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Figure 3 | Magnetic field response of the superconducting states in 
MA-TBG. (a-b) Four-probe resistance as a function of density n and 
perpendicular magnetic field B⊥ in device M1 and M2 respectively. Apart 
from the similar dome structures around half-filling as in Fig. 2b-c,  
there are notably oscillatory features near the boundary between the 
superconducting phase and the correlated insulator phase. These 
oscillations can be understood as phase-coherent transport through 
inhomogeneous regions in the device (see Methods and Extended Data 

Fig. 1). (c) Differential resistance dVxx/dI versus dc bias current I for 
different B⊥ values, measured for device M2. (d) Rxx-T curves for different 
B⊥ values, measured for device M1. (e) Perpendicular and parallel critical 
magnetic field versus temperature for device M1 (50% normal state 
resistance). The fitting curves are plotted according to the corresponding 
formulas in Ginzburg-Landau theory for a 2D superconductor. 
Measurements in (a-c) are all taken at 70 mK.

© 2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.
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Quantum Entanglement



Quantum Superposition and Entanglement

Quantum Superposition: 0 + 1
1p
2
(|0i+ |1i)

Quantum Entanglement:

1p
2
[|0i|0i+ |1i|1i]

Measure one particle: 50-50 
BUT the other particle state is fixed.



Quantum NonLocality

Bell Inequality 
No local 

`reality’ can reproduce  
measured correlation. 

Quantum  

Classical Hidden variables?

classically forbidden

Aspect et al. PRL 1982



Quantum Mechanics of Many Particles

• complex number for each configuration.        ! 

• How do we approach this complexity?

number of Spins: 1020

ψ(  ) = a1 +a2 +a3

�

energy

ground state

210
20



one, two, three … Infinity

Emergent Properties: 

Only appear in the limit of many particles


N -> ∞ 

Simple examples:


Temperature 
  

Pressure  

Emergent properties of quantum systems?



Classifying Phases of Matter

Many particles - new properties. 

• Phases of Matter.  N=>∞

• Separated by phase transition



Classifying Phases - An Analogy

• Can they be connected? 

• NO!

• parity of permutations conserved by 
moves.

• Two configurations have opposite parity.

You can show that the following quantity is an 
invariant:


[Parity of the sequence of numbers + row of the blank 
square] (mod 2)

Proof:

Moving the blank square horizontally does not change 
anything, but moving it vertically potentially changes 
parity of 3 pairs. (parity is number of wrong order 
pairs). Always switches parity.



• Phases of Matter  from spontaneous symmetry 
breaking. Classical order parameter.

• Classify phases - different ways to break symmetry 
(230 types of crystals. All realized in nature!). 

• Until experiments in 1980…

Classifying Phases of Matter
Crystal( Superfluid)Ferromagnet*

* Some exceptions eg. metals



Entanglement of Ordered Phases

• With many particles - many patterns of entanglement 
possible. 

• However ordered phases  - essentially simple product 
states. Quantum entanglement inessential.

| "i ⌦ | "i ⌦ | "i ⌦ . . . (|0i+ |1i)⌦ (|0i+ |1i)⌦ . . .

SuperfluidFerromagnet*

|ni



Beyond Classical Orders?

• Integer Quantum Hall States - (1980)

• Different Integers `n’ - different phases.

• Same symmetry - topological distinction.

• Accurate to 1 part in 109!

n=1$

n=2$

n=3$Electrons in 2D in a  
magnetic field.

Von$Klitzing+

⇢xy =
h

e2
1

n

ρxy



Topology and Phases of Matter

• Topology: Robust aspects of shapes

Topology of Surfaces:

Genus = # of holes

I
KdS = 4⇡(1�g)

Gauss Formula

“Remarkable Theorem”



Topology and Phases of Matter

• Hall conductance as a topological invariant.

periodic solid Bands with Chern Number = C

E



Integer Quantum Hall and Chern 

I
B̃ d2k = 2⇡n

Integrate Berry Curvature

Chern Number
= # of Edge States

= Hall Conductance

I
KdS = 4⇡(1�g)

Gauss Formula

Signature in  
Quantum Entanglement?



Quantifying Entanglement

Signature in Entanglement Spectrum 

RightLeft

| i =
X

i

p
P i|Rii|Lii

Schmidt Decomposition/SVD 

Generalization of:

| i = 1p
2
|0i|0i+ 1p

2
|1i|1i

Pi = e�Ei `psuedo’ energy

EntanglementEntropy : S = �
X

i

Pi logPi



Quantifying Entanglement

• Ground state restricted to region `A’

• Defines an  `entanglement Hamiltonian’ . (Li&Haldane)

• Can also define entropy. 

• S = entanglement entropy.

⇢A = TrB {| ih |}
⇢A = e�H

e
A

A
B | i = 1p

2
[|0i|0i+ |1i|1i]

⇢A =
1

2
|0ih0|+ 1

2
|1ih1|



Chern insulator and Entanglement

ky

tanh ✏/2

A B

A

B

ky

E

Topological 
Entanglement Entropy

A B

⇢A = TrB | ih |

L

• For gapped QSLs, can define a quantitative 
measure of long-range entanglement

S = �TrA[⇢A ln ⇢A]

S(L) ⇠ ↵L� �

2006

Physical Edge and Physical Spectrum

Entanglement Cut  
and Entanglement Spectrum



3D (Magnetic) Weyl Semimetals

• A pair of 3D bands cross 
(nondegenerate bands). 

• Entanglement arguments - must 
be gapless (with inversion).

k

E

Ari$Tuner$$
(Berkeley.>$JHU)$

Sergey$Savrasov$$
(Davis)$

YuanMing$Lu$$$
(Berkeley)$

T.$Senthil$
(MIT)$

Xie$Chen$
(Berkeley)$

Fiona$Burnell$
(Oxford)$

Lukasz$Fidkowski$
$(SUNY)$

Yi$Zhang$(Berkeley.>$
Stanford)$

• Excitations near the 
touching points described 
by Weyl Eqn. [Weyl, Herring, 
Volovik] 

• Novel surface states - 
Fermi arc.[Wan, Turner, AV, 
Savrasov]



3D (Magnetic) Weyl Semimetals

• The Weyl Eqn. 

k

E

HWeyl = (pxσ x + pyσ y + pzσ z )

H. Weyl 

Half of Dirac’s 4 component equation.  
No mass term allowed.

I always tried to unite the truth with the beautiful, but when 

I had to choose, I usually chose the beautiful. - Hermann 

Weyl (1885-1955)

No known Weyl fermion….. Realize in solids?



Weyl Semimetal Candidates?

S-M Huang et al., (Hasan Group)

Photoemission Confirmation
B. Q. Lv, (Ding Group)

Bext

U0 2.5 eV

Candidate #1: Pyrochlore Iridates

(A =  Y, Eu) A2Ir2O7

24 Weyl 
nodes

varying A: tunes interaction (‘U’) between Ir 5d

Ir: strong spin-orbit  (Z~77)

[X. Wan, A. Turner, A Vishwanath, S. Savrasov, PRB 83, 205101 (2011)]

LDA+U DFT Results

Weyl
SM

 ‘all-in, all-out’ magnetic order

Monday, February 24, 

Early material candidate:  
Pyrochlore Iridates  

All-in All-out magnetic order 
Wan, Turner, AV, Savrasov 

Weyl Semimetal in TaAs: 



Topological Properties I - Surface States

Surface states at the band touching 
energy => Fermi arc. 
  
In a purely 2D system, Fermi 
surfaces are closed contours.



Quantum Oscillations - from Fermi arcs?
Canonical signature of a Fermi surface

k̇ = ev ⇥B

the world’s most powerful continuous-field magnet, the 
45 T hybrid magnet, which works via a combination of 
superconducting and resistive technologies (see Fig. 1). 
 
By limiting the duration of the energising current, pulsed 
magnets grant access to much higher fields, regularly 
achieving up to 70 T, but only for a short space of time,  
typically of the order of milliseconds. Laboratories in 
Dresden [4], Los Alamos [5], Oxford [6] and 
Toulouse [7], among others, specialise in magnets of this 
type with the pulsed currents usually being delivered by 
high voltage capacitor banks. The world-record for a non-
destructive magnet is just over 100 T achieved earlier this 
year in Los Alamos using a large generator-driven, multi-
shot magnet [5]. 
 
Ultra-high fields are not generated for their own sake; 
cutting-edge condensed matter and materials physics 
experiments are performed year round in the facilities 
mentioned above, often combining high fields with 
cryogenic temperatures and applied hydrostatic pressures. 
Magnetometry, heat capacity, thermal and electronic 
transport, magneto-optics, magnetic resonance and 
acoustics are just some of the techniques employed to 
characterize the properties of new and novel materials in 
high fields. As mentioned above the perturbation caused 
by the field can also be used to adjust the balance of 
electronic interactions. In this way one can: induce new 
magnetic phases in quantum magnets [8]; close energy 
gaps in semiconducting nanostructures [9]; enhance 
quantum fluctuations by tuning phase transitions towards 
zero temperature [10]; and drive up bulk resistivity to 
better observe the conductive properties of topologically 
protected surface states [11]; to name just a few recent 
examples. Another illustration of why ultra-high fields are 
required comes courtesy of the high-temperature 
superconductors. Despite the technological and theoretical 
significance of these systems, a full understanding of the 
mechanisms behind this type of superconductivity 
remains elusive and much current research activity is 
directed to the problem and high fields are proving 
indispensible. 
 

III. FERMI SURFING – LOOKING INSIDE METALS 
AND SUPERCONDUCTORS  

A key measurement for understanding a conductive 
system is a measurement of its Fermi surface - the 
boundary in momentum space between full and empty 
electronic energy states. Although this may seem an 
abstract concept, it is an extremely useful tool for 
predicting or explaining the material’s magnetic, 
electronic, optical and thermal properties as well as 
certain structural instabilities. In a solid metallic system 
the conduction electrons’ crystal momentum is quantized 
into discrete states and, because of the Pauli exclusion 
principle, only one electron can occupy each one. This 
leads to the existence of a conceptual three-dimensional 
boundary in the ground state of the material that separates 
filled from empty electronic energy levels. In order to 
make an electron do something, such as carry a current in 
a particular direction, one needs to give it a little kick, i.e. 
shift it from one energy state to another. Herein lies the 
importance of the Fermi surface: in general only those 
electrons in the proximity of the boundary can make the 
hop to a nearby empty state, those far below are 
completely surrounded by full states and so are stuck with 
nowhere to go. This means that pretty much all the 

physical properties of a metal depend crucially on the 
density of the states, both full and empty, that lie close to 
the Fermi surface. The precise topology of the Fermi 
surface is dictated by the symmetry of the crystal structure 
as well as the number of electrons present in the material. 
As an example, the Fermi surface of copper is shown in 
the left-hand side of Fig. 2. This represents the repeating 
unit of the material’s electronic structure in the same way 
that the unit cell is the repeating entity of crystal structure. 
A knowledge of their Fermi surfaces can be used to 
explain why the electronic properties of the elements vary 
as one move across the periodic table, not to mention 
what happens when one starts to construct 
compounds [12].  

 
Measuring the Fermi surface is thus of great interest to 
materials scientists. Angle-resolved photoemission 
spectroscopy is a commonly used surface technique, but 
by far the best established method for mapping out the 
Fermi surface in the bulk of a material is to cool the 
material to liquid helium temperatures, apply a magnetic 
field and measure the resulting magnetic quantum 
oscillations. The applied field drives the charge carriers 
into orbital motion leading to another quantization, this 
time of the angular momentum, on top of that already 
imposed on the linear momentum by the crystal structure. 
At certain values of the magnetic field – periodically 
spaced in !!! – the demands of the two quantization 
conditions converge at the Fermi surface, at which point 
there is a peak in the density of available energy states 
there. The result is that all those properties of the material 
that depend on this density-of-states oscillate as a function 
of the field. This effect, known as magnetic quantum 
oscillations, is observed typically in resistivity or 
magnetization, but can also be seen in heat capacity, 
sound velocity, elastic constants, among others. The 
ability of the magnetic field to affect so many of the 
physical properties of the material is a powerful 
demonstration of how the electrons and electronic 
interactions have a hand in almost every aspect of a 
metallic system.  
 
In 1952 Lars Onsager predicted that each frequency of 
quantum oscillation is proportional to an extremal cross-
sectional area of the Fermi surface in the direction 
perpendicular to the applied magnetic field. This result is 
illustrated in right-hand side of Fig. 2, which shows the 
quantum oscillations observed in the resistivity of copper 
as a function of applied field pointing along the [111] 
crystallographic direction. Two distinct frequencies are 

 

Fig. 2. Left: Fermi surface of copper [13]. Right: 
Copper quantum oscillations measured in torque 
magnetometry as a function of magnetic field applied 
along the [111] direction [14]. 
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Copper quantum oscillations measured in torque 
magnetometry as a function of magnetic field applied 
along the [111] direction [14]. 

Classical Example: Copper
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Quantum Oscillations from Fermi Arcs?
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Andrew Potter, I.Kimchi, A. V, Nature Communications (2014)
Drew Potter
(Berkeley) Oscillations that are sensitive to thickness.



Experimental search for Dirac surface arcs

Cd3As2 - Dirac Semimetal 

Focused Ion Beam Fabrication Surface + Bulk Quantum Oscillations

• Precisely tune thickness down 
to ~100nm 

• Ultra-clean surface

• Moll, Nair, Helm, Potter, Kimchi, AV and James G. Analytis Nature (1505.02817)
See oscillations from a surface state that is sensitive to thickness.



Applications

1. Quantum Hall used as a 
resistance standard - Kg 

defined in terms of RH

2. Classical Analogs: One 
way traveling Kelvin waves 
relevant to climate! [Marston et 

al. Science 2017]



MonolayerBilayerTwisted Bilayer

Application 3: Magic Angle Graphene



W ~ 8 meV

3

FIG. 2. (a) Energy band and the density of states of TBG
at θ = 1.05◦, where the lower panel is the enlarged plot of the
zero-energy region. The black solid line and red dashed line
represent the energy bands of ξ = ± valleys, respectively. (b)
Contour plots of E1(k) and E2(k) for the valley ξ = +. The
dashed contour corresponds to the filling of two electrons /
holes per super cell (n/n0 = ±2).

for the basis of (A1, B1, A2, B2) as

H(ξ) =

(

H1 U †

U H2

)

. (1)

Here Hl(l = 1, 2) is the intralayer Hamiltonian of layer
l, which is given by the two-dimensional Weyl equation

centered at K(l)
ξ point,

Hl = −!v[R(±θ/2)(k−K
(l)
ξ )] · (ξσx,σy), (2)

where ± is for l = 1 and 2, respectively. We take !v/a =
2.1354 eV.34 U is the effective interlayer coupling given
by34–36

U =

(

UA2A1 UA2B1

UB2A1 UB2B1

)

=

(

u u′

u′ u

)

+

(

u u′ω−ξ

u′ωξ u

)

eiξG
M
1 ·r

+

(

u u′ωξ

u′ω−ξ u

)

eiξ(G
M
1 +GM

2 )·r, (3)

where ω = e2πi/3. Here u and u′ describe the amplitudes
of diagonal and off-diagonal terms, respectively, in the
sublattice space. The effective models in the previous
studies34–36 assume u = u′, which corresponds to a flat
TBG in which the interlayer spacing d is constant ev-
erywhere. On the other hand, several theoretical studies
predicted that the optimized lattice structure of TBG is
actually corrugated in the out-of-plane direction, in such
a way that d is the widest in AA stacking region and
the narrowest AB / BA stacking region.41–44 Here we in-
corporate the corrugation effect as a difference between
u = 0.0797eV and u′ = 0.0975eV in the effective model,
of which detailed derivation is presented in the Appendix
A. As we show in the following, the difference between u
and u′ introduces energy gaps between the lowest bands
and the excited bands, in a qualitative agreement with
the experimental observation.1,2,37 It was found that the
energy gaps isolating the lowest nearly-flat bands are also
caused by the in-plane distortion.38

The calculation of the energy bands and the eigenstates
is done in the k-space picture. For a single Bloch vector
k in the moiré Brillouin zone, the moiré interlayer cou-
pling hybridizes the graphene’s eigenstates at q = k+G,
where G = m1G

M
1 +m2G

M
2 and m1 and m2 are integers.

Therefore the eigenstate is written as

ψX
nk(r) =

∑

G

CX
nk(G)ei(k+G)·r, (4)

where X = A1, B1, A2, B2 is the sublattice index, n is
the band index and k is the Bloch wave vector in the
moiré Brillouin zone. As the low-energy states are ex-
pected to be dominated by the individual graphenes’
eigenstates near the original Dirac points, we pick up
q’s inside the cut-off circle |q − q0| < qc, where q0 is

taken as the midpoint between K
(1)
ξ and K

(2)
ξ , and qc is

set to 4GM (GM = |GM
1 | = |GM

2 |). Since the intervalley
coupling can be neglected, the calculation is done inde-
pendently for each of ξ = ± as we discussed previously.
We then numerically diagonalize the Hamiltonian within
the limited wave space inside the cut-off circle and obtain
the eigenenergies and eigenstates.
Figure 2(a) shows the energy band and the density of

states of TBG at the magic angle θ = 1.05◦, calculated
by this approach. Here in the following, the origin of
band energy axis is set to the charge neutral point. The
lower panel is the enlarged plot of the zero-energy region

Koshino et al

Gap ~ 30 meV

Correlation Effects in Twisted Bilayer Graphene
=

(✓/ )
⇡

✓

12 nm

V~30meV
✓ ⇠ 1/60 radians

Gap ~ 30 meV

Lu et al. (Efetov group). Cao et al. (Pablo H. J. Group…)

Decompose flat bands into 
Chern bands 

MAGIC ANGLE ~1.1o: 
Tunneling time =  

Lattice Moire  
time



Topology with Strong Interactions



Topology with Strong Interactions

• Fractional Quantum Hall: 
• excitations (quasiparticles) carry fractional charge (eg. e/3!) and 

neither fermion nor boson “anyons”.

n=1$

n=2$

n=3$

ei� 6= 1

anyon -  
unlike boson/fermion 

possible in 2D



Non Abelian Quantum Hall

• Some may even carry non-Abelian statistics               Pfaffian state – 
particle exchange is a unitary matrix U. [Read, Moore, Wilczek, Wen, Greiter]

Non-Abelian quasiparticles: 
Excitations creates new ground states.

ei� ! U12

⌫ = 5/2



Topological Order in a Spin ModelPhases	in	a	Model	Without	Symmetry

Phase	2

Phase	1 But	two	phases!	
How	to	distinguish?
Kitaev; Tyupitsin et	al.;	
Fradkin and	Shenker.

H = �
X

�
z
�
z
�
z
�
z �

X
�
x
�
x
�
x
�
x � hx

X
�
x � hz

X
�
z

A	spin	model	with	no	spin	symmetry

hz

hx



Z2 Gauge TheoryZ2 Gauge	Theory	and	Topological	Order	

• Special	point:

• Model	of	closed	loops.	(Z2 gauge	
theory.	
! ⋅ # = 0	 '()	2 Gauss	law.

• Deconfined phase	(gapped)

Ψ = + +

Generically,	gauge	structure	`emerges’.

H = �
X

�
z
�
z
�
z
�
z �

X
�
x
�
x
�
x
�
x

�z = �1 even

Versus a confined phase



Entanglement Characterization of Topological Order

SA = �TraceA ⇢A log ⇢A

Information obtained on measuring A
(C. Shannon)

For	a	gapped	phase,	boundary	law.	 SA  ∝LA  

Topological Entanglement Entropy
(Levin-Wen;Kitaev-Preskill)

g - aL S AA =

Z2 gauge	theory:	ϒ=Log	2

Gauss	Law	on	boundary	– no	gauge	charges	 inside.
Lowers	Entropy	by	1	bit	of	information.



Surface Topological Order - A Remarkable Connection 
between two kinds of topology

Bulk	gapped

Kx#

Ky#

Surface - 2D Dirac dispersion.

T-Pfaffian State 
Or 

P-H Pfaffian State

DUALITIES

Quantum 
Hall Effect

Topological insulators



Conclusion

• Quantum mechanics of many particles is strange, beautiful 
and hard.  

• This is closely linked to quantum entanglement which also  
give quantum communication &  computing their power.

“Today’s reality is the Utopia of yesterday,  
and  

the Utopia of today   
is nothing but  

the reality of tomorrow. 
» 

Le Cobusier

exotic quantum phase




