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Graphene and Dirac Points

A

B

Hk = ~dk · ~�
dx = �t (cos k · a1 + cos k · a2 + cos k · a3)
dy = �t (sin k · a1 + sin k · a2 + sin k · a3)

dz = 0
“Chiral Symmetry”{σz, Hk} = 0

Dirac Points - vortices in d vector
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Graphene and Dirac Points

Three ways to remove Dirac Cones:

1. Break P (r—> -r) symmetry - staggered potential (B-N)

2. Break T symmetry - Haldane term

3. Break C3 rotation and annihilate 

Dirac points (needs finite strength)

�H = m�z



Twisted Bilayer Graphene 
Symmetries

Continuum Approximation - each layer Dirac points.

Valley 1Valley 2



“Magic”

KK’

Monolayer Brillouin zone
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“Magic”
Twisted bilayer Brillouin zone
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“Magic”
• Coupling between top and bottom layers: ~0.3 eV 
• Dirac energy scale:

• For the other layer to matter…
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Band Structure of Twisted Bilayer Graphene

• Can produce a nearly flat band by carefully tuning the twist 
angle (Bistreitzer-MacDonald, Santos, Castro Neto et al., ). 

• `Magic Angle’ - ~ 

• Then, interactions can dominate over kinetic energy - 

W ~ 8 meV V~30meV

1.05o
3

FIG. 2. (a) Energy band and the density of states of TBG
at ! = 1.05!, where the lower panel is the enlarged plot of the
zero-energy region. The black solid line and red dashed line
represent the energy bands of " = ± valleys, respectively. (b)
Contour plots of E1(k) and E2(k) for the valley " = +. The
dashed contour corresponds to the filling of two electrons /
holes per super cell (n/n0 = ±2).

for the basis of (A1, B1, A2, B2) as
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Here Hl(l = 1, 2) is the intralayer Hamiltonian of layer
l, which is given by the two-dimensional Weyl equation

centered at K(l)
! point,
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where ± is for l = 1 and 2, respectively. We take !v/a =
2.1354 eV.34 U is the e!ective interlayer coupling given
by34–36
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where $ = e2"i/3. Here u and u! describe the amplitudes
of diagonal and o!-diagonal terms, respectively, in the
sublattice space. The e!ective models in the previous
studies34–36 assume u = u!, which corresponds to a flat
TBG in which the interlayer spacing d is constant ev-
erywhere. On the other hand, several theoretical studies
predicted that the optimized lattice structure of TBG is
actually corrugated in the out-of-plane direction, in such
a way that d is the widest in AA stacking region and
the narrowest AB / BA stacking region.41–44 Here we in-
corporate the corrugation e!ect as a di!erence between
u = 0.0797eV and u! = 0.0975eV in the e!ective model,
of which detailed derivation is presented in the Appendix
A. As we show in the following, the di!erence between u
and u! introduces energy gaps between the lowest bands
and the excited bands, in a qualitative agreement with
the experimental observation.1,2,37 It was found that the
energy gaps isolating the lowest nearly-flat bands are also
caused by the in-plane distortion.38

The calculation of the energy bands and the eigenstates
is done in the k-space picture. For a single Bloch vector
k in the moiré Brillouin zone, the moiré interlayer cou-
pling hybridizes the graphene’s eigenstates at q = k+G,
where G = m1G

M
1 +m2G

M
2 and m1 and m2 are integers.

Therefore the eigenstate is written as

%X
nk(r) =

#

G

CX
nk(G)ei(k+G)·r, (4)

where X = A1, B1, A2, B2 is the sublattice index, n is
the band index and k is the Bloch wave vector in the
moiré Brillouin zone. As the low-energy states are ex-
pected to be dominated by the individual graphenes’
eigenstates near the original Dirac points, we pick up
q’s inside the cut-o! circle |q ! q0| < qc, where q0 is

taken as the midpoint between K
(1)
! and K

(2)
! , and qc is

set to 4GM (GM = |GM
1 | = |GM

2 |). Since the intervalley
coupling can be neglected, the calculation is done inde-
pendently for each of " = ± as we discussed previously.
We then numerically diagonalize the Hamiltonian within
the limited wave space inside the cut-o! circle and obtain
the eigenenergies and eigenstates.
Figure 2(a) shows the energy band and the density of

states of TBG at the magic angle ! = 1.05#, calculated
by this approach. Here in the following, the origin of
band energy axis is set to the charge neutral point. The
lower panel is the enlarged plot of the zero-energy region

Koshino et al

Gap ~ 30 meV



Moire Materials

Cao, et al, Nature 556, 43 
(2018)
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FIG. 3. Phase diagram of tBLG under pressure. (A) Resistance of device D2 (1.27�) over a small range of carrier density
near �ns/2 versus T . An insulating phase at �ns/2 neighbors a superconducting pocket at slightly larger hole doping. An
apparent metallic phase separates the two [14], but is obscured by a region of artificially negative resistance in the contacts used
for this measurement (colored in white). (B) Similar map as a function of B. (C) Resistance as a function of T at 2.21 GPa
at �ns/2 (red) and at optimal doping of the superconductor (blue). (D) Map of dV/dI versus Idc and B at n = �2.1 ⇥ 1012

cm�2, T = 300 mK, and 1.33 GPa. The map is acquired using di↵erent contacts from panels (A) and (B), and in particular
exhibits a lower upper critical field Hc2.

Fig. 2A shows the ambient-pressure response. Strongly
insulating states appear at full filling of the moiré unit
cell±ns, indicating the presence of an isolated low-energy
band. However, only very weakly insulating states (con-
ductance minima) are observed at ±ns/2 and around
±3ns/4, and no evidence of superconductivity is present,
suggesting at this angle the low energy band does not
support strong correlations. The blue curve shows the
conductance of the same device under 2.21 GPa of hy-
drostatic pressure. Insulating states at several rational
fillings of the moiré unit cell become evident — most no-
tably at ±ns/2 and +3ns/4, as well as more weakly at
+ns/4 and �3ns/4. Fig. 2B plots the conductance of the
device at�ns/2 as a function of temperature for the three
values of pressure we applied, illustrating the crossover
from metallic to insulating behavior under pressure and
consistent with pressure-induced bandwidth tuning.

In addition to strong insulating phases, we also ob-
serve a pressure-induced emergence of superconductiv-
ity. For hole doping slightly beyond �ns/2, the device
exhibits metallic temperature dependence under ambient

pressure but superconducting behavior at high pressure,
with the resistance rapidly dropping to the experimental
noise floor of ⇠10 ⌦ (Fig. 2C). In the pressure range that
we study, the insulating gaps (measured by thermal acti-
vation, Fig. 2D) and Tc of the superconductor (Fig. 2E)
vary non-monotonically with pressure, with both reach-
ing their highest measured values at 1.33 GPa. We also
observe the onset of electron-type superconductivity for
electron-doping just larger than +ns/2, as evidenced by
a sharp drop in the device magnetoresistance around B =
0 [14]. However it appears to have a much lower Tc than
its hole-doping counterpart, preventing detailed study in
pressure experiments where our base temperature was
limited to 300 mK.

Recent bandstructure calculations indicate that the re-
lation between bandwidth and pressure depends on the
twist angle [7, 8]. For a 1.27� tBLG the minimum band-
width is theoretically predicted to be in the range of 1.3
GPa to 1.5 GPa [7, 8], in remarkably good agreement
with the pressure value where we observed maximum Tc.
We note that the largest measured Tc we induce with

 Yankowitz et al. 
1808.07865 

+ Dmitry Efetov group

Twisted Double Bilayer Graphene

K1 K2

K’1

K’2

Twisted	single	layer	graphene	(tBG)

Magic	angle	condition

Twisted	Double	Bilayer	Graphene	(tDBG)

D(D)

Gate	tunable	flat	bands,	no	exact	angle	control	needed!

Other Systems: 

(i) ABC Trilayer + hBN + D-Field

(Feng Wang Lab)


(ii) Twisted Bilayer-Bilayer + D-Field

(Philip Kim Lab, Pablo H.J. Lab)


(iii) Mono-Mono + hBN

(Goldhaber-Gordon Lab)

C2 
Symmetry
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FIG. 2. (a) Energy band and the density of states of TBG
at ! = 1.05!, where the lower panel is the enlarged plot of the
zero-energy region. The black solid line and red dashed line
represent the energy bands of " = ± valleys, respectively. (b)
Contour plots of E1(k) and E2(k) for the valley " = +. The
dashed contour corresponds to the filling of two electrons /
holes per super cell (n/n0 = ±2).
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l, which is given by the two-dimensional Weyl equation

centered at K(l)
! point,

Hl = !!v[R(±!/2)(k!K
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where ± is for l = 1 and 2, respectively. We take !v/a =
2.1354 eV.34 U is the e!ective interlayer coupling given
by34–36
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where $ = e2"i/3. Here u and u! describe the amplitudes
of diagonal and o!-diagonal terms, respectively, in the
sublattice space. The e!ective models in the previous
studies34–36 assume u = u!, which corresponds to a flat
TBG in which the interlayer spacing d is constant ev-
erywhere. On the other hand, several theoretical studies
predicted that the optimized lattice structure of TBG is
actually corrugated in the out-of-plane direction, in such
a way that d is the widest in AA stacking region and
the narrowest AB / BA stacking region.41–44 Here we in-
corporate the corrugation e!ect as a di!erence between
u = 0.0797eV and u! = 0.0975eV in the e!ective model,
of which detailed derivation is presented in the Appendix
A. As we show in the following, the di!erence between u
and u! introduces energy gaps between the lowest bands
and the excited bands, in a qualitative agreement with
the experimental observation.1,2,37 It was found that the
energy gaps isolating the lowest nearly-flat bands are also
caused by the in-plane distortion.38

The calculation of the energy bands and the eigenstates
is done in the k-space picture. For a single Bloch vector
k in the moiré Brillouin zone, the moiré interlayer cou-
pling hybridizes the graphene’s eigenstates at q = k+G,
where G = m1G

M
1 +m2G

M
2 and m1 and m2 are integers.

Therefore the eigenstate is written as

%X
nk(r) =

#
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nk(G)ei(k+G)·r, (4)

where X = A1, B1, A2, B2 is the sublattice index, n is
the band index and k is the Bloch wave vector in the
moiré Brillouin zone. As the low-energy states are ex-
pected to be dominated by the individual graphenes’
eigenstates near the original Dirac points, we pick up
q’s inside the cut-o! circle |q ! q0| < qc, where q0 is

taken as the midpoint between K
(1)
! and K

(2)
! , and qc is

set to 4GM (GM = |GM
1 | = |GM

2 |). Since the intervalley
coupling can be neglected, the calculation is done inde-
pendently for each of " = ± as we discussed previously.
We then numerically diagonalize the Hamiltonian within
the limited wave space inside the cut-o! circle and obtain
the eigenenergies and eigenstates.
Figure 2(a) shows the energy band and the density of

states of TBG at the magic angle ! = 1.05#, calculated
by this approach. Here in the following, the origin of
band energy axis is set to the charge neutral point. The
lower panel is the enlarged plot of the zero-energy region

Charge Neutrality
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ν = − 4
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Symmetries: C6 and Mirror Mx (interchanges layers) = D6
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Symmetries of Twisted Bilayer Graphene



Symmetries of Twisted Bilayer Graphene

• Left structure has D6. Right has D3. Even less symmetry 
possible. 

• However at small angles distinction is irrelevant - emergent 
C6 symmetry. Valley U(1) symmetry. 

• Commensurate vs incommensurate also irrelevant.
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-

↵1 ↵2 ↵3

↵1 = 0.586 ↵2 = 2.221 ↵3 = 3.751
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =

 
�iv0�✓/2r T (r)

T
†(r) �iv0��✓/2r

!
, (1)

where �✓/2 = e
� i✓

4 �z (�x,�y)e
i✓
4 �z , r = (@x, @y) and

T (r) =
3X

j=1

Tje
�iqjr (2)

with q1 = k✓(0,�1), q2,3 = k✓(±
p
3/2, 1/2) and

Tj+1 = w0�0 + w1

�
cos(�j)�x + sin(�j)�y

�
, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.

1

I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18

U(r) = e�iq1r + ei�e�iq2r + e�i�e�iq3r (1)

T (r) =

0

@ w0U0(r) w1U(r)

w1U⇤(�r) w0U0(r)

1

A (2)
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I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18

U(r) = e�iq1r + ei�e�iq2r + e�i�e�iq3r (1)

U(r) = e�iq1r + ei2⇡/3e�iq2r + e�i2⇡/3e�iq3r (2)

U0(r) = e�iq1r + e�iq2r + e�iq3r (3)

T (r) =

0

@ w0U0(r) w1U(r)

w1U⇤(�r) w0U0(r)

1

A (4)
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I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18

U(r) = e�iq1r + ei�e�iq2r + e�i�e�iq3r (1)

U(r) = e�iq1r + ei2⇡/3e�iq2r + e�i2⇡/3e�iq3r (2)

U0(r) = e�iq1r + e�iq2r + e�iq3r (3)

T (r) =

0

@ w0U0(r) w1U(r)

w1U⇤(�r) w0U0(r)

1

A (4)

Two$layers$of$graphene$with$
a$relative$twist

Electronic$spectrum$is$
described$by$the$continuum$Hamiltonian:
two$Dirac$fields$coupled$by$the$interlayer$
interaction

Continuum(model(for(
Twisted(Bilayer(Graphene
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The Continuum Model
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e.

f.

<latexit sha1_base64="rerXCKyV8pWbPfDlHx4JebCmEUk=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hVkR9CIE9OAxgnlAsoTZySQZMju7zPQqYclHePGgiFe/x5t/4yTZgyYWNBRV3XR3hYmSFin99lZW19Y3Ngtbxe2d3b390sFhw8ap4aLOYxWbVsisUFKLOkpUopUYwaJQiWY4upn6zUdhrIz1A44TEURsoGVfcoZOaj51Mzq5pt1SmVboDGSZ+DkpQ45at/TV6cU8jYRGrpi1bZ8mGGTMoORKTIqd1IqE8REbiLajmkXCBtns3Ak5dUqP9GPjSiOZqb8nMhZZO45C1xkxHNpFbyr+57VT7F8FmdRJikLz+aJ+qgjGZPo76UkjOKqxI4wb6W4lfMgM4+gSKroQ/MWXl0njvOLTin9/Ua7e5nEU4BhO4Ax8uIQq3EEN6sBhBM/wCm9e4r14797HvHXFy2eO4A+8zx/BKY8t</latexit>

Bistritzer-MacDonald

Dimensionless ratio



Importance of Lattice Relaxation

2

derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =

 
�iv0�✓/2r T (r)

T
†(r) �iv0��✓/2r

!
, (1)

where �✓/2 = e
� i✓

4 �z (�x,�y)e
i✓
4 �z , r = (@x, @y) and

T (r) =
3X

j=1

Tje
�iqjr (2)

with q1 = k✓(0,�1), q2,3 = k✓(±
p
3/2, 1/2) and

Tj+1 = w0�0 + w1

�
cos(�j)�x + sin(�j)�y

�
, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.
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CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
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where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form
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less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18
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Can#be#viewed#as#Dirac#fermions#in#a#non;abelian
SU(2)#gauge#field

<latexit sha1_base64="RLVG1iDAiy/T6y6glnxvBfBXjGc="></latexit>

Lattice Relaxation reduces AA coupling vs AB coupling

<latexit sha1_base64="OKENp3ixKHQodfuLTxT4UwY6o7E=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHaDoBch6MVjBPOA7BpmJ73JkNkHM71KiPkULx4U8eqXePNvnCR70MSChqKqm+6uIJVCo+N8Wyura+sbm4Wt4vbO7t6+XTpo6iRTHBo8kYlqB0yDFDE0UKCEdqqARYGEVjC8nvqtB1BaJPEdjlLwI9aPRSg4QyN17ZKHA0BGL2nVvfe4ULxrl52KMwNdJm5OyiRHvWt/eb2EZxHEyCXTuuM6KfpjplBwCZOil2lIGR+yPnQMjVkE2h/PTp/QE6P0aJgoUzHSmfp7YswirUdRYDojhgO96E3F/7xOhuGFPxZxmiHEfL4ozCTFhE5zoD2hgKMcGcK4EuZWygdMMY4mraIJwV18eZk0qxXXqbi3Z+XaVR5HgRyRY3JKXHJOauSG1EmDcPJInskrebOerBfr3fqYt65Y+cwh+QPr8we/6ZMC</latexit>

AA’

AA’

AB’

BA’

Carr 19, Nam and Koshino 18)

Crucial to obtaining gaps.

BM Model Relaxed Model



Chiral Model

2

derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
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0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =
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where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =
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where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
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�iq2r +
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e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-

↵1 ↵2 ↵3

↵1 = 0.586 ↵2 = 2.221 ↵3 = 3.751

Bandwidth

E
n
e
rg

y

0

0.4

0.8

E
n
e
rg

y

1.5

1.0

0.5

0

A B C D A A B C D A A B C D A

0

0.1

0.2

0.3

0.4

-0.4

-0.3

-0.2

-0.1

-0.08

-0.06

-0.04

-0.02

0.02

0.04

0.06

0.08

0

-1.5

-1.0

-0.5

exact
zeros

A

B

C

D
K

K

�

�

1 2 3 4 5 6 ↵0

0

0.1

0.2

0.3

0.4

0.5

1 2 3 4 5 6 ↵0

E
n
e
rg

y

Band gap

1.2

1.6

2.0

a. b. c.

d. Moiré BZ
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =
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where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =
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, D(r) =
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where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
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e
�iq2r +
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e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =
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!
, (1)
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, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄
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,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.

Continuum model for Twisted Bilayer Graphene. The
continuum model describing a single valley of TBG con-
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =
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where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D
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D(r) 0
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, D(r) =

 
�2i@̄ ↵U(r)
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where @̄ = 1
2 (@x + i@y) and U(r) = e
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e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|@kEk|K,K0) at moire Dirac points as function of ↵ (logarith-
mic scale). The first few magic angles are given by ↵ = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent ↵ is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
↵ ! 1, see subfigure (b).

The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H,�z ⌦ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
("0(k) = 0 for all k in mBZ) at the recurrent values
of ↵ corresponding to the magic angles ✓ of this model
(see Fig. 1). The first magic angle of this model is given
by ↵1 ⇡ 0.586, which corresponds to ✓ ⇡ 1.09� on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in ↵ with period �↵ ' 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.

Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K

0 of the mBZ for arbitrary ↵. This can be seen
starting from ↵ = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers di↵er in crystal momentum, the pair of zero modes
of each Dirac point di↵er in their C3 rotation eigenvalue
! = e

i2⇡/3, and !⇤ = e
�i2⇡/3 see e.g. [3]. Thus each zero

mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation �z ⌦ 1. We can then consider each
zero mode individually. On turning on ↵ gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.

The equation for the zero mode at the K point,

D(r) K(r) = 0 reads in components
 

�2i@̄ ↵U(r)

↵U(�r) �2i@̄

! 
 K,1(r)

 K,2(r)

!
= 0 . (5)

Obviously if  K(r) = ( K,1, K,2)T is a solution of (5),
then �K(r) =  

⇤
K(�r) is a solution to D

⇤(�r)�K(r) = 0.
A general Bloch’s wave function  k(r) with momentum
k in mBZ has the form

 k(r) =
X

m,n

 
amn

bmne
iq1r

!
e
i(Kmn+k)r

, (6)

where Kmn = mb1 + nb2 and b1,2 = q2,3 � q1 are the
two Moiré reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory

vF (↵) =
��@k

h�K |Vk|�Ki

h�K |�Ki

��
k=0

, Vk =

 
0 k̄

k 0

!
, (7)

where k, k̄ = (kx±iky)�0 and �K(r) = ( K ,�K)T. Using
now relation �K(r) =  

⇤
K(�r), we find the expression for

the Fermi velocity as a function of ↵,

vF (↵) =
|h 

⇤
K(�r)| K(r)i|

h K | Ki
. (8)

A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point,  K(r) vanishes exactly at the BA

stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)

 
⇤
K,1(r)  

⇤
K,2(r)

!
, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds
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FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|@kEk|K,K0) at moire Dirac points as function of ↵ (logarith-
mic scale). The first few magic angles are given by ↵ = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent ↵ is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
↵ ! 1, see subfigure (b).

The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H,�z ⌦ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
("0(k) = 0 for all k in mBZ) at the recurrent values
of ↵ corresponding to the magic angles ✓ of this model
(see Fig. 1). The first magic angle of this model is given
by ↵1 ⇡ 0.586, which corresponds to ✓ ⇡ 1.09� on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in ↵ with period �↵ ' 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.

Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K

0 of the mBZ for arbitrary ↵. This can be seen
starting from ↵ = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers di↵er in crystal momentum, the pair of zero modes
of each Dirac point di↵er in their C3 rotation eigenvalue
! = e

i2⇡/3, and !⇤ = e
�i2⇡/3 see e.g. [3]. Thus each zero

mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation �z ⌦ 1. We can then consider each
zero mode individually. On turning on ↵ gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.

The equation for the zero mode at the K point,

D(r) K(r) = 0 reads in components
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 K,1(r)

 K,2(r)
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= 0 . (5)

Obviously if  K(r) = ( K,1, K,2)T is a solution of (5),
then �K(r) =  

⇤
K(�r) is a solution to D

⇤(�r)�K(r) = 0.
A general Bloch’s wave function  k(r) with momentum
k in mBZ has the form

 k(r) =
X

m,n
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bmne
iq1r

!
e
i(Kmn+k)r

, (6)

where Kmn = mb1 + nb2 and b1,2 = q2,3 � q1 are the
two Moiré reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory

vF (↵) =
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h�K |Vk|�Ki

h�K |�Ki
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k=0

, Vk =

 
0 k̄

k 0
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, (7)

where k, k̄ = (kx±iky)�0 and �K(r) = ( K ,�K)T. Using
now relation �K(r) =  

⇤
K(�r), we find the expression for

the Fermi velocity as a function of ↵,

vF (↵) =
|h 

⇤
K(�r)| K(r)i|

h K | Ki
. (8)

A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point,  K(r) vanishes exactly at the BA

stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)

 
⇤
K,1(r)  

⇤
K,2(r)

!
, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds

4

SD(r)S�1 =

 
�2i@̄ � 2i(@̄ log ⇢K) 0

h(r) �2i@̄

!
, (11)

where h(r) = ⇢
�1
K (r)( ⇤

K,2)
2
�
2i@̄( ⇤

K,1/ 
⇤
K,2) +

↵(U(�r) � U(r)( ⇤
K,1/ 

⇤
K,2)

2)
�
. From equation

(11) we see that the only possible solution for the first
component is ⌘k,1(r) = 0 [46]. The latest gives us an
important relation between the flat-band wave function
at the Dirac point K and the flat-band wave function at
an arbitrary mBZ point k precisely at the magic angles,

 k,1(r)

 k,2(r)
=
 K,1(r)

 K,2(r)
. (12)

Thus for the second component of the wave function
⌘k(r) we have

@̄⌘k,2(r) = 0 , (13)

where ⌘k,2(r) =  k,1(r)/ K,1(r) =  k,2(r)/ K,2(r),
which obeys the Bloch-periodic boundary conditions

⌘k,2(r+ a1,2) = e
ika1,2⌘k,2(r) , (14)

where a1,2 = 4⇡
3k✓

(±
p
3
2 ,

1
2 ) are two Moiré lattice vectors.

Equation (13) may have a non-trivial solution if only
the entire spinor  K(r) become zero at some point. We
show below that exactly at the angles where vF (↵) = 0,
 K,1(r) and  K,2(r) do both become zero at the point
r0 = 1

3 (a1 � a2) which correspond to BA stacking point
(see Fig. 3). Therefore we can find a meromorphic solu-
tion,

⌘k,2(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

, (15)

where z = x + iy, a1 = (a1)x + i(a1)y, ! = e
i� and

#a,b(z|⌧) is the theta function with rational characteris-
tics a and b (see e.g. Ref.[47]),

#a,b(z|⌧) =
+1X

n=�1
e
i⇡⌧(n+a)2

e
2⇡i(n+a)(z+b)

. (16)

Using the properties of the theta function [47], one can
verify that the meromorphic solution (15) obeys the peri-
odic boundary conditions (14). Thus at the magic angles
the wave functions  k(r) of the exactly flat band read

 k(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

 K(r) . (17)

Note that under this construction, the zeros of  K(r)
exactly cancel zeros of the theta function in the denomi-
nator.
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FIG. 3. (top) Schematic moire pattern with regions referred
to in the text marked. (bottom) Wave function density
⇢K(r) =  †

K K in real space for a single zero mode at the
Dirac point: ⇢K(r) is localized on AA stacking and (exactly
at the magic angles) has zeros on the BA stacking locations.

Therefore, exactly at the magic angles, where
 K(r0) = 0, the wave functions (17) satisfy the zero-
mode equation (9) for all k in mBZ. Thus we showed
that there is an perfectly flat band solution, "0(k) ⌘ 0.
Connection with the vanishing of Fermi velocity. Now

we show that zero Fermi velocity is connected to zero of
 K(r). Analyzing symmetries of the zero-mode opera-
tor D(r) one can check that if  K(r) is a solution to the
equation D(r) K(r) = 0, then  K(R�r) is also a solu-
tion, where R� denotes a counterclockwise rotation on
angle �. Similarly one finds that

D(r± r0)

 
 K,1(R�r± r0)

e
⌥i�

 K,2(R�r± r0)

!
= 0 , (18)

where r0 = 1
3 (a1 � a2). Since at ↵ = 0 we have

 K(r) = (1, 0) this implies for the zero-mode components
at arbitrary ↵

 K,1(R�r± r0) =  K,1(r± r0) , (19)

 K,2(R�r± r0) = e
±i�

 K,2(r± r0) . (20)

The second equation implies that  K,2(r) = 0 at r = ±r0
for arbitrary ↵. Now to relate appearance of zeros in

Remarkably,%exactly%the%at%magic%angles%
the%equation%%%%%%%%%%%%%%%%%%%%%%%%%%%%has%
solution%for%all%Bloch’s%momenta%

For%all%angles%there%exists%a%zero>
mode%solution%at%K%point%

3

10-1

10-2

10-3

10-4

10-5

10-6

10-7

1

vF

↵1 ↵2 ↵3 ↵4 ↵5

�↵ 3/2

a. MAGIC ANGLE RECURRENCE PERIOD SATURATION

0

�↵

↵1 ↵2 ↵3 ↵4 ↵5 ↵6 ↵7 ↵8 ↵9

b.

↵108642

0
�0.02
�0.04
�0.06
�0.08
�0.10
�0.12
�0.14

3/2��↵

3/2

1 2 3 4 5 60 ↵ 0 2 4 6 8 10 ↵

FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|@kEk|K,K0) at moire Dirac points as function of ↵ (logarith-
mic scale). The first few magic angles are given by ↵ = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent ↵ is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
↵ ! 1, see subfigure (b).

The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H,�z ⌦ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
("0(k) = 0 for all k in mBZ) at the recurrent values
of ↵ corresponding to the magic angles ✓ of this model
(see Fig. 1). The first magic angle of this model is given
by ↵1 ⇡ 0.586, which corresponds to ✓ ⇡ 1.09� on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in ↵ with period �↵ ' 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.

Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K

0 of the mBZ for arbitrary ↵. This can be seen
starting from ↵ = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers di↵er in crystal momentum, the pair of zero modes
of each Dirac point di↵er in their C3 rotation eigenvalue
! = e

i2⇡/3, and !⇤ = e
�i2⇡/3 see e.g. [3]. Thus each zero

mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation �z ⌦ 1. We can then consider each
zero mode individually. On turning on ↵ gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.

The equation for the zero mode at the K point,

D(r) K(r) = 0 reads in components
 

�2i@̄ ↵U(r)

↵U(�r) �2i@̄
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 K,1(r)

 K,2(r)
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= 0 . (5)

Obviously if  K(r) = ( K,1, K,2)T is a solution of (5),
then �K(r) =  

⇤
K(�r) is a solution to D

⇤(�r)�K(r) = 0.
A general Bloch’s wave function  k(r) with momentum
k in mBZ has the form

 k(r) =
X

m,n

 
amn

bmne
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e
i(Kmn+k)r

, (6)

where Kmn = mb1 + nb2 and b1,2 = q2,3 � q1 are the
two Moiré reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory

vF (↵) =
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h�K |Vk|�Ki
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, Vk =

 
0 k̄

k 0

!
, (7)

where k, k̄ = (kx±iky)�0 and �K(r) = ( K ,�K)T. Using
now relation �K(r) =  

⇤
K(�r), we find the expression for

the Fermi velocity as a function of ↵,

vF (↵) =
|h 
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K(�r)| K(r)i|

h K | Ki
. (8)

A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point,  K(r) vanishes exactly at the BA

stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)
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K,1(r)  
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K,2(r)
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, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds
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. From equation

(11) we see that the only possible solution for the first
component is ⌘k,1(r) = 0 [46]. The latest gives us an
important relation between the flat-band wave function
at the Dirac point K and the flat-band wave function at
an arbitrary mBZ point k precisely at the magic angles,

 k,1(r)

 k,2(r)
=
 K,1(r)

 K,2(r)
. (12)

Thus for the second component of the wave function
⌘k(r) we have

@̄⌘k,2(r) = 0 , (13)

where ⌘k,2(r) =  k,1(r)/ K,1(r) =  k,2(r)/ K,2(r),
which obeys the Bloch-periodic boundary conditions

⌘k,2(r+ a1,2) = e
ika1,2⌘k,2(r) , (14)

where a1,2 = 4⇡
3k✓

(±
p
3
2 ,
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2 ) are two Moiré lattice vectors.

Equation (13) may have a non-trivial solution if only
the entire spinor  K(r) become zero at some point. We
show below that exactly at the angles where vF (↵) = 0,
 K,1(r) and  K,2(r) do both become zero at the point
r0 = 1

3 (a1 � a2) which correspond to BA stacking point
(see Fig. 3). Therefore we can find a meromorphic solu-
tion,

⌘k,2(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,
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(z/a1|!)

, (15)

where z = x + iy, a1 = (a1)x + i(a1)y, ! = e
i� and

#a,b(z|⌧) is the theta function with rational characteris-
tics a and b (see e.g. Ref.[47]),

#a,b(z|⌧) =
+1X

n=�1
e
i⇡⌧(n+a)2

e
2⇡i(n+a)(z+b)

. (16)

Using the properties of the theta function [47], one can
verify that the meromorphic solution (15) obeys the peri-
odic boundary conditions (14). Thus at the magic angles
the wave functions  k(r) of the exactly flat band read

 k(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
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 K(r) . (17)

Note that under this construction, the zeros of  K(r)
exactly cancel zeros of the theta function in the denomi-
nator.
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FIG. 3. (top) Schematic moire pattern with regions referred
to in the text marked. (bottom) Wave function density
⇢K(r) =  †

K K in real space for a single zero mode at the
Dirac point: ⇢K(r) is localized on AA stacking and (exactly
at the magic angles) has zeros on the BA stacking locations.

Therefore, exactly at the magic angles, where
 K(r0) = 0, the wave functions (17) satisfy the zero-
mode equation (9) for all k in mBZ. Thus we showed
that there is an perfectly flat band solution, "0(k) ⌘ 0.
Connection with the vanishing of Fermi velocity. Now

we show that zero Fermi velocity is connected to zero of
 K(r). Analyzing symmetries of the zero-mode opera-
tor D(r) one can check that if  K(r) is a solution to the
equation D(r) K(r) = 0, then  K(R�r) is also a solu-
tion, where R� denotes a counterclockwise rotation on
angle �. Similarly one finds that

D(r± r0)

 
 K,1(R�r± r0)

e
⌥i�

 K,2(R�r± r0)

!
= 0 , (18)

where r0 = 1
3 (a1 � a2). Since at ↵ = 0 we have

 K(r) = (1, 0) this implies for the zero-mode components
at arbitrary ↵

 K,1(R�r± r0) =  K,1(r± r0) , (19)

 K,2(R�r± r0) = e
±i�

 K,2(r± r0) . (20)

The second equation implies that  K,2(r) = 0 at r = ±r0
for arbitrary ↵. Now to relate appearance of zeros inThis%solution%is%possible%due

to%the%zero%of%the%entire%two%
component%zero>mode%
spinor.%The%zero%appears%
at%BA%%point%exactly%at%the
Magic%angles
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derived, if it is known at one point in the Brillouin
Zone. An interesting mathematical aspect here is that
the wave function ratios are constructed from meromor-
phic doubly-periodic functions that are ratios of theta
functions, similar to those appearing in the Quantum
Hall E↵ect on the torus [44]. The CS-CM has a single
coupling constant ↵ = w1/(2v0kD sin(✓/2)) where v0

and kD are the bare velocity and crystal momentum
of graphene’s Dirac fermions. We show that pertur-
bation theory to high orders (up to ↵

8) matches with
numerical results very accurately near the first magic
angle. The sequence of magic angles that we find ↵ =
0.586, 2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345,...
reveals a remarkable asymptotic quasi-periodicity of
�↵ ' 3/2. Comparing with the reported magic angles
for the BM-CM, we see significant di↵erences except for
the first magic angle, see Table I. We finally turn on the
AA-coupling and study numerically how the bandwidth
and gap evolves and discuss the possibility of studying
the second magic angle in experiments.
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FIG. 1. Absolutely flat bands in continuum TBG Hamiltonian
(1) with w0 = 0 : in this model, the absolutely flat band ap-
pears at exact values of magic angles ↵ = 0.586, 2.221, 3.751,
etc, where ↵ = w1/(v0k✓). Energy is given in dimensionless
units " = ↵(E/w1). On subfigures (a-c), the band is numer-
ically flat up to accuracy 10�16. (d) Moiré Brillouin Zone.
(e-f): The bandwidth for the lowest two bands vs ↵. The
band width drops to exact zero at the set of magic angles. At
the same points, we observe the maxima of the band gap.

TABLE I. Comparison of magic angles in continuum model
with w0 = 0 (first row) and with w0 = w1 (second row). Only
the first magic angles correspond.

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM (here) 0.586 2.221 3.75 5.28 6.80

BM-CM (Ref. [35]) 0.606 1.27 1.82 2.65 3.18

siders two layers of graphene described by an e↵ective
Dirac fields near K,K

0 points of the moire (mini) Bril-
louin Zone, each rotated by an angle ±✓/2, and coupled
through a Moiré potential T (r) [3, 14, 35, 39]:

H =

 
�iv0�✓/2r T (r)

T
†(r) �iv0��✓/2r

!
, (1)

where �✓/2 = e
� i✓

4 �z (�x,�y)e
i✓
4 �z , r = (@x, @y) and

T (r) =
3X

j=1

Tje
�iqjr (2)

with q1 = k✓(0,�1), q2,3 = k✓(±
p
3/2, 1/2) and

Tj+1 = w0�0 + w1

�
cos(�j)�x + sin(�j)�y

�
, (3)

where � = 2⇡/3, k✓ = 2kD sin(✓/2) is the Moiré mod-
ulation vector and kD = 4⇡/(3a0) is the magnitude of
the Dirac wave vector, where a0 is the lattice constant
of monolayer graphene. The Hamiltonian (1) acts on the
spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.

Chirally symmetric continuum model. In this Letter,
we study a model obtained from Hamiltonian (1) by set-
ting w0 = 0 [45]. Note, one can rotate the spinors to
eliminate the rotation in the kinetic terms �±✓/2 ! � in
the absence of the w0 term. The dimensionless Hamilto-
nian now acts on a spinor �(r) = ( 1, 2,�1,�2)T, and
can be compactly written in the form

H =

 
0 D

⇤(�r)

D(r) 0

!
, D(r) =

 
�2i@̄ ↵U(r)

↵U(�r) �2i@̄

!
,

(4)

where @̄ = 1
2 (@x + i@y) and U(r) = e

�iq1r + e
i�
e
�iq2r +

e
�i�

e
�iq3r. The Hamiltonian H has only one dimension-

less parameter ↵ = w1/(v0k✓) which fully controls the
physics of the system. A similar idea of switching o↵
the parameter w0 was investigated in Ref.[43]. It was ar-
gued there that the Hamiltonian (4) can be represented
as H = �(�ir + ↵A) and viewed as the Hamiltonian
for Dirac fermions propagating in a background SU(2)
non-Abelian field A.
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ulation vector and kD = 4⇡/(3a0) is the magnitude of
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spinor �(r) = ( 1,�1, 2,�2)T and the indices 1, 2 rep-
resent the graphene layer. Here w0 is responsible for the
AA coupling and w1 is for AB and AB couplings.
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I. MAGIC ANGLES

↵1 ↵2 ↵3 ↵4 ↵5

CS-CM 0.586 2.221 3.75 5.28 6.80

BM-CM 0.606 1.27 1.82 2.65 3.18

U(r) = e�iq1r + ei�e�iq2r + e�i�e�iq3r (1)

T (r) =

0

@ w0U0(r) w1U(r)

w1U⇤(�r) w0U0(r)

1

A (2)

Can#be#viewed#as#Dirac#fermions#in#a#non;abelian
SU(2)#gauge#field
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FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|@kEk|K,K0) at moire Dirac points as function of ↵ (logarith-
mic scale). The first few magic angles are given by ↵ = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent ↵ is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
↵ ! 1, see subfigure (b).

The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H,�z ⌦ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
("0(k) = 0 for all k in mBZ) at the recurrent values
of ↵ corresponding to the magic angles ✓ of this model
(see Fig. 1). The first magic angle of this model is given
by ↵1 ⇡ 0.586, which corresponds to ✓ ⇡ 1.09� on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in ↵ with period �↵ ' 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.

Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K

0 of the mBZ for arbitrary ↵. This can be seen
starting from ↵ = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers di↵er in crystal momentum, the pair of zero modes
of each Dirac point di↵er in their C3 rotation eigenvalue
! = e

i2⇡/3, and !⇤ = e
�i2⇡/3 see e.g. [3]. Thus each zero

mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation �z ⌦ 1. We can then consider each
zero mode individually. On turning on ↵ gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.

The equation for the zero mode at the K point,

D(r) K(r) = 0 reads in components
 

�2i@̄ ↵U(r)

↵U(�r) �2i@̄

! 
 K,1(r)

 K,2(r)

!
= 0 . (5)

Obviously if  K(r) = ( K,1, K,2)T is a solution of (5),
then �K(r) =  

⇤
K(�r) is a solution to D

⇤(�r)�K(r) = 0.
A general Bloch’s wave function  k(r) with momentum
k in mBZ has the form

 k(r) =
X

m,n

 
amn

bmne
iq1r

!
e
i(Kmn+k)r

, (6)

where Kmn = mb1 + nb2 and b1,2 = q2,3 � q1 are the
two Moiré reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory

vF (↵) =
��@k

h�K |Vk|�Ki

h�K |�Ki

��
k=0

, Vk =

 
0 k̄

k 0

!
, (7)

where k, k̄ = (kx±iky)�0 and �K(r) = ( K ,�K)T. Using
now relation �K(r) =  

⇤
K(�r), we find the expression for

the Fermi velocity as a function of ↵,

vF (↵) =
|h 

⇤
K(�r)| K(r)i|

h K | Ki
. (8)

A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point,  K(r) vanishes exactly at the BA

stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)

 
⇤
K,1(r)  

⇤
K,2(r)

!
, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds
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angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)

 
⇤
K,1(r)  

⇤
K,2(r)

!
, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds

4

SD(r)S�1 =

 
�2i@̄ � 2i(@̄ log ⇢K) 0

h(r) �2i@̄

!
, (11)

where h(r) = ⇢
�1
K (r)( ⇤

K,2)
2
�
2i@̄( ⇤

K,1/ 
⇤
K,2) +

↵(U(�r) � U(r)( ⇤
K,1/ 

⇤
K,2)

2)
�
. From equation

(11) we see that the only possible solution for the first
component is ⌘k,1(r) = 0 [46]. The latest gives us an
important relation between the flat-band wave function
at the Dirac point K and the flat-band wave function at
an arbitrary mBZ point k precisely at the magic angles,

 k,1(r)

 k,2(r)
=
 K,1(r)

 K,2(r)
. (12)

Thus for the second component of the wave function
⌘k(r) we have

@̄⌘k,2(r) = 0 , (13)

where ⌘k,2(r) =  k,1(r)/ K,1(r) =  k,2(r)/ K,2(r),
which obeys the Bloch-periodic boundary conditions

⌘k,2(r+ a1,2) = e
ika1,2⌘k,2(r) , (14)

where a1,2 = 4⇡
3k✓

(±
p
3
2 ,

1
2 ) are two Moiré lattice vectors.

Equation (13) may have a non-trivial solution if only
the entire spinor  K(r) become zero at some point. We
show below that exactly at the angles where vF (↵) = 0,
 K,1(r) and  K,2(r) do both become zero at the point
r0 = 1

3 (a1 � a2) which correspond to BA stacking point
(see Fig. 3). Therefore we can find a meromorphic solu-
tion,

⌘k,2(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

, (15)

where z = x + iy, a1 = (a1)x + i(a1)y, ! = e
i� and

#a,b(z|⌧) is the theta function with rational characteris-
tics a and b (see e.g. Ref.[47]),

#a,b(z|⌧) =
+1X

n=�1
e
i⇡⌧(n+a)2

e
2⇡i(n+a)(z+b)

. (16)

Using the properties of the theta function [47], one can
verify that the meromorphic solution (15) obeys the peri-
odic boundary conditions (14). Thus at the magic angles
the wave functions  k(r) of the exactly flat band read

 k(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

 K(r) . (17)

Note that under this construction, the zeros of  K(r)
exactly cancel zeros of the theta function in the denomi-
nator.
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FIG. 3. (top) Schematic moire pattern with regions referred
to in the text marked. (bottom) Wave function density
⇢K(r) =  †

K K in real space for a single zero mode at the
Dirac point: ⇢K(r) is localized on AA stacking and (exactly
at the magic angles) has zeros on the BA stacking locations.

Therefore, exactly at the magic angles, where
 K(r0) = 0, the wave functions (17) satisfy the zero-
mode equation (9) for all k in mBZ. Thus we showed
that there is an perfectly flat band solution, "0(k) ⌘ 0.
Connection with the vanishing of Fermi velocity. Now

we show that zero Fermi velocity is connected to zero of
 K(r). Analyzing symmetries of the zero-mode opera-
tor D(r) one can check that if  K(r) is a solution to the
equation D(r) K(r) = 0, then  K(R�r) is also a solu-
tion, where R� denotes a counterclockwise rotation on
angle �. Similarly one finds that

D(r± r0)

 
 K,1(R�r± r0)

e
⌥i�

 K,2(R�r± r0)

!
= 0 , (18)

where r0 = 1
3 (a1 � a2). Since at ↵ = 0 we have

 K(r) = (1, 0) this implies for the zero-mode components
at arbitrary ↵

 K,1(R�r± r0) =  K,1(r± r0) , (19)

 K,2(R�r± r0) = e
±i�

 K,2(r± r0) . (20)

The second equation implies that  K,2(r) = 0 at r = ±r0
for arbitrary ↵. Now to relate appearance of zeros in
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FIG. 2. Magic angle recurrence: a) Fermi velocity (vF =
|@kEk|K,K0) at moire Dirac points as function of ↵ (logarith-
mic scale). The first few magic angles are given by ↵ = 0.586,
2.221, 3.751, 5.276, 6.795, 8.313, 9.829, 11.345, etc. We clearly
see that the sequence of magic angles follows the approximate
”3/2” rule: the distance between two adjacent ↵ is ”quan-
tized” with approximately 3/2 steps which saturate to 1.5 as
↵ ! 1, see subfigure (b).

The band structure of the Hamiltonian (4) has some
remarkable properties. First, the Hamiltonian is particle-
hole-symmetric, {H,�z ⌦ 1} = 0, which implies the
spectrum to be symmetric with respect to zero energy.
Second, the entire lowest band becomes absolutely flat
("0(k) = 0 for all k in mBZ) at the recurrent values
of ↵ corresponding to the magic angles ✓ of this model
(see Fig. 1). The first magic angle of this model is given
by ↵1 ⇡ 0.586, which corresponds to ✓ ⇡ 1.09� on tak-
ing w1 = 110meV and 2v0kD = 19.81eV. Moreover,
the magic angle sequence in our model reveals a sim-
ple quasiperiodicity in ↵ with period �↵ ' 3/2 (see Fig.
3). However, in the continuum model with w0 6= 0 this
feature is smeared out with increasing w0 (see discus-
sion below). All these remarkable features of the chirally
symmetric continuum model (4) indicate that this model
captures the origin of the magic angles in the most precise
way.

Zero mode equation and Fermi velocity. We start from
the fact that model (4) has two zero modes at the points
K and K

0 of the mBZ for arbitrary ↵. This can be seen
starting from ↵ = 0. In this limit there are clearly four
zero modes for eqn. 4, two each from the Dirac point
in each layer. While the Dirac points in the two lay-
ers di↵er in crystal momentum, the pair of zero modes
of each Dirac point di↵er in their C3 rotation eigenvalue
! = e

i2⇡/3, and !⇤ = e
�i2⇡/3 see e.g. [3]. Thus each zero

mode is uniquely labeled by symmetry eigenvalues. Fur-
thermore, these symmetries commute with the particle-
hole transformation �z ⌦ 1. We can then consider each
zero mode individually. On turning on ↵ gradually, which
preserves symmetry, each zero modes being unique must
remain at zero energy.

The equation for the zero mode at the K point,

D(r) K(r) = 0 reads in components
 

�2i@̄ ↵U(r)

↵U(�r) �2i@̄

! 
 K,1(r)

 K,2(r)

!
= 0 . (5)

Obviously if  K(r) = ( K,1, K,2)T is a solution of (5),
then �K(r) =  

⇤
K(�r) is a solution to D

⇤(�r)�K(r) = 0.
A general Bloch’s wave function  k(r) with momentum
k in mBZ has the form

 k(r) =
X

m,n

 
amn

bmne
iq1r

!
e
i(Kmn+k)r

, (6)

where Kmn = mb1 + nb2 and b1,2 = q2,3 � q1 are the
two Moiré reciprocal lattice vectors. The K point corre-
sponds to k = 0 and the renormalized Fermi velocity can
be found through the first-order perturbation theory

vF (↵) =
��@k

h�K |Vk|�Ki

h�K |�Ki

��
k=0

, Vk =

 
0 k̄

k 0

!
, (7)

where k, k̄ = (kx±iky)�0 and �K(r) = ( K ,�K)T. Using
now relation �K(r) =  

⇤
K(�r), we find the expression for

the Fermi velocity as a function of ↵,

vF (↵) =
|h 

⇤
K(�r)| K(r)i|

h K | Ki
. (8)

A striking result of this paper is however not just the
vanishing of the Fermi velocity, but the flattening of the
entire lowest band. Below we show that it is possible to
find the absolute flat band solution because of a seem-
ingly unrelated property, that the entire zero mode spinor
at the Dirac point,  K(r) vanishes exactly at the BA

stacking points and this happens precisely at the magic
angles.
Absolutely flat band. We now explain the origin of the

absolutely flat band H�k(r) = "0(k)�k, "0(k) = 0 in
our model. As follows from the Hamiltonian (4), the
appearance of the perfectly flat band at the set of magic
angles implies that equation

D(r) k(r) = 0 (9)

has a solution for arbitrary Bloch’s vector k in mBZ.
As we explained above this equation always has the zero
mode solutions  K(r) at the point k = 0. To relate
solutions of (9) at arbitrary k to the zero-mode  K(r),
we make a transformation to a new wave function ⌘k(r) =
S(r) k(r), with

S(r) =
1

⇢K(r)

 
 K,2(r) � K,1(r)

 
⇤
K,1(r)  

⇤
K,2(r)

!
, (10)

and ⇢K(r) =  
†
K K is the density of the zero mode wave

function. Applying transformation S(r) to the operator
D(r), one finds
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SD(r)S�1 =

 
�2i@̄ � 2i(@̄ log ⇢K) 0

h(r) �2i@̄

!
, (11)

where h(r) = ⇢
�1
K (r)( ⇤

K,2)
2
�
2i@̄( ⇤

K,1/ 
⇤
K,2) +

↵(U(�r) � U(r)( ⇤
K,1/ 

⇤
K,2)

2)
�
. From equation

(11) we see that the only possible solution for the first
component is ⌘k,1(r) = 0 [46]. The latest gives us an
important relation between the flat-band wave function
at the Dirac point K and the flat-band wave function at
an arbitrary mBZ point k precisely at the magic angles,

 k,1(r)

 k,2(r)
=
 K,1(r)

 K,2(r)
. (12)

Thus for the second component of the wave function
⌘k(r) we have

@̄⌘k,2(r) = 0 , (13)

where ⌘k,2(r) =  k,1(r)/ K,1(r) =  k,2(r)/ K,2(r),
which obeys the Bloch-periodic boundary conditions

⌘k,2(r+ a1,2) = e
ika1,2⌘k,2(r) , (14)

where a1,2 = 4⇡
3k✓

(±
p
3
2 ,

1
2 ) are two Moiré lattice vectors.

Equation (13) may have a non-trivial solution if only
the entire spinor  K(r) become zero at some point. We
show below that exactly at the angles where vF (↵) = 0,
 K,1(r) and  K,2(r) do both become zero at the point
r0 = 1

3 (a1 � a2) which correspond to BA stacking point
(see Fig. 3). Therefore we can find a meromorphic solu-
tion,

⌘k,2(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

, (15)

where z = x + iy, a1 = (a1)x + i(a1)y, ! = e
i� and

#a,b(z|⌧) is the theta function with rational characteris-
tics a and b (see e.g. Ref.[47]),

#a,b(z|⌧) =
+1X

n=�1
e
i⇡⌧(n+a)2

e
2⇡i(n+a)(z+b)

. (16)

Using the properties of the theta function [47], one can
verify that the meromorphic solution (15) obeys the peri-
odic boundary conditions (14). Thus at the magic angles
the wave functions  k(r) of the exactly flat band read

 k(r) =
# ka1

2⇡ � 1
6 ,

1
6�

ka2
2⇡

(z/a1|!)

#� 1
6 ,

1
6
(z/a1|!)

 K(r) . (17)

Note that under this construction, the zeros of  K(r)
exactly cancel zeros of the theta function in the denomi-
nator.
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FIG. 3. (top) Schematic moire pattern with regions referred
to in the text marked. (bottom) Wave function density
⇢K(r) =  †

K K in real space for a single zero mode at the
Dirac point: ⇢K(r) is localized on AA stacking and (exactly
at the magic angles) has zeros on the BA stacking locations.

Therefore, exactly at the magic angles, where
 K(r0) = 0, the wave functions (17) satisfy the zero-
mode equation (9) for all k in mBZ. Thus we showed
that there is an perfectly flat band solution, "0(k) ⌘ 0.
Connection with the vanishing of Fermi velocity. Now

we show that zero Fermi velocity is connected to zero of
 K(r). Analyzing symmetries of the zero-mode opera-
tor D(r) one can check that if  K(r) is a solution to the
equation D(r) K(r) = 0, then  K(R�r) is also a solu-
tion, where R� denotes a counterclockwise rotation on
angle �. Similarly one finds that

D(r± r0)

 
 K,1(R�r± r0)

e
⌥i�

 K,2(R�r± r0)

!
= 0 , (18)

where r0 = 1
3 (a1 � a2). Since at ↵ = 0 we have

 K(r) = (1, 0) this implies for the zero-mode components
at arbitrary ↵

 K,1(R�r± r0) =  K,1(r± r0) , (19)

 K,2(R�r± r0) = e
±i�

 K,2(r± r0) . (20)

The second equation implies that  K,2(r) = 0 at r = ±r0
for arbitrary ↵. Now to relate appearance of zeros inThis%solution%is%possible%due

to%the%zero%of%the%entire%two%
component%zero>mode%
spinor.%The%zero%appears%
at%BA%%point%exactly%at%the
Magic%angles

Tarnopolski, Kruchkov, AV 1808.05250

At special (magic) angles, 
the spinor wfn.  

vanishes at points in the unit cell

Theta functions

uk(r) =

Flat band wave functions



Exactly Flat Bands and Landau Levels

Related to quantum Landau Level  
Wins on Torus

Chiral  Zero Modes in TBG

C= +1

C= -1

A
B

Sublattice polarization like 

Graphene in B field


BUT

Here single valley

IDEA: add a sub lattice potential - should get Chern insulator  
(if spin and valley are polarized and unit filling) 



Fractional Filling - Fractional Chern?

Aligned h-BN substrate

Quantum Metric of 

flat bands:

⌘(k) = ⌦(k)



Interaction Effects in Pristine Magic Angle Graphene



Two Paradigms for Correlated Electrons
• Interactions energy exceeds kinetic energy (U>t)

Landau Levels

Quantum Hall Correlated Solids eg. Cuprates

ψn = zne− |z |2
4

Hubbard Model
Wannier Functions

Magic angle graphene?

Topology: 
(i) Same chirality nodes

(ii) Landau + Landau

BUT  
admits an extended 


Hubbard model



Magic Angle Twisted Bilayer Graphene 
@ CNP

• The C2T symmetry protects the Dirac points (same 
chirality). Bistritzer, MacDonald, 2011.   

Po, Zou, AV, Senthil, 2018. • Focus on the two flat bands at 
CNP. Experiments - insulator/ 

Shang Liu

Liu, Khalaf, Lee, AV, 2019.

Jong	Yeon	Lee Eslam Khalaf

Bultinick, Khalaf, Liu, Chatterjee, AV, Zaletel



Simplified Model: 
Chiral Limit; Spinless Fermions

Fill two of the four states -but which two? 
To be continued…  



Conclusions
• 1 particle physics of twisted bilayer graphene is nontrivial, 

topology & symmetry important to model building.

• Origin of flat bands - intriguing connection to topology.

• Nature of the Mott insulator and superconductor?

• Opportunity to understand central questions in solid state 
physics - ferromagnetism vs anti ferromagnetism, novel 
superconductors … 



Ground State- “Kramers” IVC




