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Gravitational waveforms

�rst term of the multipole expansion of the form

hradij (X, T ) =
4G

c4R

+∞∑
`=2

1

c`−2`!

{
NL−2︸ ︷︷ ︸

Ni1 ...Ni`−2

UijL− 2︸ ︷︷ ︸
i1...i`

− 2`

c(2`+ 1)
NaL−2εab(iVj)bL−2

}TT
(T −R/c)

Generalizes the quadrupole formula
[Einstein (1918)]

hradij (X, T ) =
2G

c4R
Uij

TT(T −R/c)

with Uij = Iij
(2)

+O(G) = Qij
(2)

+O
( 1

c2

)
h+ = hPP = −hQQ h× = hPQ

source

observer
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Validity of the post-Newtonian regime

Small velocities: max v � c

Size of matter source D � λ

source

exterior zone
M(hµν)

near zone
h
µν

bu�er zone

λ r

hµν



PN iteration in harmonic coordinates

Harmonic gauge equations

∂νh
µν = 0 (Gauge Cond on shell)

2hµν =
16πG

c4
τµν ≡ 16πG

c4
|g|Tµν + Λµν(∂h, ∂h) (Relaxed EE)

hµν searched in the form
∑

m≥m0(µ,ν)

c−mhµν[m]

Assume that previous orders hµν
[m′] are known

Solution for hµν[m]

hµν[m] =16πG

{
2−1
R

[
τµν(h

αβ
)
]

+
∑
`≥0

∂L
(RµνL (t− r/c)−RµνL (t+ r/c)

r

)}
[m−4]

RµνL = Rµνi1...i`
[M(hαβ), r0]�nite part of 2−1

R (r/r0)B [ ]

Go to the next order



Blanchet-Damour-Iyer formalism

Outside the source:

2hµν = Λµν (REE) ∂νh
µν = 0 (Gauge) with hµν =

+∞∑
n=1

Gnhµν(n)

Find the most general solution at linear order, with Λµν −→ 0

No-incoming wave solution of (REE): hµν(1) =
∑
`≥0

∂

∂xi1
... ∂

∂xi`︷ ︸︸ ︷
∂i1...i`

(Hµνi1...i`(t− r
c
)

r

)
retarded solution of (REE) + (Gauge Cond):

hµν(1) = hµν(1)[ IL, JL,︸ ︷︷ ︸
source moments

WL, XL, YL, ZL︸ ︷︷ ︸
gauge moments

]

Solution for hµν(n)

hµν(n) = FP2−1R︸ ︷︷ ︸
�nite-part regularized retarded integral

Λµν(n) + (homogeneous outgoing sol.)µν

Go to next order



Radiative moments

Link between the various multipole moment sets

IL,JL, ... ML,SL UL,VL

source

integral over τµν obtained

by asymptotic matching

waveform

link S→Can link Can→R
comparison between hµνext
and hTTij + coord. transf.

Link Can −→ R, e.g., for UL

UL[I, J, ...] = U inst
L [M,S] + U tail

L [M,S] + U tail-tail
L [M,S] + Umem

L [M,S] + ...

instantaneous terms: function of ∂ktML(TR), ∂kt SL(TR)

tail terms: depend weakly on the source past history

memory terms: depend strongly on the source
past history

4PN

1.5PN

�eld point

tail e�ect
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Case of compact binaries

Leading order �ux =
G

5c5

[
...
Qij(Tret)

...
Qij(Tret) +O

(
1

c2

)]
→ Newtonian order

balance equations for E, J ⇒
{ e↘ 0 for isolated binaries

E and r12 ↘ at a rate ∼ ε5/2

= 2.5PN order

y1
y2

r12
v1

ω2 =
Gm

r312

[
1 +

( Gm

r12c2

)
(...) + ...+

( Gm

r12c2

)4
(...)

]
E = −

µc2x

2

[
1 + x(...) + ...+ x4(...)

]
with x =

(Gmω
c3

)2/3
state of the art

For circular orbits: E = E(x), F = F(x), h+,× = h+,×(x) gauge invariant



Possible approaches

Equations of motion of the sources:

PN Iteration Scheme in Harmonic coordinates:

French �avored: e�ective Tµνe� + dim reg + asymptotic matching
↪→ Blanchet, Damour, Iyer, Le Tiec, Marsat, Bohé, Bernard, Marchand...

QFT �avored: e�ective action + dim reg + zero-bin subtraction
↪→ Goldberger, Rothstein, Porto, Fo�a, Sturani, Kol, Levi, Galley...

American �avored: perfect �uid + splitting of volume integrals
↪→ Will, Wiseman, Kidder, Pati...

Method à la Einstein-Infeld-Ho�mann (strong-�eld region avoidance)
↪→ Futamase, Itho, Asada

Reduced ADM Hamiltonian approach: ADM
↪→ Schäfer, Jaranowski, Damour, Steinho�, Hergt, Hartung, ...

Multipolar post-Minkowskian formalisms in harmonic coordinates

Regularization based approach: �nite part reg + asymptotic matching
↪→ Blanchet, Damour, Iyer (see also early works by Thorne)

Integral splitting: perfect �uid + splitting of volume integrals
↪→ Will, Wiseman (in the line of Epstein, Wagoner)

QFT �avored: e�ective action + dim reg + zero-bin subtraction
↪→ Goldberger, Ross



E�ective action for extended bodies

ε µℵ

e µα

uµ

yµ(τ)

εℵ = Λ
α
ℵ eα

e µα : �eld tetrad

e µℵ : tetrad attached to the body

Λ
α
ℵ : Lorentz matrices (6 d.o.f.)

S =

∫
dτ L[uµ,Ωµν , gµν , Rµνρσ,∇λRµνρσ, ...]

= Sgrav + Spoint part. + Snon-minimal



Skeleton stress-energy tensor

Description of the dynamics in terms of:

Worldline density: n(x) =

∫
dλ
δ4(xµ − yµ)√

−g

E�ective momenta: pµ =
∂L

c∂uµ
Sµν = 2

∂L

∂Ωµν

E�ective quadrupole moment: Jµνρσ = − 6

c2
∂L

∂Rµνρσ

E�ective octupole moment: Jλµνρσ = −12

c2
∂L

∂∇λRµνρσ

[Bailey, Israel (1975); Dixon (70's); Steinho�, Pueztfeld (2009); Marsat (2015)]

Tµν= n

[
p(µuν)c+

c2

3
R

(µ
λρσJ

ν)λρσ +
c2

6
∇λR(µ

τρσJ
ν)τρσ
λ +

c2

12
∇(µRλτρσJ

ν)λτρσ

]
+∇ρ

{
n

[
u(µc Sν)ρ−c

2

6
R

(µ
τλσJ

|ρ|ν)τλσ − c2

3
R

(µ
τλσJ

ν)ρτλσ +
c2

3
RρτλσJ

(µν)τλσ

]}
− 2c2

3
∇ρ∇σ

{
nJρ(µν)σ

}
+
c2

3
∇λ∇ρ∇σ

{
nJσρ(µν)λ

}
+ ...
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Description of the system dynamics

GR action for point particles

Sgrav + Spoint part. =
c3

16πG

∫
d4x
√
−g
[
gµν(ΓρµλΓλνρ − ΓρµνΓλρλ)− 1

2
gµνΓµΓν︸ ︷︷ ︸

gauge �xing term

]

−
∑
A

c2
∫

dt

[
mA

√
−(gµν)Av

µ
Av

ν
A/c

2+
1

2
SAµνΩµνA

]

Two non-minimal pieces

Ltides =
∑
`≥2

1

`!

{
1

2
µ(`)(GL(τ))2 +

1

2c2
`

`+ 1
σ(`)(HL(τ))2 +

1

2c2
µ′(`)(ĠL(τ))2 + ...

}

Lspin int =

+∞∑
n=1

κGS2n

(2n)!m2n−1
Dµ2n ...Dµ3

(Gµ1µ2√
−u2

)
Sµ1 ...Sµ2n−1Sµ2n

+

+∞∑
n=1

κHS2n+1

(2n+ 1)!m2n
Dµ2n+1 ...Dµ3

(Hµ1µ2√
−u2

)
Sµ1 ...Sµ2nSµ2n+1

[for a relativistic def. of Love numbers, see Damour, Nagar (2009); Binnington, Poisson (2009)]

[Levi, Steinho� (2015)]

mass-like tidal moments

current-like tidal moments

Dixon moments J obtained through Tµνpole-dipole + Tµνspin int = Tµνskeleton



Fokker action

Start from the action S[hαβ ,yA]

Compute hαβ
(FE)

given by

(
δS

δhαβ

)
= 0 (REE)

metric perturbation

Credit:
Huygens
ING

Adriaan Fokker

Build a Fokker action: SFokker = S[hαβ
(FE)

[yA],yB]

(
δS

δyiA

)
h=h(FE)[yA]

= 0 and h(FE)[yA] built with 2−1
sym.

⇔ δSFokker

δyiA
= 0

Computation by means of Feynman diagrams possible:

Z[ρ, ji, sij ] = e
1
εSe� =

∫
DφDAiDσije

1
ε

∫
d4x c3

4πG

[
1
2φ2φ+ρφ+O

(
8πG
c2

φ
)
+(sim. for Ai,σij)

]
has a classical limit given by the saddle point method: e

1
εSFokker

see e.g., [Damour, Jaranowski (2017)] for discussion



Treatment of the divergences I

Most important recent result: 4PN dynamics recently obtained by 3 groups
ADM: Damour, Jaranowski, Schäfer (2014)

Fokker: Bernard, Blanchet, Bohé, F, Marchand, Marsat (2018a,b)

Diagrammatic: Fo�a, Sturani (2019), Fo�a, Porto, Rothstein, Sturani

Two types divergences at the 4PN order:

Due to the e�ective point-particle modeling: �UV� divergences
←↩ unphysical: must cancel each other

Due to the expansion of the retardation in the near zone: �IR� divergences
←↩ must be eliminated by contributions of radiative sector d.o.f.

(0, 
−q)

Iij
D(−ω)

(ω,k)

M

(ω,k + q)

Iij
A (ω)� +

back reaction of the
exterior-zone tail e�ect

Credit: Fo�a, Porto, Rothstein,
Sturani (2019)

I−ij I+ij

Common tool: dimensional regularization



Treatment of the divergences II

Three ways to proceed with this regularization:

Fokker Lagrangian in harmonic coordinates:
UV div. of Slocal eliminated by rede�ning y1,2 → y1,2 + δy1,2

�nite part regularization kept on the top of dim reg (asymptotic matching)

UV div. of the tail radiation reaction cancels the IR pole

Diagrammatic approach:
UV div. of the local part eliminated by adding innocuous counter-terms

IR div. transformed into UV div. by:
(i) tracking the pole nature of vanishing self terms: Zero-Bin subtraction
(ii) adding UV divergent exterior-zone counter-terms

L
UV (IR near+self−ZB)
nPN + L

UV (exterior)
nPN → �nite

Reduced Hamiltonian in ADM gauge:
UV poles of Hlocal eliminated by adding an appropriate total derivative

reaction radiation treated in 3 dimensions
→ �nite part produced by the related UV poles not controlled

unknown coe�cient determined by matching with GSF results
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ADM Hamiltonian approach

Assumptions: asymptotically �at space-time

in appropriate asymptotic coordinates:

(ds)2 = −N2(cdt)2+(dxi−N icdt)(dxj−N jcdt)γij

near ι0: gµν − ηµν = O(1/r) ∂igµν = O(1/r2)

Hamiltonian including surface boundary integrals

H[γij , πij , N,N
i; qa, πa] =

∫
d3x(NH−cN iHi)+

c4

16πG

∫
ι0

dSi∂j(γij−δijδklγkl)

ADMTT gauge: γij =
(

1 +
1

8
φ
)4
δij + hTTij , πijδij = 0

Constraints: H = 0 ⇔ ∆φ = ... elliptic equation

Hi = 0 ⇔ ∆ πi︸︷︷︸
vector part of πij

= ... 3 elliptic equations



Reduced Hamiltonian

Property of ADMTT gauge

Injecting the constraints in H does not a�ect the dynamics

Hred[hTTij , π
ij
TT; qa, πa] = − c4

16πG

∫
d3x∆φ[hTTij , π

ij
TT; qa, πa]

Non canonical EOM for (hTTij , πijTT):

c3

16πG
∂tπ

ij
TT = −δTTijkl

δHred

δhTTkl

c3

16πG
∂th

TT
ij = δTTijkl

δHred

δπklTT

Construction of the N -body Hamiltonian (qa → yiA, π
a → pAi ):

Combine evolution equations for hTTij , πijTT into 2hTTij = O
(

1
c4

)
← hTTij ∼ 2PN

Hred

Legendre transform

−−−−−→ R[hTTij , ∂th
TT
ij , y

i
A, p

A
i ]

Perform a Fokker type reduction [Schäfer (1985), Jaranowski, Schäfer (1998, 2000)]

Hcons[y
i
A, p

A
i , ẏ

i
A, ṗ

A
i , ...] = R[yiA, p

A
i , h

TT
ij (ykA, p

A
k , ẏ

k
A, ṗ

A
k , ...), ∂th

TT
ij (ykA, p

A
k , ẏ

k
A, ṗ

A
k )]



Main features of the ADM approach

Only one retarded �eld hTTij that appears at high orders

Less problems with retardation and matching

No UV poles nor logarithms at 3PN
Elimination by adding a mere total derivative at 4PN

E, P , J immediate to compute

Standard techniques to construct action-angle variables

Poincaré invariance may be checked through the Poisson bracket algebra

Spin can be added but delicate construction [Steinho�, Schäfer (2009)]

←↩ formalism on a �xed curved background [Barausse, Racine, and Buonanno (2009)]

better understood [Vines, Kunst, Steinho�, Hinderer (2016), Witzany, Steinho�, Lukes-Gerakopoulos (2019)]

Hamiltonian formulation of perfect �uids in GR can be used
[Holm (1987), Blanchet, Damour, Schäfer (1990)]
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Gravitational self-force [adapted from Pound, Warburton, Miller, Wardell (Capra 19)]

ε = m/M

m

M

Credit: NASA

Einstein �eld equations

Gµν [g] =
8πG

c4
Tµν(REE)+Gauge Cond

gµν = g(0)µν +

+∞∑
n=1

εnh(n)µν

Assume the previous orders are
known: h(n′ ≤ n)

µν [x, yλ(0) + εyλ(1) + ...]

Solve for the world-line corrections
yµ(n)(τ) and h

(n)
µν

Form of the equations of motion in the background

D2yµ

dτ2
=

+∞∑
n=1

εn Fµ(n)︸︷︷︸
nth order self-force

Ongoing work:
n ≤ 2 ⇒
2nd order GSF



Contribution to the GW phase at 2GSF order

For GW, relevance of the secular time scale: τs = GM/(εc3)
←↩ taken into account by multi-scale analysis: torb = φorb/Ωorb, tslow = t̃ = εt

[Pound (2015)]

GSF expansion of the phase

φ =
1

ε
φ(0)︸︷︷︸

adiabatic

+ φ(1)︸︷︷︸
post-adiabatic

+ O(ε)

φ(0) adiabatic: secular e�ect on τs scale due to 〈Fµ(1)〉orbit
φ(1) post-adiabatic: needed for precision GR

Three contributions
1st order, oscillatory dissipative self-force

1st order conservative self-force

2nd order orbit averaged self-force

Hierarchy of equations to be solved

2h(1) = T (1) 2h(2) +G(2)[h(1), h(1)] = −T (2)



2nd order �eld equation

2nd order �eld equation made tractable by:

writing 2 = −c−2∂2t + ∂2r∗ + ... in terms of φorb and t̃:
2 = 2(0)

ω + ε2(1)
ω

obtaining the expression of the singular part of h(2): puncture h(2)P

[Pound (2012, 2017, 2014), Pound, Miller (2014), Warburton, Wardell (2014)]

Final equation: to be solved with non-incoming wave condition

2(0)hR(2)
ω = −G(2)

ω [h(1), h(1)]−2(0)
ω h(2)P −2(1)

ω h(1)

G
(2)
ω [h(1), h(1)] = G

(2)
ω [hP(1), hP(1)] + 2G

(2)
ω [hR(1), hP(1)] +G

(2)
ω [hR(1), hR(1)] expressed as derivative w.r.t. parameters

asymptotic matching near I+

On-going work for quasi-circular orbits



Conclusion: where we are

Self-force calculations:

Right-side of the 2nd order �eld controlled for circular orbits
←↩ improvement to be done
Long task list including generalization to generic orbits
Overlap of validity domain allowed comparison with PN calculations
←↩ E1GSF(x) matched with E4PN ADM(x) to get the unknown coe�cient

Post-Newtonian calculations:

Equations of motion
point particles: 4PN order (Fokker, diagrammatic, ADM), static part at
5PN order (diagrammatic) [Fo�a, Mastrolia, Sturani, Sturm, Torres Bobadilla]

spinning objects: 4PN order (diagrammatic) [completed by Levi, Steinho� (2015)]

tidal e�ects: 2PN (Fokker) [completed by Bini, Damour, F]

Flux and phase
point particles: 3.5PN order + strict 4.5PN order
spinning objects: SO 4PN, SS 3PN, SSS 3.5PN
tidal e�ects: 2PN [Henry, F (in preparation)]

tidal e�ects with spin: 1.5PN [Abdelsalhin, Gualtieri, Pani (2018)]

Amplitudes
point particles: 3PN [Blanche, F, Iyer, Sinha (2008)]

spinning objects: 2PN [Buonanno, F, Hinderer (2013)]
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