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Examples of self-organized dynamics

® “Living agents”: flocks of birds; schools of fish; colonies of ants, bacteria, cells
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Examples of self-organized dynamics

® “Thinking agents”:

i L
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@ Short range interactions:
Different rules of engagement of agents with local neighbors
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Fundamentals

@ Short range interactions:
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Fundamentals

@ Short range interactions:

Different rules of engagement of agents with local neighbors

Despite the variety — living agents, “thinking” or mechanical agents:
Coherent structures emerge for large time t > 1, large crowds N > 1:

~> emergence of swarms, colonies, parties, consensus, flocks, ...

o Global effect: phenomena of emergence on long-range scales

@ Fundamentals on short-range interactions:
environmental averaging, alignment, synchronization,
attraction-repulsion, phase transition, ...

@ Key issue: the notion of ‘local neighborhood’
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© Rules of engagement: alignment
@ Krause model for opinion dynamics
@ Sensor-based motion — the rendezvous problem
@ Vicsek model for flocking; phase transition
@ Cucker-Smale models for flocking — near and far from equilibrium

Large time behavior — consensus, flocking, ...
Synchronization — Kuramoto model

Taking tendency into account — emergence of leaders
A general perspective

Kinetic description

From kinetic to hydrodynamic description of flocking
Hydrodynamic alignment — smooth solutions must flock
Critical thresholds in flocking hydrodynamics
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e A general class of N >> 1 agents identified w/ “traits” {p;(t)} " ;:

in different contexts {p;(t)} are positions, opinions, velocities, orientations, ....
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e A general class of N >> 1 agents identified w/ “traits” {p;(t)} " ;:

in different contexts {p;(t)} are positions, opinions, velocities, orientations, ....

e Environmental Averaging: pi(t+At) = Z ajpj(t) Z aj =1
JEN; i
Alignment w/frequency o ~ A- p,( Zau pj — Pi)

JEN;

e Nonlinear influence function ¢:  a; = fg@(Pi,Pj) >0 J
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A basic paradigm in collective dynamics — alignment

e A general class of N >> 1 agents identified w/ “traits” {p;(t)}" ;:

in different contexts {p;(t)} are positions, opinions, velocities, orientations, ....

e Environmental Averaging: pi(t+At) = Z a;pj(t) Zaif =1
JEN; j
. 1 d B
Alignment w/frequency a ~ =7 ap;(t) —a(J%\;aij Pj — Pi)

e Nonlinear influence function ¢:  a; =
deg

o(prpy) > 0 \ (%~ %)
eg;

i

Emergent behavior in self-organized dynamics 5



A basic paradigm in collective dynamics — alignment

e A general class of N >> 1 agents identified w/ “traits” {p;(t)}" ;:

in different contexts {p;(t)} are positions, opinions, velocities, orientations, ....

e Environmental Averaging: pi(t+At) = Z a;pj(t) Zaif =1
JEN; j
. 1 d B
Alignment w/frequency a ~ =7 ap,-(t) —a(J%\;aij Pj — Pi)

e Nonlinear influence function ¢:  a; =

i) > 0 | =)

deg;

i
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A basic paradigm in collective dynamics — alignment

e A general class of N >> 1 agents identified w/ “traits” {p;(t)}" ;:

in different contexts {p;(t)} are positions, opinions, velocities, orientations, ....

e Environmental Averaging: pi(t+At) = Z a;pj(t) Zaif =1
JEN; j
. 1 d B
Alignment w/frequency a ~ x; ap,-(t) —a( %\;aij Pj — Pi)
JEN

e Nonlinear influence function ¢:  a; = digqﬁ(p,-,pj) >0 \ ¢(’;’ - x;)
eg;

i

© degi =) o(pi,p))
]

— the degree of influence on agent;

e Neighborhood N; — geometric neighborhood dictated by ¢
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e State space — vectors of "opinions”: {x;(t)}N,

2. Krause (1997,2000), R. Hegselmann & U.Krause: Opinion dynamics and
bounded confidence models, analysis and simulation (2002,2004)
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Example#1: Krause model® for opinion dynamics

e State space — vectors of "opinions”: {x;(t)}N,

e Krause-Hegselmann model (1997) — interaction through local averaging:
1
x;(t + At) = N > xi(b), #{x; : |[xj — xi| <R}
‘X,’*Xj|§R
e "Environmental averaging”:  x;(t+At) = Z a;x;(t) Z 2 =1
JEN; j

e Act on difference of opinions: (X —xj])

aj = deg; ¢(r) = Ljo,r)(r)

o degi= ) (Ixi—xx|) ~ N;

— the degree of influence on agent;
keN;

* Typical question in collective dynamics: does “averaging” lead to “consensus”?

2U. Krause (1997,2000), R. Hegselmann & U.Krause: Opinion dynamics and
bounded confidence models, analysis and simulation (2002,2004)
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Example#2: Sensor-based networks
e State space — vectors of positions: {p;(t)}N; ~ {x;(t)}¥,

e Mean-shift gradient flow® (non parametric clustering):

2. ¢x () = x;[)x;

x (t+ At) = ng)(\x( =) <— local mean

deg Z ¢ ‘X x)\x:x[(t) — a|ignment

e Local means are shifted in direction of maximal increase of density

e Robotic agents: the “rendezvous problem”3°=39 x;(t) — x;(t) 2%, 07

3Y. Cheng (1995); D. Comaniciu & P. Meer (2002);
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Example#2: Sensor-based networks

e State space — vectors of positions: {p;(t)}N; ~ {x;(t)}¥,

e Mean-shift gradient flow® (non parametric clustering):

22 PIxi(t) — x;[)x;

Z.¢(\x~(t)—xj\) +— local mean

Z d) \x x)\x:x,»(t) <— alignment

X,'(l' + Al’) =

deg

e Local means are shifted in direction of maximal increase of density
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* Local ¢'s ~~ clusters identified by shared basin of attraction as t — oo
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Example#2: Sensor-based networks

e State space — vectors of positions: {p;(t)}N; ~ {x;(t)}¥,

e Mean-shift gradient flow® (non parametric clustering):

2. ¢x () = x;[)x;

Z~¢(\x () = x|) +— local mean

- deg Z ¢ ‘X )‘X:x[(t) — alignment

x (t+ At) =

e Local means are shifted in direction of maximal increase of density

e Robotic agents: the “rendezvous problem”3°=39 x;(t) — x;(t) 2%, 07

* Local ¢'s ~~ clusters identified by shared basin of attraction as t — oo

3Y. Cheng (1995); D. Comaniciu & P. Meer (2002);
3°0n limited visibility — Ji & Egerstedt (2007); Bellaiche & Bruckstein (2015);
3¢Time delay — Olfati-Saber & Murray (2004), Somarakis & Baras (2013-);
39 Connectivity of mobile networks — Zalvanos, Pappas, et. al (2007-2011)
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Example #3: Vicsek model* — alignment of orientations
e Fix a speed s. Averaging of orientations {p;(t)}; ~ {w;(t)}V, € 971

1
|s >} aij wj(t) + noise|

wi(t + At) Z ajjwj(t)+noise) x
JEN;

e 2D additive Noise= uniform in angle in [—7, 7]

o(Ixi — x;l) __S
N I e
! J‘XI_XJ‘<R

*T. Vicsek, A. Czirdk, E. Ben-Jacob, I. Cohen, O. Shochet (PRL 1995)
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Example #3: Vicsek model* — alignment of orientations
e Fix a speed s. Averaging of orientations {p;(t)}; ~ {w;(t)}V, € 971

1
|s >} aij wj(t) + noise|

wi(t+ At) = (s ) ajw;(t)+noise) x
JEN;

e 2D additive Noise= uniform in angle in [—7, 7]

o(Ixi — x;l) __S
N I e
! J‘XI_XJ‘<R

e A second-order model aj(x(t)): x;i(t + At) = x;(t) + At - vi(t)

*T. Vicsek, A. Czirdk, E. Ben-Jacob, I. Cohen, O. Shochet (PRL 1995)
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Example #3: Vicsek model* — alignment of orientations
e Fix a speed s. Averaging of orientations {p;(t)}; ~ {w;(t)}V, € 971

1
|s >} aij wj(t) + noise|

wi(t + At) Z ajjwj(t)+noise) x
JEN;

e 2D additive Noise= uniform in angle in [—7, 7]

,aU:M ()= S Bk - xiwj(t)

deg; deg; <R

e A second-order model aj(x(t)): x;i(t + At) = x;(t) + At - vi(t)
Vicsek model as an alignment dynamics

(vi, vj)
t)=a Z a,-j<vj i v,-)
JEN;

e Beyond environmental averaging:

Projection <" ‘;> enforces fixed speed, |v;(t)| = s, and noise (7)

*T. Vicsek, A. Czirdk, E. Ben-Jacob, I. Cohen, O. Shochet (PRL 1995)
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e State space — vectors of velocities: {p;(t)}N; ~ {v;(£)}V,

®Emergent Behavior in Flocks (2007)
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e State space — vectors of velocities: {p;(t)}N; ~ {v;(£)}V;

e Environmental averaging of velocities {v;(t)}¥, € R

Cvit) = o X aywi() —vi(1)) }

JEN;

®Emergent Behavior in Flocks (2007)
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e State space — vectors of velocities: {p;(t)}N; ~ {v;(t)}V,

e Environmental averaging of velocities {v;(t)}, € RY

i = (3 20— wto)
e A second-order model:
1 d
ajj(x(t)) = deg-¢(|xi(t) =xi(t)]),  oxi(t) = vi(t)

®Emergent Behavior in Flocks (2007)
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Example#4: Cucker-Smale model>— velocity alignment
e State space — vectors of velocities: {p;(t)}N; ~ {v;(¢)}V,

e Environmental averaging of velocities {v;(¢)}¥, € Rd

d

g Vi) = 0<< > apvi(t) - Vi(t)> —a) ay (Vj(t) - Vi(t)>
JEN; JEN;

e A second-order model:

a3(x(1)) = oo () =% (. gpx(e) = vi(0)

i

®Emergent Behavior in Flocks (2007) %?a; :=1— Y

i 9
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Example#4: Cucker-Smale model>— velocity alignment

e State space — vectors of velocities: {p;(t)}N; ~ {v;(¢)}V,

e Environmental averaging of velocities {v,-(t)},-:1 € RY ~~ alignment®?

< Z ajv(t) —vi(t ) =« Z ajj (vJ v,(t))

JEN; JEN;

e A second-order model:

a3(x(1)) = oo () =% (. gpx(e) = vi(0)

e Global vs. local models: scaling by graph degree deg;

°Emergent Behavior in Flocks (2007) *?a; :==1— )" aj
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Example#4: Cucker-Smale model>— velocity alignment

e State space — vectors of velocities: {p;(t)}N; ~ {v;(¢)}V,

e Environmental averaging of velocities {v,-(t)},-:1 € RY ~~ alignment®?

< Z ajv(t) —vi(t ) =« Z ajj (vJ v,(t))

JEN; JEN;
e A second-order model:

a3(x(1)) = oo () =% (. gpx(e) = vi(0)

e Global vs. local models: scaling by graph degree deg; = Z o(|xi — xk|)

* Global models — Long-range interactions: A; = {1,..., M} > deg; > N
Example of Cucker-Smale:  ¢(r) ~ (1+r)"%, §>0;— [Supp{¢}] =

°Emergent Behavior in Flocks (2007) *?a; :==1— )" aj
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Example#4: Cucker-Smale model>— velocity alignment

e State space — vectors of velocities: {p;(t)}N; ~ {v;(¢)}V,

e Environmental averaging of velocities {v,-(t)},-:1 € RY ~~ alignment®?

< Z ajv(t) —vi(t ) =« Z ajj (vJ v,(t))

JEN; JEN;

e A second-order model:

a3(x(1)) = oo () =% (. gpx(e) = vi(0)

i

e Global vs. local models: scaling by graph degree deg; = Z o(|xi — xk|)

* Global models — Long-range interactions: A; = {1,..., M} > deg; > N
Example of Cucker-Smale:  ¢(r) ~ (1+r)"%, §>0;— [Supp{¢}] =

* Local models — when diameter (Supp{¢}) < max|x;(t) — x;(t)|:
Short-range interactions involve ‘nearby’ neigthors deg; ~ N;

°Emergent Behavior in Flocks (2007) *?a; :==1— )" aj
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e (with S. Motsch®): a;(x(t)) = %g'tbﬂxi(f) —x;(t)])

> i (Vj(t) i(t)), deg; = Y _ ik
K

d
I
dt deg, i~

5A new model for self-organized dynamics and its flocking behavior (2011)
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Example#5: far from equilibrium

1
e (with S. Motsch®): a;(x(t)) = deg. (Ixi(t) — x;(t)])
d o
gvi(t) = deg, Z i (Vj(t) - Vi(t)>, deg; = ) dix
JEN; k
;.—‘l\ ~
4 -~ large distance > :“;
-
* \ el "N s
e deg (1€ G~ Mido — ui(t) =~ gy () — i)
gi 1) ~ IN1¢0 dtl _NI¢OG1UJ i

A new model for self-organized dynamics and its flocking behavior (2011)
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Example#5: far from equilibrium

1
e (with S. Motsch®): a;(x(t)) = deg o(|xi(t) — x;(t)])
d
d : deg, Z ¢’J (Vj(t Vl(t ) deg/ Z¢/k
JEN;
~— N~
4 -~ large distance = :‘l;
- >
* \ el "N s
e deg (1€ G~ Mido — ui(t) =~ gy () — i)
gi 1) ~ IN1¢0 dtl _NI¢OGUJ i
1

21 is not symmetric ...

deg;

i

.A¢:{3U:

but involves the symmetric graph Laplacian L :=1 — D1/2A¢D*1/2

A new model for self-organized dynamics and its flocking behavior (2011)
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Krause model for opinion dynamics

Sensor-based motion — the rendezvous problem

Vicsek model for flocking; phase transition

Cucker-Smale models for flocking — near and far from equilibrium

e t — oo: The emergence of consensus, parties, leaders, ...
@ Large time behavior — consensus, flocking, ...
@ Synchronization — Kuramoto model
@ Taking tendency into account — emergence of leaders
@ A general perspective

Kinetic description

From kinetic to hydrodynamic description of flocking
Hydrodynamic alignment — smooth solutions must flock
Critical thresholds in flocking hydrodynamics

Emergent behavior in self-organized dynamics 11



Emergent behavior in self-organized dynamics 12



Emergent behavior in self-organized dynamics 12



Graph G = (V,E): vertices V={p;} C RV; edges E;,={e;} C RNxRN
grad V4(p); :=+/¢ii(pi — pj); divergence divg(e); := Z\/qﬁ;j(e;j —eji)
J
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Graph G = (V,E): vertices V={p;} C RV; edges E;,={e;} C RNxRN
grad V4(p); :=+/¢ii(pi — pj); divergence divg(e); := Z\/qﬁ;j(e;j —eji)

J
1
and Laplacian: Ay = —2divg 0 Vg, Ay(p)i = > ¢i(pi —p))
j
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Emerging behavior as t — oo — local models (symmetric)
Graph G = (V, E): vertices V={p;} C RV; edges E¢:{e;j} c RVxRVN

grad V4(p)ij :=+/¢ij(pi — pj); divergence divy(e Z‘/% ej —
and Laplacian: A, := ——d|v¢ oV, Au(p)i= Z% - pj)
d —a
e Alignment as a diffusion process: —p(t)=—F—<Au(p(t
$2P0= gagroey 2P (0)
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Emerging behavior as t — oo — local models (symmetric)
Graph G = (V, E): vertices V={p;} C RV; edges E¢:{e;j} c RVxRVN

grad V4(p)ij :=+/¢ij(pi — pj); divergence divy(e Z‘/% ej —€ji)

and Laplacian: A, := ——d|v¢ oV, Au(p)i= Z% - pj)
d —a’
e Alignment as a diffusion process: —p(t)=—F—<Au(p(t
$2P0= gagroey 2P (0)

%[p(t)} < —p(t)[p(t)] with [p], := (Z“”' P '2)1/2

e Consensus depends on Fiedler #1(t) = Aa(Lax(r))) > 0 (La :=1—Ayp)

~ Consensus depends on propagation of connectivity of the graph G(p(t))
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Emerging behavior as t — oo — local models (symmetric)
Graph G = (V, E): vertices V={p;} C RV; edges E¢:{e;j} c RVxRVN

grad V4(p)ij :=+/¢ij(pi — pj); divergence divy(e Z‘/% ej —€ji)

and Laplacian: A, := ——d|v¢ oV, Au(p)i= Z% - pj)
d —a’
e Alignment as a diffusion process: —p(t)=—F—<Au(p(t
$2P0= gagroey 2P (0)

%[p(t)} < —p(t)[p(t)] with [p], := (Z“”' P '2)1/2

e Consensus depends on Fiedler #1(t) = Aa(Lax(r))) > 0 (La :=1—Ayp)

~ Consensus depends on propagation of connectivity of the graph G(p(t))

o0
* Global models — unconditional flocking/consensus: / o(r)dr = o0
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Emerging behavior as t — oo — local models (symmetric)
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Emerging behavior as t — oo — local models (symmetric)
Graph G = (V, E): vertices V={p;} C RV; edges E¢:{e;j} c RVxRVN

grad V4(p)ij :=+/¢ij(pi — pj); divergence divy(e Z‘/% ej —€ji)

and Laplacian: A, := ——d|v¢ oV, Au(p)i= Z% - pj)
d —a’
e Alignment as a diffusion process: —p(t)=—F—<Au(p(t
$2P0= gagroey 2P (0)

%[p(t)} < —p(t)[p(t)] with [p], := (Z“”' P '2)1/2

e Consensus depends on Fiedler #1(t) = Aa(Lax(r))) > 0 (La :=1—Ayp)

~ Consensus depends on propagation of connectivity of the graph G(p(t))
o0
* Global models — unconditional flocking/consensus: / o(r)dr = o0

* Local models — [Supp(¢)] _ < [x(0)] . ~» K clusters. When K = 17

* Interplay between dynamics on graph and graph driven by the dynamics
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e Global influence: dij = o(|xi — xj|)
)'(,': V;
N Cucker-Smale
. . deg: —
Vi deg; Z¢U — i), deg; {Zk oik  Motsch-Tadmor
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e 100 uniformly distributed opinions: ¢(r) = al{r<%} + bl{%<r<1}

Opinions x;

a=b=1: (Z)(I‘) = 1{0<r<1} (aa b) = (017 1)

1 1 14
10| N
o T o T

Opinions x;
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e 100 uniformly distributed opinions: ¢(r) = al{r<%} + bl{%<r<1}

a=b=1: (Z)(I‘) = 1{0<r<1} (aa b) = (017 1)

1 1 14
10| N
o T o T

Opinions x;
Opinions x;

5 70 5 20 25 30 35 a0 o 5 k) 5 25 30 35 a0

time (%) t\mzo(t)

e Homophilious dynamics: align with those that think alike (a > b)
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How “rules of engagement” influence the emergence of consensus?
e 100 uniformly distributed opinions: ¢(r) = al{rgﬁ} + bl{%<r<1}

a=b=1: ¢(r) = Lig. 1 (a,b) = (0.1,1)

b
1 1
1
T i T i

Opinions x;

15 20
time (%)

* Limzo(f)
e Homophilious dynamics: align with those that think alike (a > b) vs.
e Heterophilious dynamics: "bonding with the different” (a < b)
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e 100 uniformly distributed opinions: ¢(r) = al{r<%} + bl{%ﬁ<r<1}

6 with b/a= 1 & with b/a=1 & with b/a =2 & with b/a =10

Opi
Opinions X;
Opi
Opi

‘51"“:0(‘) E o -sm:nm e o -sm:n(t) e o <sm?wn o

e Homophilious dynamics: align with those that think alike (a > b) vs.
e Heterophilious dynamics: "bonding with the different” (a < b)
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How “rules of engagement” influence the emergence of consensus?

e 100 uniformly distributed opinions: ¢(r) = al{ré%} + bl{f<r<1}

Opnions x,

=

m o time () time (1) time (/)

° Homoph|l|ous dynamics: align with those that think alike (a > b) vs.
e Heterophilious dynamics: "bonding with the different” (a < b)

e Heterophilious dynamics enhances connectivity®:
The # of clusters, K (b/a), is decreasing ~~

®Motsch & ET., Heterophilious dynamics enhances consensus, SIAM Review 2014
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How “rules of engagement” influence the emergence of consensus?

e 100 uniformly distributed opinions: ¢(r) = al{rg%} + bl{f<r<1}
2

& with b/a— 1 & with b/a =1 & with b/a =2 & with b/a = 10

=

=

Opnions x,

m o time () time (1) ) time (/)

° Homoph|l|ous dynamics: align with those that think alike (a > b) vs.
e Heterophilious dynamics: "bonding with the different” (a < b)

e Heterophilious dynamics enhances connectivity®:
The # of clusters, K (b/a), is decreasing ~~

* Heterophilious dynamics enhances consensus — :

¢(')\0<r<R is increasing  ~~ /\Q(LA(x(t))) >n>07

®Motsch & ET., Heterophilious dynamics enhances consensus, SIAM Review 2014
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e Local interaction — compactly supported influence function ¢
vs. Local interaction - heterophily dynamics with factor 10:
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2D heterophilious dynamics

e Local interaction — compactly supported influence function ¢
vs. Local interaction - heterophily dynamics with factor 10:

“Regarding networks and homophily, birds of a feather flock together, but people are influenced
by those they like. Both these processes result in the same outcome (similar people together in
groups), but there is no standard accepted way of separating these two processes”.

Introduction to Mathematical Sociology, P. Bonacich & P. Lu
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"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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e Empirical distribution pM(t,x) := %Zéx_x,(t) = P+ pat,x)

]

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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e Empirical distribution pN(t = Zch xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 'ymax = max [2k/ ¢(s)sin(ks)s ds]

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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e Empirical distribution pN(t = Z(Sx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 'ymax = max [Qk/ ¢(s)sin(ks)s ds]

o If t 2 [? then E [pi(t,x)p1(t,x)] ~ e27maxt cos (kmax(x — X))

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = 2~

kmax

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = 2~

kmax

B(r) = 1pp

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = 2~

kmax

1
@(r) =101 kmax:= argmax 2k [ ¢(s)sin(ks)sds ~ 2.75 < 27 ~ no consensus
k 0

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = 2~

kmax

1
@(r) =101 kmax:= argmax 2k [ ¢(s)sin(ks)sds ~ 2.75 < 27 ~ no consensus
k 0

mean distance ~ 2.3

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = ,(2—7:
max

1
@(r) =101 kmax:= argmax 2k [ ¢(s)sin(ks)sds ~ 2.75 < 27 ~ no consensus
k 0

¢(r) = 01 . ]1[071/\/51 + ]l[l/\/i,ll

mean distance ~ 2.3

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = ,(2—7:
max

1
@(r) =101 kmax:= argmax 2k [ ¢(s)sin(ks)sds ~ 2.75 < 27 ~ no consensus
k 0

¢(r)=0.1- 1[071/\/5] + ]l[l/ﬁ,l] Kmax =~ 9.1 > 27 ~~ consensus

mean distance ~ 2.3

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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Fluctuations and mean distance of interacting clusters
e Empirical distribution p"Y =N Zéx xi(t) = p+pi(t,x)

Fluctuations’: |51 (t, k)| ~ e"mt, 7max = max [Qk/ #(s)sin(ks)s ds]

o If t > L2 then E [pi(t,x)p1(t,x)] = €™ cos (kmax(x — X))

e Mean distance between clusters = ,(2—7:
max

1
@(r) =101 kmax:= argmax 2k [ ¢(s)sin(ks)sds ~ 2.75 < 27 ~ no consensus
k 0

¢(r)=0.1- 1[071/\/5] + ]l[l/ﬁ,l] Kmax =~ 9.1 > 27 ~~ consensus

= —eY

Opin

e s
mean distance ~ 2.3 mean distance ~ 0.7

"Garnier, Papanicolaou, Yang, Consensus convergence with stochastic effects (2017)
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e Many more aspects are taken into account in modeling
collective dynamics with different rules of engagement
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Other aspects in collective dynamics (beyond alignment)

e Many more aspects are taken into account in modeling
collective dynamics with different rules of engagement

e Stochastic effects and phase transition — Vicsek model
© Phase transition as an effective defense mechanism, group decision process, ...

e Attraction and repulsion — the paradigm of C. Reynolds’ boids

e Control ....
® Many important applications

e Synchronization — Kuramoto's model for large sets of coupled oscillators
© Motivated by chemical and biological systems; applications in neuroscience

e An example — emergence of leaders ...
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Example #6: Synchronization

e Kuramoto model® {p;} ~~ phases {6;} or frequencies {w; = 6;}

d _sin(Gj—Q,-]
aa() Q"‘stlne G)WQ,+ Zaue 673U—ﬂ

e || < ar: steady states; more oscillators recruited into synchronized
clusters (r = 1) as @ > . increases

e |Q;| > ar : no synchronization (r  0) is possible for o < ¢

Kuramoto Oscillators

Stewart Heitmann

8Kuramoto, Lecture Notes Phys. (1975, 1984)...Acebron et. al. RevModPhys (2005)
8Ha et. al (2010 -), Gerard-Varet, Dietert, Fernandez, Giacomin (2016)
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Robots > rely on laser "Living agents” > rely on vision
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R
o

Robots > rely on laser "Living agents” > rely on vision

e Influenced by the projection of those moving ahead
tracing using pheromones rather than vision ...
following the footsteps of — education ...
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R
o

Robots > rely on laser "Living agents” > rely on vision

e Influenced by the projection of those moving ahead
tracing using pheromones rather than vision ...
following the footsteps of — education ...

d 1 i
aPl) = deg; - Z A =) (<F|’ rQJ>pj - p,-) ’
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Tendency and emergence of leaders — 1st-order model
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Figure: Random initial conditions, ¢ = 1jg ). Snapshots: t = 0, 0.3, 0.5, 2, 5, 70
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@ Biology — The role of empirical data
Flocks, swarms, colonies, ... — how are they formed?
Since there is no Newton's law — what are the rules of engagement?
* Agents are different — are these observed patterns observed patterns

system specific?
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Self-organized dynamics — different questions/tools arise in different fields

@ Biology — The role of empirical data
Flocks, swarms, colonies, ... — how are they formed?
Since there is no Newton’s law — what are the rules of engagement?
* Agents are different — are these

@ Physics — Order and disorder in complex systems
Models are different — but deep analogies in patterns of equilibrium
Stability near "thermal equilibrium”: statistical mechanicsstatistical

mechanics
* Ensembles act similarly—can we classify patterns of collective motions?
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Self-organized dynamics — different questions/tools arise in different fields

@ Biology — The role of empirical data
Flocks, swarms, colonies, ... — how are they formed?
Since there is no Newton’s law — what are the rules of engagement?
* Agents are different — are these

@ Physics — Order and disorder in complex systems
Models are different — but deep analogies in patterns of equilibrium
Stability near "thermal equilibrium”: statistical mechanics
* Ensembles act similarly—can we classify patterns of collective motions?

o Computer Science — The role of discrete geometry
Agents form networks — large-time large-crowd network dynamics
* Clustering and spectral theory of graphs

o Engineering — Essential design features - control and synchronization
Can we control collective dynamics — optimize traffic, improve safety?

e Mathematics — Agent-based models; non-local PDEs
Agent-based ~~ kinetic models ~~ macroscopic models
* Numerical and analytical studies of ‘social hydrodynamics’
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Krause model for opinion dynamics

Sensor-based motion — the rendezvous problem

Vicsek model for flocking; phase transition

Cucker-Smale models for flocking — near and far from equilibrium

Large time behavior — consensus, flocking, ...
Synchronization — Kuramoto model

Taking tendency into account — emergence of leaders
A general perspective

e N — oco: Social hydrodynamics
@ Kinetic description
@ From kinetic to hydrodynamic description of flocking
@ Hydrodynamic alignment — smooth solutions must flock
@ Critical thresholds in flocking hydrodynamics
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1
.. — . N .
e Empirical distribution " := N Ej Ox—x;(t) ® Oy—v;(t) — f(t,x,V)

Vlasov eq. for distribution f(t,x, v)

fo+v-Vyif +aVy- Q(f,f) =0

°Ha & ET (2008); Canizo, Carrillo, Rosado (2009);
Carrillo-Fornasier-Rosado-Toscani (2009), Motsch-ET (2014)
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Second limit — behavior of large crowds® N — oo
1
e Empirical distribution N := m Zéx_xj(t) ® dy—v;(r) — f(t,x,v)
j

Vlasov eq. for distribution (¢, x,v)

ft"'v'vxf‘i'aVV'Q(fvf):O

e Q(f,f) assembles binary interactions: alignment, repulsion, noise, ...

1 )/de o(|x — y[)(w—v)f(t,x,v)f(t,y,w)dydw + ...

Q(f.f) = deg(t, x

°Ha & ET (2008); Canizo, Carrillo, Rosado (2009);
Carrillo-Fornasier-Rosado-Toscani (2009), Motsch-ET (2014)
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Second limit — behavior of large crowds® N — oo
1
e Empirical distribution N := m Zéx_xj(t) ® dy—v;(r) — f(t,x,v)
j

Vlasov eq. for distribution (¢, x,v)

ft"'v'vxf‘i'aVV'Q(fvf):O

e Q(f,f) assembles binary interactions: alignment, repulsion, noise, ...
1
f,f)=——
QF. ) deg(t,x) Jrod
e Flocking (K =1) f ~ p(t,x)é(v—u(t,x))....

°Ha & ET (2008); Canizo, Carrillo, Rosado (2009);
Carrillo-Fornasier-Rosado-Toscani (2009), Motsch-ET (2014)
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Second limit — behavior of large crowds® N — oo
1
e Empirical distribution N := m Zéx_xj(t) ® dy—v;(r) — f(t,x,v)
j

Vlasov eq. for distribution (¢, x,v)

ft"'v'vxf‘i'aVV'Q(fvf):O

e Q(f,f) assembles binary interactions: alignment, repulsion, noise, ...
1
f,f)=——
QF. ) deg(t,x) Jrod
e Flocking (K =1) f ~ p(t,x)é(v—u(t,x))....

([x —y])(w—=v)f(t,x,v)f(t,y,w)dydw +...

. recovered in terms of moments —
density .......... 0 1
[ Y F ] :/[ ]f(t,x,v)dv
momentum ... pu v
°Ha & ET (2008); Canizo, Carrillo, Rosado (2009);

Carrillo-Fornasier-Rosado-Toscani (2009), Motsch-ET (2014)
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mass : Oep+ V- (pu) =0
momentum :  J¢(pu) + Vi - (pu @ u+ P(f)) = pAy(u)

1°R. Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016)
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mass : Oep+ V- (pu) =0
momentum :  J¢(pu) + Vi - (pu @ u+ P(f)) = pAy(u)

e Non-local alignment A,(u)= %g/quﬁ(x,y) (u(t,y) — u(t,x))p(t,y)dy

1°R. Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016)
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Flocking hydrodynamics

mass : Otp+ Vx-(pu) =0

momentum :  J¢(pu) + Vy - (pu@u+ P(f)) = pAy(u)

e Non-local alignment A,(u)= a/
- R

dog o % y)(u(t,y) — u(t,x)) p(t,y)dy

K
e Commutator form!%: A, (u) := %[L,ﬁ,u](p),

[Lortl(p) = Lopw) = Lo, Lole) == [ olx ¥)(&(y) — £()y

1°R. Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016)
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Flocking hydrodynamics

mass : Oep+Vy-(pu) =0
momentum :  J¢(pu) + Vy - (pu@u+ P(f)) = pAy(u)
e Non-local alignment A,(u)= d(zg/]Rd@(x,y)(u(t,y) —u(t,x))p(t,y)dy
e Commutator form!%: A, (u) := %[L,ﬁ,u](p),
[Lortl(p) = Lopw) = Lo, Lole) == [ olx ¥)(&(y) — £()y

Stress tensor'®  Pj(f) = /Rd(v,- —u;)(v; —u;)f(t,x,v)dv=0

1°R. Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016)
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Flocking hydrodynamics

mass : Otp+ Vx-(pu) =0
momentum :  J¢(pu) + Vy - (pu@u+ P(f)) = pAy(u)

o(x,y)(u(t,y) — u(t,x)) p(t,y)dy

4

e Non-local alignment A,(u)= da/
S egJr

e Commutator form!%: A, (u) := %[L,ﬁ,u](p),
[Lortl(p) = Lopw) = Lo, Lole) == [ olx ¥)(&(y) — £()y
Stress tensor'®  Pj(f) = /Rd(v,- —u;)(v; —u;)f(t,x,v)dv=0

Transport+Alignment: u; + (u - Vi)u = A,(u), A,(u) = ﬁ[%, ul(p)

1R, Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016)
1063 & ET(2008); Carrillo et. al.(2012); Karper, Mellet, Trivisa (2013)
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Hydrodynamic vs. agent-base description

Vicsek model: agent-base model vs. hydrodynamic description

Particles at t = 0.00 Density and velocity at t = 0.00
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e Classical solutions must flock

_l ‘,hl

11
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%

e Classical solutions must flock

pt+ Vs -(pu) = 0, compactly sﬁpporte 00
a
urt (u-Vdu = Ay(u),  (Ap(u) = d_eg[L¢’ ul(p))

11
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Flocking behavior — bounded kernels

e Classical solutions must flock b
pt+ Vs -(pu) = 0, compactly su‘pported 00
wet (U Vau = Agu), (Aw) = (L ul(p)

Theorem!!. Set diameter [u(t)] =  sup  |u(t,x) — u(t,y)|

g x,y€Supp p(t,-)
IfueCt ~ E[u(t)] < —ap(t) [u(t)]:
[too(t) is coefficient of ergodicity > min  ¢(|x —yl)
o x,y€Supp p(t,-)
Then global interaction / #(s)ds = co ~ unconditional flocking!1®:

u(t,) =%

t—o00

unconditional flocking. ..
p(t,X) — poo(x — tu) —— 0

MET & C. Tan, Proc. Roy. Soc. A (2014);
15| ndependent of the closure relation! S.-Y. Ha & ET, KRM (2008)
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Flocking behavior — bounded kernels

e Classical solutions must flock

pt+ Vs -(pu) = 0, compactly supported ,00.
a
et (U Viu = Ap(u), (Ap(u) = Lo, ul(p))
Theorem!!. Set diameter [u(t)] =  sup  |u(t,x) — u(t,y)|

g x,y€Supp p(t,-)
IfueCt ~ E[u(t)] < —ap(t) [u(t)]:
[too(t) is coefficient of ergodicity > min  ¢(|x —yl)
o x,y€Supp p(t,-)
Then global interaction / #(s)ds = co ~ unconditional flocking!1®:

t—oo
.. . U(t, ) u
unconditional flocking. .. oo
p(t,X) — poo(x — tu) —— 0

e When does u(t,-) € Cl-solution exist? What about local interaction?

MET & C. Tan, Proc. Roy. Soc. A (2014);
15| ndependent of the closure relation! S.-Y. Ha & ET, KRM (2008)
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a0 Vu=[Loul(p) = [ o~ yl)(uly) - u()oly)ey
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a0 Vu=[Loul(p) = [ o~ yl)(uly) - u()oly)ey

e Bounded ¢ € L1 N L™ — but ¢ need not necessarily positive
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e Vu = [Lo.ul(p) = [ ollx = yl)(uly) — u()oly)dy

e Bounded ¢ € L1 N L™ — but ¢ need not necessarily positive

e Singular ¢'s —
Fractional dissipation: L = —(—A)ﬁ/2 ~ Pp(x) = ]x|—(d+ﬁ)

u(y) —u(x)

- wcruVus () = [ TEgE oy, p<2
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We have a much larger class in mind...

U+ u- Vu = Ly, ul(p / o(1x — y)(uly) — u(x))o(y)dy

e Bounded ¢ € L' N L% — but ¢ need not necessarily positive

e Singular ¢'s —
Fractional dissipation: L = —(—A)%/2 ~ ¢g(x) = |x|~(@+F)

~ ut+u-Vu:[Lﬁ,u}(p)Z/Rdwp(y)dy, B<2

e “Local action” —
Limiting case 8 = 2 — Navier-Stokes eqs. L = A

~  (pu): + V(pu®u) = V(p*Du), Du = {du;}
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e For bounded ¢'s —
under certain critical threshold conditions in configuration space

12
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e For bounded ¢'s —
under certain critical threshold conditions in configuration space

e For NS eqs'? (6 =2):  u;+ u-Vu=div(p’Vu)

2Mellet, Vasseur, C. Yu, ...

Emergent behavior in self-organized dynamics 28



On the question of global regularity — global solutions exist
e For bounded ¢'s —
under certain critical threshold conditions in configuration space
e For NS egs'? (8 =2):  u; +u-Vu = div(p’Vu)
e For singular ¢3(x) = |x|~(4t8) — for g € [1,2)

2Mellet, Vasseur, C. Yu, ...
126R Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016);
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under certain critical threshold conditions in configuration space
e For NS egs'? (8 =2):  u; +u-Vu = div(p’Vu)
e For singular ¢3(x) = |x|~(4t8) — for g € [1,2)

* No threshold restriction for singular kernels!?? 1 < 6 < 2!
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126R Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016);
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On the question of global regularity — global solutions exist

e For bounded ¢'s —
under certain critical threshold conditions in configuration space

e For NS egs'? (8 =2):  u; +u-Vu = div(p’Vu)
e For singular ¢3(x) = |x|~(4t8) — for g € [1,2)
* No threshold restriction for singular kernels!?? 1 < 6 < 2!

x 3= 1is critical ... in fact, the whole range 0 < 3 < 1 is criticall?¢

2Mellet, Vasseur, C. Yu, ...
126R Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016);
12¢po, Kiselev, Ryzhik & Tan, Global regularity for fractional Euler alignment (2017)
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On the question of global regularity — global solutions exist

e For bounded ¢'s —
under certain critical threshold conditions in configuration space
e For NS egs'? (8 =2):  u; +u-Vu = div(p’Vu)
e For singular ¢3(x) = |x|~(4t8) — for g € [1,2)
* No threshold restriction for singular kernels!?? 1 < 6 < 2!

x 3= 1is critical ... in fact, the whole range 0 < 3 < 1 is criticall?¢
x In contrast to blow-up in fractional Burgers: regularity iff?? g > 1

u(y) — u(x)
u—l—qu:/dy, b <2
‘ R |X*Y|1+ﬁ

e The role of (i) no vacuum and (ii) the spectral gap in 2D dynamics

2Mellet, Vasseur, C. Yu, ...

126R Shvydkoy & ET, Eulerian dynamics with commutator forcing (2016);

126D, Kiselev, Ryzhik & Tan, Global regularity for fractional Euler alignment (2017)
12d Caffarelli-Vasseur, Kiselev-Nazarov, Constantin-Vicol
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e Critical threshold — 1D flocking hydrodynamics'3

13Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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Progress — mostly one- and two-dimensional models

e Critical threshold — 1D flocking hydrodynamics'3

e Flocking — fractional dissipation!3®: Ps(x) = |X’—(1+B)

13Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
135Shvydkoy & ET Eulerian dynamics with commutator forcing. 1, 1l and 11l (2017)
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Progress — mostly one- and two-dimensional models

e Critical threshold — 1D flocking hydrodynamics'3

e Flocking — fractional dissipation!3®: Ps(x) = |X’—(1+B)

e Spectral gap in 2D flocking hydrodynamics'3¢

13Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
135Shvydkoy & ET Eulerian dynamics with commutator forcing. 1, 1l and 11l (2017)
13¢5 He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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Critical threshold — 1D flocking hydrodynamics™®
pe+ (pu)x =0 3

up + uuy = /qb(!x —yD(u(t,y) — u(t,x)p(t,y)dy

e 1D alignment:

%Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0 1
U + ULy = /qb(!x — y[)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)

%Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0
Up + uuy = /qb(!x — y[)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy

%Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0
Up + uuy = /qb(!x — y[)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy

d'+d* = ¢ x (pu)x — u(¢* p)x — ux(¢* p)

%Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0
Up + uuy = /qb(!x — y[)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy
— ¢ pe
! 2
d'+d" = dx(pu)x  —u(dxp)x— u(d*p)

1Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0
Up + uuy = /qb(!x — y[)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy
— (¢ *p)t
! 2
d"+d% =@ (pu)x — u(d* p)x — ux(¢ % p)

1Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

Pr + (pu)x =0 3
Up + uuy = /qb(!x — y)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy
— (¢ *p)t
, 5 —~—
d"+d° =g * (pu)x — u(d * p)x — ux(¢ % p) = —(9e + udx)¢  p — d(¢ * p)

1Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

pt + (pu)x =0

vt w = [ ol y)ult.y) — ule (e y)dy
e Rewrite ...  p: = —(pu)x
ug + uux = ¢ * (pu) — u(¢ * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy
— (¢ *p)t
, 5 —N—
d"+d° =g * (pu)x — u(d * p)x — ux(¢ % p) = —(9e + udx)¢  p — d(¢ * p)

e Riccati balanced by alignment: (d + ¢ p) = —d(d + ¢ * p)

1Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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e 1D alignment:

Pr + (pu)x =0 3
Up + uuy = /qb(!x — y)(u(t,y) — u(t, x)p(t, y)dy
e Rewrite ...  p: = —(pu)x

ur + uuy = ¢ (pu) — u(d * p)
o Differentiate along the particle path: set {-} := 9; + u0y and d := uy
— (¢ p)e
! 2
d"+d% =g (pu)x — u(¢* p)x — ux($* p) = —=(0r + udx)¢  p — d(¢ * p)
e Riccati balanced by alignment: (d + ¢ x p) = —d(d + ¢ * p)

e Global smooth solution under a critical threshold condition —

iff uj) “is not too negative”:  up(x) + & * po(x) =0

1Y -P. Choi, J. Carrillo, E.T., C. Tan (2015)
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(d+¢xp) +dd+¢xp)=0
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er=ux+p*p
(d+¢*p) +d(d+¢*p)=0
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er=ux+p*p
(d+¢xp) +dld+oxp)=0 ~ €& +ue=0
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er=ux+p*p
(d+¢*p)/+d(d+¢*p) =0 ~ e/+uXe:O

o us+uue =[Lg,ul(p), Lp(p) =p.v. / [x Yﬁ—(kﬁ) ¢ = x| ()
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er=ux+p*p
(d+¢*p)/+d(d+¢*p) =0 ~ e/+uXe:O

o us+uue =[Lg,ul(p), Lp(p) =p.v. / [x Yﬁ—(kﬁ) ¢ = x| ()

oc:=u+Lg(p): e+ ue=0
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er=ux+p*p
(d+¢xp) +dld+oxp)=0 ~ €& +ue=0

- _ p()’) — p(X) _ —(1+8)
o ur+uux = [Lg, ul(p), Lg(p) =p.v. /R mdy, ¢p = Ix|

ee:=u +Lg(p): e +ue=0 justlike p' +up=0
o 2 propagates along particle paths: (S)/ =0
p p
- S8 ¢p and therefore
P po
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er=ux+p*p
(d+oxp) +dld+oxp)=0 ~ €& +ue=0

- _ p()’) — p(X) _ —(1+8)
o ur+uux = [Lg, ul(p), Lg(p) =p.v. /R mdy, ¢5 = x|

ee:=u +Lg(p): e +ue=0 justlike p' +up=0
o < propagates along particle paths: (S)’ =0
p p
— S5 co and therefore p is bounded iff e = u, + Lg(p) is
P PO
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢*p) +d(d+¢d*p)=0 ~ & +ue=0

y) — p(x _
vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)
ee:=u +Lg(p): e +ue=0 justlike p +uxp=0

o 2 propagates along particle paths: (E)/ =0
p P

e €0
-

P po

:= ¢p and therefore p is bounded iff e = u, + Lg(p) is

e A bound on the density p4(t) = maxx p(x, t) < oo:
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢*p) +d(d+¢d*p)=0 ~ & +ue=0

— X _
vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)

oe:=u +Lg(p): e +ue=0 justlike p +uyp=0
o S propagates along particle paths: (E)/ =0
p p
€ e()
~ = = ¢p and therefore p is bounded iff e = uy + Lg(p) is
P o

e A bound on the density p4(t) = maxx p(x, t) < oo:

d
geP+ T =0
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢*p) +d(d+¢d*p)=0 ~ & +ue=0

y) — p(x _
vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)
ee:=u +Lg(p): e +ue=0 justlike p +uxp=0

o 2 propagates along particle paths: (E)/ =0
p P

e €0
-

P po

:= ¢p and therefore p is bounded iff e = u, + Lg(p) is
e A bound on the density p4(t) = maxx p(x, t) < oo:

d
P+ = (La(p+) — er)p+
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢xp) +d(d+¢xp)=0 ~ e’—l—uxe:0

vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)
oe:=u+ Lg(p): ¢ +ue=0 justlike p +up=0

o 2 propagates along particle paths: (E)/ =0
p p

- &% = ¢p and therefore p is bounded iff e = uy + Lg(p) is
P po’
e A bound on the density p4(t) = maxx p(x, t) < oo:

d
P+ = (La(p+) — er)p+

Quadratic growth —ey py ~ Co,o+ vs. decay Lg(p4) < —cpp4, —cg < —1
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢xp) +d(d+¢xp)=0 ~ e’—l—uxe:0

vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)
oe:=u+ Lg(p): ¢ +ue=0 justlike p +up=0

o 2 propagates along particle paths: (E)/ =0
p p

- &% = ¢p and therefore p is bounded iff e = uy + Lg(p) is
P po’
e A bound on the density p4(t) = maxx p(x, t) < oo:

d
4Pt = (Ls(p+) — er)ps < (—cp + co)pl

Quadratic growth —ey py ~ Copi vs. decay Lg(p4) < —cpp4, —cg < —1
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Flocking — fractional dissipation: ¢s(x) = |x|‘(1+ﬂ)
er=ux+o*p
—

(d+¢*p) +d(d+o*xp)=0 ~ e’—l—uxe:0

vt = s, ul(p). Lo(p) = p. [ BB ay, g, = x-)

oc:=u+Lg(p): e +ue=0 justlike p +uxp=0

o S propagates along particle paths: (E)/ =0
p p
€ e()
~ = = ¢p and therefore p is bounded iff e = uy + Lg(p) is
P o

e A bound on the density p4(t) = maxx p(x, t) < oo:

d
4Pt = (Ls(p+) — er)ps < (—cp + co)pl

Quadratic growth —ey py ~ Copi vs. decay Lg(p4) < —cpp4, —cg < —1
e Why p4(t) = maxx p(x, t) < co matters?
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pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)

15 Constantin-Vicol (2012);
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pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)

e In fact, substitution uy = e — A®p vyields diffusive mass eq.

gly)—8\x
Pt+pr+eP=P/\ﬁP, Aﬁg:P-V-/ ) 1J(rﬁ)dy
R |X—Y\

and likewise for momentum —  m; + umy + em = pA°’m (8 =1 critical)

15 Constantin-Vicol (2012);
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Regularization by fractional dissipation

pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)
e In fact, substitution uy = e — A%p vyields diffusive mass eq.
— X
pe+upx+ep=pNp,  Ng= P-V-/ Li(-ﬁ)dy
R X =Yl

and likewise for momentum —  m; + umy + em = pA’m (B = 1 critical)

e Drift + fractional diffusion: no Schauder estimate ...but pointwise

d g(x) — g(x +y)P
G200 < vvalpP-a(Dp)). (De)() = [ ERI=ELII,

5 Constantin-Vicol (2012);
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Regularization by fractional dissipation

pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)
e In fact, substitution uy = e — A%p vyields diffusive mass eq.
— g(x
pr+upct+ep=pNp,  Ng= p-V-/ Lﬁﬁ)dy
R X =Yl
and likewise for momentum —  m; + umy + em = pA’m (B = 1 critical)

e Drift + fractional diffusion: no Schauder estimate ...but pointwise

d g(x) — g(x +y)P
G200 < vvalpP-a(Dp)). (De)() = [ ERI=ELII,

Nonlinear max. principle!> Dpy(x) > calpx(x)]® ~ |plysis, |ulys < Const.

5 Constantin-Vicol (2012);
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Regularization by fractional dissipation

pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)
e In fact, substitution uy = e — A%p vyields diffusive mass eq.

g(y) —&(x
pe + upx +ep = pN\°p, Aﬁg:p-V-/()liﬁ)dy
R [x =Yl

and likewise for momentum —  m; + umy + em = pA’m (B = 1 critical)

e Drift + fractional diffusion: no Schauder estimate ...but pointwise

d g(x) — g(x +y)P
G200 < vvalpP-a(Dp)). (De)() = [ ERI=ELII,

Nonlinear max. principle!> Dpy(x) > calpx(x)]® ~ |plysis, |ulys < Const.
mo

e Flocking:  |p(-, ) — pao(x — tT)| < €% where 7= —
P

15Constantin-Vicol (2012); **Shvydkoy & ET, Eulerian dynamics Il. Flocking (2017)
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Regularization by fractional dissipation

pt + upx + uxp = 0 ‘implies’ uy, > —oo (at least along particle path)

e In fact, substitution uy = e — A%p vyields diffusive mass eq.

pe + upx +ep = pNp, AﬁgZP.V-/Md
R |x—y|tF

and likewise for momentum —  m; + umy + em = pA’m (B = 1 critical)

e Drift + fractional diffusion: no Schauder estimate ...but pointwise

d g(x) — g(x +y)P
G200 < vvalpP-a(Dp)). (De)() = [ ERI=ELII,

Nonlinear max. principle!> Dpy(x) > calpx(x)]® ~ |plysis, |ulys < Const.
m

where 7= —>
Po

e Global smooth solution 0 < § < 2 with no CT; Singularity helps!
15 Constantin-Vicol (2012); ***Shvydkoy & ET, Eulerian dynamics Il. Flocking (2017)
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e Flocking:  |p(-, t) — pao(x — tT)| < e




1S, He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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e C-S hydrodynamics: u; +u - Vyu = ¢ * (pu) —ud  p

1S, He & ET, Global regularity of 2D flocking hydrodynamics (2017)

Emergent behavior in self-organized dynamics 33



e C-S hydrodynamics: u; +u - Vyu = ¢ * (pu) —ud  p
e Why spectral gap? D = (0ju;), n(D) := X2(D)— A1(D)

1S, He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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e C-S hydrodynamics: u; +u - Vyu = ¢ * (pu) —ud  p
e Why spectral gap? D = (0ju;), n(D) := X2(D)— A1(D)
Dt +u - VxD + D = ¢ x d(pu) — (¢ * p) (u) — u ® (¢ * p)

-8

1S, He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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Spectral gap in 2D flocking hydrodynamics!®

- ..I-'h‘
\&
e C-S hydrodynamics: u; +u-Viu = ¢ (pu) —ugp * p b
e Why spectral gap? D = (0ju;), n(D) := X2(D) — A1(D)
Dt +u-VxD + D* = ¢ % (pu) — (¢ * p) (9u) — u® d(¢ * p)

e Now take the trace — trace(D) = divxu =: d ...

—
dt + u - Vyd + trace(D?) = ¢ * dive(pu) — (¢ % p)d — u - V(¢ * p)

185 He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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Spectral gap in 2D flocking hydrodynamics!®

e

4
L%
e C-S hydrodynamics: u; +u-Viu = ¢ (pu) —ugp * p b
e Why spectral gap? D = (0ju;), n(D) := X2(D) — A1(D)
Dt +u-VxD + D* = ¢ % (pu) — (¢ * p) (9u) — u® d(¢ * p)

e Now take the trace — trace(D) = divxu =: d ...
—oxpt
2 .
dt + u - Vid + trace(D?) = ¢ x divx(pu) — (¢ * p)d —u - Vx(¢ * p)

185 He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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Spectral gap in 2D flocking hydrodynamics!®

- ..I-'h‘
\&
e C-S hydrodynamics: u; +u-Viu = ¢ (pu) —ugp * p b
e Why spectral gap? D = (0ju;), n(D) := X2(D) — A1(D)
Dt +u-VxD + D* = ¢ % (pu) — (¢ * p) (9u) — u® d(¢ * p)

e Now take the trace — trace(D) = divxu =: d ...
—oxpt
2 .
dt + u - Vid + trace(D?) = ¢ x divx(pu) — (¢ * p)d —u - Vx(¢ * p)

(0: +u - Vy)d + trace(D?) = —(8; + u - Vy)(¢p % p) — (¢ % p)d

185 He & ET, Global regularity of 2D flocking hydrodynamics (2017)
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Spectral gap in 2D flocking hydrodynamics

- ..I-'h‘
\&
e C-S hydrodynamics: u; +u-Viu = ¢ (pu) —ugp * p b
e Why spectral gap? D = (0ju;), n(D) := X2(D) — A1(D)
Dt +u-VxD + D* = ¢ % (pu) — (¢ * p) (9u) — u® d(¢ * p)
e Now take the trace — trace(D) = divxu =: d ...
—¢*pt
f—/L
dt + u - Vyd + trace(D?) = ¢ * dive(pu) — (¢ % p)d — u - V(¢ * p)
(0r +u - Vy)d + trace(D?) = —(9: + u - Vy)(¢ % p) — (¢ % p)d

(d+¢xp) + = —(¢=p)d,
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New paradigm (with R. Shvydkoy): interaction between agents does not
only depends on the distance between them, but mainly on how crowded

is the region of influence between them

@ Flocking behavior for global kernels.
What about more realistic short-range interactions?

(with R. Shvydkoy): Singular kernels which are adapted to the density.
Regular kernels: if the variation of the density max p — min p is not too

o~

large relative to 1 — ¢(k) but independent of supp ¢
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@ A key point: in the discrete case requires propagation of connectivity;
o, ¢]

the density is bounded away from vacuum / p—(t)dt = o0
0

@ Self-organized dynamics — different type of “traits”
Agents are equipped with traits that interact with the environment;
there are ‘genotype’ traits that affect their readiness to interact.

(with J. Morales) — agents adjust to their own (internal) intensities but
they synchronize the group orientations; unifying Cucker-Smale and
Kuramoto

o How different ‘rules of engagement’ dictate large time behavior?
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