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FIG. 6. The impact of signal and data quality vetoes on the
distribution of Hanford detector triggers in the BBH 3 bank.

local maxima within subintervals of 0.1 s. We set a
generous threshold that should be reached at most
once per run (approximately accounting for corre-
lations between templates) within Gaussian noise,
and is robust to astrophysical events (due to the
maximization over time).

3. Finally, we account for rare cases with significant
PSD drifts on finer timescales than the ones used
while triggering (described in Section III F and
Ref. [10]. When this PSD drift is statistically sig-
nificant, we veto coincidence candidates (both at
zero-lag and in timeslides) whose combined inco-
herent scores are brought down below our collection
threshold.

Figure 6 shows the cumulative e↵ect of our vetoes on
the score distribution of the triggers in the BBH 3 bank,
which contains short waveforms of heavy binary black
hole mergers. Also shown are the hardware injections
present in the data stream and GW150914 which belongs
to this bank’s chirp mass domain. We note that the veto
retained every hardware injection in this chirp mass do-
main that passed the flagging procedure of Section III C.
It is interesting to note that GW150914 does not stand
out from the single detector trigger distribution before
the application of the veto, and is clearly detected even
without resorting to coincidence after it.

J. Incoherent Ranking

When constructing a statistic to rank events an impor-
tant part is P (⇢2
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FIG. 7. Relation between our new rank-based score ⇢̃ and
the SNR ⇢, for the Hanford detector. The initial linear de-
pendence reflects the Gaussian part of the trigger distribution,
the curve saturates due to the non-Gaussian glitch tail. This
e↵ect is more prominent in the higher-mass banks, which are
more sensitive to glitches.

If the noise in each detector was Gaussian,

logP (⇢ | H0) = �⇢
2
/2 + const (12)

and

logP (⇢H, ⇢L | H0) = �(⇢2
H
+ ⇢

2

L
)/2 + const . (13)

Under this assumption it is optimal to use ⇢
2

H
+ ⇢

2

L
to

rank candidate events. Unfortunately this is an invalid
assumption for two reasons: firstly, even for Gaussian
noise, at high SNR the maximization over templates,
phase and arrival time leads to

logP (⇢ | H0) = �⇢
2
/2 + c log(⇢) + const (14)

where the constant c depends on the bank dimension.
However, in practice this is a minor correction, the more
substantial problem is the non-Gaussian tail of the noise,
the so-called glitches. In the high SNR limit P (⇢ | H0) is
much larger than the Gaussian expression would predict.
The non-Gaussian tail in the ⇢ distribution has an im-

portant consequence when combining the scores of multi-
ple detectors. If we were simply to use ⇢2

H
+⇢

2

L
as a score,

we would be ranking coincidences in which the trigger in
one of the detectors is coming from this non-Gaussian
tail, as we would be misjudging its probability by many
orders of magnitude.
To correct this problem we empirically determine

log[P (⇢i | H0)] for each detector. We do so by taking
our triggers and ranking them according to ⇢i for each
detector i. We then model

P (⇢i | H0) / Rank(⇢i), (15)

which is a good approximation for distributions with ex-
ponential or polynomial tails. We denote

⇢̃
2

i
= �2 logP (⇢i | H0). (16)

Hanford: Single-detector triggers in O1
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IAS
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TABLE III. Events and subthreshold candidates in all of the binary black hole banks.

Name Bank M(M�) GPS timea ⇢2H ⇢2L FAR�1(O1)b W

R(event|H0)
(days) R>100(days

�1) pastro

GW151226 BBH 1 9.74 1135136350.585 120.0 52.1 > 20 000 –c – 1c

GW151012 BBH 2 18 1128678900.428 55.66 46.75 > 20 000 7⇥ 105 d 0.01 0.9998d

GW150914 BBH 3 28 1126259462.411 396.1 184.3 > 20 000 –c – 1c

GW151216e BBH 3 29 1134293073.164 39.4 34.8 52 74± 2 0.033 0.71

151231 BBH 3 30 1135557647.145 37.5 25.2 0.98 5.4± 0.4 0.033 0.15
151011 BBH 4 58 1128626886.595 24.5 39.9 1.1 16± 1 0.01 0.14

a
Times are given as the linear-free times, that is, the times corresponding to when the waveforms generated by the bank were

orthogonal to the time shift component given the fiducial PSD.
b
The false alarm rates (FAR) given are computed within each bank. The inverse false alarm rate is given in terms of “O1” to reflect the

volumetric weighting of events using the momentary detector sensitivity. Under the approximation of constant sensitivity of the

detectors during the observing runs, the unit “O1” corresponds to roughly 46 days.
c
We found no credible way of computing the probability density of the background distribution at these high SNRs.

d
Estimating pastro for GW151012 required some extrapolation of the background trigger distribution.

e
A new event we are reporting in a companion paper [19].

qc/0405045 [gr-qc].
[18] A. H. Nitz, T. Dent, T. Dal Canton, S. Fairhurst,

and D. A. Brown, Astrophys. J. 849, 118 (2017),
arXiv:1705.01513 [gr-qc].

[19] B. Zackay, T. Venumadhav, L. Dai, J. Roulet, and
M. Zaldarriaga, arXiv e-prints , arXiv:1902.10331 (2019),
arXiv:1902.10331 [astro-ph.HE].

TV et. al., (2019a)
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TABLE I: Events already reported by the LIGO–Virgo Collaboration [2] as detected with our pipeline. The rate distributions
used to compute pastro are shown in Fig. 3. The maximum likelihood rates are Rmax = 8/O2 and 5/O2 in banks BBH 3 and
BBH 4, respectively.

Name Bank GPS timea ⇢2H ⇢2L FAR�1(O2)b W (event)

R(event|N )
(O2) pastro

GW170104 BBH (3,0) 1167559936.582 85.1 104.3 > 2⇥ 104 > 100 > 0.99
GW170809 BBH (3,0) 1186302519.740 40.5 113 > 2⇥ 104 > 100 > 0.99
GW170814 BBH (3,0) 1186741861.519 90.2 170 > 2⇥ 104 > 100 > 0.99
GW170818 BBH (3,0) 1187058327.075 19.4 95.1 1.7c — —c

GW170729 BBH (3,1) 1185389807.311 62.1 53.6 > 2⇥ 104 > 100 > 0.99
GW170823 BBH (3,1) 1187529256.500 46.0 90.7 > 2⇥ 104 > 100 > 0.99

a The times given are the ‘linear-free’ times of the best fit templates in our bank; with this time as the origin, the phase of the template
is orthogonal to shifts in time, given the fiducial PSD.

b The FARs given are computed within each bank; our BBH analysis has 5 chirp-mass banks. The inverse FAR is given in terms of “O2”
to reflect the volumetric weighting of events. Under the approximation of constant sensitivity of the detectors during the observing
run, the unit “O2” corresponds to ⇡ 118 days.

c See discussion in §III.

TABLE II: New events with astrophysical probability > 50% in all of the BBH banks. The rate distributions used to compute
pastro are shown in Fig. 3, the maximum-likelihood rates in banks BBH 3 and BBH 4 are Rmax = 8/O2 and 5/O2, respectively.

Name Bank Mdet(M�) �e↵ z GPS timea ⇢2H ⇢2L FAR�1(O2)b W (event)

R(event|N )
(O2) pastro

GW170121 BBH (3,0) 29+4

�3
�0.3+0.3

�0.3 0.24+0.14
�0.13 1169069154.565 29.4 89.7 2.8⇥ 103 > 30 > 0.99

GW170304 BBH (4,0) 47+8

�7
0.2+0.3

�0.3 0.5+0.2
�0.2 1172680691.356 24.9 55.9 377 13.6 0.985

GW170727 BBH (4,0) 42+6

�6
�0.1+0.3

�0.3 0.43+0.18
�0.17 1185152688.019 25.4 53.5 370 11.8 0.98

GW170425 BBH (4,0) 47+26

�10
0.0+0.4

�0.5 0.5+0.4
�0.3 1177134832.178 28.6 37.5 15 0.65 0.77

GW170202 BBH (3,0) 21.6+4.2
�1.4 �0.2+0.4

�0.3 0.27+0.13
�0.12 1170079035.715 26.5 41.7 6.3 0.25 0.68

GW170403 BBH (4,1) 48+9

�7
�0.7+0.5

�0.3 0.45+0.22
�0.19 1175295989.221 31.3 31.0 4.7 0.23 0.56

a The times given are the ‘linear-free’ times of the best fit templates in our bank; with this time as the origin, the phase of the template
is orthogonal to shifts in time, given the fiducial PSD.

b The FARs given are computed within each bank; our BBH analysis has 5 chirp-mass banks. The inverse FAR is given in terms of “O2”
to reflect the volumetric weighting of events. Under the approximation of constant sensitivity of the detectors during the observing
run, the unit “O2” corresponds to ⇡ 118 days.

distribution has a tail extending to large values for the
masses. Its inferred redshift is large, z ⇠ 0.5.

d. GW170202: This candidate has pastro ⇡ 0.7 and
FAR�1 ⇡ 6O2. The masses and the spins are similar to
those of the heavy LVC BBHs. It is found in the bank
with the largest number of secure detections (BBH 3). It
has a bimodal posterior, in which the solution with lower
masses has a more negative spin, and is located closer.
The inferred redshift is z ⇠ 0.27.

e. GW170403: This candidate has FAR�1 ⇡ 5O2
and pastro ⇡ 0.55; this is close to the threshold pastro =
0.5 to make it into a list of detections (as defined in
Ref. [2]). The inferred redshift is z ⇠ 0.45. Interest-
ingly, the posterior for �e↵ is inconsistent with positive
values.

In addition to these events, we list in Table III the
sub-threshold triggers of our search, defined as those
with 0.1 < pastro < 0.5. The sum of the pastro of the
events in this list exceeds unity; in fact, a candidate
in bank BBH (4,1) has pastro ⇡ 0.45, which is close to
the detection threshold (though it has a relatively high
FAR�1 ⇡ 0.8O2). It is possible that an improved analy-
sis, or rate-estimate, can push some of these candidates
above the detection threshold.

V. SENSITIVITY OF OUR PIPELINE

In the previous section, we described several additional
events we detected that are not in the catalog of events
published by the LVC. All of these events pass the thresh-
olds for detection in Ref. [2] (their FARs are above the
threshold of 1 in 30 days, even accounting for the five
banks in our BBH search, or eleven banks in a hypo-
thetical binary neutron star and neutron-star–black-hole
search [18]). This suggests that our search has a substan-
tially larger sensitive volume.

Figure 5a shows the background triggers we collected
using 20 000 time slides in those BBH sub-banks in which
all the events considered in this work, both from the LVC
and our analysis, reside. This figure does not include
the BBHs from the O1 run (GW150914, GW151012,
GW151216, GW151226), nor GW170608, which was not
included in the bulk data release we analyzed. This figure
is not intended as a demonstration of how we compute
the FAR or pastro for particular events: firstly, it shows
⇢2
H
and ⇢2

L
, i.e., the incoherent H1 and L1 SNR2, while we

compute the FAR using a coherent score that takes into
account the time-delays and the relative phases of the

TV et. al., (2019b)
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Formation Scenarios for BBHs in the Literature

Field binaries (common envelope evolution)

Field binaries (chemically homogenous evolution)

 Few body interactions in: GCs, open clusters

Field triple systems

Few body interactions + tides in: NSCs, GCs  

Binaries in AGN disks

Population III stars

Primordial black holes arxiv: 1811.12907



Formation Scenarios for BBHs in the Literature

Field binaries (C.E)

Field binaries  
(Ch. homog. evol)

Field triple systems

Primordial black holes

Globular clusters

Open clusters

Nuclear star clusters

AGN disks

Pop. III stars

Abundant systems, with low merger efficiency

Known ingredients

Purely gravitational evolution to merger
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Mass Parameters Spin Parameters

Model ↵ mmax mmin �q �m µm �m �m E[a] Var[a] ⇣ �i

A [-4, 12] [30, 100] 5 0 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

B [-4, 12] [30, 100] [5, 10] [-4, 12] 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

C [-4, 12] [30, 100] [5, 10] [-4, 12] [0, 1] [20, 50] (0, 10] [0, 10] [0, 1] [0, 0.25] [0, 1] [0, 4]

Table 2. Summary of models used in Sections 3, 4, and 5, with the prior ranges for the population parameters. The fixed
parameters are in bold. Each of these distributions is uniform over the stated range. All models in this Section assume rates
which are uniform in the comoving volume (� = 0). The lower limit on mmin is chosen to be consistent with Abbott et al.
(2018).

Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
over the spin distribution model. The fallo↵ at small masses in models B and C is driven by our choice of the prior limits on
the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-

7

We present results on the mass, spin, and redshift distributions of the ten binary black hole mergers
detected in the first and second observing runs completed by Advanced LIGO and Advanced Virgo.
We constrain properties of the binary black hole (BBH) mass spectrum using models with a range of
parameterizations of the BBH mass and spin distributions. We find that the mass distribution of the
more massive black hole in such binaries is well approximated by models with no more than 1% of
black holes more massive than 45 M�, and a power law index of ↵ = 1.6+1.5

�1.7 (90% credibility). We
also show that BBHs are unlikely to be composed of black holes with large spins aligned to the orbital
angular momentum. Modelling the evolution of the BBH merger rate with redshift, we show that it
is flat or increasing with redshift with 88% probability. Marginalizing over uncertainties in the BBH
population, we find robust estimates of the BBH merger rate density of R = 53.2+58.5

�28.8 Gpc�3 yr�1(90%
credibility). As the BBH catalog grows in future observing runs, we expect that uncertainties in the
population model parameters will shrink, potentially providing insights into the formation of black
holes via supernovae, binary interactions of massive stars, stellar cluster dynamics, and the formation
history of black holes across cosmic time.

1. INTRODUCTION

The second LIGO/Virgo observing run (O2) spanned
nine months between November 2016 through August
2017, building upon the first, four-month run (O1) in
2015. The LIGO/Virgo gravitational-wave (GW) inter-
ferometer network is comprised of two instruments in
the United States (LIGO) (LIGO Scientific Collabora-
tion et al. 2015; Abbott et al. 2016d) and a third in
Europe (Virgo) (Acernese et al. 2015), the latter join-
ing the run in the summer of 2017. In total, ten bi-
nary black hole (BBH) mergers have been detected to
date (Abbott et al. 2018). The BBHs detected possess a
wide range of physical properties. The lightest so far is
GW170608 (Abbott et al. 2017d) with an inferred total
mass of 18.7+3.3

�0.7M�. GW170729 (Abbott et al. 2018)—
exceptional in several ways—is likely to be the heaviest
BBH to date, having total mass 85.2+15.4

�11.2M�, as well as
the most distant, at redshift 0.48+0.19

�0.20. Both GW151226
and GW170729 show evidence for at least one black hole
with a spin greater than zero (Abbott et al. 2016e; Ab-
bott et al. 2018).
By measuring the distributions of mass, spin, and

merger redshift in the BBH population, we may make
inferences about the physics of binary mergers and bet-
ter understand the origin of these systems. We employ
Bayesian inference and modelling (Gelman et al. 2004;
Mandel 2010; Foreman-Mackey et al. 2014) which, when
applied to parameterized models of the population, is
able to infer population-level parameters — sometimes
called hyperparameters to distinguish them from the
event-level parameters — while properly accounting for
the uncertainty in the measurements of each event’s pa-
rameters (Mandel 2010; Hogg et al. 2010).

⇤ Deceased, February 2018.
† Deceased, November 2017.
‡ Deceased, July 2018.

The structure and parameterization of BBH popula-
tions models are guided by the physical processes and
evolutionary environments in which BBH are expected
to form and merge. Several BBH formation channels
have been proposed in the literature, each of them in-
volving a specific environment and a number of physical
processes. For example, BBHs might form from isolated
massive binaries in the galactic field through common-
envelope evolution (Bethe & Brown 1998; Portegies
Zwart & Yungelson 1998; Belczynski et al. 2002; Voss
& Tauris 2003; Dewi et al. 2006; Belczynski et al. 2007,
2008; Dominik et al. 2013; Belczynski et al. 2014; Men-
nekens & Vanbeveren 2014; Spera et al. 2015; Tauris
et al. 2017; Eldridge & Stanway 2016; Stevenson et al.
2017b; Chruslinska et al. 2018; Mapelli et al. 2017; Gi-
acobbo et al. 2018; Mapelli & Giacobbo 2018; Kruckow
et al. 2018; Giacobbo & Mapelli 2018) or via chemically
homogeneous evolution (Marchant et al. 2016; de Mink
& Mandel 2016; Mandel & de Mink 2016). Alterna-
tively, BBHs might form via dynamical processes in stel-
lar clusters (Portegies Zwart & McMillan 2000; Kulka-
rni et al. 1993; Sigurdsson & Hernquist 1993; Grind-
lay et al. 2006; O’Leary et al. 2006; Sadowski et al.
2008; Ivanova et al. 2008; Downing et al. 2010, 2011;
Clausen et al. 2013; Ziosi et al. 2014; Rodriguez et al.
2015, 2016a; Mapelli 2016; Askar et al. 2017; Banerjee
2017; Chatterjee et al. 2017) and galactic nuclei (An-
tonini & Perets 2012; Antonini & Rasio 2016; Petrovich
& Antonini 2017), evolution of hierarchical triple sys-
tems (Antonini et al. 2014; Kimpson et al. 2016; An-
tonini et al. 2017; Liu & Lai 2018), gas drag and stellar
scattering in accretion disks surrounding super-massive
black holes (McKernan et al. 2012; Bartos et al. 2017;
Stone et al. 2017). Finally, BBHs might originate as
part of a primordial black hole population in the early
Universe (Carr & Hawking 1974; Carr et al. 2016; Sasaki
et al. 2016; Inomata et al. 2017; Inayoshi et al. 2016; Bird
et al. 2016; Ali-Häımoud et al. 2017; Clesse & Garćıa-

arxiv: 1811.12907



• Isolated binaries have high and aligned spins due to 
tides? Natal kicks, winds and BBH formation at large 
merger times 
R. O’Shaughnessy et. al. (2017), Kushnir et. al. (2016) 

• Triples have randomly aligned spins? Highly hierarchical 
systems favor in-plane spins 
Liu et. al., (2018), Antonini et. al. (2018), Liu et. al., (2019) 

• Field binaries have no eccentricity in the LIGO band? 
Fortuitous natal kicks can lead to eccentricity 
Eldridge and Stanway (2016)

Parameter Distribution - caveats
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Wave optics
hL( f ) = F( f )h( f )

3

At high frequencies, namely in the geometrical limit,
F (f) is the sum of contributions from one or multiple
images, which we label as a = 1, 2, · · · [62],

Fgeo(f) =
X

a

p
|µ(xa)| e

�i⇡ �a sgn(f) ei 2⇡ f (1+zL) ⌧(xa).(2)

At each image position xa, µ(xa) is the signed magnifica-
tion factor. The summation over i accounts for the pos-
sibility of multiple images. The Morse phase e�i⇡ �i [63]
depends on the image type and represents a residual wave
e↵ect of topological origin [64].

In the geometrical limit, waveform distortions can only
arise when multiple images mutually interfere. The ex-
istence of more than one image often requires a su�-
ciently compact lens and a small impact parameter. If
only one image is present xa = xI , the lensed waveform is
a rescaled version of the intrinsic waveform but is shifted
by ⌧(x1) in the time domain. In this case, a lensed event
is indistinguishable from an unlensed one, unless either
the luminosity distance or the source redshift is indepen-
dently measured [12, 64].

In the absence of multiple-image interference, the mea-
surable e↵ect of lensing is encoded in the deviation of
F (f) from Fgeo(f),

Frel(f) := F (f)/Fgeo(f), (3)

which induces waveform distortions. By construction,
Frel(f) approaches unity in the limit of high frequencies
f ! 1.

We now study concrete examples by modeling the pos-
sible intervening lenses using pseudo-Ja↵e ellipsoids [65].
We first define the Einstein angular radius ✓E :=
4⇡ (�v/c)2 (dLS/dS). The e↵ective velocity dispersion �v

is related to the characteristic lens mass, defined to be
the enclosed mass within the Einstein radius:

ME =
�
4⇡2 �4

v de↵
�
/
�
Gc2

�
(4)

= 100M�

✓
�v

1 km/s

◆4 ✓
de↵

1Gpc

◆
.

where de↵ := dL dLS/dS . The convergence is given by

 = (✓E/2)
h�
s2 + ⇠2

��1/2
�

�
a2 + ⇠2

��1/2
i
, (5)

Here s is the core scale and a is the truncation scale. The
ellipse variable ⇠ is introduced to allow for ellipticity. In
a coordinate system where the major axes of the lens
ellipse align with the coordinate axes, we have ⇠2 = x2

1+
x2
2/q

2 for 0 < q 6 1. The case q = 1 corresponds to
an axisymmetric lens. Analytic results for the lensing
potential �(x) can be found in Ref.[66].

We choose this simple analytic lens model because
it can approximate reasonably well any virialized self-
gravitating mass clump with an inner core and an outer
radius of truncation.

The importance of di↵raction e↵ects is characterized
by a dimensionless parameter

w := 2⇡ f (1 + zL)
dL dS
c dLS

✓2E (6)

' 1.3 (1 + zL)

✓
f

102 Hz

◆ ✓
�v

1 km/s

◆4 ✓
de↵

1Gpc

◆
.(7)

It is linearly proportional to ME at fixed wave frequency.

FIG. 1: Examples of the relative amplification factor
Frel(w) for pseudo-Ja↵e ellipsoids. We assume s = 0.1 and
a = 2, and an impact parameter y = [0.8, 0.8]. Four cases
are shown: (1) axisymmetric, no external convergence/shear
(solid red); (2) q = 0.5, no external convergence/shear
(dotted red); (3) axisymmetric, ext = �ext = 1/3 (solid
blue); (4) q = 0.5, ext = �ext = 1/3 (dotted blue). When
both the lens ellipticity and the external shear are non-zero,
we assume a misalignment angle ⇡/2 between their major
axes. (All angular variables are in units of ✓E .)

Fig. 1 shows examples of Frel(w). Typically, Frel(w)
asymptotes to unity for w � 10 if the number of ge-
ometrical image is one. For w . 10, amplitude and
phase modulations become non-negligible but do not ex-
ceed ⇠ 10%–20%. The modulations can be enhanced in
the presence of order-unity external convergence ext and
shear �ext, a situation that may arise if the lens is embed-
ded in a larger lens (e.g. lensing by a subhalo residing in
the halo of an intervening galaxy lens). Among the many
modulation cycles, the first one typically has the largest
size and should be the most interesting for detection.
Fig. 2 shows how Frel(w) depends on the impact pa-

rameter y for an isolated axi-symmetric lens s = 0.1 and
a = 2. The sizes of both the phase and the amplitude
modulations decrease as the inverse of |y|. Also, the loca-
tions of the maxima and the minima in terms of w scale

Dai et. al., (2016)
Takahashi (2004)
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Figure 1. Merger rate density of stellar binary black holes as a
function of cosmic time (redshift). The red solid and black dashed
lines represent results obtained by using the SFR function from
Strolger et al. (2004) and from Madau & Dickinson (2014), re-
spectively.

Figure 2. The di↵erential rate of unlensed and lensed GW events
(top panel) and the fraction of quadruple lenses (bottom panel) as
a function of source redshift for aLIGO (R0 = 155.4 Mpc). The red
solid and black dashed lines represent results obtained by using
the SFR function from Strolger et al. (2004) and from Madau &
Dickinson (2014), respectively. The threshold of S/N is set to be
eight.

the larger R0, the larger number of lensed events a detec-
tor can observe. This result indicates that any detectors
more sensitive to aLIGO are expected to observe several
strongly lensed events per year. The declining tendency of
the quadruple fraction in the bottom panel is again due to
the decrease in the magnification bias.

3.2 Distribution of time delays

A prediction for the time delay distribution is required in
order to assess the detectability of multiple images during a

Figure 3. The di↵erential rate of unlensed and lensed GW events
(top panel) and the fraction of quadruple lenses (bottom panel)
as a function of source redshift for ET (R0 = 1591 Mpc). The red
solid and black dashed lines represent results obtained by using
the SFR function from Strolger et al. (2004) and from Madau &
Dickinson (2014), respectively. The threshold of S/N is set to be
eight.

Figure 4. The lensed event rate (top panel) and the fraction of
quadruple lenses (bottom panel) as a function of characteristic
distance. The red solid and black dashed lines represent results
obtained by using the SFR functions from Strolger et al. (2004)
and from Madau & Dickinson (2014), respectively. The vertical
cyan and magenta lines show R0 corresponding to aLIGO and ET,
respectively. The horizontal line sets the threshold for expectable
rate (1 event per year). The threshold of S/N is set to be eight.

finite duration GW survey. We achieve this goal through a
semi-analytic technique based on Monte Carlo sampling (see
Mao 1992 for a similar calculation for gamma-ray bursts).

The specific procedure is as follows. First, we randomly
generate a sample of 107 lens systems at a given source red-
shift. The lens objects are considered to be uniformly dis-
tributed on the sky, and the lens properties are distributed
as described in Section 2.3. Then, we solve each lens system
to see if it has multiple images, and for those with multi-
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FIG. 4: Examples for binary NS (top), 10M� binary BH
(middle), and 30M� binary BH (bottom). Non-spinning
waveforms are injected. In each plot, we show the optimal
matched filtering SNR (upper panel), the “match” between
the unlensed waveform h0(f) and the lensed waveform hL(f)
quantified as |(h0|hL)| /

p
hhL|hLi hh0|h0i (middle panel),

and a corresponding p-value (c.f. Eq. (12)), all as a function
of De↵ . We compute for three noise PSDs:aLIGO MID LOW

(red), aLIGO DESIGN (blue), and the proposed ET [61]
(orange). The aLIGO sensitivity curves are provided in
LALSuite. All curves are computed for a single detector and
a frequency range f 2 [10, 1024]Hz. Refer to the text for
more information.

the match.
A GW event may be simultaneously seen at multiple

detectors. Strictly speaking, the waveform normaliza-
tion, the phase constant, and the arrival time are all cor-
related between the detectors, depending on the source’s
sky coordinates and the detectors’ locations and orienta-
tions. Since those information is not our focus here, we
neglect those correlations for simplicity [67, 68]. In this
case, the overall SNR is given by the SNRs defined in
Eq. (8) for individual detectors added up in quadrature.
In the presence of lensing hL(f) = F (f)h0(f) =

Frel(f)Fgeo(f)h0(f), we have s(f) = hL(f) + n(f). If
the exact di↵raction-distorted waveform hL(f) is used as
the template, the optimal matched-filtering SNR is

SNR2
opt = |(s|hL)|

2 /hhL|hLi ⇡ hhL|hLi, (9)

where we have neglected the overlap between hL(f) and
n(f). However, lensed GW signal can also be recov-
ered with an unlensed template, say using hgeo(f) :=
Fgeo(f)h0(f), albeit at a reduced SNR. This is because
the phase distortion in Frel(f) is typically much less than
one radian. The SNR corresponding to the unlensed tem-
plate is

SNR2
unlen =

���
⇣
s|h̃geo

⌘���
2

hh̃geo|h̃geoi
⇡

���
⇣
hL|h̃geo

⌘���
2

hh̃geo|h̃geoi
=

|(hL|hBF)|
2

hhBF|hBFi
.(10)

The tilde added to hgeo(f) is a notation for enumerating
all possible values of tc to hgeo(f) in order to maximize
the match. The best-fit (unlensed) template

hBF(f) =

���
⇣
hL|h̃geo

⌘���

hh̃geo|h̃geoi
h̃geo(f) e

i arg(hL|h̃geo). (11)

Intuitively, using the correct template generally yields a
better match, since SNR2

opt � SNR2
unlen > 0 due to the

Cauchy-Schwarz inequality.
How statistically significant is the improvement in the

SNR by using the lensed template relative to using the
unlensed one? We would like to define a p-value which
quantifies the chance that there are no amplitude and
phase modulations and the SNR improves due to a sta-
tistical fluke. One definition would be the change in the
likelihood (per detector)

ln p = �
�
SNR2

opt � SNR2
unlen

�
/2

⇡ �
1

2

 
hhL|hLi �

|(hL|hBF)|
2

hhBF|hBFi

!
. (12)

Ref. [59] instead uses the vector-space “distance”

ln p = �hhL � hBF|hL � hBFi/2. (13)

Eq. (12) and Eq. (13) are equivalent as long as hBF(f)
has the best-fit normalization and is tuned to the best-fit
phase constant as in Eq. (11).

Dai et. al., (2016)
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Figure 1. Expected fraction of strongly lensed (magnified) over unlensed
binary black hole mergers as a function of the observed redshift zobs and red-
shifted chirp mass Mz in O2 sensitivity, obtained by forward modeling. The
sharp transition from low fraction to unity at the high mass end is a conse-
quence of the hard cut-off in intrinsic masses. The white region indicates no
detection of lensed or unlensed events outside detector horizon. Contours of
50% and 90% confidence intervals of the posteriors of the binary black hole
events from the first two observation runs of LIGO and Virgo are overlaid.
The lensing probability is negligible (. 10-2) in the region spanned by these
posteriors, suggesting that these events are unlikely to be lensed.

ity (Haris et al. 2018). In this geometric optics regime, lensing
only magnifies/demagnifies the lensed signals without affect-
ing their frequency profile. Thus, posterior distributions of the
intrinsic parameters that determine the frequency evolution of
the signal (such as the redshifted masses and dimensionless
spins of the black holes), estimated from multiple images, will
be consistent with each other. Also, since the sky location of
multiple images will be within the uncertainties of the gravi-
tational wave sky localization, we can safely assume that the
sky location estimated from multiple images will also be con-
sistent. So will be the estimated inclination angle of the binary
and the polarization angle. However, the estimated luminos-
ity distance from the two images will in general be inconsis-
tent since the distance is fully degenerate with the (unknown)
magnification of the signal.

From each pair of binary black hole signals detected by
LIGO and Virgo, we compute the ratio of the marginalized
likelihoods (Bayes factor) of the competing hypotheses: 1)
that, the pair of signals are strongly lensed images of a sin-
gle binary black hole merger, 2) that, they are produced by
two independent mergers. This Bayes factor can be written
as (Haris et al. 2018)

BL
U =

Z
d✓

P(✓|d1) P(✓|d2)
P(✓)

, (3)

where ✓ denotes the set of parameters that describes the sig-
nal (excluding the luminosity distance and arrival time), P(✓)
denotes the prior probability distribution of ✓, while P(✓|d1)
and P(✓|d2) describe the posterior distributions of ✓ estimated
from the data d1 and d2 containing the pair of signals under
consideration.

The measured time delay �t0 between two signals can also
be used to compute the likelihood ratio of the two hypotheses.
The Bayes factor between the lensed and unlensed hypotheses
can be written as (Haris et al. 2018)

RL
U =

P(�t0|HL)
P(�t0|HU)

, (4)

Figure 2. Scatter plot of the log10 Bayes factors BL
U computed from the con-

sistency of posteriors of signal parameters estimated from each pair of binary
black holes events and Bayes factors RL

U computed from the time delay be-
tween pairs of events. The significance of these Bayes factors is shown by
dashed lines (in terms of Gaussian standard deviations). This is estimated by
performing simulations of unlensed events in simulated Gaussian noise and
estimating the probability of unlensed events producing Bayes factors of this
value. In summary, we do not see any strong evidence for multiply lensed im-
ages in LIGO-Virgo binary black hole detections. Note that, out of 45 event
pairs, only those pairs with log10 Bayes factors greater than -2 are shown in
the plot. We have taken into account the effect of trials factor due the 45 event
pairs.

where P(�t0|HA) with A 2 {L, U} is the prior distribution
of �t (under the lensed or unlensed hypothesis) evaluated at
�t = �t0. The prior P(�t0|HU) of the unlensed hypothesis is
computed assuming that binary merger events follow a Pois-
son process. We use 714 days2 as the observation time for
computing P(�t0|HU). The prior distribution P(�t|HL) of the
time delay between strongly lensed signals is computed from
an astrophysical simulation that employs reasonable distribu-
tions of galaxy lenses, mass function of binary black holes and
redshift distribution of mergers, following Haris et al. (2018).

We compute BL
U from a pair of binary black hole signals

by integrating the posterior distributions of the binary’s pa-
rameters released by the LIGO-Virgo Collaboration (Abbott
et al. 2018a; LIGO Scientific Collaboration 2018). These pos-
teriors are estimated by the LALINFERENCENEST (Veitch
et al. 2015; LIGO Scientific Collaboration 2017) code using
the gravitational waveform family IMRPHENOMPV2. We
use the joint posterior distributions of the following param-
eters ✓ := {m

z

1,m
z

2,a1,a2,cos✓a1,cos✓a2,↵,sin�,✓JN
}, where

m
z

1,m
z

2 are the redshifted component masses, a1,a2 are the di-
mensionless spin magnitudes, ✓a1,✓a2 are the polar angle of
the spin orientations (with respect to the orbital angular mo-
mentum), ↵,sin� denote the sky location, and ✓JN

is the ori-
entation of the total angular momentum of the binary (with
respect to the line of sight). 3 The Bayes factor in Eq.(3)

2 This is the total duration from the beginning of O1 to the end of O2.
In reality, the data is not available for the entire 714 days due to the limited
duty cycle of the Interferometers. We do not expect a significant change in
the prior distribution even if we include this correction.

3 Dai & Venumadhav (2017) have discovered that, if we neglect the effects
of spin precession and non-quadrupole modes, multiple images are related to
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Figure 3. Posterior distribution of redshifted lens mass M
z

L
(violin plots) and

the log Bayes factor between lensed and unlensed hypothesis log10 BL

U
(top

vertical axis) for wave optics effects in each gravitational wave event. The
Bayes factors and the lens mass posteriors have been computed using nested
sampling assuming a log-uniform redshifted lens mass prior. None of the
Bayes factors are significant enough to favor the lensing hypothesis.
tion of lenses. For additional details of the lensing formalism
and the choice of prior, refer to Lai et al. (2018).

We compute the ratio of the Bayesian evidences of
the lensed and unlensed hypotheses (using lensed and un-
lensed waveforms, respectively) estimated using LALINFER-
ENCENEST. Figure 3 shows the marginalized posterior dis-
tributions of redshifted lens mass M

z

L
(violin plots) and the

Bayes factors between the lensed and unlensed hypothesis BL

U

for each gravitational wave event (note that the precise defi-
nition of this Bayes factor is different from that of Sec. 3, al-
though we use the same notation). The posterior distributions
do not peak at zero lens mass due to the free source position
variable y, which at higher values reduce the lensing effect,
causing the lens mass posterior to be broad instead. Note that
for the GW151012 event we have made the prior broader as
the peak of the posterior was otherwise not captured. We find
that the Bayes factor log10 BL

U
< 0.2 for all events. Hence, we

find no evidence to support the lensing hypothesis by smaller
point-like lenses.

5. OUTLOOK

We have searched for lensing effects in the binary black
hole observations by LIGO and Virgo during the observing
runs O1 and O2, finding no strong evidence of gravitational
lensing. In particular, we looked for three effects. Firstly, we
searched for evidence of high lensing magnification in the ob-
served signals by comparing the chirp mass — red shift distri-
bution of observed binary black holes to the statistically pre-
dicted populations of lensed and unlensed signals. Secondly,
we looked for evidence of multiply imaged signals by investi-
gating the consistency of the estimated parameters among all
pairs of events. Thirdly, we looked for evidence of wave op-
tics effects in the observed signals by point-like lenses. None
of these investigations revealed any lensing effects in the ob-
served signals.

While the probability of lensed gravitational waves is low,
in the future, as detector sensitivities improve further, it will
become increasingly possible to observe strong lensing (Ng
et al. 2018). Since Advanced LIGO and Virgo are expected to
observe hundreds of binary black hole mergers as they reach
their design sensitivity, according to current estimates, more
than one strongly lensed signal will be observable per year.
Apart from verifying a fundamental prediction of general rela-
tivity using a messenger that is different from electromagnetic
waves, such an observation might enable precision localiza-
tion of the merger when combined with optical observations

of the lens galaxy (Mehta et al. 2019). Since the fraction of
lensed events will be small, we do not expect lensing to intro-
duce significant biases in population analysis.

Detecting wave optics effects, e.g. by intermediate-mass
black holes, could be possible at least in the future third gen-
eration detectors (Lai et al. 2018; Christian et al. 2018), but
detection rates are highly uncertain in the current ground-
based detectors. However, it is worth noting that the time-
resolution of LIGO would be able to probe lensing that are
below the typical angular resolution of optical or radio tele-
scopes, and hence could uncover hidden lens populations that
could have been missed. The prime targets for weak lensing
are likely to be smaller substructures that would be enhanced
by the galaxies’ potential, which have been observed in the
optical band (Diego et al. 2018). Indeed, lensing observations
of gravitational waves are likely to become a powerful tool for
astronomy in the coming years.
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`f-fdot’ Diagram for GW Sources
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