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There are several ‘algebraic accidents’ in the structure of classical
gravitational theories which have no explanation within the standard
framework.

These features tell us something about the underlying microscopic

theory; like e.g., the fact that matter can be heated up, which

demanded the existence of microscopic d.o.f.

Adding a single QM input, the Davis-Unruh temperature of local
Rindler horizons, allows interpreting field equations of classical gravity
as emergent; like e.g., equations of fluid mechanics.

Alternatively, field equations can be derived by exremising a

phenomenological entropy density of spacetime.

Gravitational sector is immune to zero-level of energy just like matter
sector.

Quantizing any classical gravitational field will be like quantizing
equations of fluid dynamics or elasticity. Gravitons↔phonons.
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X
iκt = κtE

iT = TE

x

φL(X) φR(X)

〈vac|φL,φR〉 ∝
∫ TE=∞;φ=(0,0)

TE=0;φ=(φL,φR )
Dφe−A ∝

∫ κtE=π ;φ=φL

κtE=0;φ=φR
Dφe−A ∝ 〈φL|e−(π/κ)HR |φR〉

Tracing out φL gives a density matrix: (Lee, 1986)

ρ(φ ′
R ,φR) =

∫

DφL〈vac|φL,φ ′
R〉〈vac|φL,φR〉 ∝ 〈φ ′

R |e−(2π/κ)HR |φR〉
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Horizon temperature ⇔ Euclidean periodicity.

Local Rindler Observer: Choose an event P and a FFF. Boost with
acceleration κ along, say, X -direction.

A Local version of Rindler Horizon, approximate Killing vector,
Temperature etc. exist when κ̇/κ2 ≪ 1
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κ−1 ≪ R−1/2

Local Rinder
observer

TE

X

Rxx ∼ 1
limit of validity of
local inertial frame

gτ

ξ

P
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OBSERVERS WHO PERCEIVE A HORIZON
ATTRIBUTE A TEMPERATURE TO SPACETIME

kBT =
h̄

c

( g
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)

Horizon temperature ⇔ Euclidean periodicity.

Local Rindler Observer: Choose an event P and a FFF. Boost with
acceleration κ along, say, X -direction.

A Local version of Rindler Horizon, approximate Killing vector,
Temperature etc. exist when κ̇/κ2 ≪ 1

Large M limit of BH ⇔ Local Rindler Frame.
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Counter-term to handle surface contributions is not known in the general case.

Ignoring surface variation gives [with Rab = P cde
a Rbcde ] the field equation:

Gab ≡ Rab−
1

2
Lgab−2∇c∇dPacdb = (1/2)Tab

Alternatively, in the thermodynamic perspective, one could demand

δ
∫

V

dDx
√−g L=

∫

∂V

dD−1x
√
hni δv i
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In general, the field equations

Gab ≡ Rab−
1

2
Lgab−2∇c∇dPacdb = (1/2)Tab

contain fourth order derivatives of metric.

Choosing L such that ∇aP
abcd = 0 leads to a“nice” class of theories

for which equations of motion are second order:

Rab−
1

2
Lgab = (1/2)Tab

All L for which Pabcd ≡ (∂L/∂Rabcd ) satifies ∇aP
abcd = 0 are uniquly

determined and known.

These are Lanczos-Lovelock models of gravity.
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curvature tensor:

L
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∑
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m = δ a1a2...a2m

b1b2...b2m
Rb1b2
a1a2

....R
b2m−1b2m
a2m−1a2m ∼ R ∧R ∧R ∧ .....

The m = 1 and m = 2 terms give Einstein-Hilbert and Gauss-Bonnet
Lagrangians

LEH = δ 13
24R

24
13 ∝ R

LGB = δ 1357
2468R

24
13R

68
57 ∝ (R2− 4RabR

ab+RabcdR
abcd)

BH solutions exist; entropy is NOT proportional to area:

S
(m)
wald ∝ m

∫

H

dD−2x⊥
√

σL(m−1)
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FIELD EQUATIONS ON NULL SURFACES

The stationary horizon solutions in LL models satisfy

TδS = δE +PδV

with correct S . (Kothawala,TP, 0904.0215)

Near-horizon symmetries generalized from GR to LL (Visser etal., 04)

The TdS = dE +PdV is quite different from TdS = dE . (Kothawala,

1010.2207)

◮ Not intended to be a derivation of field equations.
◮ The E is purely geometrical while E is made from matter stress-tensor.
◮ The null vectors used in the formalism are different.

The TdS = dE +PdV works for a wide class of theories in a
natural fashion.
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Einstein’s field equations in FFF has a simple form:

∂mΓmab−∂a∂b
√−g = 8πT̄ab

Project it to a null surface with normal ℓa and 2-D metric

ds2 = qαβ (dx
α − vαdt)(dxβ − vβdt)

Then it becomes the Navier-Stokes equation:

(∂0+ vβ ∂β )
(ωα
8π

)

=
1

8π
∂β σ β

α − 1

16π
∂αθ −∂α

( κ
8π

)

−Tmαℓ
m

with Θα
β = σ α

β +(1/2)δ α
β θ and

Θαβ =−ℓmΓ
m
αβ , ω0 =−ℓmΓ0m0, ωα =−ℓmΓ0mα

The viscous tensor Θ
β
α etc scales as Γabc but ∂Θ scales as ∂Γ∼ R .

“Dissipation without dissipation” !
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Counter term to cancel surface contribution is known for the
Lanczos-Lovelock models (but not unique).
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Counter-terms do NOT cancel surface terms (even in GR) in general;
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The counter tem is:

Cn = 2n
∫ 1

0
dtδ i1i2i3...i2n−1

j1j2j3...j2n−1
K
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(

1

2
R

j2j3
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K

j3
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)

(.......)

(

1

2
R

j2n−2j2n−1

i2n−2i2n−1
− t2K

j2n−2

i2n−2
K

j2n−1
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)

For m = 1 and m = 2,

C1 = 2δ i1
j1
K

j1
i1
= 2K ; C2 = 2δ i1i2i3

j1j2j3
K

j1
i1

(

R
j2j3
i2i3

− 2

3
K

j2
i2
K

j3
i3

)

Counter-terms do NOT cancel surface terms (even in GR) in general;
only variations cancel if hab is held fixed.

No simple derivation of physical understanding exists.
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Counter term to cancel surface contribution is known in
Lanczos-Lovelock models (but not unique).

The Lanczos-Lovelock Lagrangian separates to a bulk and surface
terms

√−gL= 2∂c
[√−gQ bcd

a Γabd

]

+2
√−gQ bcd

a ΓadkΓ
k
bc ≡ Lsur +Lbulk

and is ‘holographic’:

[(D/2)−m]Lsur =−∂i
[

gab
∂Lbulk

∂ (∂igab)
+∂jgab

∂Lbulk
∂ (∂i∂jgab)

]
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In this case,
√−gLsur =−∂a

(

gij
∂
√−gLbulk

∂ (∂agij )

)

Define f ab =
√−g gab and

N i
jk ≡

∂ (
√−gLbulk)

∂ (∂i f jk)
=−[Γijk −

1

2
(δ i

j Γ
a
ka+δ i

kΓ
a
ja)].

Then
δ (

√−gR) =
√−gGabδgab+∂i(f jkδN i

jk)

Einstein-Hilbert action is a “momentum space” action.



SURFACE TERM IS NON-PERTURBATIVE



SURFACE TERM IS NON-PERTURBATIVE

Let gab = ηab+ ℓPhab with ℓ2P = 8πG ; dim [h] = 1/L; .



SURFACE TERM IS NON-PERTURBATIVE

Let gab = ηab+ ℓPhab with ℓ2P = 8πG ; dim [h] = 1/L; .

Then

√−gLEH =
1

2ℓ2P

√−gR ∼ 1

2ℓ2P
[(∂g)2+ ∂ 2g ] =

1

2
(∂h)2+

1

2ℓP
∂ 2h

The surface term is non-perturbative in ℓP in the “graviton” picture!



SURFACE TERM IS NON-PERTURBATIVE

Let gab = ηab+ ℓPhab with ℓ2P = 8πG ; dim [h] = 1/L; .

Then

√−gLEH =
1

2ℓ2P

√−gR ∼ 1

2ℓ2P
[(∂g)2+ ∂ 2g ] =

1

2
(∂h)2+

1

2ℓP
∂ 2h

The surface term is non-perturbative in ℓP in the “graviton” picture!

The surface term

√
−gLsur =

1

2ℓ2P
∂a[

√
−g(gbcΓabc − g abΓcbc)]≡

1

2ℓ2P
∂a[

√
−gV a]

is not generally covariant.



SURFACE TERM IS NON-PERTURBATIVE

Let gab = ηab+ ℓPhab with ℓ2P = 8πG ; dim [h] = 1/L; .

Then

√−gLEH =
1

2ℓ2P

√−gR ∼ 1

2ℓ2P
[(∂g)2+ ∂ 2g ] =

1

2
(∂h)2+

1

2ℓP
∂ 2h

The surface term is non-perturbative in ℓP in the “graviton” picture!

The surface term

√
−gLsur =

1

2ℓ2P
∂a[

√
−g(gbcΓabc − g abΓcbc)]≡

1

2ℓ2P
∂a[

√
−gV a]

is not generally covariant.

But at linear order

√−gLsur ≈
1

2ℓ2P
∂a∂b[ηabhii −hab]

is invariant under hab → hab+ ∂aξb+ ∂bξa !
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The integral of surface term in Euclidean action over the horizon gives
the entropy.

In GR, if near horizon metric is approximately Rindler the Euclidean
surface action is

A
E
sur =

1

4
A⊥

More generally, in Lorentzian sector,

1

8π

∫

x
dtd2x⊥

√
hK =

1

16π

∫

x
dtd2x⊥

√−gV x =−t

(

κA⊥
8π

)

The surface Hamiltonian is

Hsur ≡−∂Asur

∂ t
=

1

8π

∫

x
d2x⊥

√
hK =

(

κA⊥
8π

)

= TS
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The Asur determines phase of the semiclassical wavefunction of BH:

Ψ ∝ exp iAsur = exp−itHsur = exp−it

(

κA⊥
8π

)

Correctly takes into account area changes in BH evaporation. The
probability BH area to change by ∆A⊥ is goverened by

P(∆A⊥) =
∫ ∞

−∞
dtFm(t)exp[−it∆Hsur ] =

∫ ∞

−∞
dtFm(t)exp[−it

κ
8π

∆A⊥]

where Fm(t) is suitable matter variable.

Exponential redshift near the horizon implies

Fm(t)→ exp[−iC exp(−κt)].

So the relative probability for BH radiation changing its area by ∆A⊥
is given by exp[∆A⊥/4].
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FROM SURFACE TERM TO FULL ACTION

Start with Lsur = ∂c(
√−gV c) with V c = V c [g ,∂g ] linear in ∂g .

Demand that Asur ∝ A⊥ for a Rindler horizon.

This fixes the Lsur except for an overall constant: (TP, 02)

V c =
1

4πAP

(

g ckΓmkm−g ikΓcik

)

The Lbulk is uniquely fixed by hologrphic relation plus the demand that
Rindler metric should be a solution to the field equations.

In normal units G−1 = (4h̄/c3)×Entropy per unit area. Positive
because Area and Entropy are positive.

Gravity is intrinsically quantum mechanical, just like solids; no strict
h̄→ 0 limit exists in e.g.,

F =

(

c3AP

h̄

)

(m1m2

r2

)
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Invariance under xa → xa+qa(x) leads to an off-shell conserved
current Ja in these theories.

Ja[qi ]≡ ∇bJ
ab = 2Ra

bq
b+ va[qi ] = ∇b[2P

abcd∇cqd ]

The (Wald) entropy of the horizon in any theory is given by

S = β
∫

dD−2Σab J
ab =

1

4

∫

H

(32π Pab
cd )εabεdcdσ

Entropy knows about spacetime dynamics through Pab
cd ; temperature

does not.
The entropy is simple but not proportional to area:

S
(m)
Noether ∝ m

∫

H

dD−2x⊥
√

σL(m−1)

The connection between xa → xa+qa(x) and entropy is a mystery in

the conventional approach.
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LINKING THE TWO APPROACHES

In GR we can write

Asur =
1

8π

∫

∂V

√
hd3xK =

1

8π

∫

V

√−gd4x∇a(Kn
a)

This surface term itself has its own Noether current and potential:

Jab =
K

8π

(

ξ anb−ξ bna
)

The corresponding Noether charge is
∫

dD−2Σab J
ab =

κA⊥
8π

= TS = Hsur

The Noether entropy of the surface term of action is the correct
entropy:

Swald =
2π
κ

∫

dD−2Σab J
ab =

A⊥
4
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- from Virasoro Algebra

Virasoro algebra of Horizon diffeomorphism leads to entropy of
BH in GR [Carlip, 06-11]

Can be extended to any null surface in all Lanczos-Lovelock
models. [Majhi, TP, 1111.1809, 1204.1422 ]

Use the algebra

[J1,J2]≡
∫

dΣa (δ1Ja2 −δ2Ja1 ) ∝
∫

dΣab

(

qb1J
a
2 −qb2J

a
1

)

Choose qa’s which leave the near-horizon geometry invariant.

Choose Ja for the surface term.

The resulting Virasoro algebra has a central charge that leads to
correct Lanczos-Lovelock entropy.
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All diffeomorphisms (S ) Gauge modes that can be
removed by S

Gauge modes
upgraded as
true d.o.f

Gauge modes that can be
removed by Rnear-horizon geometry (R)

Diffeomorphisms which preserve

Demanding the existence of a horizon reduces available diffeomorphisms;
upgrades gauge dof to true dof in an observer dependent manner.

”What are the dof responsible for BH entropy?” cannot have an

observer-independent answer.



NOETHER CURRENT AND DYNAMICS



NOETHER CURRENT AND DYNAMICS

In any static spacetime with Killing vector ξ a and qa = ξ a we have

Dα(J
bαub) = 2NRabu

aub; ua = ξ a/(−ξ 2)1/2



NOETHER CURRENT AND DYNAMICS

In any static spacetime with Killing vector ξ a and qa = ξ a we have

Dα(J
bαub) = 2NRabu

aub; ua = ξ a/(−ξ 2)1/2

This generalizes Dµ(Na
µ) = 4πρkomar in GR.



NOETHER CURRENT AND DYNAMICS

In any static spacetime with Killing vector ξ a and qa = ξ a we have

Dα(J
bαub) = 2NRabu

aub; ua = ξ a/(−ξ 2)1/2

This generalizes Dµ(Na
µ) = 4πρkomar in GR.

Equipartition law:

E =
1

2
kB

∫

∂V

dnTloc ;
dn

dA
=

dn√
σdD−2x

= 32πPab
cd εabεcd



NOETHER CURRENT AND DYNAMICS

In any static spacetime with Killing vector ξ a and qa = ξ a we have

Dα(J
bαub) = 2NRabu

aub; ua = ξ a/(−ξ 2)1/2

This generalizes Dµ(Na
µ) = 4πρkomar in GR.

Equipartition law:

E =
1

2
kB

∫

∂V

dnTloc ;
dn

dA
=

dn√
σdD−2x

= 32πPab
cd εabεcd

Also note

L=
1√−g

∂α
(√−g J0α)−H



NOETHER CURRENT AND DYNAMICS

In any static spacetime with Killing vector ξ a and qa = ξ a we have

Dα(J
bαub) = 2NRabu

aub; ua = ξ a/(−ξ 2)1/2

This generalizes Dµ(Na
µ) = 4πρkomar in GR.

Equipartition law:

E =
1

2
kB

∫

∂V

dnTloc ;
dn

dA
=

dn√
σdD−2x

= 32πPab
cd εabεcd

Also note

L=
1√−g

∂α
(√−g J0α)−H

The on-shell action is the free-energy.
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EUCLIDEAN PATH INTEGRAL

Let S be set of spherically symmetric static metrics with a horizon at
r = a.

Compute the Lanczos-Lovelock path integral over exp[−AE ] restricted
to S .

The result is
Z = ∑

g

exp[−Agrav ] ∝ exp[S −βE ]

where

S =
(D−2)!

(D−2m)!

mΩ

4
aD−2m = Swald

E =
(D−2)!

(D−2m−1)!

Ω

16π
aD−2m−1

So even in this calculable, off-shell case, Euclidean action is free-energy.
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adVprop

As the stretched horizon approaches the true horizon, Nra → ξ a and βξ aξaL→ 0
giving:

δSgrav ≡ βξaJadVprop = 2βG
ajξaξjdVprop .

The field equations 2G a
b = T a

b imply the entropy balance δSgrav = δSm!
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c
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The two terms arise from variation of the scalar R under the
deformation.
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Same idea works in LL models. For a given Ja and Pabcd we find a
family of (gauge equivalent) vector fields qa by solving
2Pabcd∇b∇cqd = Ja.

The algebraic identity is now:

Jc = ∇l(∇cql −∇lqc) = 2Rc
mq

m−V
c

with V c ≡ 2P bcd
a £qΓ

a
bd .

The two terms arise from variation of LL Lagrangian under
deformations induced by qa.

Conservation of Ja ⇔ Associated vector field qa ⇔ Diffeomorphism
D(q): x̄ i −x i = qi induced by qa ⇔ Invariance of certain scalars under
D(q) ⇔ Conservation of Ja.
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We have

∇aqb = Sab+Fab =
1

2
£qgab+

1

2
Jab

Deformation qa is isoentropic if Jab = 0 at an event; Eg. qa = ∇aφ . In
this case,

2Rabq
aqb = V

aqa

It is Killing if Sab = 0 at an event; Eg. when qa is a (approximate)
Killing vector. Then

2Rabq
aqb = Jaqa

In general,
2Ra

bq
b = ∇d [S

ad +F
ad ]
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space

time

εℓi

NU
LL
SU
RF
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E

x i → x̄ i = x i + εℓi

ℑ ∼ A(∇ℓ)2+Bℓ2
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Associate with virtual displacements along null vectors ℓa a
potential ℑ(ℓa) which is quadratic in deformation field:

ℑ[ℓ]∼ [A(∇ℓ)2+Bℓ2] =−
[

4Pabcd∇cℓa∇dℓb−T abℓaℓb

]

Demand that δℑ/δℓa = 0 for all null vectors ℓa should lead to
second order field equations. [T.P, 08; T.P, A.Paranjape, 07]

Uniquely fixes the form of Pabcd as an entropy tensor of
Lanczos-Lovelock model.

For null foliation with ℓa = ∇aφ ,

ℑgrav[ℓ
a]⇒ ℓava = Surface density of entropy
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Demand that δℑ = 0 for variations of all null vectors: This leads to
Lanczos-Lovelock theory with an arbitrary cosmological constant:
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b ≡

[
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]

=
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b ],

The key point is:

∇c

[

∂ℑ
∂ (∇cℓa)

]

∝ ∇c(P
abcd∇dℓb) ∝ PabcdR

j
bcdℓj

On-shell ℑ gives Wald entropy. Nontrivial consistency.

To the lowest order/in D = 4 we get GR. Equivalent to

(Gab−8πTab)ℓ
aℓb = 0; (for all null ℓa)

A new symmetry: Action and field equations are invariant under
Tab → Tab+ρ0gab. Gravity does not couple to bulk vacuum energy.
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For isoentropic deformations, qa = ∇aφ , we have
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cd ∇aq
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d = Pbijd (£qgij)(£qgbd ) = V

aqa+ tot. div.

Total entropy in a region is:

S =

∫

∂∂V

dD−2ΣabJ
ab+

∫

∂V

dD−1ΣaV
a

In general, both metric deformation and Noether potential contribute
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A null surface S has an associated null congruence ℓa. The

Weingarten coefficients) χα
β are defined ∇αℓ

β = χβ
α (where Greek

letters run through 0,2,3)

Then gravitational entropy is:

ℑ[ℓa] =−4P
αβ
µν χ µ

α χν
β =⇒− 1

8π
[Tr(χ2)− (Trχ)2]

Varying ℓa directly leads to field equations in the NS form.

Two-dim system with PA = TS ; i.e., G = E .

Integral of this expression over the null surface is proportional to the
entropy production rate:

∫ √
σd2xAdλ [4Pcd

ab ∇cn
a∇dn

b] =
1

8π

∫ √
σd2xAdλ Rabℓ

aℓb+
1

8π
dA⊥
dλ

∣

∣

∣

λ2

λ1



EMERGENT PARADIGM FITS NATURALLY
WITH ...

Why does the current related to xa → xa+qa(x) have anything to do
with a thermodynamical variable like entropy ?

Why do Einstein’s equations reduce to a thermodynamic identity on
the horizons ? And, as Navier-Stokes equations on null surfaces?

Why does Einstein-Hilbert action have several peculiar features ?
(holographic surface/bulk terms, thermodynamic interpretation ....)

Why does the surface term in the action give the horizon entropy ?
And on-shell action reduces to the free energy ?

Why does the microscopic degrees of freedom obey thermodynamic
equipartition ?

Why does a thermodynamic variational principle lead to the
gravitational field equations?

Why do all these work for a wide class of theories?
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THINK BEYOND BLACK HOLE HORIZONS.

THINK BEYOND EINSTEIN’S GR (S ∝6 6 6 Ahor ).

‘QUANTUM STRUCTURE OF SPACETIME’ VS
‘QUANTUM GRAVITY’ (GRAVITON = PHONON)

IMPORTANCE OF SURFACE TERMS IN ACTION

EFFECTIVE THEORY FOR OBSERVERS WITH
HORIZON

DIFFEOMORPHISMS AS ‘DEFORMATION OF
SPACETIME SOLID’

NULL SURFACES AND THEIR DEFORMATIONS
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