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WHAT IS GRAVITATIONAL LENSING ?

• Radiation is deflected in gravitational field of massive objects.  

• A consequence of General Relativity.  

• Confirmed by Eddington by his solar eclipse observation in 1919 from Principe, 

Africa. 

http://hosting.astro.cornell.edu
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Image credit: NASA, ESA

WHAT IS GRAVITATIONAL LENSING ?
• As for conventional lenses, images will form at  

extrema in the light travel time surface (Fermat’s 

principle). 

• Produce visible distortions such as the Einstein 

rings, arcs, and multiple images. 

• Examples: cluster of galaxies, dark matter.  

Einstein Ring. Image credit: NASA, 
Simulated gravitational lensing (black hole passing in front of 

a background galaxy).



TIME DELAYS  AND MAGNIFICATION

• Multiple light paths connecting source and observer 
result in multiple images.  

• Images seen in directions perpendicular to the 
wavefronts. 

•  Wavefronts from the same event in the object arrive at 
different times (time delay between images). 

• The gravitational lensing changes the apparent solid 
angle of a source results in magnification of the 
images.

magnification =
image area
source area

• Strong, Weak and Micro lensing based on the lensing strength.



APPLICATIONS OF LENSING OBSERVATION

• Cosmic telescopes: The magnification effect enables us to observe objects 

which are too distant or intrinsically too faint to be ob- served without lensing.  

• Probing compact dark matter:   Gravitational lensing depends solely on the 

mass distribution of the lens. 

• Cosmology: The Hubble constant (from time delays) and the density 

distribution of the universe can be significantly constrained through lensing.  



OUTLINE OF LENSING THEORY

• From Fermat’s principle, the deflection angle is given by, 

α̂ = − ∫ ∇⊥ln n dl =
2
c2 ∫ ∇⊥Φ dl

Gravitational potential

Refractive index

• For a point mass lens, 

α̂ =
4GM
c2b

Lens mass

Impact parameter

As in the case of the prism, light rays are deflected when they
pass through a gravitational field. The deflection is the integral
along the light path of the gradient of n perpendicular to the light
path, i.e.

α̂ ∇ ndl
2
c2

∇ Φdl (4)

In all cases of interest the deflection angle is very small. We can
therefore simplify the computation of the deflection angle con-
siderably if we integrate ∇ n not along the deflected ray, but
along an unperturbed light ray with the same impact parame-
ter. (As an aside we note that while the procedure is straightfor-
ward with a single lens, some care is needed in the case of mul-
tiple lenses at different distances from the source. With multiple
lenses, one takes the unperturbed ray from the source as the ref-
erence trajectory for calculating the deflection by the first lens,
the deflected ray from the first lens as the reference unperturbed
ray for calculating the deflection by the second lens, and so on.)

FIG. 3.—Light deflection by a point mass. The unperturbed ray passes
the mass at impact parameter b and is deflected by the angle α̂. Most of
the deflection occurs within Δz b of the point of closest approach.

As an example,we now evaluate the deflection angle of a point
massM (cf. Fig. 3). The Newtonian potential of the lens is

Φ b z
GM

b2 z2 1 2
(5)

where b is the impact parameter of the unperturbed light ray, and
z indicates distance along the unperturbed light ray from the point
of closest approach. We therefore have

∇ Φ b z
GMb

b2 z2 3 2
(6)

where b is orthogonal to the unperturbed ray and points toward
the point mass. Equation (6) then yields the deflection angle

α̂
2
c2

∇ Φdz
4GM
c2b

(7)

Note that the Schwarzschild radius of a point mass is

RS
2GM
c2

(8)

so that the deflection angle is simply twice the inverse of the im-
pact parameter in units of the Schwarzschild radius. As an exam-
ple, the Schwarzschild radius of the Sun is 2 95 km, and the solar
radius is 6 96 105 km. A light ray grazing the limb of the Sun is
therefore deflected by an angle 5 9 7 0 10 5radians 1 7.

2.1.2. Thin Screen Approximation

Figure 3 illustrates that most of the light deflection occurs within
Δz b of the point of closest encounter between the light
ray and the point mass. This Δz is typically much smaller than
the distances between observer and lens and between lens and
source. The lens can therefore be considered thin compared to
the total extent of the light path. Themass distribution of the lens
can then be projected along the line-of-sight and be replaced by a
mass sheet orthogonal to the line-of-sight. The plane of the mass
sheet is commonly called the lens plane. The mass sheet is char-
acterized by its surface mass density

Σ ξ ρ ξ z dz (9)

where ξ is a two-dimensional vector in the lens plane. The de-
flection angle at position ξ is the sum of the deflections due to all
the mass elements in the plane:

α̂ ξ
4G
c2

ξ ξ Σ ξ

ξ ξ 2
d2ξ (10)

Figure 4 illustrates the situation.

FIG. 4.—A light ray which intersects the lens plane at ξ is deflected by
an angle α̂ ξ .

4

Narayanan & Bartelmann, 1995 



LENSING EQUATION: THIN LENS 
APPROXIMATION

• Scaled lens Equation 

⃗y = ⃗x − ⃗α ( ⃗x )

⃗x =
ξ
ξ0

, ⃗y =
DL

Ds

η
ξ0

, ⃗α =
DLDLS

ξ0DS
α̂

With, 

Angular diametric distances

• Scaled deflection, 

⃗α =
1
π ∫lens

d2x′�κ( ⃗x ′�)
⃗x − ⃗x ′�

| ⃗x − ⃗x ′�|

Scaling constant

Scaled lens mass density
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Figure 2.1: Sketch of a typical gravitational lensing system (Figure from Bartelmann
& Schneider, 2001).

Remark:
It is not guaranteed that the relation between physical size, distance and angular size
can be written as [physical size] = [angular size] · [distance] if space is curved. It
is however possible to define distances in curved spacetime such that this relation
from Euclidean space holds. Then, however, distances are not additive, such that
DL + DLS ̸= DS.

We first define an optical axis, indicated by the dashed line, perpendicular to the lens
and source planes and passing through the observer. Then we measure the angular
positions on the lens and on the source planes with respect to this reference direction.

Consider a source at the angular position β⃗, which lies on the source plane at a distance
η⃗ = β⃗DS from the optical axis. The deflection angle ⃗̂α of the light ray coming from
that source and having an impact parameter ξ⃗ = θ⃗DL on the lens plane is given by
Eq. (1.36). Due to the deflection, the observer receives the light coming from the source

as if it was emitted at the angular position θ⃗.

If θ⃗, β⃗ and ˆ⃗α are small, the true position of the source and its observed position on the
sky are related by a very simple relation, obtained by a geometrical construction. This
relation is called the lens equation and is written as

θ⃗DS = β⃗DS + ˆ⃗αDLS , (2.4)

where DLS is the angular diameter distance between lens and source.

Defining the reduced deflection angle

α⃗(θ⃗) ≡
DLS

DS

ˆ⃗α(θ⃗) , (2.5)

from Eq. (2.4), we obtain

β⃗ = θ⃗ − α⃗(θ⃗) . (2.6)

Narayanan & Bartelmann, 1995 



MAGNIFICATION
• The distortion arises because light bundles are deflected differentially. The 

shape of the images can be determined by solving the lens equation for all the 

points within the extended source.  

• Magnification of the image is given by the inverse of Jacobian of 

transformation from  source plane to lens plane. 

μ =
∂ ⃗y
∂ ⃗x

−1
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Figure 2.2: Distortion effects due to convergence and shear on a circular source (Figure
from Narayan & Bartelmann, 1995).

image positions can locally be linearized. In other words, the distortion of images can
be described by the Jacobian matrix

A ≡
∂y⃗

∂x⃗
=

(

δij −
∂αi(x⃗)

∂xj

)

=

(

δij −
∂2Ψ(x⃗)

∂xi∂xj

)

, (2.33)

where xi indicates the i-component of x⃗ on the lens plane. Eq. (2.33) shows that
the elements of the Jacobian matrix can be written as combinations of the second
derivatives of the lensing potential.

For brevity, we will use the shorthand notation

∂2Ψ(x⃗)

∂xi∂xj
≡ Ψij . (2.34)

We can now split off an isotropic part from the Jacobian:

(

A −
1

2
trA · I

)

ij

= δij − Ψij −
1

2
(1 − Ψ11 + 1 − Ψ22)δij (2.35)

= −Ψij +
1

2
(Ψ11 + Ψ22)δij (2.36)

=

(

− 1
2 (Ψ11 − Ψ22) −Ψ12

−Ψ12
1
2 (Ψ11 − Ψ22)

)

. (2.37)

This is manifestly an antisymmetric, trace-free matrix is called the shear matrix. It
quantifies the projection of the gravitational tidal field (the gradient of the gravitational
force), which describes distortions of background sources.

Narayanan & Bartelmann, 1995 



TIME DELAY

• This time delay has two components:  

t = tgeometric + tgravitational

Due to the different path 
length of the light rays. 


Due to the slowing down 
of photons traveling 

through the gravitational 
field of the lens.

t( ⃗x ) =
1 + zL

c [ Dsξ2
0

2DLDs
( ⃗x − ⃗y )2 −

2
c2

Φ( ⃗x )]
Lens surface potential 



STRONG LENSING OF BBH MERGERS 

• Strong lensing can produce multiple GW events from the same binary black hole 
merger (analogous to multiple images in EM observations) typically separated by 
time delays of weeks to months. 

• Multiple images dominantly arise due to lensing by galaxies [Fukugita et al, 1991]. 
• A small fraction (∼ 1%) of BBH mergers detectable by LIGO & Virgo could be 

strongly lensed by intervening matter distributions [Ken K. Y. Ng et al, 2017].  



STRONG LENSING OF BBH MERGERS 
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Based on the rate of gravitational-wave (GW) detections by Advanced LIGO and Virgo, we expect these
detectors to observe hundreds of binary black hole mergers as they achieve their design sensitivities (within a few
years). A small fraction of them can undergo strong gravitational lensing by intervening galaxies, resulting in
multiple images of the same signal. To a very good approximation, the lensing magnifies/de-magnifies these GW
signals without a↵ecting their frequency profiles. We develop a Bayesian inference technique to identify pairs
of strongly lensed images among hundreds of binary black hole events, and demonstrate its performance using
simulated GW observations.

I. INTRODUCTION

Arthur Eddington’s 1919 observation of the gravitational
bending of light was the first observational test that heralded
the remarkable success of general relativity (GR) [1]. Re-
cent observations of gravitational waves (GWs) by LIGO and
Virgo have vindicated one of the most famous astrophysical
predictions of GR [2–6]. While gravitational lensing (of elec-
tromagnetic waves) has been well established as a powerful
astronomical tool (see, e.g., [7] for a review), GW observa-
tions are opening up an emerging branch of observational
astronomy (see, e.g., [8] for a review).

⇢0 =
p
µ⇢ =) d0L = dL/

p
µ (1.1)

GWs are gravitationally lensed by intervening mass concen-
trations along the line of sight from the source to the observer,
in a manner similar to electromagnetic waves. Several pre-
vious papers in the literature have considered the resulting
phenomenology for GWs from a variety of compact object
mergers [9–17]. Recent estimates of the lensing rates have
shown that at upgraded sensitivities of Advanced LIGO, a
small fraction (< 1%) of the detected GW signals from stellar–
mass binary black hole mergers can be strongly lensed by
intervening galaxies and clusters (see, e.g., [18]). These merg-
ers would produce multiple “images” at di↵erent times, with
significantly di↵erent intrinsic masses and redshifts [18–21].
It has even been suggested that a significant fraction of the
detected merger population was strongly lensed [22], which
would require a strong redshift evolution of the intrinsic merger
rate. In the standard case, the lensed fraction is expected to
be small, but LIGO and Virgo are expected to detect hundreds
of binary black hole mergers over the next few years [23];
thus it is quite likely that some of the detected signals will be
strongly lensed. Identification of strongly lensed GW signals
would be rewarding. On the one hand, we will be verifying
a fundamental prediction of GR using a messenger entirely
di↵erent from electromagnetic radiation. In addition, such a
detection can potentially enable astrophysical studies of the
lens galaxy and the host galaxy.

In this paper, we consider the challenging problem of ob-
servationally identifying a pair of lensed signals coming from
a single merger among hundreds of unrelated merger signals.
From the perspective of the observer, these lensed images
would appear as di↵erent GW signals that are separated by
time delays of hours to weeks. The observed gravitational

waveform depends on the zenith angle and the azimuth of the
merger relative to the detectors, which will be di↵erent for
each image. Moreover, each image will be observed against
a di↵erent realization of the detector noise. This makes it
di�cult to compare multiple images at the waveform level,
and necessitates a comparison in the space of the estimated
intrinsic parameters.

We work in the geometric optics limit, which applies when
the wavelength of the GW signal is small compared to the
Schwarzschild radius of the lens mass (�GW ⌧ 2GMlens/c2).
This approximation can fail to model the lensing of GW sig-
nals from supermassive black holes lensed by intervening
supermassive black holes or dark matter halos with masses
⇠ 108M� (which leads to interesting wave e↵ects that could
be observed by LISA [10, 11]), or of GW signals from stellar
mass black holes lensed by intermediate mass black holes
or compact halo objects with masses ⇠ 103M� (which can
lead to interesting wave e↵ects observable by LIGO [24, 25]).
However, the geometric optics approximation is adequate to
model the GW signals from stellar–mass black holes observed
in LIGO/Virgo that are lensed by galaxies. In this regime, lens-
ing will magnify/de-magnify the GW signal without a↵ecting
its shape. Since the parameters of the merging binary are es-
timated by comparing the data with theoretical templates of
the expected signals (see, e.g, [26]), the estimated parameters
(barring the estimated luminosity distance, which is degener-
ate with the magnification and hence will be biased) of these
di↵erent signals will be mutually consistent.

We develop a Bayesian formalism for identifying strongly
lensed and multiply imaged GW signals from binary black
hole merger events among hundreds of unrelated merger sig-
nals. From each pair of GW signals, we compute the Bayesian
odds ratio between two hypotheses: 1) that they are the lensed
images of the same merger event, 2) that they are two unre-
lated events. Using simulated GW events (lensed as well as
unlensed), we show that this odds ratio is a powerful discrimi-
nator that will allow us to identify strongly lensed signals. Our
method can be easily integrated with the standard Bayesian
parameter estimation pipelines that are used to analyze LIGO
and Virgo data [27].

The paper is organized as follows: Section II is a brief
primer on gravitational lensing. In Sec. III, we develop a
Bayesian odds ratio between the two hypotheses (lensing and
null). Using simulated GW observations, we test the e�cacy
of this odds ratio in distinguishing pairs of lensed GW sig-
nals from pairs of unlensed signals in Sec. IV. Finally, we
present some conclusions and comment on future directions in

lensed SNR magnification original SNR

Estimated 
luminosity distance 

Actual luminosity 
distance 

• Under geometric optics approximation (                              ) frequency profile of 
the images remains the same. Only change is in the magnification, and hence 
the estimated luminosity distance. 

• Poor sky localization, good time resolution.

λGW ≪ Rlens
Schwarzschild



IDENTIFYING LENSED BBH 
MERGERS:BAYESIAN FORMALISM

• Since the frequency evolution of the signal remain unchanged, the estimated  
intrinsic parameters of the waveform that determines the evolution of the 
waveform (eg: redshifted masses, inclination angles etc.)  will be consistent 
between the images. 

• From the two events {d1, d2}, compute the Odds ratio between two hypotheses: 

Two GW events are produced by 
the same merger

Two GW events are unrelated

𝒪L
U :=

P(ℋL |{d1, d2})
P(ℋU |{d1, d2})

80 100 120 140 160 180 200 220
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IDENTIFYING LENSED BBH 
MERGERS:BAYESIAN FORMALISM

ℬL
U := ∫ d ⃗θ

P( ⃗θ |d1) P( ⃗θ |d1)
P(θ)

Bayes factor, Prior odds 

𝒪L
U =

P(d1, d2 |ℋℒ)
P(d1, d2 |ℋ𝒰)

P(ℋL)
P(ℋU)

ℬL
U

Posteriors

Prior distribution 



FURTHER IMPROVING THE MODEL SELECTION 

3

FIG. 1: 95% credible regions of the marginalized posteriors of the redshifted masses mz
1,m

z
2 (left) and sky location cos↵, � (right) of lensed

images of a sample binary black hole merger event. Black stars show the actual injected parameters.

The odds ratio betweenHl andHu is the ratio of the posterior
probabilities of the two hypotheses. That is,

Olu =
P(Hl|{d1, d2})
P(Hu|{d1, d2})

, (3.6)

Using Bayes theorem we can rewrite the odds ratio as

Olu =
P(Hl)
P(Hu)

P({d1, d2}|Hl)
P({d1, d2}|Hu)

= Plu Blu (3.7)

Here Plu := P(Hl)
P(Hu) is the ratio of prior odds of the two hypothe-

ses while the Bayes factor Blu := Zl/Zu is the ratio of the
marginalized likelihoods, where the marginal likelihood of the
hypothesis A is ZA := P({d1, d2}|HA) with A 2 {l, u}. Under
the assumption of d1 and d2 being independent, the marginal
likelihood of the “null” hypothesis equals the product of the
marginal likelihoods from individual events, i.e.,

Zu = P(d1) P(d2), (3.8)

where P(di) is the marginal likelihood from event i, defined
in Eq. (3.3). Now, we rewrite the marginal likelihood of the
lensing hypothesis in terms of the likelihoods of d1 and d2 as

Zl =
Z

d~✓ P(~✓) P(d1|~✓) P(d2|~✓) . (3.9)

Using Eq. (3.2), we can rewrite this as

Zl = P(d1) P(d2)
Z

d~✓
P(~✓|d1) P(~✓|d2)

P(~✓)
(3.10)

Combining Eqs. (3.8) and (3.10), we obtain the following
expression for the Bayes factor:

Blu :=
Zl
Zu
=

Z
d~✓

P(~✓|d1) P(~✓|d2)
P(~✓)

. (3.11)

Thus, the Bayes factor is the inner product of the two posteriors
that is inversely weighted by the prior. This has an intuitive
explanation: if d1 and d2 correspond to lensed signals from a
single binary black hole merger, the estimated posteriors on ~✓
would have a larger overlap, favoring the lensing hypothesis

(see, e.g., Fig. 1). The inverse weighting by the prior helps
to down-weight the contribution to the inner product from
regions in the parameter space that are strongly supported by
the prior. The large overlap of the posteriors here is less likely
to be due to the lensing but more likely due to the larger prior
support to the individual posteriors.

While the odds ratio developed above checks for the consis-
tency between the estimated parameters of two GW signals,
the time delay between them can also be used to develop a
potential discriminator between lensed and unlensed events.
This however, would require certain assumptions on the distri-
bution of lenses (i.e., galaxies) and the rate of binary mergers.
If we assume that binary merger events follow a Poisson pro-
cess with a rate of n events per month, one can compute the
prior distribution P(�t|Hu) of time delay between pairs of
unlensed events (see Fig. 2). The prior distribution of the time
delay between strongly lensed signals, P(�t|Hl), would have
a qualitatively di↵erent distribution, which can be computed
using a reasonable distribution of the galaxies and a model of
the compact binary mergers (see Sec. IV for details). Follow-
ing Eq.(3.3), the marginal likelihood for the lensed/unlensed
hypothesis can be computed from the time delay between two
events d1 and d2 as

P({d1, d2}|HA) =
Z

d�t P(�t|HA) P({d1, d2}|�t,HA),

(3.12)
where A 2 {l, u}. Typical statistical errors in estimating the
time of arrival of a GW signal at a detector are of the order
of milliseconds — much smaller than the typical time delay
between any pair of events. Thus, the likelihood function
P({d1, d2}|�t,HA) of the time delay can be well approximated
by a Dirac delta function at the true value �t0. Thus, the Bayes
factor between the lensed and unlensed hypotheses can be
written as

Rlu =
P(�t0|Hl)
P(�t0|Hu)

, (3.13)

where P(�t0|HA) with A 2 {l, u} is the prior distribution of �t
(under lensed or unlensed hypothesis) evaluated at �t = �t0.
The prior distributions are shown in Fig. 2.

The Bayes factors Blu and Rlu could be combined to improve
the discriminatory power between lensed and unlensed events.

• Distribution of time delay between lensed events (elliptic galaxy lenses) 
is different from that of unlensed events (assuming poisson process). 
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FURTHER IMPROVING THE MODEL SELECTION 

• The two Bayes factors could be combined to improve the discriminatory 
power.
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The arrival times of the images {�t1, �t2, . . . }, relative
to some common base time), are:

�ti = 16⇡2 �(zl)
c

✓�
c

◆4
"
1 � �(zl)

�(zs)

#
�i

= 1.35 ⇥ 106 s
 
�(zl)
1 Gpc

! ✓ �

161 km s�1

◆4
"
1 � �(zl)

�(zs)

#
�i,

(A18)

where

�i =
1
2

(xi � y)2 �

s
q(x2

1,i + x2
2,i)

1 � q2 ⇥
2
666664sin �i arcsin (

q
1 � q2 sin �i) + cos �i arcsinh

0
BBBBB@

p
1 � q2

q
cos �i

1
CCCCCA

3
777775 ,

(A19)

where � is the velocity dispersion drawn in Step 4.

Figure 10 shows the distributions of µi and �ti corresponding
to two prominent images for simulated events before and after
applying the detection threshold (SNR=8) in LIGO-Virgo
network.

3. Simulating GW observations

Appendix A 2 describes how we draw random samples of
the binary’s parameters. Strongly lensed events produced
multiple values of the magnification {µi} and time delay {�ti}.
Multiply imaged GW signals can be generated by multiply-
ing the original signal with the magnification factor and by
applying the lensing time delay

hlens
+,⇥, i( f ;�) =

p
µi exp (i 2⇡ f �ti) h+,⇥( f ;�), (A20)

where h+,⇥( f ;�) are the two polarizations of the original GW
signal in Fourier domain corresponding to a set of parameters
�, f is the Fourier frequency and i :=

p
�1. In practice, we

compute di↵erent gravitational waveforms by rescaling the
luminosity distance dL by 1/pµi, at di↵erent times t0 + �ti,
where t0 is a fiducial reference time. We then project these
polarizations on to the Advanced LIGO-Virgo network and
compute the optimal signal-to-noise ratio

⇢lens
i = 2

0
BBBBB@
X

D

Z 1

flow

hlens
D, i ( f )2

S D( f )
d f

1
CCCCCA

1/2

. (A21)

Above, the summation is over di↵erent detectors, hlens
D,i ( f ) :=

F+,D(↵, �, ) hlens
+, i ( f ) + F⇥,D(↵, �, ) hlens

⇥, i ( f ) denote the ob-
served signal in detector D whose noise has a one-sided power
spectral density S D( f ). The antenna patterns of the detector D
is denoted as F+,D and F⇥,D, which are functions of the source
position ↵, � and polarization angle  . The low-frequency cut-
o↵ is chosen to be flow = 20 Hz. If at least two images have
the network SNR ⇢i greater than a threshold of 8, we con-
sider them as strong-lensing detections. In our simulation, the
fraction of events with more than two detectable images is
negligible. We compute the Bayes factors described in Sec. III
using pairs of lensed events as described in Sec. IV. Figure 11
shows the mass and red shift distributions of detectable events.

Blu ⇥ Rlu (A22)

[1] F. W. Dyson, A. S. Eddington, and C. Davidson, Philosophical
Transactions of the Royal Society of London Series A 220, 291
(1920).

[2] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), Phys. Rev. Lett. 116, 061102 (2016), URL http://
link.aps.org/doi/10.1103/PhysRevLett.116.061102.

[3] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Col-
laboration), Phys. Rev. Lett. 116, 241103 (2016), URL http://
link.aps.org/doi/10.1103/PhysRevLett.116.241103.

[4] B. P. Abbott et al. (LIGO Scientific and Virgo Collaboration),
Phys. Rev. Lett. 118, 221101 (2017), URL https://link.
aps.org/doi/10.1103/PhysRevLett.118.221101.

[5] B. P. Abbott et al. (Virgo, LIGO Scientific), Astrophys. J. 851,
L35 (2017), 1711.05578.

[6] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo
Collaboration), Phys. Rev. Lett. 119, 141101 (2017), URL
https://link.aps.org/doi/10.1103/PhysRevLett.
119.141101.

[7] M. Bartelmann, Class. Quant. Grav. 27, 233001 (2010),
1010.3829.

[8] B. S. Sathyaprakash and B. F. Schutz, Living Rev. Rel. 12, 2
(2009), 0903.0338.

[9] Y. Wang, A. Stebbins, and E. L. Turner, Physical Review Letters
77, 2875 (1996), astro-ph/9605140.

[10] R. Takahashi and T. Nakamura, Astrophys. J. 595, 1039 (2003),
astro-ph/0305055.

[11] R. Takahashi, Astronomy and Astrophysics 423, 787 (2004),
astro-ph/0402165.

[12] N. Seto, Phys. Rev. D 69, 022002 (2004), astro-ph/0305605.
[13] M. Sereno, A. Sesana, A. Bleuler, P. Jetzer, M. Volonteri, and

M. C. Begelman, Physical Review Letters 105, 251101 (2010),
1011.5238.

[14] M. Sereno, P. Jetzer, A. Sesana, and M. Volonteri, Monthly
Notices of the Royal Astronomical Society 415, 2773 (2011),
1104.1977.
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TESTING THE MODEL SELECTION: DISTRIBUTION OF 
LENSES AND BBHS 

 

• Astrophysical simulation 
• Singular isothermal elliptic 

lenses (SIE), whose surface mass 
density diverges at the center 
[Collett, T. E. 2015].  

• Redshift distribution of mergers 
[Dominik et al, 2013]. 

• Component masses follows two 
different power laws [LVC 
GW150914 Rates paper, 2016].  
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TESTING THE MODEL SELECTION 

Can detect 80% of lensed events with a 
false alarm prob of 10-5
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REAL EVENTS: GW170104 AND GW170814
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Combined Bayes factor ~ 0.2.  

Note that the prior odds is < 0.01. Hence the odds ratio does not 
support the lensing hypothesis.  



APPLICATIONS OF BBH LENSING OBSERVATIONS

ϕ

co
sθ

• Improved parameter estimation: As the lensed images share same set of intrinsic 
parameters, one can combine the posteriors of the images to obtain improved 
distribution. 

P( ⃗θ |d1, d2) = P( ⃗θ |d1) × P( ⃗θ |d2)



APPLICATIONS OF BBH LENSING OBSERVATIONS: 
LOCALIZE THE SOURCE POSITION WITH LENS MODEL

• The EM lens survey  data can be used to model the lens galaxies and obtain 
the time delay - magnification ratio map.  

• If one can identify one or more lensed galaxies with in the LIGO-Virgo 
posterior sky patch of lensed BBH event,  we can compare the time delay and 
magnification ratio of the images  with the model to identify the actual 
location of the BBH merger.
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CONCLUDING REMARKS  

• A non-negligible  fraction of BBH mergers detectable by LIGO & Virgo could be 

strongly lensed by intervening matter distributions. 

• The proposed Bayesian model selection technique can detect ~80% of lensed events 

with a false alarm prob of 1e-5. 

• Identification of such lensed images can help us to improve the  parameter estimation 

of the mergers. 

• Currently we are doing the search on the catalogue of BBH mergers observed by 

LIGO-Virgo.




