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@ There are several ‘algebraic accidents’ in the structure of classical
gravitational theories which have no explanation within the standard
framework.

@ These features tell us something about the underlying microscopic
theory; like e.g., the fact that matter can be heated up, which
demanded the existence of microscopic d.o.f.

@ Adding a single QM input, the Davis-Unruh temperature of local
Rindler horizons, allows interpreting field equations of classical gravity
as emergent; like e.g., equations of fluid mechanics.

@ Alternatively, field equations can be derived by exremising a
phenomenological entropy density of spacetime.

@ Gravitational sector is immune to zero-level of energy just like matter
sector.

@ Quantizing any classical gravitational field will be like quantizing
equations of fluid dynamics or elasticity. Gravitons<>phonons.
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SPACETIMES, LIKE MATTER, CAN BE HOT

iT=Tg
X
iKt = Ktg X
@(X) @r(X)

Tg=00;¢=(0,0) KtE=TLO=0,
(vac ., gk) O 704 0O [ P9eA 0 (@]e x| gg)

Te=0;0=(01,9r) Ktg=0;0=qR
@ Tracing out ¢ gives a density matrix: (Lee, 1986)

p(0h. @) = | 2. (vaclL, gf) (vecigr. gx) O (gl )| g
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SPACETIMES, LIKE MATTER, CAN BE HOT

OBSERVERS WHO PERCEIVE A HORIZON
ATTRIBUTE A TEMPERATURE TO SPACETIME

or-2(5)

@ Horizon temperature < Euclidean periodicity.

@ Local Rindler Observer: Choose an event &2 and a FFF. Boost with
acceleration K along, say, X-direction.

@ A Local version of Rindler Horizon, approximate Killing vector,
Temperature etc. exist when K/k? < 1

@ Large M limit of BH < Local Rindler Frame.
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@ Action functional: (Think beyond Einstein Gravity!)

A= / dDX\/ —8 [Lg(R557gab) + Lmatt(gaba qA):| = Ag +Amatt

@ Variation of Ag gives [with P?2°d = (9L/dR,pcq)]
5A:/1/de\/—g%abc‘igab+/ydDX\/—gElj5vj
o/ = [2P™%(0,,0g4:) — 2884;(0c PI)]
@ Counter-term to handle surface contributions is not known in the general case.

@ lIgnoring surface variation gives [with Z,, = P, Rpcqe] the field equation:

1
gab = %ab - ELgab - 2DCDdPacdb = (1/2)Tab

@ Alternatively, in the thermodynamic perspective, one could demand

5/ dDX\/—gL:/ dP1xvVhn;ov'
v oV
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® In general, the field equations
1
Gob = Rab — 5 Lgap = 2090 Pacay = (1/2) Tap

contain fourth order derivatives of metric.

@ Choosing L such that 0,P2%¢Y =0 leads to a“nice” class of theories
for which equations of motion are second order:

1
<@ab - ELgab = (1/2) Tab

@ All L for which P?%¢d = (9L/OR,peq) satifies 0,P?¢ =0 are uniquly
determined and known.

@ These are Lanczos-Lovelock models of gravity.
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@ The D-dimensional Lanczos-Lovelock Lagrangian is a polynomial in the
curvature tensor:

(D) _ bcdR z D).
ZP) = Fupopmphb Rfjg:}fgg ~RARARA.....

® The m=1 and m =2 terms give Einstein-Hilbert and Gauss-Bonnet
Lagrangians

Lew = 5213R12§DR
Leg = 62136587’?1 R O (R2 _4RabRab—|— RadeRabcd)

@ BH solutions exist; entropy is NOT proportional to area:

Siaw0m [ P72/l
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FIELD EQUATIONS ON NULL SURFACES

@ The stationary horizon solutions in LL models satisfy
TS =0E+ POV

with correct S. (Kothawala, TP, 0904.0215)

@ Near-horizon symmetries generalized from GR to LL (Visser etal., 04)
@ The TdS = dE + PdV is quite different from TdS = dé&.  (kothawals,
1010.2207)
» Not intended to be a derivation of field equations.
» The E is purely geometrical while & is made from matter stress-tensor.
» The null vectors used in the formalism are different.
o The TdS = dE + PdV works for a wide class of theories in a
natural fashion.
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THE NAVIER-STOKES EINSTEIN CONNECTION

TP, PRD 83, 044048 (2011) [arXiv:1012.0119]

o Einstein’s field equations in FFF has a simple form:
Oml™, — 020p/—8 = 8T T 45
@ Project it to a null surface with normal ¢4 and 2-D metric
ds? = qup(dx® — vOdt)(dxP — vPdt)
@ Then it becomes the Navier-Stokes equation:

Ba) () = Lo.of - L a0 a0, (KXY T, 0m
(@o-+v05) () = 59808 — 157920 = 9 (i) = Tt
with ©F = o' +(1/2)95'6 and

Oap = —lmlgg, Wo=—L"TDg, Wy =—L"T),

@ The viscous tensor @g etc scales as [} but d© scales as dI' ~ R.
“Dissipation without dissipation” !
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@ The counter tem is:
b siiisin- it (L piis _ 42l o
_ 11203...12n-1 pe1 [ = 3 2 10 )3
G = 2”/0 dt5j1j2i3---j2n71 Ki1 <2Ri2i3 : Ki2 Ki3>

(o) (LR es s i
....... 2 ion—2lon_1 2p—2 2n—1

@ For m=1 and m=2,

G-28Ki =2k G=28Kh (REE - SKEKD)

@ Counter-terms do NOT cancel surface terms (even in GR) in general;
only variations cancel if h,p is held fixed.

@ No simple derivation of physical understanding exists.



THE SURFACE TERM

@ Counter term to cancel surface contribution is known in
Lanczos-Lovelock models (but not unique).



THE SURFACE TERM

@ Counter term to cancel surface contribution is known in
Lanczos-Lovelock models (but not unique).

® The Lanczos-Lovelock Lagrangian separates to a bulk and surface
terms

V—glL =20, [\/ 8@,y | +2v=8Q, Tl = Lar + Liuik



THE SURFACE TERM

@ Counter term to cancel surface contribution is known in
Lanczos-Lovelock models (but not unique).

® The Lanczos-Lovelock Lagrangian separates to a bulk and surface
terms

vV—gL=20, [\/ _gQader?)d} +2V/=8Q," T3 = Laur + Lbuik

and is ‘holographic’:

aLbu/k aLbulk

D/2)— Lsur:_di 37—1_0'37
[(D/2) —ml [gba(a,-gab) 7520 5(010,8.)



THE SURFACE TERM IN GR



THE SURFACE TERM IN GR

@ In this case,

Vgtar =0 (81750 )



THE SURFACE TERM IN GR

@ In this case,

Vgtar =0 (81750 )

@ Define f?* = /=g g? an

O(V—8Loui) _ i Lo i
N_/k o'?(dflk) [r __(5jrlia+6krfa)]'



THE SURFACE TERM IN GR

@ In this case,

Vgtar =0 (81750 )

@ Define 2 = ,/—gg?’

O(V—8Loui) _ i Lo i
N_/k o'?(dflk) [r __(5jrlia+6krfa)]'

Then
5(V=gR) = V=g Gap0g° + 3:(F* 3N} )



THE SURFACE TERM IN GR

@ In this case,

Vgtar =0 (81750 )

@ Define f?* = /=g g? an

N (j((,_ff:)“’“ T2

PENARA)E

Then
5(v/—gR) = V—gGa»0g" + 0;(F*5N},)

@ Einstein-Hilbert action is a “momentum space” action.
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SURFACE TERM IS NON-PERTURBATIVE

@ Let gap = Nap+Lphap with (2 =8MG; dim [h] =1/L; .
@ Then

1

2
—0%h
2€pa

1 1 1
vV—gLen = W\/—g:‘?w W[(ﬁg)2+02g] = 5(‘7/7)24'
P P

The surface term is non-perturbative in £p in the “graviton” picture!

@ The surface term

V=8Laur = 5505V =8(8"Th. — g T5)] = 55 0a[V =g V7]

262 262
is not generally covariant.

@ But at linear order

V—gLlsu~ 2ﬁdb[r]abh’ h??]
202,

is invariant under h,p — hap + 05&p + Opé, !
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@ In GR, if near horizon metric is approximately Rindler the Euclidean
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sur

1
%E :ZAJ_
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THE ENTROPY OF HORIZONS

— from surface term

@ The integral of surface term in Euclidean action over the horizon gives
the entropy.

@ In GR, if near horizon metric is approximately Rindler the Euclidean
surface action is

sur

1
@75:4l

@ More generally, in Lorentzian sector,

1 2 i 2 o KA
8n/)(dtde\/EK—l6n/thdxb/_gV - t< >

8

@ The surface Hamiltonian is

ur A
Hyy = — ‘WS _ /d%me <K8;>—TS
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@ The @, determines phase of the semiclassical wavefunction of BH:

KA
WV [ exp .o, = exp —itHgyr = exp —it <8—7TL>

@ Correctly takes into account area changes in BH evaporation. The
probability BH area to change by AA, is goverened by

DDA = / dtFom(t) exp[— itAHaur] = / thm(t)exp[—itSLT[AAL]

where F,(t) is suitable matter variable.
@ Exponential redshift near the horizon implies
Fm(t) — exp[—iCexp(—Kt)].

So the relative probability for BH radiation changing its area by AA |
is given by exp[AA, /4].



FROM SURFACE TERM TO FULL ACTION



FROM SURFACE TERM TO FULL ACTION

@ Start with Ly, = d.(v/—g V<) with V¢ = V<[g,0g] linear in dg.
Demand that As,, [0 A, for a Rindler horizon.



FROM SURFACE TERM TO FULL ACTION

@ Start with Ly, = d.(v/—g V<) with V¢ = V<[g,0g] linear in dg.
Demand that As,, [0 A, for a Rindler horizon.
@ This fixes the L,  except for an overall constant: (TP, 02)

1
B 4-7'[,527;3

Cc

(&7 —™T%)



FROM SURFACE TERM TO FULL ACTION

@ Start with Ly, = d.(v/—g V<) with V¢ = V<[g,0g] linear in dg.
Demand that As,, [0 A, for a Rindler horizon.
@ This fixes the L,  except for an overall constant: (TP, 02)

1
B 4-7'[,527;3

Cc

(&7 —™T%)

@ The Lpyk is uniquely fixed by hologrphic relation plus the demand that
Rindler metric should be a solution to the field equations.



FROM SURFACE TERM TO FULL ACTION

@ Start with Ly, = d.(v/—g V<) with V¢ = V<[g,0g] linear in dg.
Demand that As,, [0 A, for a Rindler horizon.
@ This fixes the L,  except for an overall constant: (TP, 02)

1 .
= sz (8% T —6"T%)

Cc

@ The Lpyk is uniquely fixed by hologrphic relation plus the demand that
Rindler metric should be a solution to the field equations.

@ In normal units G~! = (4#/c3) x Entropy per unit area. Positive
because Area and Entropy are positive.



FROM SURFACE TERM TO FULL ACTION

@ Start with Ly, = d.(v/—g V<) with V¢ = V<[g,0g] linear in dg.
Demand that As,, [0 A, for a Rindler horizon.
@ This fixes the L,  except for an overall constant: (TP, 02)
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@ The Lpyk is uniquely fixed by hologrphic relation plus the demand that
Rindler metric should be a solution to the field equations.

@ In normal units G~! = (4#/c3) x Entropy per unit area. Positive
because Area and Entropy are positive.

@ Gravity is intrinsically quantum mechanical, just like solids; no strict
h — 0 limit exists in e.g.,

- (228) (22
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THE ENTROPY OF HORIZONS

— from Noether current

@ Invariance under x? — x? 4 q7(x) leads to an off-shell conserved
current J? in these theories.

Slq'l = 050" = 223" + v*[q'] = 0p[2P?**“ O qq]
@ The (Wald) entropy of the horizon in any theory is given by

1
S=8 / dP2y,, 4 = 2 / (32mPbYe e da

Entropy knows about spacetime dynamics through Pcd temperature
does not.
@ The entropy is simple but not proportional to area:

NoetherDm/ d° X1 V0L (1

® The connection between x® — x?+ q®(x) and entropy is a mystery in
the conventional approach.
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LINKING THE TWO APPROACHES

@ In GR we can write

1 1
r=o= h3K:—/\/—— “x0,(Kn®
s e (W\/_dx s/, gd*x0,(Kn?)

@ This surface term itself has its own Noether current and potential:

Jab _ %(ganb_ébna)

® The corresponding Noether charge is

KA
/ dP2E 5 J% = S = TS = Ha

@ The Noether entropy of the surface term of action is the correct

entropy:

2

A
S T =

4
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ENTROPY OF THE HORIZON
- from Virasoro Algebra

@ Virasoro algebra of Horizon diffeomorphism leads to entropy of

BH in GR [Carlip, 06-11]
@ Can be extended to any null surface in all Lanczos-Lovelock
models. [Majhi, TP, 1111.1809, 1204.1422 ]

Use the algebra

Vil = [ 2@~ %) D [ d%as (a5 — 6

Choose g?'s which leave the near-horizon geometry invariant.
Choose J? for the surface term.

(]

The resulting Virasoro algebra has a central charge that leads to
correct Lanczos-Lovelock entropy.
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ENTROPY OF THE HORIZON

- from Virasoro Algebra

All diffeomorphisms (.%) Sa?rlljc%edm%geyhat can be

Gauge modes
upgraded as
true d.o.f

Diffeomorphisms which preserve Gauge modes that can be
near-horizon geometry (%) removed by %

@ Demanding the existence of a horizon reduces available diffeomorphisms;
upgrades gauge dof to true dof in an observer dependent manner.

@ "What are the dof responsible for BH entropy?” cannot have an
observer-independent answer.
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NOETHER CURRENT AND DYNAMICS

@ In any static spacetime with Killing vector 9 and g7 = & we have

Da(JP% up) = 2NRBopu?ub;  u? = E2/(—E2)1/2

@ This generalizes Dy (Na*) = 4TPyomar in GR.

@ Equipartition law:

dn dn

dA= JedD k" 32MP] €,

1
Ee —kB/ dnTiec;
2 oYV

@ Also note 1

t=T=

O (V—gJ°%) —#

@ The on-shell action is the free-energy.
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EUCLIDEAN PATH INTEGRAL

@ Let .¥ be set of spherically symmetric static metrics with a horizon at
r=a.

@ Compute the Lanczos-Lovelock path integral over exp[—Ag] restricted
to .7.

@ The result is
Z = Zexp[—Ag,av] O exp[S — BE]
g

where

_ (D=2)' mQ p 5

> = (Doomyp g v
(D=2 Q o

(D—2m—1)1 167

@ So even in this calculable, off-shell case, Euclidean action is free-energy.
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@ Gravitational field equations can be thought of as an entropy balance law for virtual
displacements of null surfaces.

@ Infinitesimal displacement €r? of a patch of the stretched (local) horizon JZ in the
direction of its normal r,, changes the proper volume by dVjop = g\/odP—2x.

@ The flux of matter energy through the surface will be Tg{bra; corresponding

entropy flux is _
0Sm = BiocOE = Bioc T Earjdvprop

@ Gravitational entropy current is Bj,cJ? with J2@ = 2€¢§Eb+L£a; so

5sgrav = Biocral? dvprop

@ As the stretched horizon approaches the true horizon, Nr? — &2 and B&?&,L — 0
giving: '
5sgrav = Bfa-/advprop = zﬁgaj Eagjdvprop

@ The field equations 2% = T§ imply the entropy balance 8Sgray = 65!
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@ Treat g7 as deformation field (X' —x' = g). Then
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CLOSER LOOK AT NOETHER CURRENT

@ Given any conserved current, J2, there exists a family of (gauge
equivalent) vector fields g2 such that

Je=0) (0% - 0'q°) = 0,07

@ Treat g7 as deformation field (X' —x' = g). Then

1 1 1
Fap = ED[aqb] = EJab; Sab = §D(aqb) = §£qgab

—

@ This leads to the identity
Je = D/(chl . D/qc) — 2Rﬁ7qm _ e

with '
V= g’k£qrfk —ng£qFL, = glm£qNﬁn

@ The two terms arise from variation of the scalar R under the
deformation.
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Same idea works in LL models. For a given J2 and P?%<¢ we find a
family of (gauge equivalent) vector fields g? by solving
2pabed, O gy = J2.

The algebraic identity is now:
Je = Dl(chl _ quc) — 2%rcnqm _ye

with 7€ = 2Pade£qrf)d.
The two terms arise from variation of LL Lagrangian under

deformations induced by g°.

Conservation of J? < Associated vector field g < Diffeomorphism
2(q): x' —x'=q' induced by g% < Invariance of certain scalars under
2(q) < Conservation of J2.
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ISOENTROPIC AND KILLING DEFORMATIONS

@ We have

1 1
|:laqb = Sab + Fab = _£qgab+ EJab

2

@ Deformation g? is isoentropic if J?* =0 at an event; Eg. g, = 0,¢. In
this case,
2%:59°9° = 7°q,

o It is Killing if S =0 at an event; Eg. when ¢? is a (approximate)
Killing vector. Then
2%259°q" = J°q,

@ In general,
Z@Eqb — Dd[yad_i_g;ad]
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DEFORMING A NULL SURFACE

time

[:> space

el

O~ A(0¢)? + B¢?
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THERMODYNAMIC POTENTIAL FOR NULL

VECTORS

@ Associate with virtual displacements along null vectors ¢? a
potential 0(¢?) which is quadratic in deformation field:

O[¢] ~ [A(0¢)? + B2 = — |4P?b<90 0,040, — T00,0,

@ Demand that 600/8¢2 =0 for all null vectors ¢2 should lead to
second order field equations. [T.P, 08; T.P, A.Paranjape, 07]

o Uniquely fixes the form of P?%°? as an entropy tensor of
Lanczos-Lovelock model.

@ For null foliation with ¢, = 0,,

Ograv[¢7] = €7 v, = Surface density of entropy
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THE DYNAMICAL EQUATIONS

@ Demand that 800 = 0 for variations of all null vectors: This leads to
Lanczos-Lovelock theory with an arbitrary cosmological constant:

i 1 1

@ The key point is:

o0 :
Oc [75 @ fa)] 0 Oc(P?**904tp) O PPIR), 05

@ On-shell [ gives Wald entropy. Nontrivial consistency.
® To the lowest order/in D =4 we get GR. Equivalent to

(Gab—SHTab)faﬁb =0; (for all null £7)

@ A new symmetry: Action and field equations are invariant under
Tap — Tap+ Pogap. Gravity does not couple to bulk vacuum energy.
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@ Total entropy in a region is:
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_4ch?Danqud = 'Dbijd(ﬂ‘quij)(“‘qubd) + (1/2)'DadeJachd
= qaJ°[qa] + 927 %[qa] + tot. div.

@ For Killing deformations,
—4P?55aqcmqu = (1/2)PadeJabJC = J%q,+ tot. div.

@ For isoentropic deformations, g, = [J,¢, we have
—4P0,q0pq? = Pbijd(£qg;j)(£ngd) = ¥°q,+ tot. div.

@ Total entropy in a region is:

= [ dP st [ dPE,y
00V oV

® In general, both metric deformation and Noether potential contribute



NULL SURFACE DYNAMICS

@ A null surface . has an associated null congruence ¢2. The
Weingarten coefficients) X“B are defined Og¢P :)(Ba (where Greek
letters run through 0,2,3)



NULL SURFACE DYNAMICS

@ A null surface . has an associated null congruence ¢2. The
Weingarten coefficients) X“B are defined Og¢P :)(Ba (where Greek
letters run through 0,2,3)

@ Then gravitational entropy is:

1
O¢?] = —4Pa8 x¥ax'g = —8—7T[TF(X2) —(Trx)?]



NULL SURFACE DYNAMICS

@ A null surface . has an associated null congruence ¢2. The
Weingarten coefficients) X“B are defined Og¢P :)(Ba (where Greek
letters run through 0,2,3)

@ Then gravitational entropy is:

1
O¢?] = —4Pa8 x¥ax'g = —8—7T[TF(X2) —(Trx)?]

@ Varying ¢? directly leads to field equations in the NS form.



NULL SURFACE DYNAMICS

@ A null surface . has an associated null congruence ¢2. The
Weingarten coefficients) X“B are defined Og¢P :)(Ba (where Greek
letters run through 0,2,3)

@ Then gravitational entropy is:

1
O¢?] = —4Pa8 x¥ax'g = —8—7T[TF(X2) —(Trx)?]

@ Varying ¢? directly leads to field equations in the NS form.
@ Two-dim system with PA=TS; i.e., G=E.



NULL SURFACE DYNAMICS

@ A null surface . has an associated null congruence ¢2. The
Weingarten coefficients) X“B are defined Og¢P :)(Ba (where Greek
letters run through 0,2,3)

@ Then gravitational entropy is:

1
O¢?] = —4Pa8 x¥ax'g = —8—7T[TF(X2) —(Trx)?]

@ Varying ¢? directly leads to field equations in the NS form.
@ Two-dim system with PA=TS; i.e., G=E.

@ Integral of this expression over the null surface is proportional to the
entropy production rate:

1 dA, A

2_A cd a 2_A apb
/\/—d dA[4PSE 0 nTgn?] = /\/_d dA Roptt0+ 5= |



EMERGENT PARADIGM FITS NATURALLY

WITH ...

Why does the current related to x? — x? + g?(x) have anything to do
with a thermodynamical variable like entropy 7

Why do Einstein’s equations reduce to a thermodynamic identity on
the horizons ? And, as Navier-Stokes equations on null surfaces?

Why does Einstein-Hilbert action have several peculiar features ?
(holographic surface/bulk terms, thermodynamic interpretation ....)

Why does the surface term in the action give the horizon entropy ?
And on-shell action reduces to the free energy 7

Why does the microscopic degrees of freedom obey thermodynamic
equipartition ?

Why does a thermodynamic variational principle lead to the
gravitational field equations?

Why do all these work for a wide class of theories?
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KEY NEW INSIGHTS

o THINK BEYOND BLACK HOLE HORIZONS.
o THINK BEYOND EINSTEIN'S GR (S [ Apor)-

o 'QUANTUM STRUCTURE OF SPACETIME" VS
‘QUANTUM GRAVITY' (GRAVITON = PHONON)

o IMPORTANCE OF SURFACE TERMS IN ACTION

o EFFECTIVE THEORY FOR OBSERVERS WITH
HORIZON

o DIFFEOMORPHISMS AS ‘DEFORMATION OF
SPACETIME SOLID’

o NULL SURFACES AND THEIR DEFORMATIONS
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