13a)) is valid
on a domain with deformed boundaries, i.e. a deflected interface. Thus when evaluating
the solution at points close to the deflected interface, one must evaluate the terms in the
expansions at points that are not part of the base domain over which these functions were
determined. This apparent difficulty may be overcome by analytic continuation of the
functions beyond the base domain to include the new points enclosed by the deformed
boundaries. Such a rationalization of the Eulerian formulation is granted credence by the
work of Joseph (1975). He presents an alternative Lagrangian formulation of the method
of domain perturbations that avoids the above difficulty, by defining an explicit mapping
between the perturbed domain and the base domain. The final solution is shown to be
independent of the specific mapping chosen. Finally, using analytic continuation, the
Lagrangian and Eulerian formulations are shown to be equivalent. An elegant exposition
of the Lagrangian formulation is presented by Johns and Narayanan (2002), along with
several examples and applications to the analysis of interfacial instabilities. Van Dyke
(1975), in his classic text on perturbation methods, adopts the Eulerian formulation, as
we have done here.

5.3.2 Base solution at O(ε0)

The equations at O(ε0) for the base case of layered flow in a straight rectangular channel
are given below:

ui,0 = vi,0 = 0 (5.15a)

∂2wi,0
∂x2

+ λ2∂
2wi,0
∂y2

= −1 (5.15b)

(5.15b) is subject to the following boundary conditions.

At the channel walls:

w1,0 = 0 at y = ±1; −1 ≤ x ≤ k (5.16a)

w2,0 = 0 at y = ±1; k ≤ x ≤ +1 (5.16b)

w1,0 = 0 at x = −1; −1 ≤ y ≤ +1 (5.16c)

w2,0 = 0 at x = +1; −1 ≤ y ≤ +1 (5.16d)

The interface is flat and located at x = k. The continuity of the velocity field and the
tangential stress balance yield the following conditions at the interface (x = k; −1 ≤
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y ≤ +1):

w1,0 = (µ12)w2,0 (5.16e)
∂w1,0

∂x
=
∂w2,0

∂x
(5.16f)

The kinematic condition is trivially satisfied and the normal stress balance implies that
the pressure is continuous across the flat interface. The general solution to (5.15b) is
obtained by the method of eigenfunction expansions (Cornish, 1928) and is given by

wi,0 =
∞∑
n=0

 16(−1)n

λ2
{

(2n+ 1) π
}3

{
Ain cosh

(
(2n+ 1)

π

2
λx

)

+Bin sinh

(
(2n+ 1)

π

2
λx

)
+ 1

}
cos

(
(2n+ 1)

π

2
y

) (5.17)

Each term of this series satisfies (5.16a) and (5.16b) by construction. The four constants,
A1n, A2n, B1n and B2n are obtained analytically, for arbitrary n, by solving the system
of 4 algebraic equations, which results from substituting (5.17) into the boundary condi-
tions (5.16c) to (5.16f). This series solution converges rapidly. The maximum relative
difference between the solutions with 5 terms and 11 terms is less than 0.3 %.

5.3.3 Transverse circulatory flow at O(ε1)

The effects of the curvature of the channel on the flow are first encountered at O(ε1).
Here we find that the equations for ui,1, vi,1 and Pi,1 are independent of wi,1. These
are solved first to determine the transverse flow field and the interface shape. The axial
velocity wi,1 and the flow rates are obtained in a subsequent subsection.

The equations governing the transverse flow and the interface deformation at O(ε1)

are given below. In the x-direction momentum equation (5.18b), the base axial flow
(wi,0) appears as an inhomogeneous term. This term accounts for the centrifugal force
that drives the secondary transverse flow.

∂ui,1
∂x

+ λ
∂vi,1
∂y

= 0 (5.18a)

−Rei(wi,0)2 = −∂Pi,1
∂x

+ λ2∂
2ui,1
∂y2

− λ∂
2vi,1
∂y∂x

(5.18b)

0 = −λ∂Pi,1
∂y

+
∂2vi,1
∂x2

− λ∂
2ui,1
∂y∂x

(5.18c)
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The boundary conditions at the wall are

{
u1,1; v1,1

}
= 0 at x = −1; −1 ≤ y ≤ +1 (5.19a){

u2,1; v2,1

}
= 0 at x = +1; −1 ≤ y ≤ +1 (5.19b){

u1,1; v1,1

}
= 0 at y = ±1; −1 ≤ x ≤ k (5.19c){

u2,1; v2,1

}
= 0 at y = ±1; k ≤ x ≤ +1 (5.19d)

The boundary conditions at the interface, at O(ε1), applied at x = k (−1 ≤ y ≤ 1) are

{
u1,1; v1,1

}
= µ12

{
u2,1; v2,1

}
(5.19e)

u1,1 = 0 (5.19f)

λ
∂u1,1

∂y
+
∂v1,1

∂x
= λ

∂u2,1

∂y
+
∂v2,1

∂x
(5.19g)

(5.19a) to (5.19g) are the 16 boundary conditions required by the partial differential equa-
tions (5.18a) to (5.18c). These conditions do not involve f1(y). Thus the solutions of ui,1
and vi,1 are independent of f1(y). Since there is no transverse flow in the base solution
at O(ε0), the deformation of the interface does not affect the transverse flow at O(ε1); it
will contribute only at O(ε2). In this subsection we solve equations (5.18a) to (5.19g) for
ui,1 and vi,1. The shape of the interface is determined in the next subsection by applying
the normal stress balance at O(ε1).

Because the flow is fully developed, we can use the stream function formulation. Here
ui,1 and vi,1 are written in terms ψi,1(x, y), which is defined so that (5.18a) is satisfied:

ui,1 = λ
∂ψi,1
∂y

and vi,1 = −∂ψi,1
∂x

(5.20)

(5.20) is substituted into the momentum equations (5.18b) and (5.18c), which are then
cross differentiated and subtracted to eliminate pressure. This results in two fourth order
biharmonic equations for ψi,1.

∇4ψi,1 =
∂4ψi,1
∂x4

+ 2λ2 ∂
4ψi,1

∂x2∂y2
+ λ4∂

4ψi,1
∂y4

= −Reiλ
∂

∂y

(
wi,0

2
)

(5.21)

where ∇2 =

(
∂2

∂x2
+ λ2 ∂

2

∂y2

)

These two equations are coupled via their boundary conditions, which are obtained by
substituting (5.20) into (5.19a) to (5.19g). Taking a reference value for the streamfunction
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as ψ1,1(−1,−1) = 0, the boundary conditions simplify to

ψ1,1 = 0;
∂ψ1,1

∂x
= 0 at x = −1; −1 ≤ y ≤ +1 (5.22a)

ψ2,1 = 0;
∂ψ2,1

∂x
= 0 at x = +1; −1 ≤ y ≤ +1 (5.22b)

ψ1,1 = 0;
∂ψ1,1

∂y
= 0 at y = ±1; −1 ≤ x ≤ k (5.22c)

ψ2,1 = 0;
∂ψ2,1

∂y
= 0 at y = ±1; k ≤ x ≤ +1 (5.22d)

At x = k, for −1 ≤ y ≤ 1, we have

ψ1,1 = ψ2,1 = 0 (5.22e)
∂ψ1,1

∂x
= (µ12)

∂ψ2,1

∂x
(5.22f)

λ2∂
2ψ1,1

∂y2
− ∂2ψ1,1

∂x2
= λ2∂

2ψ2,1

∂y2
− ∂2ψ2,1

∂x2
(5.22g)

To solve (5.21) to (5.22g), we adopt the method of superposition. This method was used
by Meleshko (1996, 1998) to solve single phase Stokes flow in a cavity with moving
walls. Here, we extend the method to solve the two phase problem defined by (5.21)
to (5.22g). The solution consists of a sum of two infinite series of complete orthogonal
eigenfunctions in the x and y directions. The procedure is described in Appendix B.1.

ψ1,1 (x, y) =

∞∑
n=1

 φny,1 (y)

{
C1n cosh

(
ωny,1 x

)
+ C2n sinh

(
ωny,1 x

)
+ C3nx cosh

(
ωny,1 x

)
+C4nx sinh

(
ωny,1 x

)
+ s1,n (x)

} 
+
∞∑
m=1

[
φmx,1 (x)

{
C5m sinh

(
λ−1ωmx,1 y

)
+ C6my cosh

(
λ−1ωmx,1 y

)} ]
(5.23a)

ψ2,1 (x, y) =

∞∑
n=1

 φny,2 (y)

{
C7n cosh

(
ωny,2 x

)
+ C8n sinh

(
ωny,2 x

)
+ C9nx cosh

(
ωny,2 x

)
+C10nx sinh

(
ωny,2 x

)
+ s2,n (x)

} 
+
∞∑
m=1

[
φmx,2 (x)

{
C11m sinh

(
λ−1ωmx,2 y

)
+ C12my cosh

(
λ−1ωmx,2 y

)} ]
(5.23b)

Here, the functions si,n(x) are particular solutions of inhomogeneous ordinary differen-
tial equations (B.5a), in which the inhomogeneity arises from the base axial flow wi,0 (cf.
Appendix B.1). A similar solution was obtained by (Cuming, 1952) for single phase flow
in a curved rectangular channel.
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The constants C1n to C12m must be evaluated by applying the boundary conditions
(5.22a) to (5.22g). The solution is approximated by truncating each series to N terms.
The set of 12 N equations for the unknown constants are coupled in a nontrivial manner
and must be solved simultaneously (cf. Appendix B.1). As N is increased, the values
of all the constants are refined and the two series converge to the solution (Meleshko,
1996, 1998). In this problem, the convergence is rapid and 4-5 terms of each series in
(5.23a) and (5.23b) are found to be sufficient. An example calculation is presented in
Appendix B.2. The convergence is particularly fast within the domain of the fluids, since
the magnitude of the hyperbolic terms in the series decrease exponentially as one moves
away from the boundaries.

5.3.4 Interface deformation at O(ε1)

The transverse flow in each fluid exerts viscous stresses at the interface. The normal
component of this stress along with the pressure difference across the interface must be
balanced by capillary forces that arise when the interface has a mean curvature. The
balance of these normal stresses (cf. (5.7)) at O(ε1) yields

P1,1 − P2,1 + 2

(
∂u2,1

∂y
− ∂u1,1

∂y

)
=

1

Ca

(
−λ2d

2f1

dy2
+ 1

)
at x = k (5.24)

This equation has two curvature terms contributing to capillary forces. The first term,
involving the second derivative of f1(y), represents the deformation of the cross-sectional
shape of the interface, away from a flat line. The constant unity term is the longitudinal
curvature, which is due to the curved nature of the channel itself i.e. even when the
interface appears flat over the cross-section of the channel (i.e. when f1(y) = 0), it still
has a mean curvature because the channel itself is curved.

In order to use (5.24) to determine f1(y), we must calculate the pressure distribution
in both fluids. This is obtained by integrating the momentum equations (5.18b) and
(5.18c). In terms of the stream function, we obtain

P1 (x, y) = −1

λ

∫
∂3ψ1,1

∂x3
dy − λ∂

2ψ1,1

∂x∂y
+D1 (5.25a)

P2 (x, y) = −1

λ

∫
∂3ψ2,1

∂x3
dy − λ∂

2ψ2,1

∂x∂y
+D2 (5.25b)

D1 and D2 are arbitrary constants of integration. We are at liberty to set D1 = 0, as
this merely sets a convenient reference value for the pressure field. However, the second
constant D2 remains unknown at this stage and must be determined along with the inter-
face shape. Substituting (5.25a) and (5.25b) into (5.24) yields the following equation for
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f1(y):

d2f1

dy2
=
Ca

λ2

1

λ

∫
∂3ψ1,1

∂x3
dy + 3λ

∂2ψ1,1

∂x∂y
− 1

λ

∫
∂3ψ2,1

∂x3
dy − 3λ

∂2ψ2,1

∂x∂y

+
CaD2

λ2
+

1

λ2

(5.26)
The right hand side of (5.26) is evaluated at x = k. This is a second order ordinary
differential equation (ODE) for f1(y), which contains an arbitrary constant D2. Direct
integration yields a general solution with three arbitrary constants. Thus, to uniquely
determine f1(y), one must apply the three conditions (5.11) – (5.12). The first two require
the contact angle to be 90 deg:

df1

dy
= 0 at y = ±1 (5.27a)

(5.12) specifies the volume fraction of fluid 1 (α). At O(ε1), we have

α =
k + 1

2
=

1

4

+1∫
−1

dy

k+εf1(y)∫
−1

dx (1 + εx) (5.27b)

Expanding (5.27b) as a power series in ε, using Leibniz rule, and retaining terms to
O(ε1), we obtain the third condition on f1(y):

+1∫
−1

f1 (y) dy = 1− k2 (5.27c)

On integrating (5.26) and using the conditions (5.27a) and (5.27c), we obtain the solu-
tion for f1(y). (The resulting expression is lengthy and is not reproduced here.) This
completes the solution of the circulatory flow field and the interface shape to O(ε1).

5.3.5 Axial velocity and flow rate modification at O(ε1)

In this section, we calculate the change to the axial velocity at O(ε1). Then, accounting
for the deflection of the interface, we calculate the flow rates of the two fluids through the
curved channel. The governing equation for wi,1, obtained from (5.3d), is given below:

∂2wi,1
∂x2

+ λ2∂
2wi,1
∂y2

= Rei

[
ui,1

∂wi,0
∂x

+ λvi,1
∂wi,0
∂y

]
− ∂wi,0

∂x
+ x (5.28)
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No-slip boundary conditions, applied at the walls, are

w1,1 = 0 at y = ±1; −1 ≤ x ≤ k (5.29a)

w2,1 = 0 at y = ±1; k ≤ x ≤ +1 (5.29b)

w1,1 = 0 at x = −1; −1 ≤ y ≤ +1 (5.29c)

w2,1 = 0 at x = +1; −1 ≤ y ≤ +1 (5.29d)

The boundary conditions applied at the interface (x = k; −1 ≤ y ≤ 1) are

w1,1 + f1 (y)
∂w1,0

∂x
= µ12

(
w2,1 + f1 (y)

∂w2,0

∂x

)
(5.29e)

∂w1,1

∂x
+f1 (y)

∂2w1,0

∂x2
−w1,0−λ2df1

dy

∂w1,0

∂y
=
∂w2,1

∂x
+f1 (y)

∂2w2,0

∂x2
−w2,0−λ2df1

dy

∂w2,0

∂y
(5.29f)

The solution of (5.28) to (5.29f) is obtained as a series of eigenfunctions, in a manner
similar to the solution of wi,0. Since wi,1 is an even function of y (because the inhomo-
geneous terms of (5.28) are even functions of y), the solution takes the following form:

wi,1 =
∞∑
n=0

[
gi,n (x) cos

(
(2n+ 1)

π

2
y

)]
(5.30)

where gi,n(x) satisfies the ordinary differential equations that are obtained after taking
the inner product of (5.28) with the eigenfunctions cos

(
(2n+ 1) π

2
y
)
. For each value of

n, we obtain the following equation:

d2gi,n
dx2

− λ2

(
(2n+ 1)

π

2

)2

gi,n =

1∫
−1

[
Rei

(
ui,1

∂wi,0
∂x

+ λvi,1
∂wi,0
∂y

)
− ∂wi,0

∂x
+ x

]
cos

(
(2n+ 1)

π

2
y

)
dy (5.31)

The boundary conditions for these equations are obtained by taking the inner products of
(5.29c) to (5.29f) with cos

(
(2n+ 1) π

2
y
)
.

The lengthy inhomogeneous term on the right hand side (RHS) of (5.31) does not
allow for a simple closed form particular solution. However, analytical solutions may
be readily obtained (using a symbolic package, e.g. Mathematica) if the inhomogeneity
consists of polynomials in x. To take advantage of this, we decompose the RHS of (5.31)
into a series of Chebyshev polynomials. Seven Chebyshev polynomials are sufficient
to represent this function accurately. With the inhomogeneity in this polynomial form,
(5.31) is solved to obtain gi,n(x). The convergence of the series in (5.30) is illustrated in
Appendix B.2. Four terms were found to be sufficient.
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Next, we calculate the flow rates of the two fluids. Focusing on the inner fluid, we
begin with the formula for the flow rate:

Q1 =

1∫
−1

F (y)∫
−1

w1dxdy (5.32a)

In terms of the perturbations series to O(ε1), this formula yields

Q1 =

1∫
−1

k+εf1∫
−1

(
w1,0 + εw1,1

)
dxdy (5.32b)

Expanding the integral as a series in ε, using Leibniz rule, and neglecting terms of order
higher than ε1, we obtain

Q1 = Q1,0 + ε
(
Q1,1 +Q1,f

)
=

1∫
−1

k∫
−1

(
w1,0

)
dxdy + ε

 1∫
−1

k∫
−1

(
w1,1

)
dxdy +

1∫
−1

(
f1w1,0 (x = k)

)
dy

 (5.33a)

This expression for the flow rate is composed of three parts: (i) the flow rate through a
straight channel atO(ε0): Q1,0 (ii) the change in the flow rate because of the modification
of the axial velocity: Q1,1 (iii) the change in the flow rate due to the deformation of the
interface: Q1,f . The deformed interface causes the fluids to occupy different regions of
the cross section, compared with their positions in a straight channel. The formula for
Q2 is derived analogously to that for Q1:.

Q2 = Q2,0 + ε
(
Q2,1 −Q2,f

)
=

1∫
−1

1∫
k

(
w2,0

)
dxdy + ε

 1∫
−1

1∫
k

(
w2,1

)
dxdy −

1∫
−1

(
f1w2,0 (x = k)

)
dy

 (5.33b)

Comparing (5.33a) and (5.33b), we see that the deformation of the interface has opposite
effects on the flow rates of the two fluids. If it increases the flow rate of the inner fluid, it
decreases that of the outer fluid.

Using (5.33a) and (5.33b), we can calculate the flow rates of both fluids at the spec-
ified pressure drop and holdup. These formulas are essential for performing the reverse
calculation iteratively, i.e. determining the pressure drop and holdup, when the flow rates
are specified.
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Figure 5.3: Secondary transverse flow (Dean vortices) in a rectangular channel (Dean, 1927;
Cuming, 1952). This figure depicts the helical streamlines projected onto the cross-sectional
plane. The Reynolds number is 10 and the aspect ratio is unity. The arrows indicate the direction
of secondary flow.

5.4 Analysis of the circulatory flow

5.4.1 Basic circulatory flow patterns: principal, sandwich and re-
versed vortices

Before examining the two-phase flow field, it is instructive to consider the analogous
single phase problem. At a low Reynolds number and a small curvature ratio, the fully
developed flow field consists of two counter-rotating secondary vortices (Cuming, 1952).
Fig. 5.3 is a plot of the streamlines for single phase flow, at O(ε1), projected onto the
cross-sectional (x-y) plane. These projected streamlines are contours of the stream func-
tion at O(ε1). The fluid elements execute a helical motion as they move along the curved
channel. These vortices are commonly known as Dean vortices, as they were first stud-
ied by Dean (1927) in flow through a curved channel of circular cross-section. This
secondary circulatory flow exists for any non-zero Reynolds number, and is caused by
a non-uniform distribution of centrifugal forces in the vertical (y) direction. The axial
velocity is maximum at the centerline (y = 0) and decays to zero at the vertical bounding
walls (y = ±1), where no-slip applies. Because the centrifugal force varies as the square
of the axial velocity, the fluid at the channel’s center is pushed outward (towards positive
x) more strongly than the fluid near the vertical bounding walls. This inequality of forces
causes fluid to flow outward along the centerline and recirculate along the vertical walls,
resulting in a pair of counter-rotating vortices (Fig. 5.3).

In two-phase layered flow, similar vortex motions are present within each fluid. These
circulatory flows are coupled to each other, since the tangential velocities and shear
stresses of the two viscous fluids must be equal at the interface. This coupling results
in five different flow patterns, which are discussed in this subsection.

Centrifugal forces act on the two fluids simultaneously, causing them to circulate.
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Figure 5.4: (a) Secondary vortices of the principal-principal (p-p) circulatory flow. The arrows
indicate the direction of flow. (b) Plot of vi, 1 across the cross-section at y = 0.5. Parameter
values: k = 0, Re1 = 50, Re2 = 50, µ12 = 1, λ = 1. The inner wall of the channel is at x = −1
and the outer wall is at x = +1 (cf. Fig. 5.3). The contours of ψi,1 plotted in (a) are selected to
reveal the structure of the circulatory flow. The relative magnitude of the cross-flow in each fluid
may be inferred from (b).

As fluid cannot cross the interface, one would expect to find a separate pair of counter-
rotating Dean vortices in each fluid. An example of this flow pattern is shown in Fig. 5.4a,
which depicts the secondary vortices atO(ε1), by plotting contours of the stream function
ψi,1. In this case, both fluids circulate in the same manner as they would in single phase
flow; the vortex motion is dictated solely by the centrifugal force. We call these vortices
principal vortices and name this flow pattern the principal-principal (p-p) flow.

A distinguishing feature of principal-principal (p-p) flow is that the vertical motion
(vi,1) of the fluids is in opposite directions on either side of the interface. Such a flow
would violate continuity of the velocity field, unless vi,1 is identically zero at the interface.
Fig. 5.4b shows that this is indeed the case. This figure depicts the y-component of
velocity vi,1 across the cross-section, at y = 0.5. In this figure, we see that vi,1 is zero at
five locations. Three of these zeros correspond to the inner wall, the outer wall and the
interface. The two zeros of vi,1 within each fluid correspond closely to the centers of the
principal vortices. Note that the derivative of vi,1 is positive at the two principal vortex
zeros.

The principal-principal flow pattern is a very special case, in which the circulatory
flow in the two fluids is perfectly balanced. This delicate balance occurs for a limited
set of parameter values. (In the example depicted in Fig. 5.4, the Reynolds numbers,
viscosities and volume fractions of the fluids are equal.) In a more general case, there
will be an imbalance between the two circulatory flows, with one dominating the other. In
such cases, the two fluids will not flow in opposite vertical directions near the interface.
Instead, one of the fluids will dictate the flow near the interface and drag the other fluid
along with it.
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Figure 5.5: (a) Secondary vortices of the principal-sandwich circulatory flow. (b) plot of vi,1
across the cross-section at y = 0.5. Parameter values: k = 0.1, Re1 = 50, Re2 = 35, µ12 = 2,
λ = 1.

In Fig. 5.5, an example in which the inner fluid (fluid 1) dominates the flow near the
interface is depicted. Here, the inner fluid forces the outer fluid (fluid 2) to flow along
with it, causing a local reversal of the circulatory flow within the outer fluid, near the
interface. The result is that the inner fluid contains a principal vortex while the outer
fluid has two vortices (Fig. 5.5a). A principal vortex is located away from the interface,
while adjacent to the interface there is a vortex that circulates in a direction contrary to
the influence of the centrifugal force (opposite to the principal vortex in the outer fluid).
This vortex is called a sandwich vortex and is a result of the influence of the inner fluid
on the outer one. This flow pattern is termed principal-sandwich (p-sw) flow.

The plot of vi,1 at y = 0.5 (Fig. 5.5b) confirms that the velocity is not zero at the
interface. Instead, there are now three zeros of vi,1(y = 0.5) within the fluid domains,
rather than the two that were present in principal-principal flow. The two zeros at which
the derivative of vi,1 is positive corresponds to the principal vortices. The intermediate
zero within fluid 2, at which the derivative is negative, represents the sandwich vortex.

Next, in Fig. 5.6, we illustrate a case that is the opposite of Fig. 5.5. This is sandwich-

principal (sw-p) circulatory flow, in which the outer fluid dominates near the interface
and causes a sandwich vortex to form within the inner fluid.

As the influence of one fluid on the other increases, the size of the sandwich vortex
in the dominated fluid increases, relative to its principal vortex. Eventually the principal
vortex disappears, and the flow in the dominated fluid is completely reversed. The sand-
wich vortex now occupies the entire dominated fluid, and is called a reversed vortex. An
example, in which the outer fluid is reversed, is presented in Fig. 5.7. This flow pattern
is called principal-reversed (p-r) flow. The opposite case of reversed-principal (r-p) flow
is depicted in Fig. 5.8. Here, the inner fluid is reversed. In both these cases, the plot of
vi,1 at y = 0.5 shows one zero within the domain of each fluid. The derivative is positive
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Figure 5.6: (a) Secondary vortices of the sandwich-principal circulatory flow. (b) plot of vi,1
across the cross-section at y = 0.5. Parameter values: k = −0.1, Re1 = 35, Re2 = 50,
µ12 = 1/2, λ = 1.

Figure 5.7: (a) Secondary vortices of the principal-reversed circulatory flow. (b) plot of vi,1
across the cross-section at y = 0.5. Parameter values: k = 0.3, Re1 = 50, Re2 = 20, µ12 = 3,
λ = 1.

at the zero corresponding to the principal vortex and negative at the zero corresponding
to the reversed vortex.

In this subsection, we have identified five different circulatory flow patterns: (i)
principal-principal (p-p), (ii) principal-sandwich (p-sw), (iii) sandwich-principal (sw-p),
(iv) principal-reversed (p-r) and (v) reversed-principal (r-p). Each flow pattern occurs
over a different range of parameter values. Varying the parameters affects the competi-
tion between the two fluids, and changes the flow pattern. The role of each parameter is
explained in the next subsection.

The circulatory flow field studied in this section does not include any effects of the
deformed interface. This effect occurs at the higher order of ε2; consequently the flow
at O(ε1) is plotted on the base domain with an undeformed interface. At low capillary
numbers, the deformation of the interface is very small (cf. Sec. 5.5), and its effect on
the flow can be ignored to a good approximation.

128



Figure 5.8: (a) Secondary vortices of the reversed-principal circulatory flow. (b) plot of vi,1
across the cross-section at y = 0.5. Parameter values: k = −0.3, Re1 = 20, Re2 = 50,
µ12 = 1/3, λ = 1.

Figure 5.9: Transition from principal-sandwich to principal-reversed flow as the viscosity ratio
is increased. The solid circle marks the location of the principal vortex in the outer fluid. As the
viscosity ratio is increased, the principal vortex zero shifts towards the wall, eventually coinciding
with the zero at x = 1. The parameter values are k = 0.30, Re1 = 10, Re2 = 10, λ = 1.

5.4.2 Construction of flow regime maps

In this section, we take advantage of the unique feature of each flow pattern to construct
flow regime maps. The construction of these maps is greatly simplified because of the
analytical solution obtained for the velocity field. These maps serve as a guiding tool for
identifying the parameter values at which experiments or simulations should be carried
out to obtain a desired flow pattern.

The information of the key features of each circulatory flow pattern, discussed in
Sec. 5.4.1, is contained in the plot of vi,1(x, y = 0.5) (cf. Figs. 5.4b to 5.8b). The zeros
of vi,1(x, y = 0.5) located within the two fluid domains (−1 < x < k and k < x < 1 for
fluids 1 and 2 respectively) correspond to different vortices. The nature of each vortex
can be identified by the sign of the derivative of vi,1(x, y = 0.5) at the corresponding
zero. At the transition between different flow regimes, the location of the zeros, and the
corresponding derivatives, must satisfy special conditions. Using these conditions, we
can find the boundaries of each flow regime in the parameter space.
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The simplest condition corresponds to the principal-principal (p-p) flow. In this case,
vi,1(x, y = 0.5) must be zero at the interface, x = k. Thus, the condition for (p-p) is

v1,1 (x = k, y = 0.5) = 0 (5.34a)

Next, we identify the condition for the transition from a sandwich to a reversed vortex. As
the sandwich vortex becomes larger, the principal vortex in the dominated fluid shrinks
and move closer to the wall. Thus, the zero corresponding to the principal vortex moves
towards the wall, where another zero of vi,1 is located, due to the no-slip condition. This
motion of the principal vortex zero is shown in Fig. 5.9, for the transition from principal-
sandwich (p-sw) to principal-reversed (p-r) flow, as the viscosity ratio is increased. At
the transition point, the zero of the principal vortex in fluid 2 merges with the zero at
the wall, resulting in an extremum of v2,1(y = 0.5) at the wall. Thus, at the boundary
between p-sw and p-r flow, the following condition must be satisfied:

d

dx
v2,1 (x, y = 0.5) = 0 at x = 1 (5.34b)

A similar condition marks the boundary between sw-p and r-p flow:

d

dx
v1,1 (x, y = 0.5) = 0 at x = −1 (5.34c)

Substituting the analytical solution for vi,1, derived in Sec. 5.3.3, into the critical
conditions (5.34a) to (5.34c) yields three relations among the five parameters – λ, Re1,
Re2, µ12 and k (or the holdup, α). On fixing the values of any three parameters, one
obtains a set of three curves in the plane of the remaining two free parameters. These
curves divide the parameter plane into five flow regimes, yielding a flow regime map.
Flow regimes maps on the Re1 − µ12 plane are presented in Fig. 5.10 for the case of a
square channel (λ = 1) and three different interface locations (different holdup values).
The value of Re2 is fixed at 10. Two sets of boundary curves are shown here. The
dotted curves are approximate boundaries, computed by using only the first term of the
analytical solution for vi,1 – i.e we take m = 1 and n = 1 in (5.23a) and (5.23b) and
use expression (B.6) for si,1(x) (cf. Appendix B.1). These approximate dotted curves are
relatively easy to calculate and can be obtained analytically (using symbolic computing
software, e.g Mathematica). The other set of bold curves in Fig. 5.10 are the accurate
boundaries, computed by using the converged solution for vi,1 in (5.34a) to (5.34c) (at
least five terms are used for vi,1, i.e. m = 5 and n = 5). In this case, (5.34a) to (5.34c) are
solved numerically by an iterative scheme, which uses the approximate dotted boundaries
as initial guesses.

By analyzing the flow regimes maps in Fig. 5.10, we can understand the role of each
parameter on the inter-fluid competition. This is the subject of the next subsection.
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Figure 5.10: Flow regime maps that organize of the parameter space into five flow regimes:
(1) principal-principal (p-p) (2) principal-sandwich (p-sw) (3) sandwich-principal (sw-p) (4)
principal-reversed (p-r) (5) reversed-principal (r-p). Maps are presented for three values of the
interface location (a) k = 0 (b) k = −0.15 (c) k = +0.15. In all cases Re2 = 10, λ = 1. The
dotted curves are approximate boundaries, computed analytically with an approximate one term
solution for vi,1. The bold curves are the accurate boundaries, computed numerically using the
five term converged solution for vi,1.
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5.4.3 Influence of Reynolds numbers, viscosity ratio and holdup on
inter-fluid competition

Along the p-p curve, in the flow regime maps (Fig. 5.10), the circulatory flows in the
two fluids are precisely balanced. In the other four flow regimes, one of the fluids dom-
inates the other. Fluid 1 dominates the flow in the p-sw and p-r regimes, while fluid 2
dominates in the sw-p and r-p regimes. Focusing on the line µ12 = 1, in the case of
k = 0 (Fig. 5.10a), we see that p-p flow occurs when Re1 = Re2 = 10. Increasing Re1

results in fluid 1 dominating the flow (p-sw regime), while decreasing Re1 leads to fluid
2 dominating (sw-p regime). The Reynolds number represents the relative strength of
the inertial forces (including centrifugal force), compared to viscous forces. Thus a fluid
tends to dominate the flow as its Reynolds number is increased relative to the other fluid.

Again, consider the principal-principal flow at µ12 = 1, k = 0 and Re1 = Re2 = 10,
but now vary µ12 while keeping Re1 constant. We find that fluid 1 dominates (p-sw)
if it has the higher viscosity, while fluid 2 dominates otherwise (sw-p). This effect of
viscosity is caused by its role in the balance of tangential stresses. However, the viscosity
ratio has a subtle second effect on the circulatory flow pattern, because of its influence
over the axial velocity profile. The less viscous fluid flows with a greater average axial
velocity, which results in stronger centrifugal forces within the less viscous fluid. At
a relatively large viscosity contrast, this second effect comes to the fore and promotes
the circulatory flow within the less viscous fluid. This is responsible for the minimum
(maximum) in the boundary between the p-sw and p-r (sw-p and r-p) regimes. Increasing
µ12 across the minima in Fig. 5.10a (e.g. while Re1 = 95), causes a transition from p-sw
to p-r and then back to p-sw. The first transition is due to the effect of µ12 via the interface
boundary conditions, while the second transition occurs as a result of the effect of µ12 on
the axial velocity profile. For moderate values of the viscosity ratio, the former effect is
more significant, and the more viscous fluid dominates the flow.

The effect of the holdup (α, or k since α = (k+ 1)/2), can be deduced by comparing
the three maps in Fig. 5.10. Increasing the holdup of the inner fluid (α > 1/2, k > 0),
increases the region in which it dominates (compare Fig. 5.10b and Fig. 5.10c). This
is because the effective Reynolds numbers, based on the actual width occupied by each
fluid, are given by (1 + k)3Re1 and (1 − k)3Re2, for fluids 1 and 2 respectively (c.f.
(5.2)). Similarly, the region in which the outer fluid dominates increases as the holdup of
the outer fluid is increased (k is decreased).

In summary, the fluid that dominates the flow will have one or more of these at-

tributes: (a) a higher Reynolds number (b) a greater viscosity (c) occupy a larger por-

tion of the channel. The fluid that satisfies more of these criteria, or any one of them
to a greater extent, will contain only a principal vortex, while the other fluid will have a
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Figure 5.11: Circulatory flow intensities of both fluids as a function of Re1. Parameter values:
k = 0, Re2 = 10, µ12 = 1, λ = 1. As Re1 is increased, the flow pattern changes according to
the flow regime map in Fig. 5.10a.

sandwich or reversed vortex.

5.4.4 Intensity (strength) of the circulatory flow

In this section, we compare the strength of the transverse circulatory flow in the two
fluids, for different flow regimes. To quantify the strength of the circulatory flow, we
define a circulatory flow intensity for each fluid (Ii):

I1 =

 +1∫
−1

k∫
−1

(
u2

1,1 + v2
1,1

)
dxdy


1/2

and I2 =

 +1∫
−1

+1∫
k

(
u2

2,1 + v2
2,1

)
dxdy


1/2

(5.35)
Consider the case of k = 0, µ12 = 1, Re2 = 10, λ = 1. On varying Re1 from 0.5 to
200, we encounter all five flow regimes, as shown in Fig. 5.10a. The variation in the
circulation intensities of the two fluids, as Re1 is increased, is plotted in Fig. 5.11. We
observe that the two fluids have equal intensities for the case of principal-principal flow,
i.e. when Re1 = 10. This is consistent with the fluids being in balance. For Re1 > 10,
the flow pattern changes to principal-sandwich flow, and then to principal-reversed flow
at even higher Re1 (cf. Fig. 5.10a). Fig. 5.11 shows that the circulation intensity is
stronger in fluid 1 for these flow regimes, which confirms that fluid 1 dominates the
flow. Similarly, we see that fluid 2 circulates more strongly in the sandwich-principal
and reversed-principal regimes, corresponding to Re1 < 10. These results show that
the fluid with only a principal vortex does indeed dominate the other fluid, which has a

sandwich or reversed vortex.

The non-monotonic variation of Ii (cf. Fig. 5.11) is due to the sandwich vortices.
Consider the variation of I1. At high Re1, fluid 1 contains only a principal vortex, the
strength of which depends on Re1. Thus, decreasing Re1 also decreases I1. However,
once Re1 becomes less than 10, a sandwich vortex is formed within fluid 1. The strength
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Figure 5.12: Circulatory flow intensity as a function of the aspect ratio of the channel. Parameter
values: k = 0, Re1 = 50, Re2 = 50, and µ12 = 2.

of this sandwich vortex depends on Re2, which is constant in this case. Decreasing Re1

further makes the principal vortex smaller and weaker, while the sandwich vortex, whose
strength is independent of Re1 grows. Once the sandwich vortex becomes sufficiently
large, it causes the value of I1 to rise again. This accounts for the minimum in the curve.
A similar explanation applies to the profile of I2.

5.4.5 Effect of the aspect ratio on the strength of circulations

In the previous sections, we have studied the circulatory flow in a square channel (λ = 1).
The flow patterns described will be observed for other aspect ratios as well (not too far
from unity), and the procedure outlined in Sec. 5.4.2 can be followed to construct flow
regime maps. In this section, we focus on the effect of the aspect ratio on the intensity of
circulations. This study will help improve designs for curved channels meant to enhance
mixing and mass transfer by exploiting Dean vortex flow.

In order to have a fair basis for comparing channels of different aspect ratios, the
cross sectional area of the channel is kept constant at a value of 4a2. Then a channel of
aspect ratio λ must have a width of 2a

√
λ and a height of 2a/

√
λ. If instead one kept the

width of the channel constant, then the cross sectional area for flow (4ab = 4a2/λ) will
decrease as the aspect ratio is increased. Since the applied pressure drop is the same in
all channels, the larger aspect ratio channels (with smaller area of cross section) will have
a much smaller axial flow; this in turn will result in a small intensity of circulation. To
eliminate this bias, we keep the cross-sectional area constant and change both the width
and height to obtain channels of different aspect ratios.

Another subtlety, related to the Reynolds numbers and characteristic velocity scales,
arises while comparing channels of different aspect ratios. Since the width of each chan-
nel is different, the corresponding Reynolds numbers and velocity scales will differ; these
will be equal to λ3/2Rei, and λVc,i respectively, whereRei and Vc,i are the Reynolds num-
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bers and velocity scales for a square channel. While comparing the values of the intensity
factors, we take Vc,i as the common scale. Thus the intensity factor for flow in a curved
channel, of aspect ratio λ and cross sectional area 4a2, that is driven by a pressure drop
of −GR is:

Ī1 = λ3/2

 +1∫
−1

k∫
−1

(
u2

1,1 + v2
1,1

)
dxdy


1/2

and Ī2 = λ3/2

 +1∫
−1

+1∫
k

(
u2

2,1 + v2
2,1

)
dxdy


1/2

(5.36)
In these formula, Rei is replaced by λ3/2Rei while calculating ui,1 and vi,1, to account
for the changing dimensions of the channel as the aspect ratio is varied.

In Fig. 5.12, the intensity of circulation is plotted as a function of the aspect ratio for
the case of k = 0, Re1 = 50, Re2 = 50, and µ12 = 2. In this case, fluid 1 dominates
the flow and its circulatory flow intensity is higher than that in fluid 2. Fig. 5.12 clearly
shows that the intensity of the transverse flow is strongly influenced by the choice of
the aspect ratio of the channel. Interestingly, there is a distinct peak in the circulatory
flow intensity profiles of each fluid. Moreover, the aspect ratio at which the circulation
intensity is maximum is different for each fluid. We denote these aspect ratios as λmax,i.
In Fig. 5.12, the circulation intensity in fluid 1 and fluid 2 peaks at λmax,1 = 1.17 and
λmax,2 = 1.52, respectively.

Channels designed to enhance transport by using curved sections will perform best
at high circulation intensities. Therefore, these channels should be designed with aspect
ratios close to either λmax,1 or λmax,2. Most microfluidic extraction studies reported
in the literature have been carried out in wide channels with aspect ratios about 2 and
greater. In Fig. 5.12, it can be seen that the circulation intensity in fluid 1 for λ = 2

is significantly lower than the value at λmax,1 = 1.17. Thus, curved channels that are
intended to enhance transport should be designed with an aspect ratio closer to λmax,i.
In Tab. 5.1, we present values of λmax,1 and λmax,2 for a range of parameter values. It is
found that λmax,i depends on the ratio of Reynolds numbers rather than their individual
magnitudes. In addition it is a function of the interface location (k) and the viscosity ratio
(µ12).

5.5 Deformation of the Interface

The interface between the fluids deforms in response to normal stresses associated with
centrifugal forces and the circulatory flow. This deformation is counteracted by capil-
lary forces. We investigate the shape of the interface, and its dependence on physical
parameters, in this section.
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Table 5.1: The aspect ratios at which the circulatory flow intensity (Īi) is maximum in fluid 1
(λmax,1) and fluid 2 (λmax,2).
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Figure 5.13: Pressure distribution and interface deflection corresponding to the principal-
principal vortex flow depicted in Figs. 5.4. (a) Pressure distribution at O(ε1) across the cross
section of the channel (b) the deflected interface at O(ε1). The curvature ratio is taken as ε = 0.1
and the capillary number as Ca = 5. The other parameters: k = 0, Re1 = 50, Re2 = 50,
µ12 = 1, λ = 1.

5.5.1 Generic features of the deflected interface

The pressure distribution across the cross-section of the channel and the deformation of
the interface were calculated simultaneously using the normal stress balance at O(ε1), in
Sec. 5.3.4. In Fig. 5.13, the pressure distribution and the interface configuration, atO(ε1),
are depicted for the simple case of identical fluid properties. The corresponding principal-
principal circulatory flow was illustrated in Fig. 5.4. As in the case of the circulatory flow
at O(ε1), the pressure distribution at O(ε1) is depicted on the base domain (with a flat
interface); the deflection of the interface will impact the pressure field only at O(ε2).

Fig. 5.13a clearly shows a pressure jump across the interface. At the centerline (y =

0), the pressure is higher on the inner side of the interface, which causes it to bulge
outward. Near the top and bottom walls, the pressure is slightly higher on the outer
side, causing the interface to shift marginally towards the inner wall. The new interface
shape, at O(ε1), is plotted in Fig. 5.13b. The deformed interface has a mean curvature in
the cross-sectional plane. The capillary forces associated with this curvature counter-act
the pressure jump and viscous normal stresses exerted by the flow, thus maintaining the
balance of normal stresses to O(ε1) at the interface.

Fig. 5.14 displays the deformed interface for four other cases, whose circulatory flow
is plotted in Fig. 5.5 to Fig. 5.8. These correspond to the other four flow regimes. In these
calculations the curvature ratio is taken as ε = 0.1 and the Capillary number as Ca = 5.

From Fig. 5.13b and Fig. 5.14, we identify the following generic features of the in-
terface, which are independent of the parameter values. (i) The interface is deflected
towards the outer half of the channel. (ii) The deflected interface is symmetric about the
horizontal centerline (y = 0). This is consistent with the symmetry of the axial velocity
and the circulatory flow. (iii) The deformation is maximum at the horizontal centerline
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Figure 5.14: The deflected interface corresponding to the flow patterns shown in Fig. 5.5 to
Fig. 5.8. (a) principal-sandwich: k = 0.1, Re1 = 50, Re2 = 35, µ12 = 2 (b) sandwich-principal:
k = −0.1, Re1 = 35, Re2 = 50, µ12 = 1/2 (c) principal-reversed: k = 0.3, Re1 = 50,
Re2 = 20, µ12 = 3 (d) reversed-principal: k = −0.3, Re1 = 20, Re2 = 50, µ12 = 1/3. In all
cases, ε = 0.1, Ca = 5 and λ = 1.

(y = 0). Since the axial velocity is maximum at y = 0, the centrifugal force acts most
strongly here.

As per the input specification (5.12), the holdup (volume fraction) of each fluid in
the curved channel should be the same as that in the straight channel. Fig. 5.13b and
Fig. 5.14 seem to contradict this condition, since the inner fluid is shown to occupy a
larger portion of the cross section when the channel is curved. This apparent contradiction
is resolved when we realize that the volume per unit area of cross section is lower in the
inner half of the curved channel (the volume corresponding to an element of cross-section
∆x∆y located at x is (R + x)∆θ∆x∆y and x < 0 on the inner half). Thus, the holdup
specification is indeed satisfied by the interface shapes in Fig. 5.13b and Fig. 5.14.

5.5.2 Effect of parameters on the deformation of the interface

While the basic features of the deflected interface, discussed in Sec. 5.5.1, are parameter
independent, the extent of deformation depends on the parameters. According to the per-
turbation expansion (5.13b), the magnitude of interface deformation increases linearly
with the curvature ratio, at O(ε1). In this section, we study the effect of other parame-
ters. To measure the extent of deformation, we calculate the magnitude of the difference
between the positions of the interface at the center of the channel and at the top wall, i.e.
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Figure 5.15: Variation of the extent of interface deformation as a function of the parameters.
(a) Variation with the Capillary number (Ca), for Re1 = 10. (b) Variation with the Reynolds
number of the inner fluid Re1, for Ca = 1. Three viscosity ratios are considered in each case.
Other parameter values are: k = 0, Re2 = 10, λ = 1.

∣∣f1 (0)− f1 (1)
∣∣. This quantity may be viewed as the magnitude of a three point central

difference approximation to d2f1
dy2

; it is indicative of the curvature of the interface in x− y
plane. Clearly,

∣∣f1 (0)− f1 (1)
∣∣ is zero for a flat interface.

The Capillary number (Ca) accounts for the interfacial tension acting on the inter-
face; it is the ratio of the viscous forces to capillary forces and is defined as Ca =

µ1vc/γ = Ga2/γ. When Ca is small, interfacial forces are relatively strong and the
interface is deformed to a smaller extent. This is shown in Fig. 5.15a, in which the
variation of

∣∣f1 (0)− f1 (1)
∣∣ with Ca is plotted for three different viscosity ratios. In

microchannels, (a) ranges from O(10−4) to O(10−5) meters and Ca can be very small.
As an example, layered flow of water and toluene, at equal flow rates of 200 µL/min, in
a channel of width 300 µm and height 150 µm has Ca ≈ 10−2 (Fries et al., 2008). Thus,
Fig. 5.15 implies that the interface remains relatively undeformed in layered micro flows.

Next, we consider the effect of the Reynolds number. In Fig. 5.15b,
∣∣f1 (0)− f1 (1)

∣∣
is plotted as a function of Re1, while Re2 and Ca are kept constant at 10 and unity
respectively. The extent of deformation increases as the Reynolds number increases.
This is to be expected since higher Reynolds numbers imply stronger centrifugal forces
and a stronger circulatory flow.

We can gain some insight into the effect of the vortex pattern on the interface defor-
mation, by studying the curves for different viscosity ratios in Fig. 5.15. In Fig. 5.15a,
we see that the interface deforms the least when µ12 = 1. This corresponds to principal-
principal flow. The interface deformation is larger by equal amounts in the other two
cases: µ12 = 3 and µ12 = 1/3, which correspond to principal-sandwich and sandwich-
principal flow respectively. Thus, the presence of a sandwich vortex, in either fluid,
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increases the deformation of the interface. This also explains the results in Fig. 5.15b.
Here, when Re1 > Re2, the interface deforms the most for µ12 = 3. This is because
the sandwich vortex in fluid 2 is largest in this case. Similarly, when Re1 < Re2, the
deformation is most for µ12 = 1/3, for which the sandwich vortex in fluid 1 is large.

5.6 Axial velocity and flow rates in a curved channel

5.6.1 Redistribution of axial velocity: geometric and inertial effects

The axial velocity profile (wi) in a curved channel differs from that in a straight one.
This redistribution of the axial velocity is most clearly visible in the shifted location of
the maximum of wi. The redistribution is caused by two different factors, called the
geometric and inertial effects (Picardo and Pushpavanam, 2013).

The geometric effect arises due to the difference in axial path lengths on the inner
and outer halves of the channel. On the inner side, the axial path from θ1 to θ2 is (R −
ax)(θ2 − θ1), while on the outer side it is (R + ax)(θ2 − θ1). As the path length is
shorter on the inner side, the pressure gradient is larger (dP

dθ
is constant for fully developed

flow). This causes the axial velocity to be higher on the inner half of the curved channel.
This effect is contained in the first term on the RHS of (5.3d), and is captured by the
domain perturbation equations atO(ε1) as the last term on the RHS of (5.28). In addition,
the viscous diffusion of momentum from the centerline to the walls of the channel also
causes the velocity to be higher on the inner side, where the volume per unit ∆θ is lower
(captured by the second last term on the RHS of (5.28)).

The inertial effect refers to the redistribution of axial velocity by the circulations in
the curved channel. The circulatory flow transports axial momentum, across the cross-
section, along its streamlines (cf. the terms multipled by Rei on the RHS of (5.28)). In
single phase flow, this effect shifts the maximum axial velocity towards the outer half
of the channel, since the Dean vortices flow from the inside towards the outside of the
channel, along the horizontal centerline (y = 0) (Cuming, 1952). In two-phase layered
flow, the circulatory flow will redistribute the axial velocity within each fluid separately,
as there is no flow across the interface.

The geometric and inertial effects act simultaneously, attempting to modify the axial
velocity profile in significantly different ways. Their relative importance is decided by
the values of the Reynolds numbers and curvature ratio. The inertial effect becomes more
pronounced as the Reynolds numbers are increased, since the strength of the circulatory
flow increases. The geometric effect, on the other hand depends only on the curvature
ratio. Thus at low Re, the geometric effect dictates the redistribution of axial velocity,
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Figure 5.16: Contour plots of the axial velocity in a curved channel at O(ε1), wi,0 + εwi,1. The
figures in each row are plotted for a different viscosity ratio: The first row (Figs. (a), (b), (c)) has
µ12 = 1, while the second and third rows correspond to µ12 = 3 and µ12 = 1/3, respectively. The
first column (Figs. (a), (d), (g)) depicts the axial velocity contours for flow in straight channels,
while the other two columns show the modified contours for flow in a curved channel of ε = 0.1.
The second column (Figs. (b), (e), (h)) corresponds to Re1 = Re2 = 50, while the third column
(Figs. (c), (f), (i)) corresponds to Re1 = Re2 = 200. Other parameter values: k = 0, λ = 1,
Ca = 0.2, ε = 0.1.
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Figure 5.17: Secondary circulations for the three cases studied in Fig. 5.16. (a) µ12 = 1 (b) µ12 =
3 and (c) µ12 = 1/3. The circulation streamlines atO(ε1) are the same for bothRe1 = Re2 = 50
and 200, although the magnitude of the cross flow is higher in the latter case. In these plots, the
contours of the stream function are plotted at equal intervals; the spacing between the contour
lines is indicative of the strength of circulation – less spacing implies a stronger circulatory flow.
Other parameter values: k = 0, λ = 1.

while at higher Re, the inertial effect becomes more important.

Keeping these two effects in mind, we now examine the axial velocity profile in a
curved channel for different parameter values. In Fig. 5.16, contours of the axial velocity
at O(ε1) (wi,0 + εwi,1) are plotted for nine different cases. Each row of plots corresponds
to a different viscosity ratio (µ12 = 1, 3, 1/3 respectively). The first column depicts the
contours for a straight channel (ε = 0), while the other two columns show contours for a
curved channel with a curvature ratio of (ε = 0.1). The plots in the second (third) column
correspond to a case of relatively low (high) Reynolds numbers: Re1 = Re2 = 50

(200). The streamlines of the circulatory flow corresponding to Figs. 5.16b and 5.16c are
presented in Fig. 5.17a. The circulatory flow corresponding to Figs. 5.16e and 5.16f is
depicted in Fig. 5.17b, and that of Figs. 5.16h and 5.16i is depicted in Fig. 5.17c.

In the case of Re1 = Re2 = 50 (Figs. 5.16b, 5.16e, 5.16h), the geometric effect is
dominant. Hence, the axial velocity increases on the inner side of the curved channel.
This is apparent on comparing Fig. 5.16b, Fig. 5.16e and Fig. 5.16h, for the curved chan-
nel, with Fig. 5.16a, Fig. 5.16d and Fig. 5.16g, for the straight channel, respectively. The
contours are clearly shifted towards the inner wall of the curved channel. However, the
shape of the contours remain unchanged, since the inertial effect is insignificant at these
low Reynolds numbers.

Next, we consider the case of higher Reynolds numbers, Re1 = Re2 = 200. The
axial velocity contours are plotted in the third column of Fig. 5.16 (subplots (c),(f),(i)).
The streamlines of the circulatory flow corresponding to these three cases are presented
in Fig. 5.17a, Fig. 5.17b and Fig. 5.17c, respectively. Due to the higher value of Re,
the inertial effect is dominant and the axial velocity profile is modified by the circula-
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Table 5.2: The flow rate in a curved channel at O(ε1) for parameter values corresponding to the
cases illustrated in 5.16. (Qi): flow rates in a curved channel; (Qi,0): flow rates in a straight
channel; (εQi,1): the change due to the axial velocity redistribution; (εQf,i): the change due to
the interface deformation. Other parameter values are: k = 0, λ = 1, Ca = 0.2, ε = 0.1.

tory flow. Comparing the modified axial velocity contours in Fig. 5.16c, Fig. 5.16f and
Fig. 5.16i with the corresponding contours in the straight channel, Fig. 5.16a, Fig. 5.16d
and Fig. 5.16g respectively, we see that the contours are distorted by transport of axial
momentum along the streamlines of the circulatory flow. In Fig. 5.16f, the contours are
more distorted within the inner fluid, since the circulatory flow is stronger in the inner
fluid (cf. Fig. 5.17b). Similarly, the axial velocity contours are more distorted within the
outer fluid in Fig. 5.16i, as the outer fluid has a stronger circulatory flow in this case (cf.
Fig. 5.17c).

5.6.2 Change in the flow rates of the fluids

Due to a redistribution of axial velocity, the flow rates of the fluids in a curved channel
will differ from their values in a straight channel. The flow rates are also modified by
the deformation of the interface, which changes the region of the cross section occupied
by each fluid. (As is the case throughout this chapter, the pressure drop and holdup in
the curved channel is kept the same as that in the straight channel.) In Sec. 5.3.5, we
derived formulas (5.33a) and(5.33b) for the flow rates in a curved channel (Qi), in terms
of the flow rates in a straight channel (Qi,0), the change due to axial velocity redistribu-
tion (εQi,1) and the change due to interface deformation (εQf,i). These quantities are
computed for the six curved channel flows studied in Fig. 5.16 (subplots (b), (c), (e), (f),
(h), (i)). The results are presented in Tab. 5.2. Here, the velocity in both fluids is scaled
with the same scale (Ga2/µ1) to enable a fair comparison.

The results in Tab. 2 show that the effect of the interface deformation on the flow
rates Qi,f is considerably more than that due to the axial velocity redistribution Qi,1.
However, Qi,f will decrease as the capillary number (Ca) becomes smaller, since the
interface will become flatter and less deformed (cf. Sec. 5.5.2). We also note that Q1,f is
always positive whileQ2,f is always negative. This implies that the interface deformation
increases the flow rate of the inner fluid, while decreasing that of the outer fluid. The
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interface deflects outward along the horizontal centerline (y = 0), allowing more of the
inner fluid to occupy the central portion of the channel. Since the axial velocity is higher
near the center of the channel, the flow rate of the inner fluid is increased. Tab. 2 also
shows that Q1,1 is always positive, while Q2,1 is always negative. This is caused by the
geometric effect, which increases the axial velocity on the inner half of the channel.

In addition to the effects of interfacial deformation and axial velocity redistribution,
the flow rates will be reduced by another factor at O(ε2). This reduction is due to the
energy cost of driving the circulatory flow. ThisO(ε2) effect has been observed for single
phase flow, wherein the flow rates remain unchanged at O(ε1). This is in contrast to the
present case of laterally layered flow, wherein the flow rate changes are more significant
and occur at O(ε1).

5.7 Three dimensional numerical simulations

In this section, we carry out numerical simulations of the nonlinear governing equations
(5.3a)-(5.12), for finite Reynolds numbers and curvature ratios. By comparing these
results with the perturbation solution, we identify the range of Reynolds numbers and
curvature ratios for which the first order perturbation solution is accurate. Simulations
are carried out, assuming a flat interface. This was shown in Sec. 5.5.2 to be a good
approximation when the Capillary number is small (as is the case in microchannel flows).

We have developed a numerical code to solve the nonlinear equations for fully devel-
oped, three-dimensional, two-phase flow in a curved channel. The solution is obtained by
iteratively solving a sequence of nonlinear, 2-D two-phase flows. The numerical scheme
begins with an initial guess for the velocity field. Treating the axial velocity as a known
quantity, the continuity equation (5.3a) and the momentum equations in the x and y direc-
tions (5.3b)-(5.3c) are solved to determine the 2-D circulatory flow (ui and vi). Next, the
axial velocity (wi) is updated, by substituting the calculated values of ui and vi into the
axial momentum equation (5.3d), and solving for wi. The updated wi is in turn used to
correct the circulatory flow. This procedure is repeated until the velocity fields converge.
The 2-D flow problem at each iteration is solved using the vorticity-stream function for-
mulation, with a finite difference based discretization. A 210 x 160 (x-y) grid is required
for a grid independent solution, at the Reynolds numbers investigated here (up to 600).
For quicker convergence, we used the perturbation solution as the initial guess for simu-
lations at low values of Re and ε, which in turn provided initial guesses for computations
at higher values of Re and ε.

Using the flow regime maps presented in Sec. 5.4.2, we carry out simulations for
different parameter values and obtain all five circulatory flow patterns. As an example,
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Figure 5.18: Comparison of the perturbation solution (dashed line) with numerical simulations
(solid line) for different flow regimes: plots of the cross flow component vi along the x-direction
at y = 0.5. (a) p-p: Re1 = 50, Re2 = 50, k = 0, µ12 = 1 (b) p-sw: Re1 = 50, Re2 = 35,
k = 0.1, µ12 = 2 (c) p-r: Re1 = 50, Re2 = 20, k = 0.3, µ12 = 3. Other parameter values are
λ = 1, ε = 0.1.

Figure 5.19: Comparison of the perturbation solution (dashed line) with numerical simulations
(solid line): plots of the cross flow component vi along the x-direction at y = 0.5. (a) Re1 = Re2

= 50, (b) Re1 = Re2 = 200, (c) Re1 = Re2 = 400, (d) Re1 = Re2 = 600. Other parameter values
are k = 0, µ12 = 3, λ = 1, ε = 0.1.

numerical results for principal-principal, principal-sandwich and principal-reversed flow
patterns are presented in Fig. 5.18, along with the predictions of the perturbation solution.
For ease of comparison, line plots of vi, at y = 0.5, are presented in Fig. 5.18; the cor-
responding secondary flow streamlines were presented in Fig. 5.4, Fig. 5.5 and Fig. 5.7,
in Sec. 5.4.1. We find a close match between the numerical and asymptotic results in all
these cases.

Next, we focus on the particular case of k = 0, µ12 = 3, λ = 1, ε = 0.1 (principal-
sandwich flow) and study the effect of increasing the Reynolds number of both fluids. The
numerical results, computed for Re1 and Re2 ranging from 50 to 600, are compared with
the perturbation solution in Fig. 5.19, Fig. 5.20 and Fig. 5.21. Line plots of vi, at y = 0.5,
are compared in Fig. 5.19, and line plots of wi, at y = 0.5, are compared in Fig. 5.20. We
find that the perturbation solution predicts the cross flow quite accurately up to Reynolds
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Figure 5.20: Comparison of the perturbation solution (dashed line) with numerical simulations
(solid line): plots of the the axial velocity wi along the x-direction at y = 0.5. (a) Re1 = Re2 =
50, (b) Re1 = Re2 = 200, (c) Re1 = Re2 = 400, (d) Re1 = Re2 = 600. Other parameter values are
k = 0, µ12 = 3, λ = 1, ε = 0.1.

numbers of 200 (Fig. 5.19b). On the other hand, the prediction of the axial velocity shows
some deviation from the numerical results at this Reynolds number (Fig. 5.20b). By
Rei = 400, the perturbation solution shows qualitative as well as quantitative departures
from the numerical results (Fig. 5.19c and Fig. 5.20c).

The streamlines of the circulatory flow, in each case, are presented in Fig. 5.21. The
streamlines predicted by the perturbation solution (Fig. 5.21a are independent of Re and
ε; only the magnitude of the cross-flow increases with these parameters. In reality, the
increasing strength of inertial forces causes qualitative changes in the circulation pat-
tern, which are captured by the numerical results. Comparing the cases of Rei = 50
(Fig. 5.21b) with those of Rei = 400 and 600 (Figs. 5.21d - 5.21e), we find that the
sandwich vortices shrink in size, as Rei is increased; also, the vortices in the inner fluid
develop sharper edges. These changes, however, only become significant beyond Rei =
200. Up to Rei = 200, the perturbation solution predicts the circulatory flow well (cf.
Figs. 5.21a - 5.21c).

The numerical simulations and the perturbation solution show deviations for rela-
tively high values of the curvature ratio, as well. An example is depicted in Fig. 5.22, for
ε = 0.3 and Re1 = Re2 = 50. It is important to note that the perturbation calculation is
more accurate for the same curvature ratio, if the Reynolds numbers are smaller.

The results presented in this section, along with additional simulations run for dif-
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Figure 5.21: Secondary flow streamlines, predicted by the perturbation solution and numerical
simulations for cases of increasing Reynolds numbers. The plot in (a) is the O(ε1) perturbation
solution – the streamlines are the same for allRe. The other plots are numerical simulation results
for (a) Re1 = Re2 = 50, (b) Re1 = Re2 = 200, (c) Re1 = Re2 = 400, (d) Re1 = Re2 = 600. Other
parameter values are k = 0, µ12 = 3, λ = 1, ε = 0.1.

Figure 5.22: Comparison of the perturbation solution (dashed line) with numerical simulations
(solid line) for a relatively high value of ε = 0.3. (a) plot of the cross flow component vi along
the x-direction at y = 0.5. (b) plot of the axial velocity wi along the x-direction at y = 0.5.
Other parameter values: Re1 = Re2 = 50, k = 0, µ12 = 3, λ = 1.
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ferent parameter values, have demonstrated that the perturbation solution predicts the
circulatory flow accurately, up to Reynolds number of 100-200 and curvature ratios of
about 0.2. The axial velocity predictions, however, are quantitatively accurate only up
to Rei of 50 and ε of 0.1; qualitatively, the perturbation solution matches the numerical
results for Rei of 100-200 and ε of 0.2. These limits on Rei and ε are sufficiently high
for the perturbation solution to be applied to layered flows in microchannels (Fries et al.,
2008; Znidarsic-Plazl and Plazl, 2007).

5.8 Concluding remarks

In this chapter, we have analyzed the laterally layered, fully developed flow, of two im-
miscible fluids in a curved channel. We obtained a perturbation solution for the case of
a small curvature ratio (i.e. the channel’s width is much smaller than its radius of cur-
vature) by the method of domain perturbations. This solution is valid at low Reynolds
numbers and when interfacial forces dominate gravitational effects – a regime commonly
encountered in microfluidics. It is important to note that the condition of small curvature
ratio (ε = a/R) does not necessarily imply a gently curved channel. Instead, if the width
of the channel (a) is sufficiently small, one will have a small curvature ratio despite a
finite radius of curvature.

A circulatory flow was shown to exist within each fluid, driven by centrifugal forces.
The fluids were found to be in competition, since the natural effect of centrifugal forces is
to drive the fluids in opposite directions, on either side of the interface. Depending on the
parameter values, one of the fluids dominates over the other, leading to five different vor-

tex patterns. We presented a computationally efficient method to construct flow regime

maps, using conditions for the transition between flow regimes. These maps allowed us
to understand the role of each parameter on the flow pattern.

Apart from inducing transverse circulations, the centrifugal force was shown to de-
form the interface between the fluids. The interface bulges outward along the horizontal
centerline, to an extent that increases with the Reynolds numbers and Capillary number.
The axial velocity profile was found to differ from that in a straight channel; the nature
of this velocity redistribution depends on the relative importance of the geometric and
inertial effects.

Targeted numerical simulations confirmed the accuracy of the perturbation solution
for small, but finite, values of the Reynolds numbers (up to 200) and curvature ratios
(up to 0.2). Thus the perturbation solution and the results given in this chapter, along
with the inferences drawn from them, may be applied with confidence to layered micro-
flows. These flows are encountered in solvent extraction (Assmann et al., 2013) and
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phase transfer catalysis (Aljbour et al., 2010). Carrying out these applications in curved
channels will enhance intra-fluid mixing and increase the device efficiency. The existence
of optimum aspect ratios, which maximize the strength of the cross-flow in each fluid, is
particularly significant for these applications. Most microchannels used in applications
have wide cross-sections, with aspect ratios greater than 2. In contrast, the optimum

aspect ratios were found to be closer to unity for many parameter values. Thus, it will be
beneficial to design microchannels with cross-sections closer to a square.

Throughout this chapter, we have specified the pressure drop and holdup (volume
fraction) as inputs to the calculation. In practice, however, the flow rates are easier to
specify. The calculations for specified flow rates must proceed iteratively, beginning
with guess values for the holdup and pressure drop. The formulas for the flow rates in
(5.33a) and (5.33b) will enable these calculations.

The stability of two-phase layered flow in curved channels is currently an open prob-
lem; no studies on this topic have been reported in the literature. Based on the stability
of layered flow between flat plates, we anticipate that the interface will be susceptible to
the viscosity-induced instability and the centrifugally driven Rayleigh-Taylor instability,
even at low Reynolds numbers (Boomkamp and Miesen, 1996; Yiantsios and Higgins,
1988; Barmak et al., 2016). However, these interfacial modes are stabilized by surface
tension, which may explain the observation of stable layered flows under a range of con-
ditions in microchannels (Fries et al., 2008; Kuban et al., 2002; Novak et al., 2012).
The flow can also become unstable due to increasing centrifugal forces. However, this is
possible only at relatively high Reynolds numbers, provided the channel is not very tall.
(The centrifugal instability in tall channels is analyzed in Ch. 6.) In single phase flow
through rectangular channels, the critical Reynolds number at which the two vortex flow
looses stability (bifurcating to a four vortex flow) is about 1277 (recalculated according
to the definition in this chapter), for a curvature ratio of 0.2 (Thangam and Hur, 2006).
Therefore, on the basis of existing literature and available experimental evidence (cf. Fig.
5.1), we expect the solutions presented here to be stable at low values of the Reynolds
number, the curvature ratio and the Capillary number. These conditions are the same
as those encountered in micrchannels and for which the asymptotic solution is valid. A
linear stability analysis of the steady flow field presented here will be a significant step
towards understanding the stability of layered flow in rectangular curved channels.

The theoretical analysis presented here opens up new areas for future work on layered
flows in curved channels. On the theoretical front, the stability of the flow presents
an intriguing problem. Also, the effect of different flow patterns on inter-fluid mass
transfer must be studied in order to maximize the transport enhancement afforded by the
circulatory flow. For example, it may be beneficial to have a strong principal vortex flow
in the fluid with lower solute diffusivity. Extending the solutions presented here to the
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case of arbitrary interface contact angles will make for an interesting computational fluid
dynamics study. When the contact angle is not 90 deg, then the interface will be curved
even in a straight channel, and one will have to proceed numerically. However, only a few
targeted simulations may be sufficient to understand the flow field, if the results in this
chapter are used to anticipate the types of vortex patterns and their locations in parameter
space. Experimental visualization of the circulatory flow and interface deformation in the
cross-sectional plane of a curved channel poses a significant challenge, and calls for novel
experimental techniques. Clearly, simple steady layered flow becomes quite interesting
once the channel is curved.
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CHAPTER 6

Centrifugal Instability of Layered Flows

“...mathematical analysis of physical problems frequently leads to physi-
cal ideas that become evident only after the formal analysis has been car-
ried through... (this) can best be expressed by another of von Karman’s
favorite aphorisms: Mathematics is sometimes more intelligent than the
people who use it!"

– J. Miles, An Applied Mathematician’s Apology

6.1 Introduction

The circulatory flows described in Ch. 5 become weak in tall channels, wherein the in-
fluence of the bounding walls on the axial velocity profile decreases. On the other hand,
the base flow in tall channels is susceptible to a centrifugal instability, which may give
rise to strong vortex flows, similar to the well known Taylor-Couette vortices (Drazin
and Reid, 2004; Dean, 1928b). In this chapter, we study the onset of this instability in
layered two-phase Poiseuille flow. For simplicity, the limit of an infinitely tall curved
channel is considered. In this case, the base flow is unidirectional and fully developed in
the azimuthal direction (axisymmetric), with a cylindrical interface separating the fluids.
We carry out a linear stability analysis to determine the critical Reynolds number as a
function of physical parameters and operating conditions. We also analyze features of
the secondary flow arising at the onset of instability.

Dean (1928a) was the first to show that a (single phase) fluid flowing in a curved
channel with infinitely tall walls can be destabilized by centrifugal forces. The no-slip
condition at the outer wall causes angular momentum to decrease in the outward direc-
tion. This is an inherently unstable configuration. At a sufficiently high Reynolds number
and curvature ratio (ratio of the channel’s width to the radius of curvature of the inner
wall), viscous forces are overcome and the base flow gives way to an array of axisym-
metric vortices (Drazin and Reid, 2004; Sparrow, 1964). This centrifugal instability is
analogous to that which arises in Taylor-Couette flow, in which fluid is driven by rotation
of cylindrical walls (Drazin and Reid, 2004).



Almost all prior work on the two-phase centrifugal instability has been carried out
in the context of two-phase Taylor-Couette flow (Renardy and Joseph, 1985; Baier and
Graham, 1998). Recent work by Graham and coworkers (Baier and Graham, 1998, 2000;
Baier et al., 2000; Peng and Zhu, 2010) has been motivated by applications in liquid-
liquid extraction. An important example is the separation of biological products from
a carrier stream by contact with a solvent. Dispersing one fluid in another can damage
biological molecules; hence mass transfer across layered fluids with a single interface is
preferable. Onset of secondary circulations, due to the centrifugal instability, enhances
mass transfer in these systems, while maintaining layered flow. The two-phase pressure
driven Dean flow considered here is a potential candidate for these applications.

A base state in which the fluids are laterally layered may be realized when centrifu-
gal forces are strong enough to overcome gravitational forces and to prevent capillary
breakup of the interface due to interfacial tension forces. In two-phase Taylor-Couette
flow, this is achieved by rotating the cylinders sufficiently rapidly. In the present two-
phase Dean problem, the strength of centrifugal forces depends on the velocity of the
pressure driven flow, which scales linearly with the pressure drop applied across the
curved channel: vc = Gd2

µ
where G is the pressure drop per unit length, d is the channel

width and µ is the mean viscosity of the fluids. Thus, centrifugal forces will dominate
gravity when v2c

gR
� 1 or G2d4

µ2gR
� 1, where R is the radius of the inner wall. Baier and

Graham (1998) found that capillary breakup of the cylindrical interface in Taylor-Couette
flow is prevented when (ρ1−ρ2)(ΩRi)

2Ri

γ
� 1, where Ω is the angular velocity of the cylin-

ders, Ri is the location of the interface and ρ1, ρ2 are the densities of the inner and outer
fluids respectively. Analogously, we expect a layered base state in two-phase Dean flow
if (ρ1−ρ2)G2d4Ri

µ21γ
� 1.

Previous work on two-phase Dean flow has been carried out by Gelfgat et al. (2001).
However, we find that their results significantly over-predict the critical Reynolds num-
ber. An incomplete set of recombined Chebyshev functions were used as a basis in their
Galerkin spectral method. Hence, the most dangerous modes were not described ac-
curately. In this work we adopt their basic Galerkin spectral technique, but construct
a complete set of recombined Chebyshev functions, which are used as a basis for the
two-fluid domain. The results of this method are cross-checked with a standard shooting
technique.

While our focus in this work is on the centrifugal instability, the base flow is sus-
ceptible to other instabilities as well. These include interfacial and non-interfacial in-
stabilities. In interfacial instabilities, deformation of the interface plays a key role and
drives the secondary flow. The Rayleigh-Taylor instability (Chandrasekhar, 1961) (due to
centrifugal acceleration rather than gravitational), the capillary (Rayleigh-Plateau) insta-
bility (Johns and Narayanan, 2002) and the long wave and short wave viscosity-induced
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instabilities are interfacial modes. The viscosity-induced modes originate from the dif-
ference in viscosities of the two fluids. The perturbations grow as a result of a transfer
of energy from the base flow to the disturbance flow, via the action of viscous tangential
stresses (Boomkamp and Miesen, 1996; Govindarajan and Sahu, 2014). The category of
non-interfacial modes includes the centrifugal instability and the shear instability. While
the centrifugal instability is exclusively associated with curved channels, the shear insta-
bility occurs in straight channels as well (Yiantsios and Higgins, 1988; Boomkamp and
Miesen, 1996) and is of the Tollmien-Schlichting type (Drazin and Reid, 2004). This
instability occurs at a much higher value of the Reynolds number, compared to the other
instability modes. In this classification, gravitational acceleration is neglected in com-
parison to centrifugal acceleration – an assumption that is maintained throughout this
work.

To accurately interpret the results of a general linear stability analysis, in which all
instabilities are significant, one must be able to distinguish these different instability
modes. This requires a knowledge of their characteristic features, which can be obtained
by studying simpler problems involving only a few modes. The literature contains de-
tailed information on all these modes, except the two-phase centrifugal instability. Our
aim, in this work, is to analyze the centrifugal mode in detail, under conditions when it
dominates and is the primary source of instability.

Hence, we focus on the limit of small Capillary numbers (Ca) (relatively strong sur-
face tension forces). In this case, the viscosity-induced and Rayleigh-Taylor modes are
suppressed by surface tension. The shear mode is unimportant since, in a curved chan-
nel, the centrifugal instability becomes unstable at much lower Reynolds numbers. (Gib-
son and Cook (1974) have shown for single-phase flow that the curvature ratio must be
smaller than 2.179× 10−5 for the shear mode to be important at the onset of instability.)
The capillary instability is also excluded if the curved walls of the channel have a radii of
curvature larger than their height divided by 2π (Johns and Narayanan, 2002). We shall
assume this to be the case, with the understanding that the width of the channel is still
sufficiently small compared to its height to allow its approximation by infinite cylinders.
Thus, in the limit of small Ca, the centrifugal instability dominates the system.

This chapter is organized as follows. The governing dynamic equations are presented
in Sec. 6.2 and linearized about the base state in Sec. 6.3. We then simplify the linear
equations in the limit of small Capillary numbers (Sec. 6.4). The resulting eigenvalue
problem is solved in Sec. 6.5. We begin our analysis in Sec. 6.6 with a discussion of
the mechanism of instability, along with Rayleigh’s stability criterion. In Sec. 6.7, some
important definitions of critical parameters are given. The different types of instability
modes (from stationary toroidal vortices to rotating spirals) are presented and classified
in Sec. 6.8. We discuss the effect of the curvature ratio in Sec. 6.10 before analyzing
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Figure 6.1: Schematic of the flow system consisting of laterally stratified two-phase Poiseuille
flow in an infinitely tall curved channel. A cylindrical coordinate system (r, z, θ) is adopted. The
positive z axis is perpendicular to the plane of the paper and extends outward.

the effect of other parameters in Sec. 6.11. Here, we pay close attention to transitions
(mode switching) that occur between different types of instability modes as parameters
are varied. In Sec. 6.12, we investigate the impact of interchanging the location of the
two fluids on the system’s stability. We conclude in Sec. 6.13, by summarizing the key
results and discussing their significance.

6.2 Governing dynamic equations

A schematic of the flow system is depicted in Fig. 6.1, along with the cylindrical coordi-
nate system (r, z, θ) adopted in the analysis. The z axis is perpendicular to the plane of
the paper and extends to infinity.

The two fluids are radially stratified and the flow is driven by a pressure gradient
imposed along the azimuthal direction. The base steady state (whose stability is to be
determined) has a unidirectional, azimuthal flow. The velocity varies radially across the
gap between the two cylinders. The inner and outer fluids are labeled 1 and 2 respectively.
R∗ is the radius of the inner cylinder, d∗ is the gap width and b∗ is the width occupied by
the inner fluid. The ratio of the gap width (d∗) to the radius of the inner cylinder (R∗) is
the curvature ratio (a). a = 0 represents the case of parallel flat plates. The superscript
(∗) denotes dimensional quantities.

The governing dynamic equations (6.1) consist of the Continuity equation and the
Navier-Stokes equations, in cylindrical coordinates.

∇∗ · v∗i = 0 (6.1a)

ρ∗
(
∂v∗i
∂t∗

+ v∗i · ∇∗v∗i
)

= −∇∗ (−G∗R∗θ + p∗i ) + µ∗∇∗2v∗i (6.1b)

Here, bold face symbols denote vectorial quantities. The subscript (i) takes the values 1
and 2 to denote the inner and outer fluids respectively. (−G∗R∗) is the constant azimuthal
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derivative of pressure, which drives the unidirectional flow in the base state. All addi-
tional pressure variations are contained in p∗i . In the base state, p∗i is independent of z∗

and because the base flow is azimuthal and fully developed. It is however an increasing
function of r∗, since the outward centrifugal force is balanced by the pressure distribution
in the base state. These equations are subject to the following boundary conditions in the
radial direction. The no-slip condition at both lateral walls gives

v∗1 = 0 at r∗ = R∗ (6.2a)

v∗2 = 0 at r∗ = R∗ + d∗ (6.2b)

Let the position of the interface be given by H∗(z∗, θ∗) , with H∗ = b∗ in the base state.
Then continuity of the velocity field at the interface implies

v∗1 = v∗2 at r∗ = H∗ (6.3)

The normal and tangential stress balances at the interface (r∗ = H∗) read as (cf. Ch. 2
of Leal (2007))

p∗1 − p∗2 +
[
(n · n ·D∗2)− (n · n ·D∗1)

]
= γ∗ (∇ · n) (6.4)

n ·D∗2 − (n · n ·D∗2)n = n ·D∗1 − (n · n ·D∗1)n (6.5)

Here, D∗i is the deviatoric stress tensor and γ∗ is the surface tension. n is the unit normal
to the interface, directed into fluid 2. Denoting the unit vectors in the three coordinate
directions as ex, eθ and ez, we have

n =

(
er −

∂H∗

∂z∗
ez −

1

R∗
∂H∗

∂θ
eθ

)(
1 +

(
∂H∗

∂z∗

)2

+

(
1

R∗
∂H∗

∂t

)2
)−1/2

(6.6)

Finally, the kinematic condition must be satisfied at the interface.

v1 ·
(
er −

∂H∗

∂z∗
ez −

1

R∗
∂H∗

∂θ
eθ

)
=
∂H∗

∂t
(6.7)

Boundary effects in the z and θ directions are neglected in this stability analysis. The
impact of this assumption on the form of perturbations is discussed in Sec. 6.3.

The pressure scale (G∗d∗) and the gap width (d∗) are used to non-dimensionalize
these equations. Since the base flow is stable when viscous forces dominate, we adopt a
viscous scale for the velocity. Specifically, the velocity is scaled by G∗d∗2/12µ∗1, which
is the average velocity of fluid 1 when it flows in a unidirectional, fully developed manner
between flat plates with a gap width of d∗. The dimensionless parameters that describe
the system are the Reynolds number, Capillary number, curvature ratio, position of the
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interface and ratios of viscosities and densities of the two fluids.

Re =
G∗d∗3ρ1

12µ2
1

, Ca =
G∗d∗2

12γ
, a =

d∗

R∗
, b =

b∗

d∗
, µ12 =

µ1

µ2

, ρ12 =
ρ1

ρ2

(6.8)

To simplify the governing equations while retaining the essential physics, we make
the narrow gap approximation or the gentle curvature approximation, which assumes that
d∗ � R∗ or a � 1. Effectively, this approximation eliminates the effect of curvature on
the base flow but retains it in the linearized evolution equations; it is often used in the
analysis of curved channel flows (Dean, 1928a; Reid, 1958). A detailed discussion of
this assumption is presented in Appendix C.

For convenience, the radial coordinate r∗ is transformed to x, defined as x = (r∗ −
R∗)/d∗. The inner and outer walls of the curved channel correspond to x = 0 and x = 1

respectively. The non-dimensional equations, after transforming r∗ to x and making the
narrow gap approximation, reduce to the following

∂ui
∂x

+ a
∂vi
∂t

+
∂wi
∂z

= 0 (6.9a)

Reρ1i

µ1i

[
∂ui
∂t

+ ui
∂ui
∂x

+ avi
∂ui
∂θ

+ wi
∂ui
∂z
− avi2

]
= −12µ1i

∂pi
∂x

+
∂2ui
∂x2

+ a2∂
2ui
∂θ2

+
∂2ui
∂z2

(6.9b)

Reρ1i

µ1i

[
∂wi
∂t

+ ui
∂wi
∂x

+ avi
∂wi
∂θ

+ wi
∂wi
∂z

]
= −12µ1i

∂pi
∂z

+
∂2wi
∂x2

+ a2∂
2wi
∂θ2

+
∂2wi
∂z2

(6.9c)

Reρ1i

µ1i

[
∂vi
∂t

+ ui
∂vi
∂x

+ avi
∂vi
∂θ

+ wi
∂vi
∂z

+ auivi

]
=

12µ1i − 12aµ1i
∂pi
∂θ

+
∂2vi
∂x2

+ a2∂
2vi
∂θ2

+
∂2vi
∂z2

(6.9d)

Here (u,w, v) are the non-dimensional velocities in the (x, z, θ) directions respectively.
Note that in spite of assuming a to be small, we have retained terms involving (aRe). This
is because the flow becomes unstable as Re is increased, and its value can be sufficiently
large for terms involving (aRe) to contribute. We have also retained terms of the form
a ∂
∂θ

and a2 ∂2

∂θ2
, in order to account for short wavelength azimuthal disturbances.

6.3 Linearization

The base steady state consists of unidirectional fully developed (axisymmetric) flow in
the azimuthal direction, i.e. v̄i = Vi (x) eθ, where the azimuthal base velocity field is
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given by:

V1 =
6x
[
b2 (1− µ12) + µ12

][
b (1− µ12) + µ12

] − 6x2 (6.10a)

V2 = µ12V1 +
6µ12b (1− b) (1− µ12)[
b (1− µ12) + µ12

] (6.10b)

Note that the base flow profile is a function of the interface position and the viscosity
ratio alone and not of the Reynolds number or the density ratio. The pressure distribution
in the base state is given by − θ

a
+ Pi (x) where pi = Pi (x) and may be determined from

the momentum balance in the radial direction

dPi
dx

=
Rei
ρ1i

(
aV 2

i

12

)
(6.11)

The governing equations (6.9) are linearized about the base state (6.10) by consider-
ing infinitesimally small perturbations to the base velocity and pressure fields:

ui = ε ûi (x) exp
[
i(kz +mθ) + ωt

]
(6.12a)

wi = ε ŵi (x) exp
[
i(kz +mθ) + ωt

]
(6.12b)

vi = Vi(x) + ε v̂i (x) exp
[
i(kz +mθ) + ωt

]
(6.12c)

pi = −θ
a
Pi(x) + ε p̂i (x) exp

[
i(kz +mθ) + ωt

]
(6.12d)

H = b+ ε h (x) exp
[
i(kz +mθ) + ωt

]
(6.12e)

Here ε is the infinitesimal magnitude of the perturbations (ε � 1), which have typical
normal mode forms. k and m are wave numbers in the z direction and the azimuthal di-
rection respectively. Since we focus on a temporal stability analysis, these wave numbers
are restricted to real values while ω can be complex. Since the cylindrical walls extend
to infinity in the z direction, the axial wavenumber is real, i.e. k ∈ R.

In the azimuthal direction, boundary conditions must be imposed at the inlet and out-
let of the curved channel. We have assumed periodic boundary conditions on the pertur-
bations to facilitate a stability analysis using normal modes of the form exp

[
i(kz +mθ) + ωt

]
.

The permissible values of the azimuthal wavenumber m depend on the length of the
curved channel. If the arc length of the inner wall is θLR∗, then the azimuthal wavenum-
ber m assumes a discrete set of real values given by 2πn/θL with n = 1, 2, 3... In order
to study the maximum number of azimuthal modes, we consider the limiting case of
θL = 2π, which corresponds to m = n = 1, 2, 3... In a practical curved channel θL will
be less than 2π, and some modes will be disallowed; e.g. if L = π then m = 2n = 2, 4...

and only even numbered modes are permitted.
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The real part of ω (Re[ω]) is the growth rate; it describes the temporal growth/decay
of the disturbance. The imaginary part of ω (Im[ω]) determines the temporal nature of
the mode. If Im[ω] = 0, then the normal mode represents a stationary spatial wave, else
it is a travelling wave that propagates in the direction ker + meθ with a phase speed of
-Im[ω] (k2 +m2)−1/2.

On substituting (6.12) into (6.9) and linearizing (retaining terms of O(ε1)), we obtain
the following equations for the radial dependence of the perturbations

dûi
dx

+ iamv̂i + ikŵi = 0 (6.13a)

Reµ1i

ρ1i

[ωûi + iamViû− 2aViv̂i] = −12µ1i
dp̂i
dx

+
d2ûi
dx2
−
(
a2m2 + k2

)
ûi (6.13b)

Reµ1i

ρ1i

[ωŵi + iamViŵi] = −12mu1i (ikp̂i) +
d2ŵi
dx2
−
(
a2m2 + k2

)
ŵi (6.13c)

Reµ1i

ρ1i

[
ωv̂i +

∂Vi
∂x

ûi + iamViv̂i + aViûi

]
= −12µ1i (iamp̂i) +

d2v̂i
dx2
−
(
a2m2 + k2

)
v̂i

(6.13d)

The boundary conditions for these equations are derived from (6.2) to (6.7), by lineariz-
ing and making the gentle curvature approximation. At the walls, we have

û1 = v̂1 = ŵ1 = 0 at x = 0 (6.14a)

û2 = v̂2 = ŵ2 = 0 at x = 1 (6.14b)

The interface boundary conditions, linearized by the method of domain perturbations
(Johns and Narayanan, 2002; Leal, 2007), are applied at x = b.

û1 = û2 (6.14c)

ŵ1 = ŵ2 (6.14d)

v̂1 + h
dV1

dx
= v̂2 + h

dV2

dx
(6.14e)

û1 − imaV1h = ωh (6.14f)

µ12

(
ikû1 +

dŵ1

dx

)
=

(
ikû2 +

dŵ2

dx

)
(6.14g)

µ12

(
dv̂1

dx
+ imaû1

)
=
dv̂2

dx
+ imaû2 (6.14h)

12 (p̂1 − p̂2) + 2

(
1

Mµ12

dû2

dx
− dû1

dx

)
=

1

Ca

(
−a2 + k2 + a2m2

)
h (6.14i)

Equations (6.13) to (6.14) constitute an eigenvalue problem in which (ω) is the complex
eigenvalue. On solving this eigenvalue problem for a specified disturbance mode (de-
fined by the wave numbers k and m) and fixed parameter values, a spectrum of complex
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eigenvalues is obtained. The entire spectrum must be in the left half of the complex plane
(Re[ω] ≤ 0) for the system to be stable to the disturbance. The onset of instability occurs
when the real part of one or more eigenvalues first becomes zero. The modes correspond-
ing to these critical eigenvalues are called critical modes; they determine the nature of
the secondary flow close to the onset of instability (Cross and Greenside, 2009).

6.4 Limit of small Capillary number

In this work, we consider the limit of small capillary numbers (Ca � 1), for which
interfacial deformation does not impact the onset of instability or the secondary flow
significantly. To derive simplified equations for this limit, we expand the eigenfunctions
ûi, v̂i, ŵi, p̂i, h as power series in Ca, as follows

{ûi, v̂i, ŵi, p̂i} =
{
ûi,0, v̂i,0, ŵi,0, p̂i,0

}
+ Ca

{
ûi,0, v̂i,0, ŵi,0, p̂i,0

}
+O(Ca2)

(6.15a)

h = h0 + Cah1 +O(Ca2) (6.15b)

Substituting these expansions into (6.13)-(6.14), and equating coefficients of like powers
of Ca, we obtain a sequence of linear equations for every order of the expansion. The do-
main equations remain unchanged, as they do not contain Ca. The boundary conditions
however are simplified. At O(Ca0), the normal stress condition (6.14i) reduces to:

(
−a2 + k2 + a2m2

)
h0 = 0 (6.16)

This equation implies that the interface is undeformed at O(Ca0), i.e. h0 = 0, unless the
prefactor (−a2 + k2 + a2m2) is zero. The latter case occur only when the disturbance is
axisymmetric (m = 0) and if k = a. This condition on k corresponds to the cut off axial
wavenumber for the capillary instability (Johns and Narayanan, 2002); a curved interface
is unstable to capillary breakup when k < a, or the axial wavelength (2πd∗/k) is greater
than the circumference of the circular interface (≈ 2πR∗). The coefficients in the series
expansion of h (6.15b) can be determined only if k 6= a. This is guaranteed if the height
of the cylindrical walls (L) is less than the circumference of the inner cylinder (2πR∗),
i.e. if k > a. This condition effectively stabilizes the system to the capillary instability
(Johns and Narayanan, 2002) and ensures that interfacial deformations are negligibly
small as Ca approaches zero. Note that even with this restriction on the height of the
walls (L), we may approximate them as semi-infinite cylinders provided d∗ � L < R∗.
Under these conditions, the prefactor (−a2 + k2 + a2m2) is nonzero and positive and
(6.16) yields h0 = 0.

Thus for small capillary numbers, the stability threshold of the system and the crit-
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ical eigenmodes can be approximated by analyzing the problem with a non-deforming
interface. The simplified boundary conditions at the interface, at O(Ca0), are

û1,0 = û2,0 = 0 (6.17a)

ŵ1,0 = û2,0 (6.17b)

v̂1,0 = û2,0 (6.17c)

µ12

(
ikû1,0 +

dŵ1,0

dx

)
=

(
ikû2,0 +

dŵ2,0

dx

)
(6.17d)

µ12

(
dv̂1,0

dx
+ imaû1,0

)
=
dv̂2,0

dx
+ imaû2,0 (6.17e)

At the walls, we have

û1,0 = v̂1,0 = ŵ1,0 = 0 (6.17f)

û2,0 = v̂2,0 = ŵ2,0 = 0 (6.17g)

These boundary conditions, along with the linearized domain equations (6.13) atO(Ca0),
specify the eigenvalue problem for ûi,0, v̂i,0, ŵi,0, p̂i,0.

In this work, we do not proceed to calculate the corrections to the eigenfunction
and growth rate at higher orders in Ca. However, the first approximation to the small
deformations of the interface can be calculated, without extra effort, from the normal
stress condition (6.14i) at O(Ca).

h1 =
1

(−a2 + k2 + a2m2)

[
12
(
p̂1,0 − p̂2,0

)
+ 2

(
1

mu12

dû2,0

dx
− dû1,0

dx

)]
at x = b

(6.18)
Since, ûi,0 and p̂i,0 are known from the solution of the zeroth order problem, (6.18) pro-
vides an explicit formula for evaluating h1, the deformation of the interface at O(Ca).

6.5 Solution of the eigenvalue problem

In this section, we solve the eigenvalue problem to O(Ca0) by applying two numerical
schemes - a novel two-phase RCGS method and a standard shooting method. Firstly,
(6.13) are simplified by eliminating p̂i,0 using (6.13a) and ŵi,0 using (6.13c). These
manipulations result in a fourth order equation for ûi,0 and a second order equation for
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v̂i,0:

ω

[
Reiµ1i

ρ1i

(
a2m2 + k2

)
k2

ûi,0 −
Reiµ1i

ρ1i

1

k2

d2ûi,0
dx2

]
= − 1

k2

d4ûi,0
dx4

+

[
2

(
a2m2 + k2

)
k2

+
Reiµ1i

ρ1i

am

k2
Vii

]
d2ûi,0
dx2

−

[
Reiµ1i

ρ1i

a2m

k2
Vii

]
dûi,0
dx

−

(a2m2 + k2
)2

k2
+
Reiµ1i

ρ1i

am
(
a2m2 + k2

)
k2

Vii+
Reiµ1i

ρ1i

am

k2

(
d2Vi
dx2

+ a
dVi
dx

)
i

 ûi,0
+

[
Reiµ1i

ρ1i

2aVi
(
a2m2 + k2

)
k2

]
v̂i,0

(6.19a)

ω

−Reiµ1i

ρ1i

(
am

k2
i

)
dûi,0
dx

+
Reiµ1i

ρ1i

(
1 +

a2m2

k2

)
v̂i,0

 = −
[
am

k2
i

]
d3ûi,0
dx3

+

[
am

k2

(
a2m2 + k2

)
i− Reiµ1i

ρ1i

a2m2

k2
Vi

]
dûi,0
dx
−

[
Reiµ1i

ρ1i

(
dVi
dx

+ aVi

)]
ûi,0

+

[
1 +

a2m2

k2

]
d2v̂i,0
dx2

−

(a2m2 + k2
)2

k2
+
Reiµ1i

ρ1i

amVi

(
a2m2 + k2

)
k2

i

 v̂i,0 (6.19b)

The boundary conditions for (6.19) are obtained from (6.17). For ûi,0, the following
conditions are obtained:

û1,0 =
dû1,0

dx
= 0 at x = 0 (6.20a)

û2,0 =
dû2,0

dx
= 0 at x = 1 (6.20b)

û1,0 = û2,0 = 0 at x = b (6.20c)
dû1,0

dx
=
dû2,0

dx
at x = b (6.20d)

µ12
d2û1,0

dx2
=
d2û2,0

dx2
at x = b (6.20e)

The conditions on v̂i,0 follow:

v̂1,0 = 0 at x = 0 (6.21a)

v̂2,0 = 0 at x = 1 (6.21b)

v̂1,0 = v̂2,0 at x = b (6.21c)

µ12
dv̂1,0

dx
=
dv̂2,0

dx
at x = b (6.21d)
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Here, the conditions on the first derivative of ûi,0 are derived from the boundary condi-
tions on ŵi,0. This eigenvalue problem (6.19)-(6.21) is solved numerically, as described
in subsections 6.5.1 and 6.5.2.

6.5.1 Two-phase Recombined Chebyshev Galerkin Spectral (RCGS)
method

In this method a set of basis functions, which analytically satisfy all the boundary con-
ditions of the eigenvalue problem, is constructed from combinations of Chebyshev func-
tions. Using this “recombined” basis set, the Galerkin procedure is applied to obtain a
matrix eigenvalue problem, which is readily solved by QZ decomposition. While this
conceptual framework has been in place for several years, it is only with the recent and
rapid increase of computer memory that it has become a viable numerical strategy. This
has coincided with the development of symbolic computing packages, such as Mathe-
matica, which may be used to construct the basis set easily and implement the entire
procedure efficiently. The revival of this method is largely due to Gelfgat and coworkers,
who have successfully applied it to single-phase problems (Gelfgat and Tanasawa, 1994;
Gelfgat et al., 1999; Gelfgat, 2001).

The two-phase RCGS method is explained in detail in Appendix D. Here, we outline
the procedure in brief. The functions û1,0 and û2,0, defined on [0, b] and [b, 1] respectively,
are combined into a single vector function û0 = (û1,0, û2,0)T defined over the entire
domain [0, 1]. Similarly, we define v̂0 = (v̂1,0, v̂2,0)T. Here the superscript T denotes
the transpose operation. û0 and v̂0 belong to the direct sum Hilbert space L2[0, b] ⊕
L2[b, 1]. These vectors are expanded in terms of basis sets

{
φu,n

}∞
n=0

and
{
φv,n

}∞
n=0

respectively.

û0 =
N∑
n=0

cnφu,n and v̂0 =
N∑
n=0

dnφv,n (6.22)

Each φu,n satisfies the boundary conditions on û1,0 and û2,0 (6.20), while each φu,n

satisfies the boundary conditions on û1,0 and û2,0 (6.21). The construction of these basis
functions are described in Appendix D.2.

The Galerkin procedure is then applied to discretize (6.19). The inner products are
evaluated using Gaussian quadrature (cf. Appendix D.1). This results in a generalized
matrix eigenvalue problem:

Ax = ωBx (6.23)

x is the vector of 2(N + 1) unknown coefficients: {cn}Nn=0 ∪ {dn}
N
n=0. A and B are

square, non-singular matrices of dimension 2(N + 1)× 2(N + 1). Non-singularity of B
is a particular advantage of the two-phase RCGS method over traditional collocation or
Tau spectral methods.
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The matrix eigenvalue problem (6.23) is solved by QZ-decomposition (zgeev routine
of LAPACK) to yield a set of eigenvalues that approximate the point spectrum of the dif-
ferential eigenvalue problem (6.19)-(6.21). For some parameter values, a single positive
spurious eigenvalue is obtained from the computation. It is typically two orders of mag-
nitude greater than the true eigenvalues and thus can be easily identified and eliminated.

Results of the RCGS method are crosschecked with those obtained using a shooting
method with orthonormalization. The shooting technique is described in subsection 6.5.2.
The two methods are in good agreement, as demonstrated by the example presented
in Appendix D.3. Numerical results demonstrating the convergence characteristics of
the two-phase RCGS method are also presented in Appendix D.3. Twenty four basis
functions are found to provide sufficient accuracy for all the cases considered in this
work.

6.5.2 Shooting method with orthonormalization

We also use a shooting method with orthonormalization to solve (6.19)-(6.21). This
method is based on a technique described by Conte (1966). A similar approach has been
used successfully to solve the single phase Orr-Sommerfeld equations (Schmid and Hen-
ningson, 2001; Drazin and Reid, 2004) and to study the stability of two-phase layered
plane Poiseuille flow (Hooper, 1989). This method is fundamentally different from the
spectral method discussed in Sec. 6.5.1. It is an iterative local method that, rather than
approximating the entire spectrum, allows the determination of a single eigenvalue start-
ing from an initial guess. Alternatively, the marginal Reynolds number, which marks the
stability boundary, can be directly identified by setting the growth rate to zero (Re[ω] = 0)
and treating the Reynolds number as an eigenvalue. The smallest value of the Reynolds
number obtained from the shooting method is the marginal Reynolds number.

6.6 Rayleigh’s criterion implies instability prone outer
layer

The centrifugal instability is caused by an unstable stratification of angular momentum
in any one (or both) of the fluids. If the angular momentum of the base flow, xVi(x),
decreases radially outward, then centrifugal forces have a tendency to induce circulations
and destabilize the flow (Drazin and Reid, 2004). This situation is analogous to the case
of a density stratified fluid at rest in a gravitational field. If the density decreases in the
direction of the gravitational force, then the stationary state is unstable.

For the case of single-phase inviscid flow in a curved channel, Rayleigh’s criterion
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gives a formal stability condition (Drazin and Reid, 2004). It is valid for axisymmetric
disturbances. This single phase result may be directly extended to the case of layered
inviscid fluids, if the regime of small Ca is considered, wherein interfacial deformation
is negligible. Here, Rayleigh’s criterion may be applied separately to each fluid, since
the linear stability equations for the two fluids are independent and individually identi-
cal to the single-phase equations. The criterion is based on the value of the Rayleigh
discriminant Φi(x) in each fluid, which is given by

Φi(x) =
1

x3

d

dx

(
xVi (x)

)2 (6.24)

If Φi(x) < 0 within the domain of either fluid, then the inviscid base flow is unstable. In
the case of viscous fluids the flow is stabilized by viscous dampening at low Reynolds
number. However, when the Reynolds number exceeds a critical value, the centrifugal
instability will set in.

In Fig. 6.2, the base velocity profiles (6.10) and the corresponding values of the
Rayleigh discriminant are plotted for different viscosity ratios. Φi(x) varies considerably
across the channel and is discontinuous at the interface when the fluids have different vis-
cosities. (This is induced by the balance of tangential stresses, cf. (6.5).) Fig. 6.2 shows
that Φi(x) is generally positive near the inner wall and negative near the outer wall. This
is because the velocity is zero at both walls (no-slip condition); as we move from the in-
ner to the outer wall, the velocity first increases, attains a maximum, and then decreases
again. Φi(x) can also be negative in the inner fluid, if the maximum is located within the
inner fluid. This occurs when µ12 < 1 (e.g. µ12 = 1/5 in Fig. 6.2) or b < 1/2. In all
cases, as Φi(x) < 0 in some part of the flow, the centrifugal instability will destabilize
the base state when the Reynolds number exceeds a critical value.

The regions where Φi(x) < 0 are said to be locally unstable while the regions of
positive Φi(x) are termed locally stable. In single-phase flow, it has been shown that the
magnitude of the secondary flow at the onset of instability is greater within the locally
unstable regions (Reid, 1958; Drazin and Reid, 2004). Extending this to two-phase flows,
one can expect a stronger secondary flow within the fluid layer with a more negative
value of Φi(x). This has been confirmed for two-phase Taylor-Couette flow by Baier
and Graham (1998). Based on Fig. 6.2, we expect a stronger secondary flow within the

outer fluid for a majority of parameter values. Physically, this implies that the outer fluid

has a more unstable stratification of angular momentum, even if the fluids have similar
properties.
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Figure 6.2: Plots of the base velocity profile for different viscosity ratios and the corresponding
profiles of the Rayleigh discriminant Φi(x). In the plot for µ12 = 1/5, the velocity has been
rescaled with µ2 to facilitate a clear comparison with the plot for µ12 = 5.

Figure 6.3: Marginal Reynolds number (Remg) for various disturbance modes. The minimum
of each curve corresponds to the least marginal Reynolds number (Rec,m) at each value of m.
These are Rec,m = 255.92, kc,m = 4.85 (m = 0); Rec,m = 256.87, kc,m = 4.88 (m = 1);
Rec,m = 259.69, kc,m = 4.95 (m = 2). The critical mode in this case is mc = 0, kc = 4.85,
Rec = 255.92, which is axisymmetric. Parameter values: µ12 = 0.5, ρ12 = 0.5, b = 0.5,
a = 0.1.

6.7 Definition of marginal and critical Re

We now define some key stability parameters that are used in the presentation of results.
For a specified disturbance mode (fixed values of k and m) and fixed values of physical
parameters, the Reynolds number at which the maximum of Re[ω] (growth rate) is zero is
defined as the marginal Reynolds number (Remg). The system is unstable to the specified
disturbance for all Reynolds numbers greater than Remg. Clearly, the marginal Reynolds
number is a function of the disturbance (k and m).

In Fig. 6.3, the marginal Reynolds number is plotted for different disturbance modes,
for the case of µ12 = 0.5, ρ12 = 0.5, b = 0.5, a = 0.1. These are the neutral stability
curves. For a given azimuthal wave number (m), the smallest value of Remg across all k
is called the least marginal Reynolds number and denoted by Rec,m. The corresponding
axial wave number is kc,m.
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In Fig. 6.3, the smallest value ofRec,m corresponds to the axisymmetric mode,m = 0

(details are given in the figure caption). This is called the critical Reynolds number
Rec and the corresponding disturbance mode is the critical instability mode (kc,mc). In
Fig. 6.3 we have mc = 0, kc = 4.85, Rec = 255.92. Centrifugal instability first occurs
when Re exceeds Rec.

Neutral stability curves of qualitative structure similar to those in Fig. 6.3 occur for a
variety of physical problems. Well known examples are the Rayleigh-Benard instability
and Turing patterns (Cross and Greenside, 2009). These instabilities, classified as Type-I
by Cross and Hohenberg (1993), exhibit similar linear stability characteristics and weakly
nonlinear behavior.

6.8 Classification of instability modes

Just above the critical point, when the Reynolds number slightly exceedsRec, only modes
in a close neighborhood of kc, mc will be unstable (cf. Fig. 6.3). After an initial period of
exponential growth, the ensuing three dimensional flow will saturate via nonlinear mech-
anisms to a new flow state. The spatiotemporal variation of the new flow will correspond
closely to the critical mode (assuming a supercritical bifurcation), provided Re is suffi-
ciently close toRec (Cross and Greenside, 2009). Thus, a significant change in the nature
of the critical mode signifies a new type of secondary flow pattern.

The critical instability mode and the corresponding secondary flow state can be of
two types, depending on the value of Im[ω] at the critical point (when Re[ω] = 0). If
Im[ω] = 0, then the instability is stationary and the new emergent state is a steady state.
On the other hand if Im[ω] is non-zero, the instability is oscillatory. Such a mode can
take the form of either a travelling or standing wave. Standing waves are ruled out in this
problem due to the absence of reflection symmetry in the azimuthal direction (because of
the base flow). Hence, when Im[ω] is nonzero, the critical mode is a travelling wave.

This temporal nature of the instability is closely connected to the azimuthal depen-
dence of the critical mode. The linearized equations (6.19)-(6.21) reveal that an axisym-
metric critical mode is stationary while a non-axisymmetric mode is a travelling wave. If
the mode is axisymmetric (mc = 0) then the simplified eigenvalue problem is real and
we find that Im[ω] = 0 for the critical mode. On the other hand if mc is non-zero, then
the eigenvalue problem (6.19)-(6.21) is complex and Im[ω] is non-zero.
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Figure 6.4: Visualization of vortex array patterns (external structure) corresponding to criti-
cal modes at different parameter values. (a) axisymmetric toroidal vortices (b) left handed
rotating spirals (c) right handed rotating spirals (d) ribbon vortex state- superposition of (b)
and (c). The dark and light regions correspond to different vortex regions across which the
fluid does not mix. Each figure represents the external structure of a critical mode as seen
through the outer cylindrical wall. Hence linear positions along the x axis correspond to
R∗ cos(θ)/a∗. A visualization window with a small axial length is selected for better clarity,
and the axes in the figures are drawn to scale for a more realistic visualization. Parameter val-
ues: (a) Rec = 36.049, kc = 5.43,mc = 0, Im[ωc] = 0, µ12 = 1.9, ρ12 = 0.5, b = 0.5
(b) Rec = 391.378, kc = 6.32,mc = 2, Im[ωc] = −0.227, µ12 = 0.66, ρ12 = 0.3, b = 0.76
(c) Rec = 391.378, kc = −6.32,mc = 2, Im[ωc] = −0.227, µ12 = 0.66, ρ12 = 0.3, b = 0.76.
In all cases, a = 0.1.

6.8.1 Stationary axisymmetric vortices and rotating spirals

We discuss the temporal nature of the modes along with their azimuthal dependence, as
these are interconnected. In Fig. 6.4, we plot the variation along the (z-θ) surface of two
modes with distinct spatio-temporal behavior. These plots depict the vortex arrays as
seen through the surface of the outer cylindrical wall. Each plot corresponds to a critical
mode computed for specific parameter values, which are given in the caption of Fig. 6.4.

Fig. 6.4a corresponds to an axisymmetric and stationary critical mode that manifests
as toroidal vortices. These vortices are two-phase analogues of single phase Dean vortex
arrays (Reid, 1958). Similar axisymmetric vortices have been observed experimentally
in two-phase Taylor-Couette flow (cf. Fig. 11 in Baier and Graham (1998)).

Fig. 6.4b and Fig. 6.4c depict two non-axisymmetric travelling modes. These modes
have identical mathematical descriptions, except for the sign of kc. Both modes become
critical simultaneously, as the eigenvalue problem (6.19)-(6.21) is invariant to the sign of
kc. They have the structure of spirals that start at the inlet of the channel and terminate
at the outlet. They appear to rotate and propagate through the cylinder. The case in

167



Fig. 6.4b corresponds to kc > 0. This is a left-handed spiral, which propagates axially
upward. The other mode, in Fig. 6.4c, has kc < 0 and is a right handed spiral that
propagates axially downward. In fact these two modes are reflections of each other about
the (r-θ) plane. We expect the spiral flow pattern that emerges when a non-axisymmetric
mode is critical to be distorted at the inlet and outlet of the channel due to boundary
effects. However, away from these boundaries, the non-axisymmetric critical modes are
expected to manifest clearly as rotating spiral vortices.

The simultaneous criticality of both types of spiral modes is a natural outcome of
symmetry-breaking (Crawford and Knobloch, 1991; Stewart and Golubitsky, 1992). The
base flow possesses reflection symmetry in the z direction. While the axisymmetric sta-
tionary modes retain this symmetry, the spiral travelling waves break it. When reflection
symmetry is broken at the onset of instability, the set of possible emerging flow states
should be related to each other via the same reflection transformation, i.e. reflection of
any one spiral state about the r-θ plane should yield another equally possible spiral flow
state. Depending on the initial perturbation, either mode can dominate and lead to a left
or right-handed rotating spiral flow.

These degenerate spiral modes can also superpose with equal amplitudes and give
rise to a new state, which only propagates azimuthally. This combined mode is depicted
in Fig. 6.4d and is called a ribbon state (Golubitsky and Langford, 1988). The ribbon
flow is a standing wave with respect to the axial direction. For Type-I instabilities (which
includes the centrifugal instability), it is known that if both travelling waves and stand-
ing waves are critical (according to the linear theory) then only one of the two can be
stable (Cross and Hohenberg, 1993; Cross and Greenside, 2009). Stability is parame-
ter dependent and may be determined from the associated amplitude equations. Hence
for parameter values that support rotating spirals, the ribbon state will not be observed
and vice-versa. Both patterns have been observed experimentally in Taylor-Couette flow
(Tagg et al., 1989). It should be noted that in the single-phase Dean problem, the ax-
isymmetric mode is always critical and hence only axisymmetric stationary vortices like
those in Fig. 6.4a have been reported. On the other hand, the two-phase problem involves
many more parameters that affect the inter-fluid interaction and give rise to spirals or
ribbon flow states.

6.8.2 Internal circulatory flow structure

Having described the external vortex pattern of the critical modes (z, θ variation), we now
turn to their internal flow structure (x or radial variation). We find three distinct types,
based on the relative strength of the circulatory flow within the two fluids: (i) the inner
fluid circulates faster, (ii) the outer fluid circulates faster, (iii) both fluids have comparable
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cross flow velocities. This difference of the secondary flow within the two fluids originates

from the stratification of angular momentum in the base flow. The profile of the Rayleigh
discriminant (cf. Sec. 6.6) is indicative of this dissimilarity between the fluids.

The first two cases of the internal vortex structures are illustrated for axisymmetric
modes in Fig. 6.5. Here the eigenfunctions have been normalized such that the coefficient
of φu,1 is unity. The magnitude of the circulatory flow in the two fluids may be compared
using the line plot of the z-component of velocity, along the centerline of the vortices
in the upper half of the axial periodic cell, i.e. z = π/(4kc). Fig. 6.5a is an example
of a mode with stronger circulatory flow in the outer fluid. Such modes are called outer
modes. Fig. 6.5b exemplifies the opposite scenario; it is called an inner mode. Based
on kc, we observe that the vortices are generally larger (kc is smaller) in the outer mode
(compare the scales of the z axes in Fig. 6.5a and Fig. 6.5b). A similar disparity in the
magnitude of circulatory flow within the two fluids has been observed in critical modes
of two-phase Taylor-Couette flow (Baier and Graham, 1998).

The third case, wherein the secondary flow is of comparable magnitude in both fluids,
is called a uniform mode. An example is presented in Fig. 6.6. This particular critical
two-phase mode is also present in single phase Dean flow, as an experimentally unob-
servable mode. Single phase flow bifurcates to Dean vortices at Rec = 121.35 (a = 0.1).
On increasing the Reynolds number beyond critical, we find that a second eigenvalue
crosses the imaginary axis at Re = 593.92. The corresponding eigenfunction is the sec-
ond most unstable single phase mode. This mode has exactly the same structure as the
uniform two phase mode shown in Fig. 6.6.

6.8.3 Six categories of instability modes

Altogether we have identified six different types of critical modes based on their temporal
nature and vortex pattern, in sections 6.8.1 and 6.8.2. We assign the letter S for station-
ary axisymmetric modes and the letter T for travelling spiral modes. The radial vortex
structure of these modes can correspond to either outer, inner or uniform modes, which
we denote by the letters O, I and U respectively. Thus we have six different classes of
critical modes, labelled as O-S, O-T, I-S, I-T, U-S, U-T. The nature of the critical mode
can change from one type to another as the parameters are varied. Examples of such tran-
sitions are presented in Sec. 6.11, along with a discussion of physical causes for mode
switching.
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Figure 6.5: Internal circulatory flow structure of the critical modes at the onset of instability (a)
axisymmetric outer mode (O-S), with stronger circulations in the outer fluid (b) axisymmetric
inner mode (I-S), with stronger circulations in the inner fluid. The vortices depicted in the figure
are projections of the streamlines of the flow onto a cross section of the cylindrical channel. A
single axial periodic cell is visualized, i.e. z ∈ [−π/(kc),−π/(kc)]. The critical parameters are
(a) Rec = 992.83, kc = 5.167,mc = 0, µ12 = 0.525, ρ12 = 2, b = 0.5, a = 0.1 (b) Rec =
2353.736, kc = 10.954,mc = 0, µ12 = 0.2, ρ12 = 2, b = 0.5, a = 0.1.
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Figure 6.6: Internal circulatory flow structure at the onset of instability of a critical uniform
mode. Parameter values: Rec = 611.385, kc = 8.18, µ12 = 1, ρ12 = 1, b = 0.74, a = 0.1.
This vortex patern happens to be identical to that of the second most unstable single-phase mode,
which is critial at Rec = 593.92, kc = 8.683 (for the most unstable single-phase mode Rec =
121.35, kc = 4.087).

6.9 Small interface deformations

The results presented in Fig. 6.5 and Fig. 6.6 are the O(Ca0) approximations to the sec-
ondary flows. At this order of approximation, interfacial deformations are entirely absent.
However, we can calculate the interfacial deformation at O(Ca1), from the pressure and
velocity fields at O(Ca0), using the normal stress balance (cf. (6.18) in Sec. 6.4). The re-
sult of this calculation for the case of Fig. 6.5a is presented in Fig. 6.7. Here, the pressure
perturbations at the interface have been normalized by the value of p̂1,0 at x = b, z = 0.
The interface deflection has also been normalized by its magnitude at z = 0.

In most cases, we find that pressure forces dominate viscous normal stresses, at the
interface (cf. (6.18)), and are an order of magnitude greater. In Fig. 6.7, the perturbed
pressure at z = 0 is positive within the inner fluid (Fig. 6.7a) and negative in the outer
fluid (Fig. 6.7b). Thus the interface is pushed outwards at z = 0, as shown in Fig. 6.7c.

6.10 Dependence of stability on the channel’s curvature

The centrifugal instability sets in when destabilizing centrifugal forces overcome viscous
forces. The relative strength of centrifugal forces is directly related to the magnitude of
the Reynolds number (Re) and the curvature ratio (a). Hence, in a channel with a smaller
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Figure 6.7: Pressure perturbations at the interface, in the inner fluid (a) and outer fluid (b), and
the resulting interface deflection (c) at O(Ca1). These results are for the same case as Fig. 6.5a.
Parameter values: Rec = 992.83, kc = 5.167,mc = 0, µ12 = 0.525, ρ12 = 2, b = 0.5, a = 0.1

curvature ratio (less curved), the critical Reynolds number is larger. This relationship is
depicted in Fig. 6.8 (solid line).

In the limit of small curvature ratios, the critical Reynolds number is nearly pro-
portional to a−1/2. This relationship is exact if the simplified equations used by Dean
are adopted (Dean, 1928a) (cf. Appendix C). Under this simplification, a critical Dean
number (Dec) that is independent of a can be defined, Dec = Rec

√
a. In our results,

Dec actually varies slowly with a, because we have retained all terms of O(aRe) and
O(ma) in the equations. In Fig. 6.8, we have plotted estimates of the critical Reynolds
number (red markers) obtained by assuming Dec to be independent of a. Here, Dec is
first calculated at a = 0.01 (the value is 150.302) and then used to estimate the critical
Reynolds number at other values of a, as Deca−1/2 . The approximation works well for
small values of a, but becomes increasingly inaccurate as a is increased above 0.1.

In the remainder of this work, we only present results for a = 0.1. The critical
Reynolds number at other small curvature ratios can be estimated by calculating the crit-
ical Dean number.

Next, the effect of a on the critical instability mode is discussed. Variation of the
curvature ratio within the range 0.01 to 0.3 does not affect the nature of the critical mode,
i.e. if the critical mode is axisymmetric and stationary (mc = 0) for one value of a,
then it remains so for all other values as well. Similarly, while the value of mc for non-
axisymmetric does change with a, it remains bounded away from zero. The influence of
a on kc is small; for all the cases studied in Fig. 6.8 we have kc = 5.02± 0.007.

To understand the effect of increasing curvature ratio on the shape of the spiral modes,
the influence of a on the azimuthal wavenumber of non-axisymmetric modes is investi-
gated. Results for the critical mode at different curvature ratios is presented in Table 6.1
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Figure 6.8: Variation of the critical Reynolds number (Rec) with the curvature ratio (a) for µ12 =
0.525, ρ12 = 1, b = 0.5. Smaller values of a correspond to more gently curved channels. Plot
(b) is an enlarged version of plot (a). The solid line represents the computed values of Rec and
the circular markers represent approximate values obtained by assuming that the critical Dean
number (Dec) is independent of a and has a value of 150.302 (evaluated for the case of a = 0.01).
The instability mode is axisymmetric (mc = 0) and kc is very nearly independent of a with a
value of 5.02± 0.007.

a mc kc Rec

0.1 1.970 9.107 561.211
0.05 2.568 9.039 787.772
0.01 5.207 8.971 1750.670

Table 6.1: Effect of the curvature ratio of the channel (a) on the critical mode (mc and kc) and the
critical Reynolds number (Rec). Smaller values of a correspond to more gently curved channels.
Parameter values: µ12 = 1, ρ12 = 1, b = 0.72
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Figure 6.9: Mode switching with variation in viscosity ratio considering different density ratios.
The critical mode switches from I-S to O-S as the viscosity ratio is increased, i.e. the stronger
vortex moves from the inner to the outer fluid. The critical Reynolds number is plotted in (a)
while the critical axial wave number is plotted in (b). The critical azimuthal wave number is
mc = 0 (axisymmetric). Parameter values: b = 0.5, a = 0.1

for the case of a non-axisymmetric critical mode (µ12 = 1, ρ12 = 1, b = 0.72). The
dimensional critical azimuthal wavelength equals 2πR∗/mc, which in non-dimensional
terms is 2π/(amc) . In Tab. 6.1 we observe that (amc) decreases as a decreases, imply-
ing that the azimuthal wavelength of the critical mode increases as the channel becomes
straighter, i.e. the spirals will have smaller pitch angles in channels that are less curved.

6.11 Mode switching across parameter space

Six different types of instability modes were identified in Sec. 6.8. The critical mode
can switch from one type to another as parameters are varied. Such transitions signify a
qualitative change (bifurcation) in the secondary flow states. For example at an O-S to I-S
transition, the dominant vortex shifts from the outer to the inner fluid, whereas stationary
axisymmetric vortices give way to rotating spirals at an O-S to O-T transition. These
transitions are codimension-two bifurcations (since two parameters must be specified:
the Reynolds number and another parameter such as the viscosity ratio).

In this section, we track the variation of the critical instability mode across parameter
space, which includes the density ratio, the viscosity ratio and the volume fraction (inter-
face location). The goal is to locate various codimension-two bifurcations and to identify
physical causes for these transitions.

6.11.1 Variation of viscosity and density ratios

First, we analyze the effect of the viscosity ratio. In Fig. 6.9, the critical Reynolds number
(Rec) and the axial wave number (kc) are plotted as a function of the viscosity ratio for
different density ratios. For each density ratio, the profiles of Rec and kc consist of two
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Figure 6.10: Plot of the marginal Reynolds number as a function of the axial wave number, in the
neighbourhood of the transition in Fig. 6.9 (mc = 0). Parameter values: m = 0, ρ12 = 1, b =
0.5, a = 0.1

distinct smooth curves that correspond to two different modes, each of which is critical
for different ranges of the viscosity ratio. A transition occurs between these modes at the
point marked by discontinuity in the case of kc and non-differentiability in the profile of
Rec.

While both these modes are axisymmetric (mc = 0), they have different internal ve-
locity fields. Examining the corresponding eigenfunctions (as in Fig. 6.5), we find that
the critical mode at small µ12 is an I-S mode, i.e. the cross flow is much stronger in
the inner fluid. At small µ12 the Rayleigh discriminant (cf. Sec. 6.6) is more negative
within the inner fluid, implying stronger destabilizing centrifugal forces therein. In addi-
tion, viscous effects are weaker within the inner fluid. Both these factors promote cross
flow within the inner fluid. However as µ12 is increased, the variation of the Rayleigh
discriminant and viscous forces eventually reverse to support stronger circulatory flows
within the outer fluid (O-S mode). Hence increasing µ12 stabilizes the I-S mode while
simultaneously destabilizing the O-S mode. This leads to a transition between the two
modes.

This transition between modes is more easily visualized in Fig. 6.10. Here the marginal
Reynolds number is plotted as a function of the axial wave number for two viscosity ra-
tios on either side of the transition in Fig. 6.9 (dotted curve). Both profiles have two local
minima. The one at larger kc is the I-S mode (smaller vortices, cf. Sec. 6.8) and is the
global minimum at the lower value of µ12 = 0.26. As the viscosity ratio increases, this
local minimum rises (I-S mode becomes more stable) while the minimum at small kc
(O-S mode) falls to smaller values of Rec. Eventually the global minima switches from
one mode to the other (as seen for µ12 = 0.281 in Fig. 6.10), marking the transition of
the critical mode.

On comparing the results for different density ratios in Fig. 6.9, we find that increas-
ing the density ratio shifts the transition between I-S and O-S modes to higher viscosity
ratios. In other words, increasing the relative density of the inner fluid causes the I-S
mode to remain critical over a larger range of viscosity ratios, thereby promoting the for-
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Figure 6.11: Mode switching with variation in the interface position, considering only axisym-
metric modes. The most unstable axisymmetric mode switches from O-S to U-S to I-S as the
interface nears the outer wall. (a) Plot of the least marginal Reynolds number, (b) Plot of the
least marginal axial wave number for the case of m = 0. The dashed (red) line is the value for
single-phase flow. Parameter values: µ12 = 1, ρ12 = 1, a = 0.1

mation of stronger vortices within the inner fluid. These results indicate that the cross
flow at the onset of instability has a tendency to be stronger in the fluid with higher
density. This is consistent with the fact that the magnitude of the centrifugal force expe-
rienced by a fluid is proportional to its density.

6.11.2 Variation of volume fraction

Next we investigate the effect of changes in the relative fluid volumes (variation of the
interface location, b) on the critical mode. In this case, the critical mode can switch
between stationary and travelling modes. For clarity, we first focus on stationary axisym-
metric modes alone and study the transition between O-S, U-S and I-S modes. Towards
this end, we plot the least marginal Reynolds numbers for m = 0 as a function of the
volume fraction in Fig. 6.11. Here the most unstable axisymmetric mode switches from
O-S to U-S to I-S as the volume fraction occupied by the inner fluid is increased (b is
increased). It follows that the cross flow tends to be stronger, at the onset of instability,
within the fluid that occupies a larger fraction of the channel. The other fluid occupying
a smaller volume fraction is confined in a narrower region and hence the circulatory flow
within it is suppressed.

As the most unstable axisymmetric mode switches from O-S to I-S in Fig. 6.11, it
undergoes an intermediate transition to the U-S mode. The U-S mode has a cross flow of
comparable intensity in both fluids (cf. Fig. 6.6) and represents a compromise between
the opposing natures of the O-S and I-S modes. The dashed horizontal lines in Fig. 6.11
mark the stability results for the single-phase case. As expected, the single-phase results
are obtained when the volume fraction of either fluid approaches unity.

The calculations in Fig. 6.11 are extended to unequal fluid properties in Fig. 6.12.
These plots indicate that larger outer fluid densities cause the O-S mode to be critical
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over a larger range of volume fractions. A smaller value of the outer fluid’s viscosity has
the same effect. In summary, the outer mode is more unstable (the cross flow at the onset
of instability is stronger in the outer fluid) when the outer fluid has a lower viscosity,

higher density and a larger volume fraction.

6.11.3 Transition to rotating spirals

So far we have discussed transitions between axisymmetric modes. While axisymmetric
modes are critical for all the cases in Fig. 6.9, they are not critical for all values of b
in Fig. 6.11. The transition to non-axisymmetric rotating spirals (mc 6= 0) is depicted
in Fig. 6.13, which plots the least marginal Reynolds number for m = 0, 2, 3, as b is
varied. Travelling spiral modes become important in the range of b values corresponding
to the transition between the different axisymmetric modes (O-S to I-S via U-S). In this
range of volume fractions, the system is relatively stable to axisymmetric disturbances
and the non-axisymmetric rotating spirals become critical instead. Fig. 6.13 focuses on
this region of interest and depicts the transition of the critical mode from O-S to O-T to
U-S to I-T and finally to I-S as b is increased. The four transition points are marked by the
intersection of the curves in Fig. 6.13. In this figure we show results for travelling modes
corresponding to relatively small values of m as these are the most unstable. Modes with
larger azimuthal wave numbers are stabilized by diffusive effects of viscous momentum
transfer and have higher marginal Reynolds numbers.

It should be noted that the switch from an axisymmetric to a non-axisymmetric mode
occurs when the minimum of a non-axisymmetric (m 6= 0) neutral curve falls below that
of the m = 0 neutral curve, and vice versa. Here, the location of the critical Reynolds
number shifts from one neutral curve to another. In contrast, the switch between different
axisymmetric modes (e.g. O-S to I-S) occurs along the same neutral curve (corresponding
to m = 0). The transition occurs when the global minimum of the axisymmetric neutral
curve shifts location from one local minimum to another, as demonstrated in Fig. 6.10.

Another illustration of critical mode switching is given in Fig. 6.14, where the vari-
ation of the density ratio causes a switch from O-S at low ρ12 to O-T, I-T and I-S as ρ12

is increased. This figure is depicted in two parts for the sake of clarity. Again travelling
spiral modes are critical in the region where the axisymmetric modes switch from O-S to
I-S. For density ratios from 0.6 to 1, the mode with mc = 3 is critical. The corresponding
critical frequency Im[ω], which is related to the speed of the rotating spiral by (-Im[ω]
(k2
c +m2

c)
−1/2), is plotted in Fig. 6.15. The azimuthal motion of the spiral waves is in the

direction of the base flow (because Im[ω] < 0).

In Fig. 6.13 we find that the U-S mode is critical over a very small range of interface
positions, while in Fig. 6.14 it is never critical. This is typical of the U-S axisymmetric
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Figure 6.12: Effect of density ratio (a) and viscosity ratio (b) on mode switching with variation
in the interface position, considering only axisymmetric modes (m = 0). Parameter values:
(a) µ12 = 1, a = 0.1 (b) ρ12 = 1, a = 0.1

Figure 6.13: Mode switching between axisymmetric and non-axisymmetric modes. Plot of the
least marginal Reynolds number as a function of the interface position. Parameter values: µ12 =
1, ρ12 = 1, a = 0.1
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Figure 6.14: Mode switching with variation in density ratio (ρ12). Plot of the least marginal
Reynolds number as a function of the density ratio. The figure is split into two parts for better
clarity. Parameter values: µ12 = 1, b = 0.76, a = 0.1

Figure 6.15: Critical frequency Im[ω] corresponding to the critical mode mc = 3 in Fig. 6.14.
The speed of the rotating spiral is given in terms of the critical frequency as −Im[ω] (k2

c +
m2
c)
−1/2.
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mode and in an experiment one is much more likely to observe either O-S/I-S axisym-
metric vortices or non-axisymmetric rotating spirals.

A common feature, underlying all the results in this section, is that the outer fluid is

more susceptible to the centrifugal instability. This is particularly evident in Fig. 6.9 and
Fig. 6.11. In Fig. 6.9, the mode transition does not occur at a viscosity ratio of unity,
despite both fluids having equal densities and occupying equal volumes of the channel
(ρ12 = 1 and b = 0.5). Instead, the transition occurs at a low viscosity ratio. Moreover,
when the viscosities are equal, the O-S mode is critical and the outer fluid dominates the
secondary flow. Similarly, in Fig. 6.11, the transition from O-S to I-S occurs only when
the inner fluid occupies significantly more than half the channel. Clearly, the outer mode,

with stronger circulations in the outer fluid, is preferred by the system. This bias occurs
because the stratification of angular momentum is more unstable in the outer fluid, as
reflected by the more negative values of the Rayleigh discriminant in the outer fluid (cf.
Sec. 6.6). This feature of the two-phase centrifugal instability leads us to investigate the
influence of the arrangement of fluids on stability. This is the subject of Sec. 6.12.

6.12 Effect of fluid arrangement on stability

Based on the results in Sec. 6.6 and Sec. 6.11, we expect the arrangement of fluids to have
a significant influence on stability. As an example, consider two fluids of nearly equal
densities and volume fractions, but with viscosities in the ratio 1:6. If the less viscous
fluid is taken as the outer fluid, then µ12 = 6, else µ12 = 1/6. The Rayleigh discriminant
profile for these two cases is very different, as shown in Fig. 6.2. Fig. 6.9 shows that if
the less viscous fluid is placed on the outer side (µ12 = 6), then the O-S mode will be
critical, else the I-S mode will be critical.

Apart from the nature of the critical mode, the critical pressure drop G∗c will also
depend on the arrangement of fluids. G∗c is the minimum magnitude of the pressure
gradient required for the flow to become unstable. We can determine the more unstable
fluid arrangement by identifying the arrangement that requires a smaller critical pressure
drop.

If the two configurations are labelled A and B, then in the framework of our mathe-
matical model, we obtain two stability problems with parameter sets (ρ12)A, (µ12)A, (b)A

and (ρ12)B, (µ12)B, (b)B respectively. Since configurations A and B are related by inter-
changing the locations of the fluids, the following relations hold between the two sets of
parameters:

(ρ12)B = 1/(ρ12)A ; (µ12)B = 1/(µ12)A ; (b)B = 1− (b)A (6.25)
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Figure 6.16: Effect of fluid arrangement on stability when the fluids have different viscosities.
The ratio of critical pressure drops of configurations A and B is plotted as a function of the
viscosity ratio. A: more viscous fluid on the inner side of the channel. B: more viscous fluid on
the outer side. Placing the less viscous fluid on the outer side is destabilizing. Parameter values:
ρ12 = 1, b = 0.5, a = 0.1

The corresponding critical Reynolds number are (Rec)A and (Rec)B, from which the
ratio of critical pressure drops may be obtained using (6.8):

(G∗c)A
(G∗c)B

=
(Rec)A
(Rec)B

(µ12)A
(ρ12)A

(6.26)

From (6.26) we see that the ratio of critical Reynolds numbers cannot be used to com-
pare the two configurations. This is because the value of the Reynolds number de-
pends on the density and viscosity scales. If the fluids have different physical proper-
ties (ρ12 6= 1, µ12 6= 1), then the ratio of critical Reynolds numbers will not be unity
when configurations A and B are equally unstable, with (G∗c)A = (G∗c)B. Thus, we must
compare the critical pressure drops in order to reliably identify the more unstable fluid
arrangement.

Now, we study a few specific fluid pairs with the aim of developing general rules for
identifying the more unstable configuration. Firstly, consider the case of the interface
located at b = 0.5, with fluids of equal densities but unequal viscosities. Let A (B) be
the configuration with the more viscous fluid on the inner (outer) side of the channel.
In Fig. 6.16, the ratio of critical pressure drops is plotted as a function of the viscosity
ratio (as defined for configuration A). Here (G∗c)A is always less than (G∗c)B, i.e. the
configuration with the less viscous fluid on the outer side is more unstable. The difference
in the stability of the two configurations increases with the difference in the viscosities of
the two fluids. A similar result was obtained by Renardy and Joseph (1985) for two-phase
Taylor-Couette flow.

Next we consider two fluids of equal viscosity but unequal densities, with the inter-
face at b = 0.5. A (B) is the configuration in which the denser fluid is on the inner
(outer) side of the channel. The ratio of critical pressure drops is plotted for various den-
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Figure 6.17: Effect of fluid arrangement on stability when the fluids have different densities. The
ratio of critical pressure drops of configurations A and B is plotted as a function of the density
ratio. A: more dense fluid on the inner side of the channel. B: more dense fluid on the outer
side. Placing the denser fluid on the outer side stabilizes the centrifugal mode. Parameter values:
µ12 = 1, b = 0.5, a = 0.1

Figure 6.18: Effect of fluid arrangement on stability when the fluids have different densities and
viscosities. The ratio of critical pressure drops of configurations A and B is plotted as a function
of the density ratio. The viscosity ratio is fixed at 2:1, i.e the denser fluid has twice the viscosity
of the less dense fluid. A: more dense, more viscous fluid on the inner side of the channel. B:
more dense, more viscous fluid on the outer side. Parameter values: (µ12)A = 2, b = 0.5, a = 0.1
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sity ratios (as defined in A) in Fig. 6.17. In this case, (G∗c)A is always greater than (G∗c)B

indicating that the configuration with the denser fluid on the outer side is more unstable.
Interestingly, while this arrangement destabilizes the centrifugal instability, it stabilizes
interfacial instabilities, i.e. both the (centrifugal) Rayleigh-Taylor and viscosity-induced
modes (Boomkamp and Miesen, 1996).

From Fig. 6.16 and Fig. 6.17 we see that the viscosity and density of the outer fluid
have opposing effects on stability. Ideally, the outer fluid should be more dense, as well
as less viscous, to promote instability. This need not be the case in practice; Fig. 6.18
depicts results for a situation in which the fluid with a greater density has twice the
viscosity of the less dense fluid. A is the configuration in which the more dense, more
viscous fluid is located on the inner side of the channel. On the basis of Fig. 6.17 and
Fig. 6.16, the density difference is expected to stabilize A while the viscosity difference
destabilizes A. The ratio of critical pressure drops, plotted in Fig. 6.18, shows that the
viscous effect dominates when the density difference between the two fluids is small
while the density effect becomes prominent at larger density ratios. These two effects
balance out at a density ratio of approximately 3.7:1 when (G∗c)A = (G∗c)B (A and B are
equally unstable). Considering that the viscosity ratio is only 2:1, it seems that viscosity

differences have a greater impact on the centrifugal instability than equivalent density

differences. This is not unexpected, given the dual effect of the viscosity ratio on the
relative stability of the fluids. Apart from modulating the extent of viscous dissipation in
the two fluids, the viscosity ratio also impacts the base velocity profile and thereby the
stratification of angular momentum. In Sec. 6.6, it was shown that the less viscous fluid
tends to have a more unstable stratification. In contrast, the density ratio has no influence
over the base velocity profile; it only effects the competition between centrifugal forces
and viscous dissipation.

Finally we consider two fluids with equal physical properties but occupying unequal
volume fractions of the channel. In this case, the ratio of critical pressure drops equals
the ratio of critical Reynolds numbers, because ρ12 = µ12 = 1 in (6.26). The critical
Reynolds number was plotted as a function of the volume fraction in Fig. 6.11a. From
this figure, we see that the critical Reynolds number is lower when b < 0.5. Thus the
critical pressure drop is lower when the volume fraction of the inner fluid is smaller.
Hence, the flow will be more unstable when the fluid that occupies a larger fraction of

the channel is located on the outer side.

The cases studied in this section lead to the following general principle: the two-

phase flow is rendered more unstable, to the centrifugal instability, when the fluid that is

less viscous, more dense and has a larger volume fraction is chosen as the outer fluid.
Interestingly, these criteria also ensure that the critical mode will be an outer mode (O-S
or O-T) with a stronger cross flow within the outer fluid (cf. Sec. 6.11). It is quite possible
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that the pair of fluids will have properties with opposing effects on the system’s stability
(cf. Fig. 6.18). For example, the denser fluid could have a larger viscosity and occupy
a smaller volume fraction of the channel. In such cases the more unstable configuration
is not obvious, but can be determined by applying the methodology described in this
section.

6.13 Concluding remarks

We have studied the centrifugal instability of two-phase layered Poiseuille flow in a
curved channel. This problem is a two-phase analogue of the classic Dean problem
(Drazin and Reid, 2004) wherein pressure driven flow is susceptible to an instability due
to unstable stratification of angular momentum. In the general two-phase problem, the
flow can also become unstable to interfacial modes in addition to the centrifugal mode.
These include the viscosity-induced instability, (centrifugal) Rayleigh-Taylor and cap-
illary breakup. In this work, we have analyzed the regime of small capillary numbers,
wherein interfacial deformations are suppressed by surface tension. (The capillary in-
stability is excluded because of the relatively large radius of curvature of the channel.)
Under these circumstances the centrifugal mode dominates, allowing us to study its fea-
tures in detail. The results presented here for the two-phase centrifugal instability, when
taken in conjunction with previous work on interfacial modes (Govindarajan and Sahu,
2014; Johns and Narayanan, 2002), provide a foundation for a general stability analysis
of layered flow in curved channels.

Studies across parameter space revealed six types of critical centrifugal modes - three
axisymmetric (I-S, U-S, O-S) and three non-axisymmetric (I-T, U-T, O-T). The axisym-
metric modes are critical over most of the parameter space. They correspond to a station-
ary (S) secondary flow consisting of axisymmetric toroidal vortices within each fluid.
The non-axisymmetric modes correspond to travelling (T) waves of rotating spiral vor-
tices. The circulatory flow can be stronger within one of the fluids or of comparable
intensity in both, leading to a further classification into inner modes (I), outer modes (O)
and uniform modes (U). A stronger circulatory flow tends to arise in the fluid with either
a lower viscosity, a higher density or a larger volume fraction.

This rich variety of instability modes is a characteristic of the two-phase system that
is not seen in the single-phase case. This is due to the influence of the viscosities and in-
terface position on the stratification of angular momentum in the base state, as quantified
by the Rayleigh discriminant (Sec. 6.6). In addition, all physical parameters influence the
interplay between inertial and viscous forces, which governs the growth of the instability.

It is important to note that even for small super-critical Reynolds numbers, a range
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of both axisymmetric modes and travelling waves can become unstable. This is because
the marginal Reynolds numbers of these modes are closely spaced, as shown in Fig. 6.3.
This is especially true for parameters close to mode switching points (codimension-two
bifurcations). The interaction between different modes can result in a variety of flow
patterns. A similar situation exists in single-phase Taylor-Couette flow near the transition
from Taylor vortex flow (axisymmetric mode) to spiral flow (non-axisymmetric travelling
wave) (Andereck et al., 1986; Langford et al., 1988). Interaction between modes results
in flow patterns such as ribbons, wavy vortices, twisted vortices and modulated periodic
flows (Golubitsky and Stewart, 1986; Golubitsky and Langford, 1988; Itoh, 1996). These
flows have been observed experimentally (Andereck et al., 1986) in single-phase Taylor-
Couette flow and explained by group theoretic methods (equivariant bifurcation theory)
(Crawford and Knobloch, 1991; Golubitsky and Stewart, 1986; Golubitsky and Langford,
1988). In the two-phase flow studied here, an even richer variety of patterns may be
expected due to inter-fluid interaction across the interface.

The stability of the flow was found to depend on the arrangement of the fluids. We
demonstrated that the critical Reynolds number cannot be used to compare different fluid
arrangements. Instead, we compared the minimum pressure drop required for the onset
of instability and found a general rule: the flow is more unstable when the fluid with a
higher density, lower viscosity and larger fractional flow area is taken as the outer fluid.
(These are the same conditions that promote stronger circulations in the outer fluid.)

In finite but tall curved channels, the base flow is nearly uni-directional with only
a weak circulatory component. However, the results of this chapter show that, even in
these tall channels, strong circulatory flows can be generated by exploiting the centrifugal
instability of layered flow. Hence, these tall curved channels could make excellent mass
transfer devices, by combining a large interfacial area with good intra-fluid mixing. Such
a device, based on two-phase Taylor-Couette flow, has been studied recently by Baier
et al. (2000). Our results support the viability of a similar system based on pressure
driven flow. These devices require the fluids to remain layered. In view of this, the
dependence of the centrifugal instability on the fluid configuration is quite favorable.
Placing the denser fluid on the outer side of the channel not only stabilizes the interface to
the Rayleigh-Taylor instability (stable light over heavy configuration), but also promotes
vortex formation by inducing the centrifugal instability at lower pressure drops.

The two-phase eigenvalue problem, associated with the linear stability analysis, has
been solved by a two-phase Recombined Chebyshev Galerkin Spectral method (RCGS),
which utilizes a novel basis of recombined Chebyshev functions. This recombined basis
satisfies the boundary conditions analytically. Thus boundary conditions do not have to
be included separately in the matrix eigenvalue problem, as is conventionally done in
standard Tau and collocation spectral methods (Boyd, 2001). In these traditional tech-
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niques, the rows corresponding to boundary conditions often cause the QZ algorithm to
generate spurious, unbounded eigenvalues. This difficulty is circumvented by the present
RCGS method. Another advantage of this method is the smaller size of the matrix for the
same number of spectral modes. This method is a two-phase extension of the technique
used by Gelfgat and coworkers (Gelfgat and Tanasawa, 1994; Gelfgat et al., 1999; Gelf-
gat, 2001) and can be applied to other two-phase problems that have boundaries located
along co-ordinate surfaces. The information provided in Appendix D will aid in such
applications.

186



EPILOGUE

“I do not remember making any forecasts of broad areas of study which
have proved fruitful, but I have gone along paths which are attractive to
me personally. All my work, like that of most of us, has been concerned
with particular problems....it seems to me that it is by attention to specific
problems rather than by generalized reasoning that advances are made in
our subject."

– G. I. Taylor

A theoretical analysis of layered two-phase micro-flows has been presented in this
thesis. We have addressed two aspects of these flows, which are particularly important
in mass transfer based applications – diffusion of a solute between fluids, and the influ-
ence of centrifugal forces in curved bends. Simplified mathematical models have been
used, along with analytical and asymptotic methods where possible, in order to gain
fundamental insight into the physics of these flows. The key results are summarized in
the paragraphs that follow, with an emphasis on their implication for mass transfer in
microchannels. Connections between the phenomena and patterns studied in different
chapters are also highlighted. A more detailed summary, as well as specific suggestions
for future research projects, may be found in the concluding section of each chapter.

In the course of our investigations, we have identified several promising strategies for
enhancing mass transfer in layered flows, while maintaining the integrity of the inter-fluid
interface. The first approach involves tuning the operating parameters, so as to obtain
optimal performance in co-current layered flow through straight channels. Using the Two
Equation Averaged (TEA) model we have identified the range of fluid volume fractions
(set by the flow rates) that maximizes either the extent of extraction at equilibrium, or
the rate of extraction. These two goals have been shown to be mutually exclusive, and
the maximum extraction at equilibrium is achieved for flow rates that correspond to the
slowest approach to equilibrium.

A second strategy involves operating in counter-current flow. However, this strategy
has been shown to result in significant improvement only for a limited range of operating
parameters. Outside this range, the performance gain is not worth the extra effort required
to establish and operate counter current flow in microchannels. This analysis has revealed
a general principle underlying the relative performance of co-current and counter-current
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systems: ‘maximum gain at mediocre performance’. It will be interesting to see if this
principle applies to other separation processes as well.

A third method for improving mass transfer is to introduce curved channels, in which
circulatory flows are developed due to centrifugal forces. The type of vortex pattern and
the strength of circulations can be controlled by adjusting the fluid’s volume fractions.
This will be useful in applications, where stronger circulations (associated with a princi-
pal vortex) may be desired in the fluid with lower solute diffusivity.

Finally, mass transfer can be enhanced by taking advantage of instabilities that occur
due to solutal-Marangoni effects or the influence of centrifugal forces. In either case, it is
important to adjust the system parameters so that only instabilities that leave the interface
undisturbed are permitted. For example, in case of solutal-Maranogni flows, one must
attempt to induce the M1-SW mode, while suppressing other Marangoni modes, as well
as the viscosity-induced interfacial mode. The appropriate parameter ranges have been
identified, along with the physical mechanisms that drive the various instabilities.

Using any one, or a combination of these strategies, mass transfer in layered flows
may be improved significantly. However, a detailed quantification of transport enhance-
ment due to solutal Marangoni and centrifugal effects remains to be carried out. This
calls for appropriate experiments and numerical simulations, all of which are interesting
avenues for future work.

Aside from their potential for improving mass transfer, layered flows in curved chan-
nels make for an interesting study due to the rich variety of circulatory flow patterns that
arise. This is true of the secondary vortices in rectangular channels, as well as the insta-
bility induced vortex arrays in infinitely tall channels. In rectangular channels, different
vortex patterns arise from an inherent competition between the circulatory flows in the
two fluids. These flows interact across the inter-fluid interface via viscous shear stresses.
In case of the centrifugal instability in tall channels, the distribution of the base axial ve-
locity plays a crucial role in deciding the relative strength of the vortex flows in the two
fluids. The outer fluid is inherently more unstable and has a tendency to generate stronger
vortex flows at the onset of instability. Thus, the arrangement of fluids has a significant
influence on the circulatory flow, unlike in the rectangular channel where the positioning
of the fluids is irrelevant (in the small curvature limit).

The viscosity contrast between the two fluids has been shown to be a key param-
eter governing the transition between different flow patterns/instability modes. This is
true in both curved channel flow problems (Ch. 5 and Ch. 6), as well as in the solutal
Marangoni problem (Ch. 4). The viscosity contrast influences these problems via three
distinct routes:

1. The viscosity ratio modulates the extent of viscous dissipation in the two fluids.
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Disturbances experience less dampening within the fluid with lower viscosity. This
effect of viscosity is captured by the Reynolds number of the fluid.

2. The viscosity ratio modifies the base flow profile and thereby has a significant ef-
fect on both the threshold of instability and the nature of the instability mode. This
effect is seen quite prominently in the centrifugal instability, wherein the viscos-
ity contrast controls the position of the maximum of the base flow profile, which
marks the transition between regions with stable and unstable angular momentum
stratification (cf. Sec 6.6 and Sec. 6.11.1). This influence of the viscosity ratio is
also seen in the vortex patterns in rectangular curved channels in Ch. 5. For equal
volume fractions, the maximum of axial velocity tends to lie in the less viscous
fluid, which consequently experiences greater centrifugal forces (cf. Sec. 5.4.3).
However, the greater effect of the viscosity ratio in this problem is via its role in
the tangential stress balance. This brings us to the third effect of the viscosity ratio.

3. The viscosity ratio governs the coupling between the secondary flows in two fluids
via the mutual exertion of viscous shear stresses. This effect is most clearly seen
in Ch. 5, wherein the more viscous fluid is shown to reverse the circulatory flow
within the less viscous fluid (Re being the same in both) and generate sandwich
and reversed vortices (cf. Sec 5.4).

These intricate and intertwined effects of the viscosity ratio are key aspects of the
physics of these layered flows, and are responsible for many of the interesting flow fea-
tures identified in this thesis. In a recent review, Govindarajan and Sahu (2014) examine
the complex role of viscosity stratification and its non-intutive consequences in a variety
of situations, involving both immiscible and miscible fluid layers.

Ch. 4 is the first comprehensive study of solutal Marangoni instability in layered
Poiseuille flow. Here, we have found two short wave modes that have not been reported
or characterized previously (the long wave mode is analogous to that studied by Wei
(2006) in thermocapillary Couette flow). This work opens up many avenues for explo-
ration. A weakly nonlinear analysis can be carried out to determine whether these modes
bifurcate supercritically or subcritically. Full numerical simulations can then be used to
understand their nonlinear evolution and their influence on the layered flow state. Ex-
isting long-wave asymptotic methods, such as the weighted residual integral boundary
layer (WRIBL) method (Dietze and Ruyer-Quil, 2013; Kalliadasis et al., 2012), can be
applied to study the nonlinear dynamics of the long-wave solutal Marangoni instability,
at a reduced computational cost. This will be important for microchannel applications,
because the long wave mode becomes unstable at much lower Re than the short wave
modes. The spatio-temporal nature of these modes (absolute or convective) must also be
studied (Huerre, 2000; Huerre and Rossi, 1998; Chomaz, 2005), in order to understand
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their influence on flow in practical systems, in which the channel will be of finite length
and the base state concentration may vary along the flow direction.

A novel averaging technique, based on the Lyapunov-Schmidt reduction, has been
presented in Ch. 2, in the context of diffusion between fluid layers. Here, we have shown
that averaging over each fluid separately leads to a superior reduced model, when com-
pared to averaging across both layers together. Separate fluid averaging enables us to
describe mass transfer between the fluids before they equilibrate. Therefore, we can cap-
ture the evolution of the average concentrations within the two fluids, right from the inlet
where they first come into contact. This is not possible when the fluids are averaged
simultaneously, because this implicitly restricts the reduced model to situations in which
the fluids have undergone an initial equilibration; only deviations from this equilibrium
can be described (e.g. due to a slow reaction, as in Ch. 2).

A challenging future task is to attempt to apply this new averaging method to the
Navier-Stokes equations, and thereby develop an averaged model capable of describing
coupled mass transfer and fluid dynamic phenomena in layered flows. Such a model
would be very useful in analyzing the dynamics of the solutal-Marangoni instability en-
countered in Ch. 4. The Lyapunov-Schmidt averaging of the Navier-Stokes is likely to
closely parallel the center-manifold reduction methodology developed by Roberts (2015)
for single phase thin films flows. However, care should be taken to capture inter-phase
viscous transfer of momentum by interfacial shear stresses, just as inter-phase diffusion
was captured in Ch. 2. An alternative route to an averaged model is via the weighted
residual integral boundary layer (WRIBL) method, which has already been used suc-
cessfully to describe the dynamics of layered two-phase flows in the absence of a solute
(Dietze and Ruyer-Quil, 2013, 2015). In fact, it would be very interesting to compare
the Lyapunov-Schimdt based model of Ch. 2) with one derived via the WRIBL method.
Comparing them for the relatively simple case of diffusion in steady layered flow should
shed light on both techniques, and help in deciding which technique is more suitable for
describing simultaneous mass and momentum transport in layered flow.
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APPENDIX A

Analytical Solution of the Co-current Extraction Model

“...(transformations) can be rendered self-adjoint by negotiating the par-
ent Hilbert space of the system vector and its inner product. ...this exercise
is in quest of a hidden symmetry, the unfolding of which produces a pic-
turesquely prismatic partitioning of the Hilbert space in which the skeletal
structure of the unknown vector is revealed. For this view to emerge, how-
ever, it is crucial that the vector be traced to its most natural habitat,
one that not only relies on mathematical symmetry but, as we shall see,
resonates with nature."

– Ramkrishna and Aris , The Beauty of Self-Adjoint Symmetry (1999)

The construction of the solution to the co-current model (3.9) and (3.10) is described
in this appendix.

(3.9) may be represented concisely in linear operator form as:

− dc
dx

= Lc (A.1)

Here L is a Sturm-Liouville operator defined on the Hilbert Space L2[0, 1] as follows:

Lc = − 1

vr(y)

d

dy

[
1

Pe

dc

dy

]
0 ≤ y ≤ 1 (A.2)

where c is piecewise continuous, and Pe is piecewise constant:

c =

{
c1 (x, y)

c2 (x, y)

}
, P e =

{
Pe1

Pe2

}
for y =

{
0 ≤ y ≤ hr

hr < y ≤ 1

}
(A.3)

Following the treatment of (Ramkrishna and Amundson, 1974) we define an inner
product that renders the operator L self-adjoint.

〈f, g〉 =

hr∫
0

f1(y)g1(y)dy +

(
K

β

Pe2

Pe1

) 1∫
hr

f2(y)g2(y)dy (A.4)

The factor
(
K
β
Pe2
Pe1

)
is equivalent to K(v2/v1), which can viewed as a ratio of the relative

capacities of fluid 1 and fluid 2 to hold solute within the channel. Mathematically, this



factor ensures that L is self-adjoint, i.e. it satisfies 〈Lf, g〉 = 〈f,Lg〉. This property
considerably simplifies the construction of a solution as an eigenfunction expansion, as
outlined below. This problem may be added to the numerous examples that demonstrate
a basic principle of applied mathematics, which is that mathematically symmetric and
thereby ’beautiful’ formulations often turn out to be most useful in practice (Ramkrishna
and Aris, 1999; Poincare, 1914).

A self-adjoint operator possess a discrete spectrum of eigenvalues, and the corre-
sponding eigenfunctions form an orthonormal basis in L2[0, 1] (Ramkrishna and Amund-
son, 1985). Thus we can represent the solution as

c(x, y) =
∑
n

〈
c(x, y), ϕn(y)

〉
ϕn(y) (A.5)

where ϕn(y) is the nth orthonormal eigenfunction. The eigenvalue problem is given
by Lϕn = λ2

nϕn, where λ2
n are the non-negative eigenvalues. The eigenfunctions are

piecewise continuous with a single point of discontinuity at the interface. Solving this
eigenvalue problem, we obtain

ϕn =

{
ϕ1,n 0 ≤ y ≤ hr

ϕ2,n hr < y ≤ 1

}

=

 A sin
(
λn
√
Pe1y

)
+B cos

(
λn
√
Pe1y

)
C sin

(
λn
√
Pe2 (1− y)

)
+D cos

(
λn
√
Pe2 (1− y)

)  (A.6)

Here λn is the positive root of λ2
n . The no-flux boundary conditions in (3.10a) require

thatA = C = 0. The boundary conditions at the interface (3.10b) and (3.10c) give rise to
a set of two homogeneous linear algebraic equations. For non-trivial solutions, the deter-
minant of this system of equations must vanish. This condition yields the characteristic
equation that determines the eigenvalues:

√
Pe2 cos

(
λn
√
Pe1hr

)
sin
(
λn
√
Pe2 (1− hr)

)
+

Kβ
√
Pe1 sin

(
λn
√
Pe1hr

)
cos
(
λn
√
Pe2 (1− hr)

)
= 0 (A.7)

This equation is transcendental in λn and must be solved numerically. Care should be
taken to ensure that all eigenvalues are obtained. Further, they must be paired correctly
with the corresponding eigenfunctions in the series solution. The eigenfunctions are
given by

ϕ1,n(y) = bn cos
(
λn
√
Pe1y

)
(A.8a)

ϕ2,n(y) = dn cos
(
λn
√
Pe2 (1− y)

)
(A.8b)
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where bn and dn are calculated to ensure orthonormality of the eigenfunctions under the
inner product defined in (A.4):

bn =

[
2λn
√
Pe1hr + sin

(
2λn
√
Pe1hr

)
4λn
√
Pe1

+

{
Kβ2Pe1

Pe2

sin2
(
λn
√
Pe1hr

)
sin2

(
λn
√
Pe2 (1− hr)

)
×

2 (1− hr)λn
√
Pe2 + sin

(
2λn
√
Pe2 (1− hr)

)
4λn
√
Pe2

}]−1/2

(A.9a)

dn = −bnβ
√
Pe1√
Pe2

sin
(
λn
√
Pe1hr

)
sin
(
λn
√
Pe2 (1− hr)

) (A.9b)

The eigenvalue problem (A.7) admits a zero eigenvalue for n = 0. The corresponding
eigenfunction is

ϕ1,0 =

[
hr +

(
Pe2/Pe1

) (1− hr)
βK

]−1/2

(A.10a)

ϕ2,0 =
1

K
ϕ1,0 (A.10b)

The coefficients of the eigenfunctions in (A.5) are obtained by taking the inner product
of (A.1) with ϕn(y) and using the property of self-adjointness:

−
d
〈
c, ϕn(y)

〉
dx

=
〈
Lc, ϕn(y)

〉
=
〈
c,Lϕn(y)

〉
= λ2

n

〈
c, ϕn(y)

〉
(A.11)

On solving this ordinary differential equation and substituting the result in (A.5) we ob-
tain the infinite series solution as:

c(x, y) =
∑
n

〈
c (0, y) , ϕn(y)

〉
e−λ

2
nxϕn(y) (A.12)

Substituting the eigenfunctions from (A.8) - (A.10) in (A.12), we obtain the solution
given in (3.11).
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APPENDIX B

Analytical Solutions and Convergence Tests for Chapter 5

In this appendix, we develop a series solution to the biharmonic equations, governing the
two-phase circulatory flow in curved channels (Sec. 5.3.3), and verify its convergence.
We also demonstrate the convergence of the series solution for the axial velocity modifi-
cation wi,1 (Sec. 5.3.5).

B.1 Solution of biharmonic equations in two-phase flow

Here, we construct the solution of the biharmonic problem (5.21) to (5.22g), governing
the two-phase circulatory flow in curved channels, using the method of superposition
(Meleshko, 1996, 1998). The method involves constructing a separable solution as a sum
of two infinite series; one series satisfies (5.21) and the other satisfies the homogeneous
version of this equation. These series consist of complete orthogonal eigenfunctions, in
the x and y directions, corresponding to the second order operators present in (5.21). We
first determine these eigenfunctions and then construct the general solution to (5.21).

(5.21) contains two second order self-adjoint differential operators in the definition of
∇2 – one in x and the other in y. These operators along with the homogeneous Dirichlet
boundary conditions in (5.22a) to (5.22e) define two eigenvalue problems in each fluid:

−λ2d
2φny,i
dy2

= ω2
y,iφny,i ; φny,i (−1) = φny,i (+1) = 0 where i = 1, 2 (B.1a)

−d
2φnx,1
dx2

= ω2
x,1φnx,1 ; φnx,1 (−1) = φnx,1 (k) = 0 (B.1b)

−d
2φnx,2
dx2

= ω2
x,2φnx,2 ; φnx,2 (k) = φnx,2 (+1) = 0 (B.1c)

Here, n takes values 1,2,3, etc., and i = 1, 2, denoting fluid 1 and fluid 2 respectively.

The eigenfunctions defined by (B.1) form complete orthogonal basis sets in their
respective Hilbert spaces (Ramkrishna and Amundson, 1985). Solving the eigenvalue
problem in the y direction, one obtains

φny,i (y) = sin

(
nπ

2
(1− y)

)
; ωny,i =

(
nπλ

2

)2

(B.2)

These functions are odd for n = 0, 2, 4... and even otherwise. The inhomogeneous forc-
ing term in (5.21) is an odd function in y and the boundary conditions in y are symmetric.



Therefore ψi,1 must also be an odd function in y. Thus only the eigenfunctions which are
odd, corresponding to n = 0, 2, 4... need be considered. These may be rewritten in the
more convenient form given below:

φny,1 (y) = sin (nπy) ; ω2
ny,1 = (nπλ)2 for −1 ≤ x ≤ k (B.3a)

φny,2 (y) = sin (nπy) ; ω2
ny,2 = (nπλ)2 for k ≤ x ≤ 1 (B.3b)

where, n = 1,2,3, etc.

In the x direction, the eigenfunctions have different forms in each fluid:

φmx,1 (x) =

√
2

1 + k
sin

(
mπ

(x− k)

(1 + k)

)
; ω2

mx,1 =

(
mπ

1 + k

)2

for −1 ≤ x ≤ k

(B.3c)

φmx,2 (x) =

√
2

1− k
sin

(
mπ

(x− k)

(1− k)

)
; ω2

mx,2 =

(
mπ

1− k

)2

for k ≤ x ≤ 1

(B.3d)

These eigenfunctions have been normalized so as to form orthonormal basis sets. We
now seek a general solution to (5.21), as a sum of two series of these eigenfunctions:

ψi,1 (x, y) =
∞∑
n=1

an,i (x)φny,i (y) +
∞∑
m=1

bm,i (y)φmx,i (x) (B.4a)

where

an,i (x) =

+1∫
−1

ψi,1 (x, y)φny,i (y) dy ; (i = 1, 2) (B.4b)

bm,1(y) =

k∫
−1

ψ1,1 (x, y)φmx,1 (x) dx ; bm,2(y) =

+1∫
k

ψ2,1 (x, y)φmx,2 (x) dx (B.4c)

The first series of φny,i is required to satisfy (5.21), while the second series of φmx,i is
required to satisfy the homogeneous version of (5.21). The coefficients an,i and bm,i of
these eigenfunctions are evaluated by multiplying (5.21) (and its homogeneous version)
throughout by the respective eigenfunction and integrating over the corresponding do-
main. Then, using the property of self-adjointness of the operators and the definition of
the eigenfunctions, one obtains a fourth order ordinary differential equation for each of
the coefficients:(

d4

dx4
− 2ω2

ny,i

d2

dx2
+ ω4

ny,i

)
an,i (x) =

+1∫
−1

−Reiλ
∂

∂y

(
wi,0

2
)
φny,i (y) dy (B.5a)
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(
λ4 d

4

dy4
− 2λ2ω2

mx,i

d2

dy2
+ ω4

mx,i

)
bm,i (y) = 0 (B.5b)

Solving these equations for the coefficients, an,i and bm,i, and substituting into (B.4a)
yields the general solution for the stream functions (5.23a) - (5.23b) given in Sec. 5.3.3.
In these expressions, the functions si,n(x) are the particular solutions of (B.5a). Their
form becomes increasingly complex and lengthy as more terms of the series for wi,0 are
used (cf. (5.17)). For the simplest case, in which only the first term of (5.17) is used for
wi,0, the calculations are more tractable, and only s1,1(x) and s2,1(x) are non-zero. These
functions are given below:

si,1 (x) =
128Rei
π9λ7

 1 + 1
2

(
A2
i0 −B2

i0

)
+ 32

9
Ai0 cosh

(
1
2
πλx

)
+ 32

9
Bi0 sinh

(
1
2
πλx

)
+

1
16

(
A2
i0 +B2

i0

)
(πλ)2x2 cosh (πλx) + 1

8
Ai0Bi0(πλ)2x2 sinh (πλx)


(B.6)

When more terms of wi,0 are considered, the calculations may be carried out using a
symbolic computing software (eg. Mathematica) to obtain si,n(x). A converged solution
for ψi,1 is obtained when the first four terms of (5.17) are taken for wi,0. An illustration
of this convergence is shown in the following subsection (B.2).

The constantsC1n toC12m in (5.23a) - (5.23b) are evaluated by applying the boundary
conditions (5.22a) to (5.22g). In the y direction the boundary condition is applied at
y = +1 only. Since the solution is odd in y, satisfying the boundary condition at y = +1

ensures that it is satisfied at y = −1 as well. Thus, there are a total of 12 boundary
conditions to be applied.

Since the eigenfunctions satisfy the 6 Dirichlet boundary conditions, one of the two
series in the solution goes to zero when these are applied. Requiring the other series
to satisfy the boundary condition, results directly in equations for the unknown con-
stants. However, when applying the remaining 6 non-Dirichlet boundary conditions, all
the terms from both series survive. For example, on applying the Neumann condition for
ψ1,1 at y = +1, one obtains

∞∑
n=1

n π cos (nπ)

{
C1n cosh

(
ωny,1x

)
+ C2n sinh

(
ωny,1x

)
+

C3nx cosh
(
ωny,1x

)
+ C4nx sinh

(
ωny,1x

)
+ s1 (x)

} 
+
∞∑
m=1

 φmx,1 (x)

 C5m

(
ωmx,1λ

−1
)

cosh
(
ωmx,1λ

−1
)

+C6m

(
cosh

(
ωmx,1λ

−1
)

+
(
ωmx,1λ

−1
)

sinh
(
ωmx,1λ

−1
))

 = 0

(B.7)

This equation contains different functional forms in x and thus cannot be used in the
present form to compute the unknown coefficients. In order to obtain equations for the
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Figure B.1: Convergence of the series solution for the secondary circulatory flow. The number
of terms used in (5.23a) - (5.23b) (value of n and m) is sequentially increased and the solutions
obtained are compared. (a) The y-component of velocity (vi,1), at y = 0.5, is plotted along the
channel width (x). (b) The x-component of velocity in fluid 2 (u2,1), at x = 0.5, is plotted
along the channel height (y). The number of terms are indicated in the legend. Parameter values:
k = 0.1, Re1 = 20, Re2 = 15, µ12 = 2, λ = 1.

unknown coefficients, each of the functions in x must be projected onto the complete
orthogonal eigenfunctions φmx,1 (x). For example the function multiplyingC1n in (5.23a)
may be expanded as

C1n cosh
(
ωny,1x

)
= C1n

N∑
m=1,2

 k∫
−1

cosh
(
ωny,1x

)
φmx,1 (x)dx

φmx,1 (x) (B.8)

Then, by requiring the coefficient of φmx,1 (x) to be zero at every m, one obtains equa-
tions for the constants C1n to C6m. A similar procedure must be applied for the other 5
non-Dirichlet boundary conditions.

The solution is approximated by truncating each series to N terms. The set of 12N

equations for the unknown constants are coupled and must be solved simultaneously. As
N is increased, the values of all the constants are refined and the series converges to
the solution (Meleshko, 1996, 1998). Four to five terms are found to be sufficient for
this two-phase problem. In the following subsection, we compare the solution as N is
increased, for a specific example, to demonstrate the convergence of the series.

B.2 Convergence of series solutions

In this subsection, we present results which demonstrate the convergence of the series
solutions for the secondary streamfunction ψi,1 and the axial velocity modification wi,1.

First, we illustrate the convergence of the infinite series solution for the circulatory
flow (5.23a) - (5.23b). In Fig. B.1, line plots of vi,1 and ui,1, calculated using an increasing
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Figure B.2: Convergence of the circulatory flow field, as an increasing number of terms are taken
in the series for the base axial velocity (wi,0). (a) The y-component of velocity (vi,1), at y = 0.5,
is plotted along the channel width (x). (b) The x-component of velocity in fluid 2 (u2,1), at
x = 0.5, is plotted along the channel height (y). The number of terms are indicated in the legend.
Parameter values: k = 0.1, Re1 = 20, Re2 = 15, µ12 = 2, λ = 1.

number of terms, are compared (i.e. the maximum value of n and m in (5.23a) - (5.23b)
are increased successively from 1 to 7). We see that the solution converges rapidly. In
this case, four terms of each series are sufficient (n = m = 4). This is found to be true
for all the cases studied in this work.

Before calculating the stream function and the circulatory flow, the base axial veloc-
ity wi,0 must be determined using the infinite series given in (5.17). The accuracy of the
solution for the circulatory flow increases as more terms are used to compute wi,0. How-
ever, if many terms are used for wi,0, then the expressions for ψi,1 become lengthy and
further analysis becomes difficult, even with symbolic computing software. Thus, it is
important to know the minimum number of terms that must be considered in calculation
of wi,0, in order to obtain a converged solution for ψi,1. This is investigated in Fig. B.2,
which presents line plots of vi,1 (Fig. B.2a) and u2,1 (Fig. B.2b), calculated using an in-
creasing number of terms in the series for wi,0 (i.e. the maximum value of n in (5.17) is
increased from 1 to 6). These results show that the convergence is quite rapid. In all cases
considered in this work, four terms of the wi,0 series (5.17) are found to be sufficient for
a converged circulatory flow field.

Next, we show an example of the convergence of the series solution for the axial
velocity modification at O(ε1) (cf. (5.30) - (5.31)). Fig. B.3 presents line plots of wi,1,
which are computed using an increasing number of terms in (5.30) (i.e. the maximum
value of n in (5.30) is increased from 1 to 5). In Fig. B.3a, in which µ12 = 1, four terms
are necessary, whereas in Fig. B.3b, in which µ12 = 3, only two terms are required.
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Figure B.3: Convergence of the series solution for the axial velocity modification at O(ε1), wi,1,
as more terms of the series are considered (cf. (5.30) - (5.31)). In these plots,wi,1 at the horizontal
centerline (y = 0) is plotted along the width of the channel. The parameter values are: (a) k = 0,
Re1 = 200,Re2 = 200, µ12 = 1, λ = 1, Ca = 0.2; (b) k = 0,Re1 = 200,Re2 = 200, µ12 = 3,
λ = 1, Ca = 0.2. The number of terms are indicated in the legend.
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APPENDIX C

The Gently Curved Approximation and the Centrifugal
Instability

In Chapter 6, a simplified set of equations were used to analyze the centrifugal instability
of two-phase layered flow (two-phase Dean instability). These equations are appropriate
when the channel width (annular gap between the concentric cylinders) is much smaller
than the radius of curvature of the channel. This narrow gap approximation (or gently
curved approximation) is discussed in more detail in this appendix.

The governing equations, before making the narrow gap approximation, are given
below. Here (u,w, v) are the non-dimensional velocities in the (x, z, θ) directions re-
spectively (x = (r∗ −R∗)/d∗).

∂ui
∂x

+
aui

(1 + ax)
+

a

(1 + ax)

∂vi
∂θ

+
∂wi
∂z

= 0 (C.1)

Reiµ1i

ρ1i

[
∂ui
∂t

+ ui
∂ui
∂x

+
avi

(1 + ax)

∂ui
∂θ

+ wi
∂ui
∂z
− avi

2

(1 + ax)

]
= −12µ1i1i

∂pi
∂x

+
∂2ui
∂x2

+
a

(1 + ax)

∂ui
∂x
− a2ui

(1 + ax)2 +
a2

(1 + ax)2

∂2ui
∂θ2

+
∂2ui
∂z2
− 2a2

(1 + ax)2

∂vi
∂θ

(C.2)

Reiµ1i

ρ1i

[
∂wi
∂t

+ ui
∂wi
∂x

+
avi

(1 + ax)

∂wi
∂θ

+ wi
∂wi
∂z

]
= −12µ1i

∂pi
∂z

+
∂2wi
∂x2

+
a

(1 + ax)

∂wi
∂x

+
a2

(1 + ax)2

∂2wi
∂θ2

+
∂2wi
∂z2

(C.3)

Reiµ1i

ρ1i

[
∂vi
∂t

+ ui
∂vi
∂x

+
avi

(1 + ax)

∂vi
∂θ

+ wi
∂vi
∂z

+
auivi

(1 + ax)

]
=

12µ1i

(1 + ax)
− 12aµ1i

(1 + ax)

∂pi
∂θ

+
∂2vi
∂x2

+
a

(1 + ax)

∂vi
∂x
− a2vi

(1 + ax)2 +
a2

(1 + ax)2

∂2vi
∂θ2

+
∂2vi
∂z2

+
2a2

(1 + ax)2

∂ui
∂θ

(C.4)

In the limit of a narrow gap or gently curved channel, the curvature ratio a� 1. Then
terms of O(a) in (C.1) - (C.4) may be dropped in comparison with terms of O(1). Ef-
fectively, this eliminates the effect of curvature on the base flow and retains it only in the
linearized stability equations. Dean (1928a) and Reid (1958), in their stability analyses
of single-phase flow, only retained (−aRev2

i ) and dropped all other terms multipled by



a. On the other extreme, Sparrow (1964) used the full set of equations without neglecting
any terms. His results indicate that using the simplified equations of Dean (1928a) and
Reid (1958) results in significant errors for curvature ratios greater than 0.1. For exam-
ple, the results of Reid (1958) under-predict the critical Reynolds number by 7.4 % and
23.3 % for a = 0.1 and a = 0.3 respectively (Sparrow, 1964).

In this work, we aim for an intermediate level of simplification. All terms mutliplied
by a and Re are retained, since we are interested in studying the onset of instability
at which the critical Reynolds number may be large enough for these terms to become
significant. In addition, we retain terms involving products of a and derivatives of θ, each
raised to the same power. This enables a more accurate description of short wavelength
azimuthal disturbances, which will have large values of the azimuthal derivative. Apart
from the aforementioned exceptions, all other terms multiplied by a are dropped.

The effect of retaining the terms multiplied by Re may be assessed by comparing the
results of our simplified equations (6.9) with those of Reid (1958) and Sparrow (1964)
for the single-phase linear stability problem. We obtain a critical Reynolds number of
Rec = 121.352 at a = 0.1. For this case Reid (1958) reports a value of 114.86 while
Sparrow’s complete equations (Sparrow, 1964) predict 124.05. Since we retain all terms
mutliplied by (aRe), our value of the critical Reynolds number is in between those re-
ported by Reid (1958) and (Sparrow, 1964). The terms involving derivatives of θ do not
play a significant role in the single-phase problem because the critical disturbance is ax-
isymmetric. However, these terms will be important in the two-phase problem, wherein
non-axisymmetric critical modes dominate for some parameter ranges.

Apart from simplifying calculations, Dean’s approximation (Dean, 1928a) also en-
ables one to combine the dependence of stability on the Reynolds number and curvature
ratio into a single dimensionless number-the Dean number (De) defined as Re

√
a. This

representation is not possible when some of the terms involving a are retained. Rather,
the stability threshold must be described in terms of the critical Reynolds number (Rec)
calculated at specific values of the curvature ratio (a). However, the Dean number can be
used to approximate the variation of Rec with a, for small values of a, as shown in Sec.
6.10 of Ch. 6.
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APPENDIX D

Two-phase Recombined Chebyshev Galerkin Spectral
Method

D.1 Description of the method

In this appendix, we describe the two-phase RCGS method that was used to numerically
solve the eigenvalue problem associated with the linear stability of layered flow in curved
channels (Chapter 6). The construction of the recombined Chebyshev basis functions is
duscussed, as well as the numerical implementation of Galerkin projections via Gaussian
quadrature.

The basis functions are defined across both fluid domains by adopting the framework
of direct sum spaces (Ramkrishna and Amundson, 1985). The functions û1,0 and û2,0,
defined on [0, b] and [b, 1] respectively, are combined into a single vector function û0 =

(û1,0, û2,0)T defined over the entire domain [0, 1]. Similarly, we define v̂0 = (v̂1,0, v̂2,0)T.
Here the superscript T denotes the transpose operation. While û1,0, v̂1,0 belong to the
Hilbert space L2[0, b] and û2,0, v̂2,0 belong to the Hilbert space L2[b, 1], the composite
functions û0 and v̂0 belong to the direct sum space L2[0, b] ⊕ L2[b, 1]. This is a Hilbert
space containing all elements f = (f1, f2)T where f1 ∈ L2[0, b] and f2 ∈ L2[b, 1]. Linear
combinations in direct sum space are defined as follows:

αf + βg =
(
αf1 (x) + βg1 (x) , αf2 (x) + βg2 (x)

)T (D.1)

where

f ,g ∈ L2 [0, b]⊕ L2 [b, 1] ; f1, g1 ∈ L2 [0, b] ; f2, g2 ∈ L2 [b, 1]

f = (f1, f2)T; g = (g1, g2)T; α, β ∈ R

It follows from (D.1) that if vectors f and g both satisfy a set of homogeneous boundary
conditions (applied at x = 0, 1 and b), then their linear combination must also satisfy the
same boundary conditions. Thus, the set of all functions in L2[0, b] ⊕ L2[b, 1], which
satisfy the boundary conditions (6.20) form a linear subspace Su ∈ L2[0, b] ⊕ L2[b, 1].
Similarly, the set of functions satisfying boundary conditions (6.21) define another sub-
space Sv ∈ L2[0, b]⊕ L2[b, 1].

The unknown vector functions û0 and v̂0 defined by the eigenvalue problem (6.19)
- (6.21) belong to the subspaces Su and Sv respectively. The two-phase RCGS method



determines these functions by expanding them in terms of basis sets that also belong to
the same subspaces. Let

{
φu,n

}∞
n=0

and
{
φv,n

}∞
n=0

be basis sets of L2[0, b] ⊕ L2[b, 1],
belonging to Su and Sv respectively. Then û0 and v̂0 may be expanded as follows:

û0 =
N∑
n=0

cnφu,n and v̂0 =
N∑
n=0

dnφv,n (D.2)

Here, linear combinations of φu,n and φv,n are defined according to (D.1).

The basis functions are composed of combinations of Chebyshev polynomials:

φu,n =


φ(1)

u,n (x) =
4∑
j=0

α
(1)
j,nTp(n)+j

[
2
(
x
b

)
− 1
]

0 ≤ x < b

φ(2)
u,n (x) =

4∑
j=0

α
(2)
j,nTq(n)+j

[
2
(
x−b
1−b

)
− 1

]
b ≤ x ≤ 1

(D.3)

φv,n =


φ(1)

v,n (x) =
2∑
j=0

β
(1)
j,nTp(n)+j

[
2
(
x
b

)
− 1
]

0 ≤ x < b

φ(2)
v,n (x) =

2∑
j=0

β
(2)
j,nTq(n)+j

[
2
(
x−b
1−b

)
− 1

]
b ≤ x ≤ 1

(D.4)

Here, Tr[y] are Chebyshev polynomials of order r defined as cos(arccos(y)) with y ∈
[−1, 1]. Each φ(i)

u,n (x) (i = 1, 2) consists of 5 Chebyshev polynomials, belonging to
the respective fluid domain. On the other hand, each φ(i)

v,n (x) is composed of only three
Chebyshev polynomials. This difference is because the number of boundary conditions
on û0 and v̂0 are different. p and q are non-negative integers whose values depend on
n. They specify the orders of the Chebyshev polynomials that must be combined to form
the nth basis function, φ(i)

u,n (x) or φ(i)
v,n (x).

p =


0 ≤ n < 4

{
0

1

if n : even

if n : odd

n ≥ 4

{
n/2

((n− 1)/2)− 1

if n : even

if n : odd

(D.5)

q =


0 ≤ n < 4

{
0

1

if n < 2

if n ≥ 2

n ≥ 4

{
n/2

(n− 1)/2

if n : even

if n : odd

(D.6)

The rationale behind these formula and the structure of the basis functions is outlined in
subsection D.2.

The coefficients α(i)
j,n and β(i)

j,n must satisfy the conditions that φu,n ∈ Su and φv,n ∈
Sv. This requires φu,n to satisfy (6.20a) - (6.20e), which results in 8 equations for 10
unknown coefficients α(i)

j,n, at every n. Setting α
(1)
0,n and α

(2)
0,n to unity, these equations
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are solved to determine the remaining eight coefficients. Using a symbolic computing
package, analytical expressions are obtained for α(i)

j,n in terms of j and n. In a similar
manner, β(i)

j,n are determined from (6.21a) - (6.21d), after setting β(1)
0,n and β(2)

0,n to unity.

These recombined Chebyshev basis sets are now used in a standard Galerkin proce-
dure to convert equations (6.19a) and (6.19b) into a matrix eigenvalue problem (Boyd,
2001). The expansions in (D.2) are substituted into (6.19a) and (6.19b), which are then
projected onto the basis functions φu,n and φv,n to yield a set of 2(N+1) homogeneous
equations in 2(N+1) unknowns, {c}Nn=0 and {d}Nn=0. The inner product in L2[0, b] ⊕
L2[b, 1] is defined as follows

〈f · g〉 =

b∫
0

1√
1−

(
2x
b
− 1
)2
f1 (x) g1 (x) dx+

1∫
b

1√
1−

(
2x−b

1−b − 1
)2
f2 (x) g2 (x) dx

(D.7)

where

f ,g ∈ L2 [0, b]⊕ L2 [b, 1] ; f1, g1 ∈ L2 [0, b] ; f2, g2 ∈ L2 [b, 1]

f = (f1, f2)T; g = (g1, g2)T

This inner product has been defined with weight functions that facilitate the application
of Gaussian quadrature. This substantially reduces the time required for computing inner
products. The standard quadrature formula must be suitably modified to account for the
mapping of the domains [0, b] and [b, 1] to [−1, 1]. The modified formula are given below

b∫
0

1√
1−

(
2x
b
− 1
)2
h1 (x) dx =

M∑
i=0

w1,ih1

(
x̄1,i

)
(D.8)

where

x̄1,i =

[
cos

(
iπ

M

)
+ 1

](
b

2

)
and w1,i =

{
πb/(4M) i = 0,M

πb/(2M) i = 1, 2, ...M − 1

1∫
b

1√
1−

(
2x−b

1−b − 1
)2
h2 (x) dx =

M∑
i=0

w2,ih2

(
x̄2,i

)
(D.9)

where

x̄2,i =

[
cos

(
iπ

M

)
+ 1

](
1− b

2

)
+ b and w2,i =

{
π(1− b)/(4M) i = 0,M

π(1− b)/(2M) i = 1, 2, ...M − 1

Here, M is the number of Gauss-Lobatto grid points (x̄1,i and x̄2,i) used to evaluate the
integral in each fluid domain. This grid yields exact results for polynomials of order
2M − 1.
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D.2 Construction of the basis functions

In this discussion, we focus onφu,n as the construction ofφv,n is entirely analogous. The
set
{
Tr[2(x/b)− 1]

}∞
r=0

forms a basis in L2[0, b], while
{
Tr[2(x− b)/(1− b)− 1]

}∞
r=0

forms a basis in L2[b, 1] (Ramkrishna and Amundson, 1985). (Note that the arguments
of these Chebyshev polynomials map [0, b] and [b, 1] onto [−1, 1].) A sequence of poly-
nomials is selected from each Chebyshev family and combined to ensure that φu,n ∈ Su,
i.e. the combined function belongs to L2[0, b]⊕ L2[b, 1] and satisfies the eight boundary
conditions on û1,0 and û2,0 (6.20). Since these boundary conditions are homogeneous, the
total number of Chebyshev functions used must be more than eight to ensure a non-trivial
combination. In (D.3), a sequence of five polynomials is taken in each fluid domain,
giving a total of ten. The coefficients in the combination are determined by applying
equations (6.20), after setting the values of two coefficients to unity.

The selection of the values of p and q in (D.3) is based on the structure of direct sum
spaces. The first step is to realize that when φu,n is considered on each fluid sub-domain
separately, then it forms basis sets in L2[0, b] and L2[b, 1] respectively. This fact leads
naturally to the construction of an elementary basis set in the direct sum space. While
this elementary basis does not belong to Su, it does indicate the size of the subset of p
and q values that would form the desired basis.

First consider the part of φu,n defined on [0, b] in (D.3), i.e. φ(1)
u,n (x). This function

belongs to L2[0, b]. For p = r, φ(1)
u,n

∣∣
p=r includes one Chebyshev polynomial of higher

order than the polynomials included when p = r − 1 in φ(1)
u,n

∣∣
p=r−1 . Hence, φ(1)

u,n

∣∣
p=r

and φ(1)
u,n

∣∣
p=r−1 are linearly independent. The same argument when applied to arbitrary

r (r > 0) leads to the conclusion that the entire set
{
φ(1)

u,n

}∞
p=0

is linearly independent.

In fact, as this set contains all the Chebyshev polynomials
{
Tr[2(x/b)− 1]

}∞
r=0

, it must
form a basis in L2[0, b].

Similarly, the set
{
φ(2)

u,n

}∞
q=0

forms a basis in L2[b, 1]. From these two sets, one can

obtain, in a straightforward manner, a natural basis set for the direct sum space L2[0, b]⊕
L2[b, 1]. This is done by combining every function in

{
φ(1)

u,n

}∞
p=0

with the zero vector

from L2[b, 1] to obtain independent functions in L2[0, b]⊕L2[b, 1]. Similarly, functions in{
φ(2)

u,n

}∞
q=0

are combined with the zero vector from L2[0, b]. The union of these two sets,{
(φ(1)

u,n, 0)
}∞
p=0
∪
{

(φ(2)
u,n, 0)

}∞
q=0

, forms a basis in the direct sum space L2[0, b]⊕L2[b, 1]

(Ramkrishna and Amundson, 1985).

The natural basis
{

(φ(1)
u,n, 0)

}∞
p=0
∪
{

(φ(2)
u,n, 0)

}∞
q=0

does not belong to Su. However,

it does lead to the following key insight. If the first N0 functions from
{
φ(1)

u,n

}∞
p=0

and{
φ(2)

u,n

}∞
q=0

are used in a numerical calculation, then the truncated natural basis set in
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Figure D.1: Selection of appropriate pairs of p and q to form a basis in subspace Su of L2[0, b]⊕
L2[b, 1]. Truncated basis sets forN0 = 2, 3..6 are illustrated (p ≤ N0, q ≤ N0).

the direct sum space will contain 2N0 functions:
{

(φ(1)
u,n, 0)

}N0−1

p=0
∪
{

(φ(2)
u,n, 0)

}N0−1

q=0
.

Thus, 2N0 linearly independent functions of the form φu,n, with p and q restricted to
values between 0 and N0 − 1, are required to form a truncated basis that belongs to
Su. Considering all possible combinations of p and q in (D.3) results in N2

0 different
functions. Since in general N2

0 > 2N0, this total set is linearly dependent. To form a
truncated basis we must choose a subset of 2N0 pairs of p and q from N2

0 possibilities,
such that the subset of functions is linearly independent. The procedure for selecting
these pairs is discussed next.

The selection of pairs of p and q values is illustrated in Fig. D.1, for N0 = 2, 3..6.
For N0 = 2, N2

0 = 2N0, and all four possible functions are required. However for
N0 = 3, only two additional functions must be included in the basis from a total of 5
new possibilities. The diagonal term (2, 2) is selected, as it is obvious independent of
the previous four functions. Another independent function is taken from just above the
diagonal element (1, 2). This completes the truncated basis in Su for N0 = 3. This
procedure is repeated for all other N0 > 2, i.e. inclusion of the diagonal element and
the one just above it (an obvious alternative is to select elements just below the diagonal
instead, i.e. (2, 1), (3, 2), etc.). The selected functions are highlighted in Fig. D.1. This
scheme is presented as a formula for p and q in (D.1). On generalizing the selection
scheme to arbitrarily high N0 we obtain a basis set for L2[0, b]⊕ L2[b, 1], which belongs
to Su. A basis set belonging to Sv is constructed in a similar manner. It is composed
of the Chebyshev groups φ(1)

v,n (x) and φ(2)
v,n (x), as defined by (D.4). Here, φv,n must

satisfy the 4 boundary conditions given in (6.21). Hence, sequences of three polynomials
are used in each fluid domain.

D.3 Convergence and validation

The convergence characteristics of the two-phase RCGS method are illustrated in Tab. D.1
for two sets of parameter values. The table presents values of the smallest marginal
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Table D.1: Convergence characteristics of the two-phase RCGS method. Each entry is the least
marginal Reynolds number across all k (Rec,m), at a specified value ofm (rows), calculated using
N basis functions (columns) in the expansions of û0 and v̂0 (6.22).

Reynolds number across all k for specified values of m (cf. Sec. 6.7). The calcula-
tions are repeated successively with an increasing number of basis functions. The results
in Tab. D.1 are representative of computations at other parameter values as well. In
all cases, the calculation with 16 basis functions predicts a value that is within 0.2%
of the converged least marginal Reynolds number. The convergence is slower for non-
axisymmetric modes (m 6= 0) and more basis functions are required to describe distur-
bances with short azimuthal wavelengths (large m). However, as we shall see, the most
dangerous disturbances are either axisymmetric or of relatively long wavelength (small
m) for which 24 basis functions are sufficient. For analyzing axisymmetric modes, even
fewer basis functions are required.

The two-phase RCGS method was cross-checked by repeating several of the calcu-
lations with the shooting-orthonormalization technique. A representative comparison of
the two methods is shown in Fig. D.2. In this figure, the marginal Reynolds number
is plotted as a function of k for m = 0. In this case, the most dangerous disturbance
is in fact axisymmetric and corresponds to the minima of the curve in Fig. D.2. The
agreement between the results of the two methods is very good. Since the shooting-
orthonormalization method is well established, this comparison serves as a verification
of the two-phase RCGS method.

The previous work of Gelfgat et al. (2001) on the two-phase centrifugal instability
used an incomplete set of functions as a basis set. In fact, only the diagonal entries in
Fig. D.1 were selected (p = q = n). Therefore, the most dangerous disturbances could
not be accounted for accurately, we find that their results overpredict the critical Reynolds
number. For example, with µ12 = 0.91, ρ12 = 0.9, b = 0.5 and a = 0.1, the incomplete
basis predicts a critical Reynolds number of 821.211. This value has been obtained from
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Figure D.2: Comparison of the two-phase RCGS and shooting-orthonormalization methods. The
marginal Reynolds number (Remg, defined in Sec. Sec. 6.7) is plotted as a function of the axial
wave number (k) for a fixed azimuthal wave number of m = 0. Parameter values: µ12 = 0.5,
ρ12 = 0.5, b = 0.5, a = 0.1. In this case, the critical Reynolds number corresponds to the
axisymmetric mode (m = 0).

Gelfgat et al. (2001) after accounting for differences in the definition of the Reynolds
number. The corresponding result using the two-phase RCGS method and the shooting-
orthonormalization technique is 188.131. This rather large discrepancy persists for all
parameter values.
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APPENDIX E

Mathematical Expressions

E.1 Expressions for Chapter 2

The constants in the expressions of the velocity field (2.1) are given below:

A1 =
6(h+µ12 (1− h))

h
(
h2(µ12−1)− µ12 (3− 2h)

)
B1 =

6
(
h2(µ12 − 1)− µ12

)
h
(
h2(µ12 − 1)− µ12 (3− 2h)

)
C1 = 0

A2 =
6(h+µ12 (1− h))

(1− h)
(
−h2(µ12−1) + µ12 (2h− 1)− 4h

) (E.1)

B2 =
6
(
h2(µ12 − 1)− µ12

)
(1− h)

(
−h2(µ12−1) + µ12 (2h− 1)− 4h

)
C2 =

−6h (µ12 − 1)(
−h2(µ12−1) + µ12 (2h− 1)− 4h

)
The ratio of the average velocity of phase 1 to phase 2 (ω) is a function of µ12 and h:

ω =
h
(
h2(µ12−1) + 2hµ12−3µ12

)
(1− h)µ12

(
−h2(µ12−1) + 2h(µ12−2)− µ12

) (E.2)

The expressions for f1(y) and f2(y), used in the OEA model are given below:

f1 (y) =
−(1− h)Kω

120(hK + 1− h)(hωK + 1− h)

×

 2A1

(
h5(K − 5) + 5h4 − 5h(K − 1)y4 − 5y4

)
+5B1

(
h4(K − 4) + 4h3 − 4h(K − 1)y3 − 4y3

)
+20C1

(
h3(K − 3) + 3h2 − 3h(K − 1)y2 − 3y2

)


− kD12(1− h)3

120(hK + 1− h)(hωK + 1− h)

 A2

(
8h3 + 6h2 + 4h− 18

)
+B2

(
15h2 + 10h− 25

)
+40

(
ωhK + 1− h− C2 (1− h)

)
 (E.3)



f2 (y) =
−(1− h)

120(hK + 1− h)(hωK + 1− h)

×



2A2

{
h5(5K − 1) + h2(10− 20K)

−5h(K − 1)y
(
y3 − 4

)
− 5y4 + 20y − 9

}

+5B2

{
h4(4K − 1) + h2(6− 12K)

−4h(K − 1)y
(
y2 − 3

)
− 4y3 + 12y − 5

}

−20

 ωhK
(1−h)

+1− C2




h3(3K − 1) + h2(3− 6K)

−3h(K − 1)(y − 2)y

−3y2 + 6y − 2




+
ω(1− h)h3K(h(8A1h+ 15B1) + 40C1)

120β(hK + 1− h)(hωK + 1− h)
(E.4)

The expressions for s1(y),s2(y) and q2(y), used in the TEA model are given below:

s1 (y) =
1

120h

[
2A1

(
h4 − 5y4

)
+ 5B1

(
h3 − 4y3

)
+ 20C1

(
h2 − 3y2

)]
(E.5)

s2 (y) =
1

120 (1− h)

 −2A2

(
h4 + h3 + h2 − 9h− 5y4 + 20y − 9

)
−5B2

(
h3 + h2 − 5h− 4y3 + 12y − 5

)
−20C2

(
h2 − 2h− 3y2 + 6y − 2

)
 (E.6)

q2 (y) =
1

120

 −2A2

(
h4 + h3 + h2 − 9h− 5y4 + 20y − 9

)
−5B2(h3 + h2 − 5h− 4y3 + 12y − 5)

−20(C2 − 1)(h2 − 2h− 3y2 + 6y − 2)

 (E.7)

E.2 Expressions for Chapter 4

The expression for G(n,m) is given below:

G(n,m) = m7 + (6m7 − 2m6)n+ (32m5 − 9m6)n2 + (344m5 − 120m6)n3

+ (408m4 + 821m5 − 88m6)n4 + (224m3 + 1642m4 + 1426m5)n5

+ (1240m3 + 3667m4 + 1096m5)n6 (E.8)

+ (224m2 + 3424m3 + 3424m4 + 224m5)n7

+ (1096m2 + 3667m3 + 1240m4)n8 + (1426m2 + 1642m3 + 224m4)n9

+ (−88m+ 821m2 + 408m3)n10 + (344m2 − 120m)n11

+ (32m2 − 9m)n12 + (6− 2m)n13 + n14
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