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Conditions for dynamo: Rm > 1

Mag energy grows with time at large length scales

How does large-scale B field grow? 

Schekochihin, Isakov, Proctor, Cowley, 2004-2007 
Ponty et al., 2005, 2007

Inverse cascade of B?

Stapanov & Plunian, 2006, 2007, 2012
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Energy Transfers in dynamo?
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MHD turbulence (Pm=1)

Dar et al. 2001; Verma 2004; Debliquy et al. 2005
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Small Pm dynamo

Geodynamo

??

??
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Large Pm dynamo

Large Pm

Galactic dynamo Solar: both LSD & SSD



ET in MHD
u(k)

u(q)

u(p)
Suu(k|p|q)

S uu(k|q|p)

Suu(k|p|q)= Im{[(k ⋅u(q)][(u(p) ⋅u*(k)]}

Helper Giver Receiver

b(k)

b(q)

b(p)
Sbb(k|p|q)

S bb(k|q|p)

Sbb(k|p|q)=
Sbu(k|p|q)=

Im{[(k ⋅u(q)][(b(p) ⋅b*(k)]}
− Im{[(k ⋅b(q)][(u(p) ⋅b*(k)]}

Sbu(k|p|q)

Sbu (k|q
|p)



GOY Shell model for 
MHD

Earlier models: Biskamp, Stepanov & Plunian,  
Pandit et al., Lessiness et al., Plunian et al. (2013)
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dUn

dt
= Nn[U,U ]+ Nn[B,B]−νkn

2Un + Fn

dBn
dt

= Nn[U,B]+ Nn[B,U ]−ηkn
2Bn ,

αu ⋅∇u b ⋅∇b

u ⋅∇b b ⋅∇u

ℜ Bn
*Nn (U,B)⎡⎣ ⎤⎦ = 0B2B channel:

ℜ Un
*Nn (U,U )⎡⎣ ⎤⎦ = 0U2U channel:

U2B+B2U channel: ℜ Un
*Nn (B,B)+ Bn

*Nn (B,U )⎡⎣ ⎤⎦ = 0



Nn[U,B]= −i[kn (d1Un+1
* Bn+2

* + d3Bn+1
* Un+2

* )
+ kn−1(−d3Un+1

* Bn−1
* + d2Bn+1

* Un−1
* )

+ kn−2 (−d1Un−1
* Bn−2

* − d2Bn−1
* Un−2

* )]

Nn[U ,U]= −i(a1knUn+1
* Un+2

* +a2kn−1Un+1
* Un−1

* +a3kn−2Un−1
* Un−2

* )

Nn[B,B] =− 2i(b1knBn+1
* Bn+2

* + b2kn−1Bn+1
* Bn−1

* + b3kn−2Bn−1
* Bn−2

* )

Nn[B,U ] = i[kn (b2Un+1
* Bn+2

* + b3Bn+1
* Un+2

* )
+ kn−1(b3Un+1

* Bn−1
* + b1Bn+1

* Un−1
* )

+ kn−2 (b2Un−1
* Bn−2

* + b1Bn−1
* Un−2

* )]

Coefficients determined by conservation laws, 
except one free parameter

Choice of coefficients a bit different from earlier models



Plunian et al. (2013)



Shell2shell energy transfer

un

un-1

un+1

-α1

α1-a2 α 1+
a3

PU
UU = −kn−1 Im{Un−1

* Un
*Un+1

* }



un

un-1

α1

α1-a2 α 1+
a3

Bn-1

Bn+1

un+1

Bn
d2

d3
-d1

b2

b2 b3

b3

b1b1

MHD ET

PZ
YX (n |m | p) = −kmin (n,m, p)Im{Yn

*Xm
*Zp

*}

m: giver 
n: receiver 
p: helper



Flux in MHD

ΠYX (K ) = SYX (n |m | p)
p
∑

n>K
∑

m≤K
∑

k0

k

p
q
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Simulations

 No of shells = 36 

Time stepping: RK4 method 
Both forcing & decaying simulations 

Random forcing at n=[3,4,5] [Stepanov & 
Plunian, 2006]



Decaying Forced 1 Forced 2 Forced 3

ν 10-6 10-6 10-9 10-6

η 10-6 10-6 10-6 10-9

Pm 1 1 10-3 103

Re 3.2x105 9.3x106 9.2x109 9.7x106

Rm 3.2x105 9.3x106 9.2x106 9.7x109

rA = EU/EB 0.5 1.5 1.47 1.58

εU/εB



Decaying MHD 
(Pm=1)
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Forced MHD 
(Pm=1)
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Forced MHD 
(Pm=10-3,103)
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Past work
• Lessiness, Carati, and Verma (2009): ET 

formalism developed.. but  

• Coefficients different since Hk conservation 
relaxed in our model. 

• Extensive review by Plunian et al. (Phys Rep. 
2013)…Shell2shell transfers. 

• Sahoo et al. (2010): different coefficients

ΠB>
B< < 0



Conclusions
Our shell model reproduces approximately  

the fluxes of DNS (Pr=1).

U2U, B2B, and U2B energy transfers are forward 

The asymptotic steady-state Eu/Eb is 1.5  
for the forced MHD (Plunian et al. 2014)

For large Pm or large ν, εU >> εΒ 

Limitation: local energy transfers ONLY 

For small Pm or large η, εU << εΒ 




