
Giuseppe Mussardo	



������� ��	
��


Generalised Riemann Hypothesis	
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Topics of the seminar!

•  The art of counting   !

•  Seduced by the zeros!

•  Arithmetic Progressions!

•  The grand picture: the Generalised Riemann Hypothesis !

•  Randomness vs Determinism!

•  Dirichlet characters, L - functions and all that!







“It is very probable that they are all along this line. Of course,  	



after few vain attempts, I temporarily put aside looking for one	


!
for it seems unncecessary for the next objective of my investigation.” 	



it would be desirable to have a rigorous proof of this; in the meantime,	


	





Riemann’s hypothesis (and the Generalised Riemann Hypothesis)  
 

is one of the most important problems of mathematics  
 

of the last 150 years.   







Innumerable consequences of the Riemann Hypothesis  

•  Distribution of the primes (large gap, etc.)  

•  Growth of some arithmetic functions  

•  Rate of growth of ζ(z) along the critical line  

•  Zoo of zeta functions  

•  Quantum Mechanics, Primality Test  

•  Random Matrices and Quantum Chaos 

•  General Theory of Phase Transitions 



Counting the Primes !

⇡(x) : gives the number of primes less or equal to x!
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Counting the Primes !
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Prime Number Theorem: Gauss!
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A simple proof!
•  assuming no correlation between numbers, 1/p is the probability that a number x     !
    is divisible by the prime p    !
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Primes are rare but not so rare,  
their number is larger, say,  

of  the  number of  squares n2 
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Analytic continuation 
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⇣(s) = 2s⇡s�1 sin
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The$Riemann$zeta$Func/on$
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(non-trivial zeros) 

S 

=
Y

p

1

1� 1
ps

⇣(s) =
1X

n=1

1

ns

The$Riemann$zeta$Func/on$



S 

=
Y

p

1

1� 1
ps

⇣(s) =
1X

n=1

1

ns

The$Riemann$zeta$Func/on$



Connec5on$between$the$primes$and$the$Riemann$$ζ(s)$func5on$
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Connec5on$between$the$primes$and$the$Riemann$$ζ(s)$func5on$



0 20 40 60 80 100

0

5

10

15

20

25

30



� log ⇣(s) = s

Z 1

1

⇡(x)

x(x

s � 1)

dx

= s

Z 1

0

J(x)

x

s+1
dx

J(x) = ⇡(x) +
1

2
⇡(x1/2) +

1

3
⇡(x1/3) + · · ·

Connec5on$between$the$primes$and$the$Riemann$$ζ(s)$func5on$



Connec5on$between$the$primes$and$the$Riemann$$ζ(s)$func5on$

µ(n) =

8
<

:

1 if n is squarefreewith an even number of prime factors

�1 if n is squarefeeewith an odd number of prime factors

0 if n has a squared prime factor

=
1X

n=1

µ(n)

n

J(x1/n)

⇡(x) = J(x)� 1

2
J(x1/2)� 1

3
J(x1/3)� 1

5
J(x1/5) +

1

6
J(x1/6) + · · ·



Connec5on$between$the$primes$and$the$Riemann$$ζ(s)$func5on$

=
1X

n=1

µ(n)

n

J(x1/n)

⇡(x) = J(x)� 1

2
J(x1/2)� 1

3
J(x1/3)� 1

5
J(x1/5) +

1

6
J(x1/6) + · · ·

J(x) =

1

2⇡i

Z a+i1

a�i1
log ⇣(s)x

s ds

s

= Li(x)�
X

⇢

Li(x

⇢

)� log 2 +

Z 1

x

dt

t(t

2 � 1) log t



Prime Number Theorem: Riemann!
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“The music of the primes”!



Prime Number Theorem: Riemann!
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�: non-trivial zeros of the �(z) Riemann function in the critical strip!
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Climbing the staircase 



•  The Riemann function has to do with the counting of the primes 

•  If the Riemann hypothesis is true, we have a clear estimate  
    of the error 

|⇡(x)� Li(x)| < 1

8⇡

p
x log x

Summary 



Strolling$in$the$cri/cal$strip$
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Along$the$cri/cal$line$

S 



������� ��	
��
�

Re ⇣(s)

Im ⇣(s)



Number$of$zeros$in$the$cri/cal$strip$
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Riemann’s$Zeros$and$Random$Matrices$
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Montgomery*Odlyzko0Law0
$

the$nontrivial$zeros$of$the$Riemann$zeta$func5on$and$the$eigenvalues$

of$GUE$matrices$share$a$par5cular$'sta5s5cal$fingerprint'.$
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Voronin$Universality$Theorem$

Voronin$(1975)$proved$the$remarkable$analy5cal$property$of$

the$Riemann$zeta$func5on$that,$roughly$speaking,$$

$

ANY$nonOvanishing$analy5c$func5on$$
$

can$be$approximated$uniformly$by$ certain$purely$ imaginary$

shiQs$of$the$zeta$func5on$in$the$cri5cal$strip.$$$



Voronin$Universality$Theorem$

g(x)$a$nonOvanishing$$con5nuous$func5on$in$the$disk$|$x|$<$r,$$

where$0$<$r$<$1/4$
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Arithme5c$Progressions$

Sn = q n+ h

q, h 2 N

Dirichlet$ques5on:$$ Under$which$condi5ons$on$q$and$h,$the$sequence$

contains$infinite$number$of$primes?$

Dirichlet$theorem:$$ q$and$h$must$be$coprime!$Necessary$but$also$

sufficient$condi5on$



Examples$

S
n
$=${7,$12,$17,$22,$27,$32,$37,$42,$47,52,$57,$62,$67,$72,$77,$

$$82,$87,$92,$97,$102,$107,$117,$122,$127,$132,…}$

Sn = 5n+ 3

S
n
$=${8,$13,$18,$23,$28,$33,$38,$43,$48,$53,$58,$63,$68,$73,$78,$83,$

88,$93,$98,$103,…}$

Sn = 5n+ 2
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Lajces$on$integers$

q$ q$ q$ q$ q$



Modular$Arithme5c$



Modular$Arithme5c$



5⇥ 5 = 25 = 24 + 1

5⇥ 7 = 35 = 24 + 11

2⇥ 2 = 4
2⇥ 8 = 16 = 12 + 4

5⇥ 11 = 55 = 48 + 7

1 5 7 11

5 1 11 7
7 11 1 5
11 7 5 1

Group$Mul5plica5on$Table$



The$abelian$group$of$prime$residue$classes$modulo$q$

(Z/qZ) :$=$$${$a$mod$q$:$gcd(a,q)$=$1$}$

#elements = '(q) = q
Y

p|q

✓
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◆

Examples$

q=7$ (Z/7Z) = {1, 2, 3, 4, 5, 6}
(Z/20Z) = {1, 3, 7, 9, 11, 13, 17, 19}q=20$

(qO1)$



Characters$

•  These$are$1Od$representa5on$of$the$residue$class$group$

•  There$are$as$many$characters$as$many$elements,$i.e.$ϕ(q)$

•  These$arithme5c$func5ons$sa5sfy$a$series$of$proper5es$$

a = 1, 2, . . .'(q)�a(n) = ei✓a(n)



Characters$

1. �(n+ q) = �(n).

2. �(1) = 1 and �(0) = 0.

3. �(nm) = �(n)�(m).

4. �(n) = 0 if (n, q) > 1 and �(n) 6= 0 if (n, q) = 1.

5. If (n, q) = 1 then (�(n))'(q)
= 1 ,

namely �(n) have to be '(q)-roots of unity.

6. If � is a Dirichlet character so

is the complex conjugate �.
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q=7$

! = ei2⇡/6
'(7) = 6

= ei⇡/3



n 1 2 3 4 5 6 7

�1(n) 1 1 1 1 1 1 0
�2(n) 1 !2 ! �! �!2 -1 0
�3(n) 1 �! !2 !2 �! 1 0
�4(n) 1 1 -1 1 -1 -1 0
�5(n) 1 !2 �! �! !2 1 0
�6(n) 1 �! �!2 !2 ! -1 0

Principal$character$
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ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.L(s,�) =
1X

n=1

�(n)

ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.

Func5onal$equa5on$$

L(1� s,�) = i�a qs�1
�(s)

(2⇡)s
cos(⇡s/2)L(s,�)



Dirichlet$LOfunc5ons$

L(s,�) =
1X

n=1

�(n)

ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.L(s,�) =
1X

n=1

�(n)

ns
=

1Y

n=1

✓
1� �(pn)

psn

◆�1

.

Residue$at$the$pole$s$=$1$

ResL(s,�) =
1

q

qX

r=0

�(r) =

(
'(q)
q if � = �1

0 if � 6= �1 .





Generalised$Riemann$Hypothesis$

Re s = 1

2

The$nonOtrivial$zeros$of$ALL$Dirichlet$func5ons$

$

(for$any$modulus$q$and$any$character)$$
$

are$ALL$along$the$cri5cal$line$placed$at$$$
$

(Piltz$1884)$



Two$different$cases$

2.$LOfunc5ons$of$nonOprincipal$characters$

1.$LOfunc5ons$of$principal$characters$

For$what$the$zeros$are$concerned,$$

we$have$to$deal$with$



1.$LOfunc5ons$of$principal$characters$

All$these$func5ons$are$equivalent$to$the$Riemann$func5on$!$

L(s,�1) =
Y

p-q

✓
1� 1

ps

◆�1

= ⇣(s)
Y

p|q

✓
1� 1

ps

◆�1

,L(s,�1) =
Y

p-q

✓
1� 1

ps

◆�1

= ⇣(s)
Y

p|q

✓
1� 1

ps

◆�1

,

The$same$zeros$



2.$LOfunc5ons$of$nonOprincipal$characters$

All$these$func5ons$are$essen5ally$on$the$same$foo5ng,$$

i.e.$they$share$the$same$general$proper5es$



LOfunc5on$of$nonOprincipal$characters$are$$

ENTIRE$FUNCTIONS$$





This$is$an$enormous$simplifica5on$for$$

approaching$the$proof$of$the$$

$

$

Generalised$Riemann$Hypothesis$$







A very surprising result 
(Grosswald and Schnitzer) 

P = {p01, p02, . . .}, randomly chosen integers p0n

pn  p0n < pn +K, p0n = pn (mod q)

where K � q is an arbitrary integer

P = {p01, p02, . . .}, randomly chosen integers p0n

pn  p0n < pn +K, p0n = pn (mod q)

where K � q is an arbitrary integer

P = {p01, p02, . . .}, randomly chosen integers p0n

pn  p0n < pn +K, p0n = pn (mod q)

where K � q is an arbitrary integer

L0(s,�) =
1Y

n=1

✓
1� �(p0n)

(p0n)
s

◆�1

L’(s) has exactly the same zeros as L(s) in the critical strip !! 
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L0(s,�) =
1Y

n=1

✓
1� �(p0n)

(p0n)
s

◆�1

L(s,�) =
1Y

n=1

✓
1� �(pn)

(pn)s

◆�1

R(s) =
1Y

n=1

0

@
1� �(pn)

(pn)s

1� �(p0
n)

(p0
n)

s

1

A
�1

L(s,�) = R(s)L0(s,�)

6= 0



Our$Main$Idea$

•  We$will$look$at$enlarging$the$domain$of$convergence$of$the$infinite$$

$$$$$product$P(s)$of$the$LOfunc5ons$for$nonOprincipal$characters.$

•  To$do$this,$we$take$the$log($P(s)).$The$singulari5es$of$this$quan5ty$$
$$$$depend$ONLY$on$the$zeros$of$the$LOfunc5ons$

s = � + it

P (s,�) =
1Y

n=1

✓
1� �(pn)

psn

◆�1



Our$Main$Idea$

logP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulogP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
du

B(N) =

NX

n=1

cos(t log pn � ✓(pn))

Then$the$integral$above$diverges$at$σ$=$α.$$$$$$

↵

' N↵B(N) =

NX

n=1

cos(t log pn � ✓(pn))

So$α$iden5fies$the$real$part$of$the$first$zero$in$the$cri5cal$strip$$$$$$



Our$Main$Idea$

logP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulogP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
du

Then$the$integral$above$diverges$at$σ$=$α.$$$$$$

↵

' N↵B(N) =

NX

n=1

cos(t log pn � ✓(pn))

So$α$iden5fies$the$real$part$of$the$first$zero$in$the$cri5cal$strip$$$$$$

B(N) =

NX

n=1

cos(!nt� ✓(pn))

!n = log pn



Our$Main$Idea$

logP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulogP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
du

If$α=1/2,$i.e.$$
$

B '
p
N

then$all$zeros$are$on$the$cri5cal$line!$$

' N↵B(N) =

NX

n=1

cos(t log pn � ✓(pn))



Correc5ons$by$logarithms$do$not$spoil$the$conclusion$

B(N) '
p
N log

a N

logP (s) =

Z 1

2

B(u)

u�+1

=
�(a+ 1)

(� � 1/2)a+1

=

Z 1

2

p
u log

a u

u�+1



Proper5es$of$the$series$B(N)$

bn(t) = cos(t log pn � ✓(pn))

B(N) =
NX

n=1

bn(t)

������� ��	
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�
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Proper5es$of$the$series$B(N)$

bn(t) = cos(t log pn � ✓(pn))

B(N) =
NX

n=1

bn(t)

bn(t)
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t = 103



-1.0 -0.5 0.0 0.5 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

P (y) ' 1p
1� y2







Kac’s$theorem$

P


a <

p
2

cos!1t+ cos!2t+ · · · cos!N tp
N

< b

�

=
1p
⇡

Z
b

a

e

�x

2
/2
dx





Random$Walks$



Random$Walks$



Random$Walks$



Normal$Law$for$GrosswaldOSchnitzer$LOfunc5ons$

XN =
NX

n=1

xn

xn = cos(t log p

0
n � ✓(p

0
n))

Random$indipendent$

number$



Lyapunov$theorem$

(Central$limit$th)$$

(XN �mN )

sN
�! N (0, 1)

XN =
NX

n=1

xn

Normal$Law$for$GrosswaldOSchnitzer$LOfunc5ons$
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XN =

NX

n=1

cos(t log p0n � ✓(p0n))

mN =

NX

n=1

cos(t log pn � ✓(pn))

GS$LOfunc5on$

Dirichlet$LOfunc5on$

1. XN ' N↵ +A
p
N & mN ' N↵ +B

p
N

2. XN ' A
p
N & mN ' B

p
N

(XN �mN ) ' O(
p
N)



The$hard$case,$t=0$

B(N) =
NX

n=1

cn

������� ��	
��
�
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cn = cos ✓(pn) = bn(0),



What$do$we$know$about$the$terms$of$this$series?$

cn = cos ✓(pn)



Let’s$nail$it$down$



•  All$terms$are$of$the$same$order$(order$1)$

•  All$the$angles$are$equiprobable$(Dirichlet$theorem)$
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•  All$terms$are$of$the$same$order$(order$1)$

•  All$the$angles$are$equiprobable$(Dirichlet$theorem)$



•  All$terms$are$of$the$same$order$(order$1)$

•  All$the$angles$are$equiprobable$(Dirichlet$theorem)$



•  As$consequence,$the$mean$of$the$series$B(N)$vanishes$$

hB(N)i = lim
N!1

1

N

NX

n=1

cn = 0

•  All$terms$are$of$the$same$order$(order$1)$

•  All$the$angles$are$equiprobable$(Dirichlet$theorem)$



•  The$variable$c
n
$are$weakly$correlated$$

•  As$consequence,$the$mean$of$the$series$B(N)$vanishes$$

hB(N)i = lim
N!1

1

N

NX

n=1

cn = 0

•  All$terms$are$of$the$same$order$(order$1)$

•  All$the$angles$are$equiprobable$(Dirichlet$theorem)$



Correla/on$Func/on$of$lag$j$

G(j) =

PN�1
n=1 (cn � µ)(cn+j � µ)

PN
n=1(cn � µ)2
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Correla/on$Func/on$of$lag$j$
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Power$Spectrum$$

F(k) = | G̃(k) |2



As$a$maver$of$fact,$we$know$all$their$correla5ons!$



As$a$maver$of$fact,$we$know$all$their$correla5ons!$

pn+1 pn+kpn

✓a ✓b ✓c

������� ��	
��
��
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(Lemke$OliverOSoundararajan)$
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As$a$maver$of$fact,$we$know$all$their$correla5ons!$

fab(N, q, k) =

#{pn  pN : pn ⌘ ha (mod q) , pn+k ⌘ hb (mod q)}
N2

faa(N, q, k) =

1

('(q))2

✓
1� ('(q)� 1)

2(k � 1)

1

logN
+O

✓
1

(logN)

7/4

◆◆

fab(N, q, k) =

1

('(q))2

✓
1 +

(1)

2(k � 1)

1

logN
+O

✓
1

(logN)

7/4

◆◆

(Lemke$OliverOSoundararajan)$



Time$Series$

B(N) =
NX

n=1

cn

cn = cos ✓pn

$B(N)$grows$as$a$brownian$mo5on$!$

hB(N)i = 0

hB2(N)i ' N



Time$Series$



Problem$of$single$Brownian$trajectory$

Very$common$problem$of$Data$Analysis$$

•  Biologic$evolu5on$

•  Weather$data$

•  Stock$market$$

•  Single$par5cle$tracking$in$living$cell$

In$all$those$cases$where$we$cannot$turn$back$5me…$



Jean Perrin (1908)	



Ivar Nordlund (1914)	





Problem$of$single$Brownian$trajectory$

We$can$get$around$the$impossibility$of$repea5ng$$

the$experiment$many$5mes,$if$we$simply$assume$$

•  The$sta5onarity$of$the$5me$series$

•  The$ergodicity$of$the$5me$series$













Block$Variables$

Xa(L) =
LX

n=1

ca+n



If$the$original$series$goes$as$$

BN '
p
N

the$same$should$happen$for$any$of$its$subsets!$$

B0
L '

p
L



Our$result$on$the$variance$of$the$block$variables$

�2
L = L�(L)

b2 ⌘ 1

r

rX

k=1

cos

2 �k =

⇢
1 , if � = �⇤

1/2 , if � 6= �⇤

�(L) = b2

1� 1

logN
(logL� �E � 1)+

� log logN

logN
+O

✓
1

log

7/4 N

◆�



Hence,$if$our$analysis$is$correct$we$shall$find$for$

ANY$ensemble$made$of$subinterval$of$length$L$$$

�2
L

�(L)
= L

indipendent$of$the$modulus$q$$$



Hence,$for$ANY$ensemble$made$of$$

subinterval$of$length$L$$$

�2
L

�(L)
= L

indipendent$of$the$modulus$q$$$



N = 100.000.000 primes$

pN = 2.038.074.743
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At$large$N,$even$beMer!$



f(q,h) ' 1

'r
(q)

✓
1 +O

✓
1

logN

◆◆



Analy5c$con5nua5on$of$the$infinite$product$

logP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
dulogP (s) =

1X

n=1

cos(t log pn � ✓(pn))

p�n
= �

Z 1

2

B(u)

u�+1
du

$The$integral$is$then$singular$at$σ$=1/2$

$Namely,$all$zeros$are$on$the$cri5cal$line!$$

B(N) =

NX

n=1

cos ✓pn ' N1/2+✏



Conclusions$

•  There$are$infinitely$many$func5ons$which,$as$the$Riemann$

$$$$zeta$func5on,$has$all$their$zeros$along$Re(s)$=$1/2$

•  This$proper5es$is$largely$independent$on$the$primes$and$$

$$$$$can$be$traced$instead$to$some$of$their$random$proper5es$

•  The$validity$of$the$GRH$relies$on$probability$theorems$$

$$$$$involving$the$residues$and$their$(weak)$correla5ons$

•  The$“Random$Walk$theorem”$presented$here$is$based$on$$

$$$$the$Dirichlet$theorem$on$the$residues$and$their$correla5ons$$

$$$$studied$by$OliverOSoundararajan$

$$$$$


