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Background

• Numerical solutions of the Navier-Stokes equation, for small
enough viscosities, consistent with turbulent flows.
◦ Energy cascade.
◦ Intermittency and Multiscaling.
◦ E (k) ∼ k−5/3.

• Numerical solutions of the Burgers equation, small enough
viscosities, consistent with theoretical results.
◦ Energy cascade.
◦ Bifractal.
◦ E (k) ∼ k−2.



Background
Fact
Numerical solutions of the Euler (Navier-Stokes with ν = 0) or the
inviscid Burgers equation (entropy solutions) very different from
the actual solutions.

Reason
On the computer what we solve is not the infinite-dimensional
partial differential equation but their finite-dimensional
Galerkin-truncated avatars.

Consequence
Finite-dimensional, inviscid system which conserves energy and
volume in phase space yielding thermalised solutions with

E (k) ∼ kd−1

.
Footnote
Viscosity saves the day when solving the viscous Navier-Stokes or Burgers equation.

E. Hopf, Commun. Pure Appl. Math. (1950)
T. D. Lee, Q. J. Appl. Math. (1952)



Consequence of Galerkin Truncation

scaling zone E!k; t" increases with time but E!k; t" de-
creases with time for k close (but inferior) to kth!t".

The traditionally expected [5,12] asymptotic dynamics
of the system is to reach an absolute equilibrium, which is a
statistically stationary exact solution of the truncated Euler
equations, with energy spectrum E!k" # ck2. Our new
results (see Fig. 1) show that a time-dependent statistical
equilibrium appears long before the system reaches its
stationary state. Indeed, the early appearance of a k2

zone is the key factor in the relaxation of the system
towards the absolute equilibrium: as time increases, more
and more modes gather into a time-dependent statistical
equilibrium, which itself tends towards an absolute
equilibrium.

Since the total energy E is constant, the energy dissi-
pated from large scales into the time-dependent statistical
equilibrium is given by

Eth!t" #
X

kth!t"<k
E!k; t": (4)

The time evolutions of kth and Eth are presented in Fig. 2.
The figure clearly displays the long transient during which,
for all resolutions, kth decreases and Eth increases with
time. Note that, at all times, kth increases and Eth decreases
with the resolution.

Since the energy of the time-dependent equilibrium
increases with time, the modes outside the equilibrium

lose energy. The presence of a time-dependent equilibrium
thus induces an effective dissipation on the lower k modes.

We now estimate the characteristic time of effective
dissipation !!kd" of modes kd close to kth!t" by assuming
time-scale separation and studying, at each time t, the
relaxation towards the time-independent absolute equilib-
rium characterized by Eth!t" and kmax. The existence of a
fluctuation dissipation theorem (FDT) [13,14] ensures than
dissipation around the equilibrium has the same character-
istic time scale as the equilibrium correlation functions
hv̂"!k; t"v̂#!k0; 0"i [brackets denote equilibrium statistical
averaging over initial conditions v̂#!k0; 0"]. Defining this
time scale !C as the parabolic decorrelation time

!2
C@tthv̂"!k; t"v̂#!k0; 0"ijt#0 # hv̂"!k; 0"v̂#!k0; 0"i; (5)

time translation invariance allows one to express the
second-order time derivative as $h@tv̂"!k; t" %
@t0 v̂#!k0; t0"ijt#t0#0. Using expression (1) for the time de-
rivatives reduces the evaluation of !C to that of an equal-
time fourth-order moment of a Gaussian field with corre-
lation hv̂"!k; t"v̂#!$k; t"i # AP"#!k" [5] where A #
Eth=!2kmax"3. The only nonvanishing contribution is a
one loop graph [8,15]. The correlation time !C associated
with wave number k is found in this way [14] to obey the
simple scaling law

!C #
C

k
!!!!!!!
Eth
p ; (6)

where C # 1:433 82 is a constant of order unity. The time
scale !C is the eddy turnover time at wave number kth.
Because of Kolmogorov (K41) behavior (see below) the
evolution of Eth is governed by the large-eddy turnover
time. The assumption of time-scale separation made above
is thus consistent.

This strongly suggests the introduction of an effective
generalized Navier-Stokes model for the dissipative dy-
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FIG. 2 (color online). Time evolution of kth (left vertical axis)
and Eth (right vertical axis) at resolutions 2563 (circle &), 5123

(triangle 4), 10243 (cross %), and 16003 (cross +).
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FIG. 1 (color online). Energy spectra. Top: resolution 16003 at
t # !6:5; 8; 10; 14" (!, +, &, *); bottom: resolutions 2563 (circle
&), 5123 (triangle 4), 10243 (cross %), and 16003 (cross +) at
t # 8. The dashed lines indicate k$5=3 and k2 scalings.
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For the present simulation, the initial averaging value, T0 ! 50,
and averaging window, T ! 5,000, are utilized. This is a severe
test because only the microcanonical statistics for an individual
solution of Eq. 5 are utilized rather than a Monte-Carlo average
over many random initial data as given by the canonical Gibbs
ensemble in Eq. 9.

The energy spectrum for the real and imaginary parts of the
Fourier modes is presented in Fig. 3. The straight lines in Fig. 3
correspond to the theoretically predicted value Var{Reuk} !
Var{Imuk} ! 0.01, with ! ! 50. Clearly, there is statistical
equipartition of energy for times t with t " 50 in the solution of
Eq. 5; the relative errors mostly occur at large scales and do not
exceed 4%.

The time correlations "Reuk(t # #)Reuk(#)$ are computed by
the same numerical averaging procedure from Eq. 19. The range
in timescales of correlations in the individual Fourier modes
varies over 1.5 decades for the value ! ! 50 in the present
simulation. Fig. 4 depicts the correlation functions of Reuk for
k ! 1, 2, 3, 10, 15, 20, illustrating this wide range of timescales
present in the system.

The elementary scaling theory for correlation times developed
in Eq. 11 is compared with the numerically computed correlation

times in Fig. 5. There, the scaling formula in Eq. 11 is multiplied
by a constant to exactly match the correlation time for k ! 1. As
shown in Fig. 5, the simple theory proposed in Eq. 11 is an
excellent fit for the large-scale wave numbers k, with k $ 15,
which exhibit the largest range of scaling behavior for temporal
correlations.

Robustness and Sensitivity of Results
A wide range of simulations of Eq. 5 have been performed by
picking random initial data with ! varying from ! ! 10, 50, 75,
whereas % also ranges over values % ! 50, 100, 200. The
equipartition of the spectrum and correlation scaling behavior
predicted by the theory in Eqs. 9, 10, and 11 is very robust, with
similar behavior as depicted in Figs. 4 and 5. The only caveat in
this discussion is the preconstant for the correlation scaling
theory in Eq. 11, which depends on the correlation time of the
largest-scale mode with k ! 1. This correlation time is a weakly
dependent function of %; however, the ratio of the largest to the
smallest correlation time in the system is independent of % for
all the parameter regimes tested. Details are presented else-
where (13).

The statistical predictions of Eq. 9 go beyond the energy
spectrum and also predict Gaussian behavior for higher mo-
ments. For a Gaussian distribution, fourth moments are equal to
three times the square of second moments, whereas sixth mo-
ments are equal to fifteen times the cube of second moments. In
Fig. 6, the relative error in the Gaussian approximation of fourth
and sixth moments from Eq. 9 is computed as a function of wave
number from the simulations of Eq. 5 with ! ! 50 and % ! 200;
the larger value of % is utilized to avoid dynamic range effects
(dividing by small numbers) in processing the numerical output.
Fig. 6 Upper gives the relative error in the fourth moment
prediction; these errors are less than 1% for almost all wave
numbers and never exceed 3%, with the largest errors in the low
wave number regime. For the sixth moments, the relative errors
are less than 2% for most of the wave numbers and do not exceed
6% overall. Thus, further statistical details of the prediction from
Eq. 9 are confirmed with surprising accuracy.

Concluding Discussion
In the previous paragraphs, we have introduced a simple model
for one-dimensional dynamics that is a suitable approximation of
the Burgers–Hopf equation in Eq. 1 involving the Galerkin
projection on Fourier modes defined in Eqs. 3 or 5. Unlike the

Fig. 3. Energy spectrum. Circles, DNS; solid line, canonical predictions.

Fig. 4. Correlation functions for modes k ! 1, 2, 3, 10, 15, 20.

Fig. 5. Correlation times. Circles, DNS; solid line, predictions of the scaling
theory.
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Galerkin Truncation: The Burgers Equation

• The inviscid Burgers equation:

∂tu + ∂x(u2/2) = 0; u(x , 0) = u0(x).

• Define the Galerkin projector, via the truncation wavenumber
KG ∈ Z+:

P
KG

u(x) =
∑
|k|≤KG

eikx ûk .

• The associated Galerkin-truncated Burgers equation

∂tv + P
KG
∂x(v2/2) = 0; v0 = P

KG
u0.
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Ray, Frisch, Nazarenko, and Matsumoto, Phys. Rev. E (2011)
Banerjee & Ray, Phys. Rev. E (R) (2014)
Venkataraman & Ray, Proc. Roy. Soc. A (2017)



Harbinger of Thermalisation: Tygers
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A resonant particle-wave interaction leads to thermalised solutions,

asymptotically, for the truncated Euler or Burgers equation.

Question: Can we predict the time scale τc for the onset of
thermalisation?

Answer: τc ∼ KG
ξ ξ = −4/9

Blake, Songs of Experience (1794)
Ray, Frisch, Nazarenko, and Matsumoto, Phys. Rev. E (2011)
Banerjee & Ray, Phys. Rev. E (R) (2014)
Venkataraman & Ray, Proc. Roy. Soc. A (2017)



Outline of Theory
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Onset time: Coincident with bulge asymmetry
Bulge asymmetry: Finite Reynolds stress

α2/β = O(1) =⇒ τc ∼ KG
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	ξ =

δβ−2δα
2γα−γβ

Venkataraman & Ray, Proc. Roy. Soc. A (2017)



Fixing the Exponents

• Resonance and phase mixing: γβ = δβ = −1

• Energy conservation: 2δα + δβ = 0 =⇒ δα = 1/2

• The cubic singularity of the entropy solution: γα = 7/4
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= �4/9

α ∼ τγαKG
δα β ∼ τ

γβKG
δβ τc ∼ KG

ξ

γα δα γβ δβ ξ

Theory 7/4 1/2 -1 -1 ξ =
δβ−2δα
2γα−γβ

= -4/9

Simulations 1.74 ± 0.04 0.50 ± 0.01 -0.97 ± 0.08 -1.01 ± 0.02 -0.46 ± 0.07

Venkataraman & Ray, Proc. Roy. Soc. A (2017)



Onset of Thermalisation
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Summary

• Implication
◦ Numerical simulations for tracing complex singularities, in ideal

equations of hydrodynamics, by using the method of the
analyticity strip.

− The temporal measurement of the distance, to the real
domain, of the nearest singularity, is limited not only by
computing power but also by the onset of thermalisation.

• Perspective
◦ Does a similar scaling argument hold for the incompressible

three-dimensional Euler equation?
◦ The onset of thermalisation is accompanied by the generation

of Fourier harmonics other than KG. The precise mechanism of
this is yet to be understood.

◦ A systematic theory which explains the full transition to
thermalised states, accompanied by beating effects.


