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Universality in  non-equilibrium phenomena  (cf. Polkhovnikov-Sengupta-Silva-
Vengalattore  review  1007.5331)

Motivation

Can time-dependent behaviour be described in terms of a few, robust 
parameters?

Are these related to equilibrium properties (assuming that an 
equilibrium exists)?



  
Vaidya metric

Thermalization= black hole formation; hence to study approach to 
thermalization, study  gravitational  collapse geometries. 

From  AdS/CFT



  

Predictions from holography (Vaidya metric) Liu-Suh 1305.7244, 1311.1200,  Hubeny-
Rangamani-Tonni 1302.0853)  for dynamical  entanglement entropy  (also Takayanagi 
 PCTS 2012 review) 



  

More details on thermalization
(for dynamical entanglement of a  spherical region)



  

Thermalization for strip geometry



  

Hartle-Hawking quench



  

 Instantaneous quench
.



  

 
There is a scaling region where  the neck is smoothened; these carry non-trivial 
information about the most relevant operator. These also have interpretation as the 
quasinormal modes. This will be one of our regions of interest.



  

Quench at a finite speed:

Kibble Zurek:  parameteric transition through a critical point. Universal 
features remember about the critical theory and the speed of quench 

Detail: disordered---> ordered:  let the gap m(t) pass through a critical 
point m(0)=0 at finite speed v. Initially,  in the far past, the Schrodinger 
evolution is adiabatic.  After  t

0
 such  that t

0 
=  1/m(t

0
),  it is not adiabatic, 

similar to a  sudden quench to an excited state in the gapless theory.  At 
late times  the defect density (in the ordered phase) goes as   

m

t-t
0

t
0t=0

disorder
order

Where   is the correlation function exponent. Z is the Lifshitz exponent.



  

The limit to instantaneous quench:  (Das-Myers et al 2013-14)

If the quenching parameter is taken to be the coefficient of a relevant operator ,  
with a  total change                 over a time interval         then the asymptotic one-
point function of the operator is given by           

The limit                  to instantaneous quench is subtle [Das-Galante-Myers 
1411.7710]



  

Back to entanglement entropy

How universal are the above features? Is this true also for other 
observables?  

How does one determine the time scales, and the rates in the various time segments?  

Is an asymptotic behaviour guaranteed? Under what circumstances? Is the 
asymptotic behaviour thermal?



  

Plan of the talk

1.    Instantaneous (global) quenches in a 2D CFT; asymptotic time 
development of

        ---------  thermalization function

       ----------  entanglement entropy

       ----------  equal time correlation functions  

The new result will be the calculation of thermalization rates as a 
function of conserved charges of the initial state (alternatively, as a 
function  of chemical potentials of the final ensemble) 

2.  Comparison of the above with “formation” of higher spin black 
holes

      --------- equilibrium properties

      --------- quasinormal frequencies 



  

1. Instantaneous (global) quenches in a 2D CFT. 

Since the 2D CFT does not have a scale associated with it (apart from the 
standard UV cutoff defining the theory), scales can arise from  

(a) the initial state, 

and/or 

(b) the choice of the observable whose time-development is being studied.

We will first discuss a class of initial states studied extensively by Cardy, 
Calabrese et al.

 

The idea is to essentially start with a conformal “boundary” state at the t=0 
boundary. E.g. for c=1 free scalar field theory, a  Dirichlet boundary state 
is 

Receives contribution from all modes, including infinite momenta; non-
normalizable. This requires introduction of the exponential cutoff.
Here  n/L  = momentum.



  

The cutoff         introduces a scale in the intial wavefunction. 2 ways to 
understand:

(i)                                                           This implies the existence of a 
momentum cutoff in the wavefunction 

It follows that the energy density  
    

(ii)       can be understood as an imginary time evolution (Cardy-Calabrese 
2006)    

O(0)

Euclidean CFT representationn of 



  

This allows representation of real time correlation functions in  the quenched 
state as EFT objects with complex time. 

Consequence: (1)  system attains  equilibrium which is thermal, with 

 (3)  The thermalization rate of the reduced density 
matrix  is given by 

(2)  large time limit of one-point functions is given by



  

For more general cutoffs, involving other operators than just the 
Hamiltonian, the above trick does not work. E.g. consider

The first line of reasoning appears to still work for the free 
scalar model:

1

We get

For small 
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at
ri
x
”
ρ
d
y
n
,A
(t
)
as

ρ
d
y
n
,A
(t
)
=

T
r B

ρ
d
y
n
(t
),
ρ
d
y
n
(t
)
≡

(e
x
p
[−
iH
t]
|ψ

0
〉〈
ψ
0
|e
x
p
[i
H
t]
)

(3
)

an
d
th
e
“e
q
u
il
ib
ri
u
m

re
d
u
ce
d
d
en
si
ty

m
at
ri
x
”
ρ
eq

m
,A
(β
,µ

)
as

ρ
eq

m
,A
(β
,µ

i)
=

T
r B

ρ
eq

m
=

T
r B

ex
p
[−
β
H
−
µ
iW

i]
(4
)

4
T
h
is

is
in

th
e
cl
as
s
of

ti
m
e
ev
ol
u
ti
on

s
gr
ou

p
ed

to
ge
th
er

as
a
q
u
an

tu
m

q
u
en

ch
[4
,
5]
.

5
T
h
e
co
n
si
d
er
at
io
n
of

lo
ca
l
op

er
at
or
s
ca
n
b
e
m
ot
iv
at
ed

b
y
eq
u
il
ib
ra
ti
on

m
o
d
el
s
li
ke

th
e
C
al
d
ei
ra
-L
eg
ge
tt

m
o
d
el

[6
].

T
h
e
id
ea

is
to

re
ga
rd

op
er
at
or
s
in

a
lo
ca
l
re
gi
on

A
as

th
e
“s
y
st
em

”
w
h
ic
h
is

co
u
p
le
d
to

th
e
re
st

w
h
ic
h
is
tr
ea
te
d
as

th
e
“b

at
h
”
(t
h
is
d
iv
is
io
n
is
ca
p
tu
re
d
n
at
u
ra
ll
y
b
y
a
re
d
u
ce
d
d
en

si
ty

m
at
ri
x
,
as

w
e
w
il
l
se
e

b
el
ow

).
N
ot
e
th
at

co
u
p
li
n
gs

b
et
w
ee
n
lo
ca
li
ze
d
ob

se
rv
ab

le
s
ex
is
t
ev
en

in
“f
re
e”

th
eo
ri
es

w
h
ic
h
ar
e
ty
p
ic
al
ly

ch
ar
ac
te
ri
ze
d
b
y
d
ec
ou

p
le
d
m
o
d
es

w
h
ic
h
ar
e
n
on

-l
o
ca
l,
e.
g.

m
om

en
tu
m

m
o
d
es
.

6
H
er
e
O
(t
)
=

ei
H

t
O
e−

iH
t
is

a
H
ei
se
n
b
er
g
op

er
at
or
. 2



B
is
th
e
(i
n
fi
n
it
e)

sp
at
ia
l
re
gi
on

w
h
ic
h
fo
rm

s
th
e
co
m
p
le
m
en
t
of
A
.7

T
h
e
en
ti
re

H
il
b
er
t
sp
ac
e

is
as
su
m
ed

to
b
e
of

th
e
fo
rm

H
A
⊗

H
B
.
T
r B

im
p
li
es

tr
ac
in
g
ov
er

H
B
.
T
h
e
m
ot
iv
at
io
n
fo
r

co
n
si
d
er
in
g
a
re
d
u
ce
d
d
en
si
ty

m
at
ri
x
in

th
e
co
n
te
x
t
of

th
er
m
al
iz
at
io
n
is
d
es
cr
ib
ed

in
fo
ot
n
ot
e

5.
W
e
d
efi
n
e
th
e
“t
h
er
m
al
iz
at
io
n
fu
n
ct
io
n
fo
r
th
e
re
gi
on

A
”
as

th
e
ov
er
la
p
I
(t
)
b
et
w
ee
n
th
e

d
y
n
am

ic
al

re
d
u
ce
d
d
en
si
ty

m
at
ri
x
an

d
th
e
eq
u
il
ib
ri
u
m

re
d
u
ce
d
d
en
si
ty

m
at
ri
x
[9
]
8

I
(t
)
=

T
r(
ρ̂
d
y
n
,A
(t
)ρ̂

eq
m
,A
(β
,µ

i)
)
=

T
r(
ρ
d
y
n
,A
(t
)ρ

eq
m
,A
(β
,µ

i)
)

[T
r(
ρ
d
y
n
,A
(t
)2
)T

r(
ρ
eq

m
,A
(β
,µ

i)
2
)]
1
/
2

(5
)

H
er
e
ρ̂
=
ρ
/√

T
rρ

2
d
en
ot
es

a
‘s
q
u
ar
e-
n
or
m
al
iz
ed
’
d
en
si
ty

m
at
ri
x
.9

A
rm

ed
w
it
h
th
es
e
d
efi
n
it
io
n
s,
w
e
w
il
l
n
ow

b
ri
efl
y
st
at
e
ou

r
re
su
lt
s.

R
e
su

lt
s:

In
th
is

p
ap

er
,
w
e
w
il
l
re
st
ri
ct

ou
rs
el
ve
s
to

1+
1
d
im

en
si
on

al
C
F
T
,
p
ar
am

et
ri
ze
d

b
y
co
or
d
in
at
es
σ
,t
∈
R

2
.
W
e
ta
ke

th
e
en
ta
n
gl
in
g
re
gi
on

A
to

b
e
a
si
n
gl
e
in
te
rv
al

of
le
n
gt
h

l:
σ
∈
(−
l/
2,
l/
2)
.
W
e
w
il
l
d
efi
n
e
ou

r
in
it
ia
l
q
u
en
ch
ed

st
at
e
|ψ

0
〉a

s
fo
ll
ow

s
1
0

|ψ
0
〉=

ex
p
[(
−
β
H
−
µ
iW

i)
/4
]|B

d
〉

(6
)

H
er
e
|B
d
〉i

s
a
co
n
fo
rm

al
b
ou

n
d
ar
y
st
at
e;

th
e
ex
p
on

en
ti
al

fa
ct
or

cu
ts

off
th
e
U
V

m
o
d
es

to
m
ak
e
th
e
st
at
e
n
or
m
al
iz
ab

le
.
T
h
e
cu
t-
off

p
ar
am

et
er
s
ar
e
d
en
ot
ed

b
y
β
,µ

i
b
ec
au

se
th
ey

tu
rn

ou
t
to

co
in
ci
d
e
w
it
h
th
e
β
,µ

i
of

th
e
eq
u
il
ib
ri
u
m

en
se
m
b
le
,
in

th
e
se
n
se

m
en
ti
on

ed
b
el
ow

(2
).

A
.
T
h
e
m
ai
n
re
su
lt
of

ou
r
p
ap

er
is
th
at

th
e
th
er
m
al
iz
at
io
n
fu
n
ct
io
n
h
as

th
e
fo
ll
ow

in
g
fo
rm

I
(t
)
=

1
−
α
e−

2
γ
t
+
..
.,

(7
)

w
h
er
e

γ
=

2π β

[ ∆
+
∑ n

µ̃
n
Q

n
+
O
(µ

2
)] ,

Q
n
=

1

(2
π
)n

−
2
(i

n
q n

+
(−
i)

n
q̄ n
)

(8
)

W
e
w
il
l
d
efi
n
e
th
e
d
im

en
si
on

le
ss

q
u
an

ti
ti
es

l̃
≡
l/
β
,µ̃

n
≡

µ
n

β
n
−
1
,

(9
)

T
h
e
re
su
lt
(7
)
is
va
li
d
in

th
e
li
m
it
t
≫

β
1
1
,
th
e
co
effi

ci
en
t
α
is
ex
p
re
ss
ed

in
a
d
ou

b
le

ex
p
an

si
on

in
µ̃
,l̃
.
∆
,Q

n
re
fe
r,

re
sp
ec
ti
ve
ly
,
to

th
e
sc
al
in
g
d
im

en
si
on

(=
2h

)
an

d
th
e

7
T
h
ro
u
gh

ou
t
th
is

p
ap

er
,
w
e
w
il
l
co
n
si
d
er

fi
el
d
th
eo
ri
es

w
it
h
an

in
fi
n
it
e
sp
at
ia
l
ex
te
n
t.

8
H
er
e
an

d
b
el
ow

w
e
w
il
l
w
ri
te

T
r A

as
T
r
w
h
en

it
is

ob
v
io
u
s
fr
om

th
e
co
n
te
x
t.

9
N
ot
e
th
at

op
er
at
or
s
in

a
H
il
b
er
t
sp
ac
e
H

ca
n
th
em

se
lv
es

b
e
re
ga
rd
ed

as
ve
ct
or
s
in

H
×

H
∗ ;

u
n
d
er

th
is

in
te
rp
re
ta
ti
on

T
r(
A

B
)
d
efi

n
es

a
p
os
it
iv
e
d
efi

n
it
e
sc
al
ar

p
ro
d
u
ct
.
W

it
h
th
is

u
n
d
er
st
an

d
in
g,

w
e
w
il
l
re
ga
rd

th
e
h
at
te
d
d
en

si
ty

m
at
ri
ce
s
as

u
n
it

ve
ct
or
s.

1
0
H
er
e
w
e
ca
n
ta
ke
,
fo
r
W

i,
ge
n
er
ic

co
n
se
rv
ed

ch
ar
ge
s
b
es
id
es

th
e
h
am

il
to
n
ia
n
;
h
ow

ev
er
,
fo
r
th
e
p
u
rp
os
es

of
th
is

p
ap

er
,
w
e
w
il
l
id
en
ti
fy

th
em

w
it
h
W

i-
ch
ar
ge
s
of

2D
C
F
T

(m
u
ch

of
w
h
at

w
e
sa
y
w
il
l
go

th
ro
u
gh

in
d
ep

en
d
en
t
of

th
is

sp
ec
ifi
c
ch
oi
ce

as
lo
n
g
as

th
es
e
ch
ar
ge
s
m
u
tu
al
ly

co
m
m
u
te

an
d
ar
e
d
efi

n
ed

fr
om

ch
ar
ge

d
en

si
ti
es

w
h
ic
h
ar
e
q
u
as
ip
ri
m
ar
y
fi
el
d
s
of

th
e
co
n
fo
rm

al
al
ge
b
ra
).

1
1
M
or
e
st
ri
ct
ly
,
fo
r
t
−
l/
2
≫

β
,
b
u
t
th
e
d
is
ti
n
ct
io
n
is
n
ot

v
is
ib
le

in
th
e
sh
or
t
in
te
rv
al

ex
p
an

si
on

em
p
lo
ye
d

h
er
e
w
h
ic
h
is

va
li
d
fo
r
l̃
=

l/
β
≪

1.

3



(s
h
if
te
d
)
W

n
-c
h
ar
ge
s
(5
8)

of
th
e
sp
ec
ifi
c
p
ri
m
ar
y
fi
el
d
φ

w
h
ic
h

co
rr
es
p
on

d
s
to

th
e

‘s
lo
w
es
t
tr
an

si
en
t’
(i
.e
.
it
h
as

th
e
m
in
im

u
m

∆
am

on
g
al
l
q
u
as
ip
ri
m
ar
y
fi
el
d
s
w
h
ic
h
h
av
e

a
n
on

-z
er
o
ex
p
ec
ta
ti
on

va
lu
e
in

th
e
in
it
ia
l
st
at
e
|ψ

0
〉).

1
2
T
h
e
µ
=

0
re
su
lt
co
rr
es
p
on

d
s

to
th
e
re
su
lt
q
u
ot
ed

fo
r
I
(t
)
in

[9
].

1
3

B
.
T
h
e
m
ai
n
in
gr
ed
ie
n
t
u
se
d
to

d
er
iv
e
th
e
re
su
lt

(7
)
is

th
e
ca
lc
u
la
ti
on

of
th
e
on

e-
p
oi
n
t

fu
n
ct
io
n

of
a
p
ri
m
ar
y

fi
el
d
φ
k
in

th
e
st
at
e
|ψ

0
〉
(6
)
as

a
fu
n
ct
io
n

of
th
e
ch
em

ic
al

p
ot
en
ti
al
s
µ̃
n
.
T
h
e
on

e-
p
oi
n
t
fu
n
ct
io
n
,
at

la
rg
e
ti
m
es
t,

tu
rn
s
ou

t
to

b
eh
av
e
as

(s
ee
,

e.
g.

(8
1)
)a
n
d
(8
1)

fo
r
d
et
ai
ls
)

〈φ
k
(0
,t
)〉

=
〈φ

k
(0
,t
)〉 µ

=
0
×
a
(µ
)e

−
γ
k
t

(1
0)

w
h
er
e
w
e
h
av
e
ig
n
or
ed

fa
st
er

tr
an

si
en
ts
.
T
h
e
ti
m
e-
in
d
ep

en
d
en
t
q
u
an

ti
ty
a
(µ
)
is
of

th
e

fo
rm

a
(µ
)
=

1
+
o(
µ
).

T
h
e
im

p
or
ta
n
t
p
oi
n
t
to

n
ot
e
th
at

th
e
th
er
m
al
iz
at
io
n
ra
te

th
at

ap
p
ea
rs

h
er
e
is
th
e
sa
m
e
as

in
(8
),
w
h
er
e
∆
,Q

n
re
fe
r
to

p
ro
p
er
ti
es

of
th
e
fi
el
d
φ
k
.
T
h
e

on
e-
p
oi
n
t
fu
n
ct
io
n
w
it
h
ze
ro

ch
em

ic
al

p
ot
en
ti
al

is
gi
ve
n
b
y
(9
7)
.

C
o
n
se
q
u
e
n
ce

s:
L
et

u
s
w
or
k
ou

t
so
m
e
im

m
ed
ia
te

co
n
se
q
u
en
ce
s
of

(7
).

1.
T
h
er
m
al
iz
at
io
n
:
E
q
.
(7
)
im

p
li
es

th
at

I
(t
)

t→
∞

−−
−→

1,
(1
1)

S
in
ce
I
(t
),
as

d
efi
n
ed

in
(5
),
sa
ti
sfi
es

a
C
au

ch
y
-S
ch
w
ar
z
in
eq
u
al
it
y

1
4
,
th
e
ab

ov
e
im

p
li
es

th
at

(i
)
ρ̂
d
y
n
,A
(t
)

t→
∞

−−
−→

ρ̂
eq

m
,A

(i
i)
〈ψ

0
|O

(σ
1
,t
)O

(σ
2
,t
).
..
|ψ

0
〉=

T
r(
ρ̂
d
y
n
,A
(t
)O

(σ
1
)O

(σ
2
).
..
)

t→
∞

−−
−→

T
r(
ρ̂
eq

m
,A
O
(σ

1
)O

(σ
2
).
..
),

σ
1
,σ

2
,.
..
∈
A

(1
2)

T
h
e
fi
rs
t
eq
u
al
it
y
in

(i
i)
fo
ll
ow

s
fr
om

th
e
fa
ct

th
at

ex
p
ec
ta
ti
on

va
lu
es

of
lo
ca
l
op

er
at
or
s

in
th
e
re
gi
on

A
ar
e
gi
ve
n
b
y
th
ei
r
ex
p
ec
ta
ti
on

va
lu
es

in
th
e
re
d
u
ce
d
d
en
si
ty

m
at
ri
x
.

T
h
is
p
ro
ve
s
th
er
m
al
iz
at
io
n
(1
)
fo
r
ou

r
ch
oi
ce

of
in
it
ia
l
st
at
es
.

2.
E
q
.
(7
)
im

p
li
es

th
e
fo
ll
ow

in
g
as
y
m
p
to
ti
c
b
eh
av
io
u
r
of

th
e
d
y
n
am

ic
al

re
d
u
ce
d
d
en
si
ty

m
at
ri
x

ρ̂
d
y
n
,A
(t
)
=
ρ̂
eq

m
,A
(β
,µ

i)
( 1
−
α
e−

2
γ
t
+
..
.) +

Q̂
( √

2α
e−

γ
t
+
..
.)

(1
3)

A
s
b
ef
or
e,

th
e
om

it
te
d
te
rm

s
re
p
re
se
n
t
h
ig
h
er

tr
an

si
en
ts
.
T
o
p
ro
ve

th
is
,
w
e
d
ec
om

-
p
os
e
th
e
u
n
it
ve
ct
or
ρ̂
d
y
n
,A
(t
)
al
on

g
th
e
u
n
it
ve
ct
or
ρ̂
eq

m
,A
(β
,µ

i)
an

d
a
(p
os
si
b
ly

ti
m
e-

d
ep

en
d
en
t)

or
th
og
on

al
u
n
it
ve
ct
or
Q̂

(h
er
e
w
e
u
se

th
e
n
ot
io
n
of

u
n
it
ve
ct
or
s
an

d
sc
al
ar

1
2
W
e
w
il
l
as
su
m
e
h
er
e
th
at

th
e
sp
ec
tr
u
m

of
su
ch

∆
’s

is
b
ou

n
d
ed

b
el
ow

b
y
a
fi
n
it
e
p
os
it
iv
e
n
u
m
b
er
.
In

ca
se

of
a
fr
ee

sc
al
ar

fi
el
d
th
eo
ry
,
w
e
ca
n
ac
h
ie
ve

th
is

b
y
co
n
si
d
er
in
g
a
co
m
p
ac
ti
fi
ed

ta
rg
et

sp
ac
e.

1
3
O
u
r
re
su
lt
d
iff
er
s
fr
om

[9
]
b
y
a
fa
ct
or

of
2.

1
4
T
h
is

ca
n
b
e
p
ro
ve
d
b
y
u
si
n
g
th
e
sc
al
ar

p
ro
d
u
ct

of
fo
ot
n
ot
e
9
.
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p
ro
d
u
ct

d
efi
n
ed

in
fo
ot
n
ot
e
9)
.
T
h
e
co
m
p
on

en
t
al
on

g
th
e
fi
rs
t
ve
ct
or

fo
ll
ow

s
fr
om

(7
)

an
d
th
e
or
th
og
on

al
co
m
p
on

en
t
is
d
et
er
m
in
ed

b
y
th
e
to
ta
l
n
or
m
al
iz
at
io
n
.
T
h
e
op

er
at
or

Q̂
th
u
s
sa
ti
sfi
es

T
r(
Q̂

2
)
=

1,
T
r(
Q̂
ρ̂
eq

m
,A
(β
,µ

i)
)
=

0
(1
4)

T
h
is
d
o
es

n
ot

u
n
iq
u
el
y
d
et
er
m
in
e
Q̂
.
H
ow

ev
er
,
w
e
w
il
l
n
ev
er
th
el
es
s
b
e
ab

le
to

u
se

(1
3)

to
re
la
te

ou
r
re
su
lt
s
to

th
e
k
n
ow

n
ti
m
e-
d
ep

en
d
en
ce

of
en
ta
n
gl
em

en
t
en
tr
op

y
[1
0,

4]
,
an

d
of

on
e-
p
oi
n
t
fu
n
ct
io
n
of

p
ri
m
ar
y
op

er
at
or
s.

In
p
ar
ti
cu
la
r,

w
e
w
il
l
fi
n
d
b
el
ow

th
at

th
e

ex
p
on

en
ti
al

ti
m
e-
d
ep

en
d
en
ce

in
(1
3)

co
rr
es
p
on

d
s
to

a
ro
u
n
d
in
g
off

of
th
e
d
y
n
am

ic
al

en
ta
n
gl
em

en
t
en
tr
op

y
cu
rv
e
ar
ou

n
d
t
=
l/
2.

3.
Q
u
as
in
or
m
al

m
o
d
es
:
In

a
h
ol
og
ra
p
h
ic

m
o
d
el
,
(1
2)

d
es
cr
ib
es

an
ap

p
ro
ac
h
to

a
h
ig
h
er

sp
in

b
la
ck

h
ol
e
(H

S
B
H
)
ge
om

et
ry
,
as

th
e
eq
u
il
ib
ri
u
m

en
se
m
b
le

in
th
e
C
F
T

h
as

b
ee
n

in
te
rp
re
te
d
in

[1
1,

12
]
in

te
rm

s
of

a
H
S
B
H
.
T
h
er
ef
or
e,

(1
3)

re
p
re
se
n
ts

a
p
er
tu
rb
at
io
n

of
th
e
b
u
lk

fi
el
d
s
fr
om

a
b
ac
k
gr
ou

n
d
H
S
B
H

ge
om

et
ry
.

T
h
e
ex
p
on

en
ti
al

d
ec
ay

th
u
s

co
rr
es
p
on

d
s
to

th
e
k
n
ow

n
ex
p
on

en
ti
al

d
ec
ay

of
q
u
as
in
or
m
al

m
o
d
es

in
th
e
b
u
lk
.
W
e

w
il
l
co
m
p
ar
e
ou

r
ex
p
on

en
t
γ
(µ̃
)
b
el
ow

w
it
h

q
u
as
in
or
m
al

fr
eq
u
en
ci
es

of
H
S
B
H

[1
3]

(m
or
e
d
et
ai
ls

w
il
l
b
e
p
ro
v
id
ed

in
a
fo
rt
h
co
m
in
g
p
u
b
li
ca
ti
on

[1
4]
).

**
*
R
ef
er

to
Q
N
M

se
ct
io
n
.

T
h
e
p
la
n
of

th
e
p
ap

er
is
as

fo
ll
ow

s.
In

S
ec
ti
on

2
C
a
lc
u
la
ti
o
n
o
f
I
(t
)
fo
r
µ
i
=
0

L
et

u
s
w
ri
te

(7
)
in

th
e
fo
rm

I
(t
)
=
Z

sc
/√

Z
ss
Z

cc
=
Ẑ

sc
/√

Ẑ
ss
Ẑ

cc
,

Z
sc
≡

T
r(
ρ
d
y
n
,A
(t
)ρ

eq
m
,A
(β
,µ

))
,
Ẑ

sc
=
Z

sc
/(
Z

s
Z

c
)

Z
ss
≡

T
r(
ρ
d
y
n
,A
(t
)ρ

d
y
n
,A
(t
))
,
Ẑ

ss
=
Z

ss
/Z

2 s
,

Z
cc
≡

T
r(
ρ
eq

m
,A
(β
,µ

)ρ
eq

m
,A
(β
,µ

))
,
Ẑ

cc
=
Z

cc
/Z

2 c
,

Z
s
=

T
r(
ρ
d
y
n
(t
))

=
〈ψ

0
|ψ

0
〉,
Z

c
=

T
r(
ρ
β
,µ
)

(1
5)

F
or

th
e
re
st

of
th
e
se
ct
io
n
,
w
e
w
il
l
p
u
t
µ
i
=

0.
S
om

e
of

th
e
re
su
lt
s
of

th
is
se
ct
io
n
ar
e
b
ri
efl
y

d
es
cr
ib
ed

in
[9
].
W
e
w
il
l
co
m
e
b
ac
k
to

n
on

-z
er
o
ch
em

ic
al

p
ot
en
ti
al
s
in

th
e
n
ex
t
se
ct
io
n
.
H
er
e

th
e
su
b
sc
ri
p
ts
s
an

d
c
re
fe
r
to

a
‘s
tr
ip
’
an

d
a
‘c
y
li
n
d
er
’
ge
om

et
ry

as
d
es
cr
ib
ed

ab
ov
e
E
q
.

(1
9)
. F
or

co
n
ve
n
ie
n
ce

w
e
w
il
l
fi
rs
t
co
m
p
u
te

th
es
e
q
u
an

ti
ti
es

in
E
u
cl
id
ea
n
ti
m
e
τ
=
it
an

d
la
te
r

an
al
y
ti
ca
ll
y
co
n
ti
n
u
e
b
ac
k
to

L
or
en
tz
ia
n
ti
m
e.

W
it
h
th
is
,
ea
ch

of
th
e
ex
p
re
ss
io
n
s
Z

sc
,Z

ss
,Z

cc

is
of

th
e
fo
rm T
r(
ρ
A
,1
ρ
A
,2
)
=

∫ g
eo

m
et
ry

1

D
ϕ
1

∫ g
eo

m
et
ry

2

D
ϕ
2
δ(
F
[ϕ

1
,ϕ

2
])
ex
p
(−
S
[ϕ

1
]−

S
[ϕ

2
])

(1
6)
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w
h
er
e
S
[ϕ
]
re
p
re
se
n
ts

th
e
ac
ti
on

fo
r
th
e
C
F
T

(w
it
h
fi
el
d
s
ϕ
)
an

d
th
e
d
el
ta
-f
u
n
ct
io
n
al

in
th
e

m
ea
su
re

re
p
re
se
n
ts

a
gl
u
in
g
co
n
d
it
io
n
b
et
w
ee
n
a
ge
om

et
ry

‘1
’
an

d
a
ge
om

et
ry

‘2
’
al
on

g
a

‘c
u
t’
w
h
ic
h
is
th
e
lo
ca
ti
on

,
at

a
p
ar
ti
cu
la
r
ti
m
e
τ
,
of

th
e
sp
at
ia
l
in
te
rv
al
A

:
σ
∈
(−
l/
2,
l/
2)

1
5
F
or
Z

ss
,
b
ot
h
ge
om

et
ri
es

ar
e
th
at

of
a
st
ri
p
of

th
e
E
u
cl
id
ea
n
p
la
n
e
d
es
cr
ib
ed

b
y
co
m
p
le
x

co
or
d
in
at
es

(w
,w̄

)
=
σ
±
iτ

d
efi
n
ed

b
y
b
ou

n
d
ar
ie
s
at
τ
=
±
β
/4

w
it
h
b
ou

n
d
ar
y
co
n
d
it
io
n
s

d
et
er
m
in
ed

b
y
th
e
b
ou

n
d
ar
y
st
at
e
|B
d
〉
in
tr
o
d
u
ce
d
in

(6
).

F
or

Z
cc
,
b
ot
h
ge
om

et
ri
es

ar
e

th
at

of
a
cy
li
n
d
er

cu
t
of

th
e
E
u
cl
id
ea
n
p
la
n
e
w
it
h
id
en
ti
fi
ed

b
ou

n
d
ar
ie
s
at
τ
=
−
β
/4
,3
β
/4
.

T
h
e
ge
om

et
ri
es

fo
r
b
ot
h
Z

ss
an

d
Z

cc
ar
e
fa
m
il
ia
r
fr
om

ca
lc
u
la
ti
on

s
of

E
n
ta
n
gl
em

en
t
R
en
y
i

en
tr
op

y
(o
f
or
d
er

2)
an

d
ca
n
b
e
ca
lc
u
la
te
d
fr
om

ap
p
ro
p
ri
at
e
co
rr
el
at
io
n
fu
n
ct
io
n
s
of

tw
is
t

fi
el
d
s
[1
5]

w
h
ic
h
ex
ch
an

ge
tw

o
id
en
ti
ca
l
ge
om

et
ri
es
.
F
or
Z

sc
,
th
e
tw

o
gl
u
ed

ge
om

et
ri
es

ar
e

d
iff
er
en
t
(t
h
at

of
a
st
ri
p
an

d
a
cy
li
n
d
er
),
h
en
ce

th
e
m
et
h
o
d
of

tw
is
t
op

er
at
or
s
d
o
n
ot

ap
p
ly

in
a
st
ra
ig
h
tf
or
w
ar
d
fa
sh
io
n
.
(S
ee

F
ig
u
re

1)
.
In

th
is

p
ap

er
,
w
e
w
il
l
th
er
ef
or
e,

em
p
lo
y
th
e

m
et
h
o
d
of

th
e
sh
or
t
in
te
rv
al

ex
p
an

si
on

.

F
ig
u
re

1:
T
h
e
gl
u
ed

st
ri
p
an

d
cy
li
n
d
er

al
on

g
th
e
cu
t.

2
.1

S
h
o
rt

in
te
rv
a
l
e
x
p
a
n
si
o
n

T
h
e
id
ea

of
th
e
sh
or
t
in
te
rv
al

ex
p
an

si
on

[1
6]

is
as

fo
ll
ow

s.
T
o
b
eg
in
,
w
e
ex
p
re
ss

th
e
fu
n
ct
io
n
al

in
te
gr
al

(1
6)

as
an

ov
er
la
p
of

tw
o
w
av
ef
u
n
ct
io
n
s
in

H
1
⊗
H

2
,
as

fo
ll
ow

s

Z
1
2
=

T
r(
ρ
A
,1
ρ
A
,2
)
=
〈ψ

o
u
t|ψ

in
〉=

∫ w
1
∈D

1

D
ϕ
1
(w

1
)∫ w

2
∈D

2

D
ϕ
2
(w

2
)
ψ
in
[ϕ

1
,ϕ

2
]
ψ

∗ o
u
t[
ϕ
1
,ϕ

2
]

ψ
in
[ϕ

1
,ϕ

2
]
≡

∫ w
1
∈D

1

D
ϕ
1
(w

1
)∫ w

2
∈D

2

D
ϕ
2
(w

2
)δ
(ϕ

1
| ∂D

1
−
ϕ
1
)δ
(ϕ

2
| ∂D

2
−
ϕ
2
)δ
(F

[ϕ
1
,ϕ

2
])
ex
p
(−
S
[ϕ

1
]−

S
[ϕ

2
])

ψ
o
u
t[
ϕ
1
,ϕ

2
]
≡

∫ w
1
/∈D

1

D
ϕ
1
(w

1
)∫ w

2
/∈D

2

D
ϕ
2
(w

2
)δ
(ϕ

1
| ∂D

1
−
ϕ
1
)δ
(ϕ

2
| ∂D

2
−
ϕ
2
)
ex
p
(−
S
[ϕ

1
]−

S
[ϕ

2
])

(1
7)

H
er
e
D 1

(r
es
p
ec
ti
ve
ly
,
D 2

)
is
a
sm

al
l
d
is
c
d
ra
w
n
ar
ou

n
d
th
e
cu
t
in

ge
om

et
ry

1
(r
es
p
ec
ti
ve
ly
,

ge
om

et
ry

2)
.

N
ot
e
th
at

on
ly
|ψ

in
〉
d
ep

en
d
s
on

th
e
gl
u
in
g
co
n
d
it
io
n
si
n
ce

th
e
d
el
ta

fu
n
ct
io
n
al

in
th
e

m
ea
su
re

d
o
es

n
ot

aff
ec
t
|ψ

o
u
t〉.

T
h
e
b
as
ic

p
oi
n
t
of

th
e
sh
or
t
in
te
rv
al

is
th
at

in
th
e
li
m
it

w
h
en

th
e
le
n
gt
h
l
of

th
e
cu
t
is

sm
al
l
co
m
p
ar
ed

w
it
h
th
e
ch
ar
ac
te
ri
zi
n
g
le
n
gt
h
sc
al
e
of

th
e

ge
om

et
ri
es

(i
n
ou

r
ca
se
,
w
h
en

l
≪

β
),
th
e
w
av
ef
u
n
ct
io
n
ψ
in
[ϕ

1
,ϕ

2
]
b
ec
om

es
jo
in
tl
y
lo
ca
li
ze
d

at
th
e
ce
n
tr
e
(w

1
,w̄

1
)
of

th
e
d
is
c
D 1

an
d
at

th
e
ce
n
tr
e
(w

2
,w̄

2
)
of

th
e
d
is
c
D 2

1
6
,
an

d
h
en
ce

1
5
T
o
b
e
p
re
ci
se
,
δ[
F
]
=

δ(
ϕ
1
(A

<
)
−
ϕ
2
(A

>
))

δ(
ϕ
1
(A

>
)
−
ϕ
2
(A

<
))
,
w
h
er
e
A

<
(A

>
)
re
p
re
se
n
ts

th
e
li
m
it
in
g

va
lu
e
fr
om

b
el
ow

(a
b
ov
e)

th
e
cu

t.
1
6
W
e
w
il
l
ta
ke

th
e
ce
n
tr
e
of

th
e
d
is
c
in

ea
ch

ge
om

et
ry

to
co
in
ci
d
e
w
it
h
th
e
ce
n
tr
e
of

th
e
cu

t,
w
h
ic
h
h
as

co
or
d
in
at
es

w
=

iτ
,w̄

=
−
iτ
.
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ca
n
b
e
ex
p
an

d
ed

in
te
rm

s
of

lo
ca
l
op

er
at
or
s,
as

fo
ll
ow

s

|ψ
in
〉=

∑ k
1
,k

2

C
k
1
,k

2
φ
k
1
(w

1
,w̄

1
)
φ
k
2
(w

2
,w̄

2
)|0
〉 1
⊗
|0〉

2
(1
8)

H
er
e
k
1
,k

2
la
b
el
a
co
m
p
le
te

b
as
is
of

q
u
as
ip
ri
m
ar
y
op

er
at
or
s
of

th
e
C
F
T
H
il
b
er
t
sp
ac
e.

E
ac
h

te
rm

in
th
e
su
m

re
p
re
se
n
ts

a
fa
ct
or
iz
ed

w
av
ef
u
n
ct
io
n
(b
et
w
ee
n
ge
om

et
ri
es

1
an

d
2)
,
w
h
ic
h
,

th
er
ef
or
e,

gi
ve
s

1
7

Ẑ
sc
=

∑ k
1
,k

2

C
k
1
,k

2
〈φ

k
1
(w

1
,w̄

1
)〉 s

tr
〈φ

k
2
(w

2
,w̄

2
)〉 c

y
l,

Ẑ
ss
=

∑ k
1
,k

2

C
k
1
,k

2
〈φ

k
1
(w

1
,w̄

1
)〉 s

tr
〈φ

k
2
(w

2
,w̄

2
)〉 s

tr
,

Ẑ
cc
=

∑ k
1
,k

2

C
k
1
,k

2
〈φ

k
1
(w

1
,w̄

1
)〉 c

y
l〈φ

k
2
(w

2
,w̄

2
)〉 c

y
l

(1
9)

H
er
e
th
e
su
b
sc
ri
p
ts
st
r
an

d
cy
l
re
fe
r
to

“s
tr
ip
”,

an
d
“c
y
li
n
d
er
”
re
sp
ec
ti
ve
ly
.
T
h
e
on

e-
p
oi
n
t

fu
n
ct
io
n
s
ar
e
ev
al
u
at
ed

on
th
e
re
sp
ec
ti
ve

ge
om

et
ri
es

w
it
h
ou

t
an

y
cu
t
(s
ee

S
ec
ti
on

B
fo
r
m
or
e

d
et
ai
ls
).

T
h
e
gl
u
ed

fu
n
ct
io
n
al

in
te
gr
al

(1
6)
,
(1
7)

is
re
co
ve
re
d
b
y
su
m
m
in
g
ov
er
k
1
,k

2
w
it
h

th
e
co
effi

ci
en
ts
C

k
1
,k

2
;
,
as

cl
ea
r
fr
om

(1
9)

th
es
e
ar
e
d
et
er
m
in
ed

b
y
th
e
gl
u
in
g
co
n
d
it
io
n
an

d
d
ep

en
d
on

th
e
si
ze

of
th
e
cu
t
[1
6]

(s
ee

S
ec
ti
on

A
fo
r
m
or
e
d
et
ai
ls
).

2
.1
.1

C
o
n
fo
rm

a
l
m
a
p

W
e
w
il
l
fi
n
d
it
co
n
ve
n
ie
n
t
to

co
m
p
u
te

co
rr
el
at
or
s
on

th
e
cy
li
n
d
er

b
y
m
ap

p
in
g
th
e
op

er
at
or
s

to
th
e
in
fi
n
it
e
p
la
n
e,

u
si
n
g
th
e
co
n
fo
rm

al
m
ap

z
=
i
ex
p
[(
2π
/b
)w

]
(2
0)

T
h
e
sa
m
e
m
ap

al
so

m
ap

s
th
e
st
ri
p
to

th
e
u
p
p
er

h
al
f
p
la
n
e
(U

H
P
).
W

it
h
th
is
,
th
e
m
id
-p
oi
n
t

of
th
e
cu
t
ge
ts

m
ap

p
ed

to

z
=
i
ex
p
[(
2π
τ
/b
)]
=
i
ex
p
[−

2π
t/
β
]

(2
1)

w
h
er
e
th
e
la
st

ex
p
re
ss
io
n
u
se
s
th
e
L
or
en
zi
an

ti
m
e
t
=
−
iτ
.
T
h
e
‘i
m
ag
e’
p
oi
n
t
fo
r
co
rr
el
at
or
s

on
th
e
st
ri
p
ge
ts

m
ap

p
ed

to z′
=
z̄
=
−
i
ex
p
[(
2π
τ
/b
)]
=
−
i
ex
p
[2
π
t/
β
]

(2
2)

N
ot
e
th
at

fo
r
la
rg
e
ti
m
es
z
→

0
w
h
er
e
z′
→
−
i∞

.

2
.2

P
ro

o
f
o
f
th

e
rm

a
li
za

ti
o
n

A
rm

ed
w
it
h
th
e
in
gr
ed
ie
n
ts

ab
ov
e,

w
e
w
il
l
n
ow

p
ro
ve

(1
1)
.

1
7
In

ca
se

ge
om

et
ri
es

1
an

d
2
ar
e
id
en
ti
ca
l,
th
e
su
p
er
sc
ri
p
ts

in
w

i,
w̄

i,
i
=

1,
2
in
d
ic
at
e
w
h
ic
h
sh
ee
t
w
e
ar
e

co
n
si
d
er
in
g.
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P
ro
of
:

N
ot
e
th
at

th
e
on

ly
on

e-
p
oi
n
t
fu
n
ct
io
n
s
on

th
e
st
ri
p
th
at

su
rv
iv
e
in

th
e
li
m
it
t
→
∞

ar
e
on

es
fo
r
w
h
ic
h

〈φ
k
〉 cy

l
=
〈φ

k
〉 st

r

A
ll
ot
h
er

on
e-
p
oi
n
t
fu
n
ct
io
n
s
fo
r
w
h
ic
h
th
e
va
lu
e
on

th
e
st
ri
p
d
iff
er
s
fr
om

th
e
on

e
on

th
e

cy
li
n
d
er

ar
e
th
os
e
w
h
ic
h
h
av
e
a
ti
m
e-
d
ep

en
d
en
ce

gi
ve
n
b
y
(z
−
z̄)

−
2
h
k
∝

ex
p
[−

4π
th

k
/β

]
(s
ee

S
ec
ti
on

B
).
H
en
ce

in
th
e
la
rg
e
ti
m
e
li
m
it
al
l
su
ch

on
e-
p
oi
n
t
fu
n
ct
io
n
s
va
n
is
h
.

In
th
is
li
m
it
,
th
er
ef
or
e,
Z

sc
=
Z

ss
=
Z

cc
,
h
en
ce

I
(t
→
∞
)
=

1

w
h
ic
h
p
ro
ve
s
(1
1)
.

2
.3

T
h
e
rm

a
li
za

ti
o
n

ra
te

γ

T
o
ev
al
u
at
e
I
(t
)
at

fi
n
it
e
ti
m
es
,
w
e
or
ga
n
iz
e
th
e
te
rm

s
in
Ẑ

sc
,Ẑ

ss
,Ẑ

cc
as

fo
ll
ow

s

Ẑ
sc
=
C

0
,0
(1

+
S
sc 1
),
S
sc 1
=

∑ a

Ĉ
a
,0
(〈φ

a
〉 st

r
+
〈φ

a
〉 cy

l)
+
∑ a

b

Ĉ
a
,b
〈φ

a
〉 st

r
〈φ

b
〉 cy

l

Ẑ
ss
=
C

0
,0
(1

+
S
ss 1
+
S
ss 2
),
S
ss 1
=

2
∑ a

Ĉ
a
,0
〈φ

a
〉 st

r
+
∑ a

b

Ĉ
a
,b
〈φ

a
〉 st

r
〈φ

b
〉 st

r
,
S
ss 2
=

∑ k

Ĉ
k
,k
(〈φ

k
〉 st

r
)2

Ẑ
cc
=
C

0
,0
(1

+
S
cc 1
),
S
cc 1
=

2
∑ a

Ĉ
a
,0
〈φ

a
〉 cy

l
+
∑ a

b

Ĉ
a
,b
〈φ

a
〉 cy

l〈φ
b
〉 cy

l
(2
3)

w
h
er
e
a
,b
,.
..
d
en
ot
e
d
es
ce
n
d
en
ts

of
th
e
id
en
ti
ty

op
er
at
or
,
k
la
b
el
s
ot
h
er

p
ri
m
ar
ie
s
(t
h
an

th
e

id
en
ti
ty
)
an

d
th
ei
r
d
es
ce
d
en
ts
.
Ĉ
≡
C
/C

0
,0
.
U
si
n
g
th
e
re
su
lt
s
in

S
ec
ti
on

s
A

an
d
B

w
e
ge
t

S
sc 1
=
−
a
T
l̃2
( 1

+
O
(l̃
)2
)
+
a
T
T̄
l̃4
e−

8
π
t̃
( 1

+
O
(l̃
)2
)
+
O
(e

−
8
π
t̃ )

S
ss 1
=
−
a
T
l̃2
( 1

+
O
(l̃
)2
)
+
2a

T
T̄
l̃4
e−

8
π
t̃
( 1

+
O
(l̃
)2
)
+
O
(e

−
8
π
t̃ )

S
ss 2
=

∑ k

[ a
k
l̃4

h
k
e−

8
π
h
k
t̃
( 1

+
O
(l̃
)2
)
+
O
(e

−
1
2
π
h
k
t̃ )
]

S
cc 1
=
−
a
T
l̃2
( 1

+
O
(l̃
)2
)

a
T
=
cπ

2

24
,
a
T
T̄
=
A

T
T̄
π
4

8c
a
k
=
A

2 k

n
k

( π 2

) 4
h
k

(2
4)

T
o
th
is

or
d
er
,
it

is
ea
sy

to
se
e
th
at

th
e
co
n
tr
ib
u
ti
on

to
I
(t
)
fr
om

d
es
ce
n
d
en
ts

of
id
en
ti
ty
,

d
em

ar
ca
te
d
b
y
a
T
,a

T
T̄
,
va
n
is
h
es
.
T
h
e
le
ad

in
g
co
n
tr
ib
u
ti
on

to
I
(t
),
d
em

ar
ca
te
d
b
y
a
k
,
o
cc
u
rs

on
ly

in
D

2
an

d
co
m
es

fr
om

th
e
p
ri
m
ar
y
fi
el
d
φ
m
(z
,z̄
)
fo
r
w
h
ic
h
h
k
is
th
e
m
in
im

u
m

(=
h
m
).

W
it
h
th
is
w
e
ge
t

I
(t
)
=

1
−
α
ex
p
[−
γ
t]
+
..
.,
γ
=

8π
h
m
=

4π
∆

m
(2
5)

w
h
ic
h
is
of

th
e
fo
rm

(7
)
fo
r
µ
=

0,
w
it
h

α
≡
A

2 m

n
m

( π 2

) 4
h
m

(l̃
)4

h
m

( 1
+
O
(l̃
)2
)

(2
6)
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T
h
e
d
is
ca
rd
ed

te
rm

s
in

(2
5)

ar
e
fa
st
er

tr
an

si
en
ts
.
T
h
is
p
ro
ve
s
(7
)
fo
r
ze
ro

ch
em

ic
al

p
ot
en
ti
al
.

T
h
is
re
su
lt
h
as

al
re
ad

y
ap

p
ea
re
d
in

[9
].

1
8

T
h
e
le
ad

in
g
ti
m
e-
d
ep

en
d
en
ce

of
I
(t
)
co
m
es

fr
om
〈φ

m
(w
,w̄

)〉2 st
r
.
N
ot
e
th
at
,
at

la
rg
e
t

〈φ
k
(w
,w̄

)〉 s
tr
∝

co
sh
(2
π
t/
β
)−

2
h
m
∼

ex
p
[−

2π
∆

m
t/
β
]

(2
7)

w
h
er
e
w
e
h
av
e
u
se
d
E
q
s.

(9
7)

an
d
(9
8)
,
an

d
th
e
fa
ct

th
at

sc
al
in
g
d
im

en
si
on

is
∆

m
=

2h
m
.

3
C
o
m
p
a
ri
so

n
w
it
h

ca
lc
u
la
ti
o
n
s
o
f
E
E

A
cc
or
d
in
g
to

ou
r
ca
lc
u
la
ti
on

s,
th
e
ra
te

of
fa
ll
-o
ff
of

th
e
ti
m
e-
d
ep

en
d
en
t
d
en
si
ty

m
at
ri
x
is

ρ̂
d
y
n
,A
(t
)
=

(1
−
α
ex
p
(−

2γ
t)
)ρ̂

eq
m
,A
+
Q̂
(t
)√

2α
ex
p
(−
γ
t)

(2
8)

A
ft
er

la
rg
e
ti
m
es
,
th
e
ex
p
re
ss
io
n
b
ec
om

es

ρ̂
d
y
n
,A
(t
)
≃

ρ̂
eq

m
,A
+
Q̂
(t
)√

2α
ex
p
(−
γ
t)

=
ρ̂
eq

m
,A
(1

+
ex
p
(−
γ
t)
√
2α
ρ̂
−
1

eq
m
,A
Q̂
(t
))

(2
9)

W
e
sh
al
l
u
se

th
e
ex
p
re
ss
io
n
29

to
co
m
p
u
te

th
e
ti
m
e-
d
ep

en
d
en
t
co
rr
ec
ti
on

to
th
e
en
ta
n
gl
em

en
t

en
tr
op

y.
F
or

d
oi
n
g
so
,
w
e
ca
lc
u
la
te

th
e
fo
ll
ow

in
g
q
u
an

ti
ty
,

lo
g
ρ̂
d
y
n
,A
(t
)

=
lo
g
ρ̂
eq

m
,A
+
lo
g
(1

+
ex
p
(−
γ
t)
√
2α
Q̂
(t
)ρ̂

−
1

eq
m
,A
)

≃
lo
g
ρ̂
eq

m
,A
+
ex
p
(−
γ
t)
√
2α
Q̂
(t
)ρ̂

−
1

eq
m
,A

(3
0)

T
h
e
d
y
n
am

ic
al

en
ta
n
gl
em

en
t
en
tr
op

y
is
th
en

gi
ve
n
b
y

S
d
y
n
,A

=
−
T
r(
ρ̂
d
y
n
,A
(t
)
lo
g
ρ̂
d
y
n
,A
(t
))

≃
−
T
r(
ρ̂
eq

m
,A
lo
g
ρ̂
eq

m
,A
)
−
T
r(
Q̂
(t
))
√
2α

ex
p
(−
γ
t)
−
T
r(
Q̂
(t
)
lo
g
ρ̂
eq

m
,A
)√

2α
ex
p
(−
γ
t)

or
,

S
d
y
n
,A
(t
)
=
S
eq

m
,A
−
T
r(
Q̂
(t
)(
1
+
lo
g
ρ̂
eq

m
,A
))
√
2α

ex
p
(−
γ
t)

(3
1)

H
er
e,
γ
=

(4
π
h
m
/β

).
T
h
e
ab

ov
e
ex
p
re
ss
io
n
gi
ve
s
u
s
th
e
fo
rm

fo
r
th
e
d
ec
ay

of
th
e
en
ta
n
gl
em

en
t
en
tr
op

y
fo
r
a
si
n
gl
e

in
te
rv
al

on
a
st
ri
p
.
T
h
is
ge
n
er
ic

st
at
em

en
t
ca
n
b
e
te
st
ed

in
th
e
p
re
m
is
es

of
th
e
fo
rm

u
la
ti
on

d
u
e
to

[1
0]

w
h
er
e
w
e
sh
al
l
ex
p
li
ci
tl
y
sh
ow

th
e
an

al
og
y.

In
[1
0]
,
on

e
co
n
si
d
er
s
2
d
is
jo
in
t
in
te
rv
al
s
on

2
se
p
ar
at
e
fi
el
d
th
eo
ri
es

(a
th
er
m
al

C
F
T

an
d
it
s

th
er
m
al

d
ou

b
le
)
an

d
ca
lc
u
la
te
s
th
e
en
ta
n
gl
em

en
t
en
tr
op

y
fo
r
th
e
sa
m
e.

O
u
r
ca
se

is
th
at

of
a
si
n
gl
e
in
te
rv
al

on
a
st
ri
p
(h
al
f-
cy
li
n
d
er
).

T
o
ca
lc
u
la
te

th
e
en
ta
n
gl
em

en
t
en
tr
op

y
fo
r
su
ch

a
sy
st
em

u
si
n
g
th
e
re
p
li
ca

tr
ic
k
,
on

e
m
u
st

ca
lc
u
la
te

th
e
n
-t
h
or
d
er

R
én
y
i
en
tr
op

y.
T
h
e
tr
ac
e
of

th
e
n
-t
h
or
d
er

R
én
y
i
en
tr
op

y
is

gi
ve
n
b
y
th
e
2
p
t.

fu
n
ct
io
n
of

a
tw

is
t
an

d
an

an
ti
-t
w
is
t
op

er
at
or

in
se
rt
ed

at
th
e
2
en
d
p
oi
n
ts

of
th
e
in
te
rv
al

on
th
e
st
ri
p
.

I n
=

T
r(
ρ̂
n A
)
=
〈σ

+
(w

1
,w̄

1
)σ̃

−
(w

2
,w̄

2
)〉 s

tr
(3
2)

1
8
O
u
r
ex
p
on

en
t
d
iff
er
s
fr
om

C
ar
d
y
’s

va
lu
e
b
y
a
fa
co
r
of

2.
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U
si
n
g
th
e
m
et
h
o
d
of

im
ag
es

(o
n
a
cy
li
n
d
er
),
on

e
ca
n
w
ri
te

th
e
ab

ov
e
2
p
t.

fu
n
ct
io
n
as

a
fo
u
r

p
oi
n
t
fu
n
ct
io
n
on

th
e
cy
li
n
d
er
,

〈σ
+
(w

1
,w̄

1
)σ̃

−
(w

2
,w̄

2
)〉 s

tr
=
〈σ

+
(w

1
)σ̃

−
(w

2
)σ

+
(w

′ 1
)σ̃

−
(w

′ 2
)〉 c

y
l

(3
3)

N
ow

,
h
ow

ev
er
,
al
l
th
e
tw

is
t/
an

ti
-t
w
is
t
op

er
at
or
s
ar
e
h
ol
om

or
p
h
ic

al
on

e.
In

[1
0]
,
th
e
n
-t
h
or
d
er

R
én
y
i
en
tr
op

y
is
gi
ve
n
b
y

I n
,M

a
l
=
〈σ

+
(w

1
,w̄

1
)σ

−
(w

2
,w̄

2
)σ

+
(w

3
,w̄

3
)σ

−
(w

4
,w̄

4
)〉 c

y
l

(3
4)

O
u
r
ca
lc
u
la
ti
on

in
vo
lv
es

ju
st

th
e
h
ol
om

or
p
h
ic

p
ar
t
of

th
e
ab

ov
e.

T
h
u
s,

J
n
=

√
I n

,M
a
l
=
〈σ

+
(w

1
)σ

−
(w

2
)σ

+
(w

3
)σ

−
(w

4
)〉 c

y
l

w
it
h
w

3
=
w

′ 2
an

d
w

4
=
w

′ 1
.
T
h
e
tw

is
t
op

er
at
or
s
ar
e
in
se
rt
ed

at
th
e
fo
ll
ow

in
g
p
oi
n
ts
:

w
1
=

0,
w

2
=
l,

,w
3
=
w

′ 2
=
l
+
iβ 2

+
2t
,

w
4
=
w

′ 1
=

+
iβ 2

+
2t

(3
5)

T
h
e
m
ap

fr
om

th
e
cy
li
n
d
er

to
th
e
U
H
P

is
z
=

ex
p
( 2

π
w

β

) .
T
h
e
n
-t
h
or
d
er

R
én
y
i
en
tr
op

y
is

th
en

gi
ve
n
b
y,

J
n
=

(
β 2π

) −
4
h
n
( 2

si
n
h
π
l β

) −
4
h
n

x
2
h
n
G

n
(x
)

(3
6)

w
it
h

x
=

(z
1
−
z 2
)(
z′ 2
−
z′ 1
)

(z
1
−
z′ 2
)(
z 2
−
z′ 1
)
=

2
si
n
h
2
(π

l β
)

co
sh
(2

π
l

β
)
+
co
sh
(4

π
t

β
)

(3
7)

an
d

G
n
(x
,)

=
〈σ

+
(0
)σ

−
(x
)σ

+
(1
)σ

−
(∞

)〉 C
(3
8)

T
h
e
fu
n
ct
io
n
in

38
re
fe
rs

to
tw

is
t
op

er
at
or
s
th
at

h
av
e
b
ee
n
in
se
rt
ed

on
a
si
n
gl
e
p
la
n
e.

In
[1
0]
,
th
ey

co
n
si
d
er

th
e
li
m
it
,

t β
,
l 2β
≫

1
(3
9)

w
h
er
e
l
is
th
e
si
ze

of
th
e
in
te
rv
al
.
In

th
is
li
m
it
,
th
e
cr
os
s
ra
ti
o
b
ec
om

es

x
∼

ex
p
( 2

π
l

β

)

ex
p
( 2

π
l

β

) +
ex
p
( 4

π
t

β

)
(4
0)

T
o
ca
lc
u
la
te

th
e
ti
m
e
in
d
ep

en
d
en
t
p
ar
t
of

th
e
E
E
,
th
ey

co
n
si
d
er

th
e
la
rg
e
ti
m
e
li
m
it
,

( t
−
l 2

)
≫

β
(4
1)

In
th
is
li
m
it
,
th
e
cr
os
s
ra
ti
o
x
∼

0
an

d
th
is
is
th
e
d
om

in
at
in
g
O
P
E
ch
an

n
el
.
W
e
ar
e,
h
ow

ev
er
,

in
te
re
st
ed

in
ca
lc
u
la
ti
n
g
th
e
as
y
m
p
to
ti
c
fa
ll
-o
ff
b
eh
av
io
u
r
of

th
e
E
E
.
T
h
u
s,
w
e
sh
al
l
co
n
si
d
er

th
e
li
m
it
,

( t
−
l 2

)
>
β

(4
2)
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In
th
is

li
m
it
,
th
e
cr
os
s-
ra
ti
o
x
∼

ex
p
(−

4
π β
(t
−
l/
2)
).

T
h
e
d
om

in
at
in
g
O
P
E

ch
an

n
el

is
st
il
l

x
∼

0.
C
al
cu
la
ti
n
g
38
,
in

th
e
x
∼

0
O
P
E
ch
an

n
el
,
w
h
il
e
ta
k
in
g
in
to

ac
co
u
n
t
th
e
co
n
tr
ib
u
ti
on

fr
om

th
e
op

er
at
or

w
it
h
th
e
lo
w
es
t
d
im

en
si
on

,
w
e
ge
t

G
n
(x
)
≃

(
1

x
2
h
n
+
C

2 σ
+
σ
−
O

m

1

x
2
h
n
−
h
m

)
(4
3)

R
ep
la
ci
n
g
th
is
in
to

ex
p
re
ss
io
n
36
,
w
e
ge
t

J
n
=

(
β π
si
n
h
π
l β

) −
4
h
n
( 1

+
C

2 σ
+
σ
−
O

m
(n
)x

h
m

)
(4
4)

T
h
u
s,
th
e
en
ta
n
gl
em

en
t
en
tr
op

y
is
gi
ve
n
b
y

S
A
(d
y
n
)

=
S
(n

)
A
| n=

1
=
−
∂
n
J
n
| n=

1

=
c 3
lo
g

(
β π
si
n
h
π
l β

) f 1
(x
)
+
(∂

n
lo
g
f n
(x
))
| n=

1
[f

1
(x
)]

(4
5)

w
h
er
e

f n
(x
)
=

( 1
+
C

2 σ
+
σ
−
O

m
(n
)x

h
m

)
(4
6)

S
in
ce

w
e
ar
e
in
te
re
st
ed

in
fi
n
d
in
g
on

ly
th
e
la
rg
e
ti
m
e
fa
ll
-o
ff
b
eh
av
io
u
r
of
S
A
,d
y
n
(t
),

w
e
ca
n

ch
o
os
e
to

ig
n
or
e
th
e
2n

d
te
rm

in
th
e
ab

ov
e
ex
p
re
ss
io
n
b
ec
au

se
it
w
ou

ld
co
n
tr
ib
u
te

as
a
h
ig
h
er

or
d
er

tr
an

si
en
t.

T
h
er
ef
or
e,

in
th
e
la
rg
e
ti
m
e
li
m
it
(w

it
h
x
∼

ex
p
(−

4
π β
(t
−
l/
2)
))
,

S
A
(d
y
n
)
≃

[ c 3
lo
g

(
β 2π
ǫ
ex
p
π
l β

)]
( 1

+
C

2 σ
+
σ
−
O

m
(n

=
1)
x
h
m

)

≃
(
π
c 3

l β
+
4S

d
iv

)(
1
+
C

2 σ
+
σ
−
O

m
(1
)
ex
p
(−

4π
h
m

β
(t
−
l/
2)
))

(4
7)

H
er
e,

S
d
iv
=

c 12
lo
g

(
β 2π
ǫ)

(4
8)

T
h
u
s,

th
e
d
y
n
am

ic
al

en
ta
n
gl
em

en
t
en
tr
op

y
se
tt
le
s
d
ow

n
to

th
e
eq
u
il
ib
ri
u
m

en
ta
n
gl
em

en
t

en
tr
op

y
in

th
e
fo
ll
ow

in
g
fa
sh
io
n
,

S
A
(d
y
n
)
≃
S
A
(e
q
m
)(
1
+
C

2 σ
+
σ
−
O

m
ex
p
(−

4π
h
m

β
(t
−
l/
2)
)

(4
9)

H
er
e,

w
e
sh
ou

ld
al
so

b
ri
efl
y
m
en
ti
on

th
e
re
su
lt

at
ea
rl
y
ti
m
es
.
T
h
e
li
m
it
s
fo
r
ca
lc
u
la
ti
n
g

co
rr
ec
ti
on

s
in

th
is
ca
se

w
ou

ld
b
e, t β
,
l 2β
≫

(
l 2
−
t)

>
β

(5
0)
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In
th
es
e
li
m
it
s,
th
e
cr
os
s
ra
ti
o
is
x
∼

(1
−
ex
p
(−

4
π β
(t
−
l/
2)
))
an

d
th
e
x
∼

1
ch
an

n
el
d
om

in
at
es
.

T
h
e
fo
rm

of
th
e
S
A
(d
y
n
)
w
ou

ld
,
h
ow

ev
er
,
st
il
l
re
m
ai
n
th
e
sa
m
e
w
it
h
(t
−
l/
2)

n
ow

re
p
la
ce
d

b
y
(l
/2
−
t)
.

C
om

p
ar
in
g
th
e
re
su
lt

49
to

th
e
on

e
w
e
go
t
in

(3
1)
,
it

is
ea
sy

to
se
e
th
at

a
sh
or
t
in
te
rv
al

ex
p
an

si
on

of
th
e
ab

ov
e
re
su
lt

w
ou

ld
gi
ve

u
s
a
m
at
ch
,
to

le
ad

in
g
or
d
er
,
in

th
e
as
y
m
p
to
ti
c

fa
ll
-o
ff
d
y
n
am

ic
s
of

th
e
en
ta
n
gl
em

en
t
en
tr
op

y.
T
h
e
im

p
or
ta
n
t
h
in
t
th
at

th
is
re
su
lt
p
ro
v
id
es

is
th
e
p
os
si
b
il
it
y
th
at

th
e
sh
or
t-
in
te
rv
al

ex
p
an

si
on

m
ay

n
ot

b
e
al
l
th
at

im
p
or
ta
n
t
in

p
ro
v
in
g

th
er
m
al
iz
at
io
n
.

4
E
ff
e
ct

o
f
tu

rn
in
g
o
n

a
si
n
g
le

ch
e
m
ic
a
l
p
o
te
n
ti
a
l
µ
n

F
or

si
m
p
li
ci
ty

w
e
w
il
l
fi
rs
t
tu
rn

on
on

ly
a
si
n
gl
e
µ
n
fo
r
a
sp
ec
ifi
c
n
,
an

d
p
u
t
al
l
ot
h
er

ch
em

ic
al

p
ot
en
ti
al
s
to

ze
ro
.
W
e
w
il
l
d
efi
n
e
th
e
fo
ll
ow

in
g
n
ot
at
io
n
s

|ψ
(t
)〉

=
ex
p
[−
µ
n
W

n
/4
]
|ψ

(0
) (
t)
〉,

|ψ
(0
) (
t)
〉=

ex
p
[−
β
H
/4
−
iH
t]
|B
d
〉,

ρ
d
y
n
(t
)
=

ex
p
[−
µ
n
W

n
/4
]
ρ
(0
)

d
y
n
(t
)
ex
p
[−
µ
n
W

n
/4
],
ρ
(0
)

d
y
n
(t
)
=
|ψ

(0
) (
t)
〉〈
ψ

(0
) (
t)
|

ρ
eq

m
(β
,µ

)
=

ex
p
[−
µ
n
W

n
]
ρ
eq

m
(β
,0
)

(5
1)

H
er
e
|ψ

0
〉,
ρ
d
y
n
(t
),
ρ
eq

m
(β
,µ

)
ar
e
as

d
efi
n
ed

in
(6
),
(3
)
an

d
(2
),
an

d
|ψ

0
(0
)〉
≡

ex
p
[−
β
H
/4
]|B

d
〉.

In
th
e
p
re
se
n
ce

of
µ
n
,
I
(t
)
is

ag
ai
n
gi
ve
n
b
y
th
e
eq
u
at
io
n
(1
5)
,
w
h
ic
h
,
in

tu
rn
,
is

gi
ve
n

b
y
(1
9)
,
w
it
h
th
e
fo
ll
ow

in
g
ch
an

ge
s
in

th
e
on

e-
p
oi
n
t
fu
n
ct
io
n
s:

〈φ
k
(w
,w̄

)〉 s
tr
→
〈φ

k
(w
,w̄

)〉µ st
r
≡
〈e

−
µ
n 4
W

n
φ
k
1
(w
,w̄

)e
−

µ
n 4
W

n
〉 st

r

〈e
−

µ
n 2
W

n
〉 st

r

〈φ
k
1
(w
,w̄

)〉 c
y
l
→
〈φ

k
1
(w
,w̄

)〉µ cy
l
≡
〈e

−
µ
n
W

n
φ
k
1
(w
,w̄

)〉 c
y
l

〈e
−
µ
n
W

n
〉 cy

l

(5
2)

T
o
se
e
th
e
ab

ov
e,

n
ot
e
th
at

th
e
eff

ec
t
of

th
e
µ
-d
ef
or
m
at
io
n
(5
1)
,
in

te
rm

s
of

th
e
d
is
cu
ss
io
n
s

in
(1
6)
-(
19
),
is
to

(a
)
in
se
rt
e−

µ
n
W

n
/
4
b
ef
or
e
an

d
th
e
af
te
r
th
e
cu
t
in

th
e
st
ri
p
,
an

d
(b
)
in
se
rt

e−
µ
n
W

n
b
ef
or
e
or

af
te
r
th
e
cu
t
in

th
e
cy
li
n
d
er
.
T
h
e
d
en
or
m
in
at
or
s
in

th
e
ab

ov
e
eq
u
at
io
n

en
su
re

th
e
p
ro
p
er

n
or
m
al
iz
at
io
n
〈1
〉µ s

=
〈1
〉µ c

=
1
(t
h
es
e
fo
ll
ow

fr
om

th
e
u
se

of
th
e
n
or
m
al
iz
ed

q
u
an

ti
ti
es
Ẑ

in
(1
9)
.

4
.1

O
n
e
-p

o
in
t
fu
n
ct
io
n

o
n
th

e
st
ri
p

w
it
h
µ
-d
e
fo
rm

a
ti
o
n

In
th
e
fo
ll
ow

in
g
w
e
w
il
l
co
m
p
u
te
〈φ

k
(w
,w̄

)〉µ s
. 12



4
.1
.1

O
(µ

n
)
ca

lc
u
la
ti
o
n

W
e
n
ot
e
th
at

th
e
ch
ar
ge
W

n
ca
n
b
e
w
ri
tt
en

as
a
co
n
to
u
r
in
te
gr
al
ov
er

a
co
n
se
rv
ed

h
ol
om

p
or
h
ic

cu
rr
en
t
W

(w
1
)
an

d
it
s
an

ti
h
ol
om

p
or
p
h
ic

co
u
n
te
rp
ar
t
W̄

(w̄
1
):

1
9

W
n
=

1 2π

∫ Γ

W
τ
τ
..
.τ
d
σ
=

1 2π

∫ Γ

( i
n
d
w

1
W

n
(w

1
)
+
(−
i)

n
d
w̄

1
W̄

n
(w̄

1
))

=
1 2π

(
2π β

) n
−
1
  i

n

∫ Γ

d
z 1

 
zn

−
1

1
W

n
(z

1
)
+

⌊n
/
2
⌋

∑ m
=
1

a
n
,n
−
2
m
zn

−
2
m
−
1

1
W

n
−
2
m
(z

1
) 

+
(a
n
ti
h
ol
) 

(5
3)

In
th
e
fi
rs
t
li
n
e
w
e
co
n
si
d
er

Γ
to

b
e
al
on

g
τ
=

co
n
st
an

t
li
n
e,

al
on

g
w
h
ic
h
d
w

1
=
d
w̄

1
=
d
σ
.

In
th
e
se
co
n
d
li
n
e
w
e
h
av
e
tr
an

sf
or
m
ed

b
ot
h
th
e
cu
rr
en
ts

an
d
th
e
in
te
gr
at
io
n
va
ri
ab

le
to

z-
co
or
d
in
at
es

u
si
n
g
th
e
co
n
fo
rm

al
m
ap

(2
0)
;
th
e
lo
w
er

or
d
er

cu
rr
en
ts

ap
p
ea
r,

w
it
h
k
n
ow

n
n
u
m
er
ic
al

co
effi

ci
en
ts
a
n
,2
−
2
m
,
in

th
e
co
n
fo
rm

al
tr
an

sf
or
m
at
io
n
of
W

n
cu
rr
en
ts

w
h
ic
h
ar
e
n
ot

p
ri
m
ar
y.

2
0

U
si
n
g
th
is
re
p
re
se
n
ta
ti
on

of
th
e
W

n
-c
h
ar
ge
,
w
e
ca
n
ea
si
ly

sh
ow

th
at

δ µ
〈φ

k
(w
,w̄

)〉 s
tr
=
〈φ

k
(w
,w̄

)〉µ st
r
−
〈φ

k
(w
,w̄

)〉 s
tr

=
−
µ
n 4

1 2π

∫ Γ
+
Γ
′
d
w

1
in
〈W

n
(w

1
)φ

k
(w
,w̄

)〉 s
tr
,c
o
n
n
+
an

ti
h
ol

=
−
A

k
µ
n

8π
(2
π
/β

)n
−
1
in
∫ Γ

+
Γ
′

[ d
z 1

( z
n
−
1

1
(z
z′
)2

h
k
〈W

n
(z

1
)φ

k
(z
)φ

k
(z

′ )
〉 co

n
n
+
..
.) +

an
ti
h
ol
] (5
4)

T
h
e
n
ot
at
io
n
A

k
is

as
in

(9
8)
.

T
h
e
el
li
p
se
s
d
en
ot
e
th
e
lo
w
er

or
d
er

cu
rr
en
ts

in
d
ic
at
ed

in
(5
3)

—
th
e
ca
lc
u
la
ti
on

of
th
es
e
is

a
st
ra
ig
h
tf
or
w
ar
d
ge
n
er
al
iz
at
io
n
of

th
e
st
ep
s
b
el
ow

an
d

w
il
l
n
ot

b
e
w
ri
tt
en

ex
p
li
ci
tl
y.

T
h
e
co
n
n
ec
te
d
th
re
e-
p
oi
n
t
fu
n
ct
io
n
〈W

n
φ
φ
〉i
s
gi
ve
n
b
y

〈W
n
(z

1
)φ

k
(z
)φ

k
(z

′ )
〉 co

n
n
=
q n
(z

1
−
z)

−
n
(z

1
−
z′
)−

n
(z
−
z′
)n
〈φ

k
(z
)φ

k
(z

′ )
〉 co

n
n

(5
5)

w
h
er
e
q n

is
th
e
W

n
-c
h
ar
ge

of
th
e
fi
el
d
φ
k
.
W
e
n
ow

n
ot
e
th
e
re
su
lt

fo
r
fo
ll
ow

in
g
in
d
efi
n
it
e

in
te
gr
al

I n
(z

1
,z
,z

′ )
=

∫
d
z 1
zn

−
1

1
(z

1
−
z)

−
n
(z

1
−
z′
)−

n
(z
−
z′
)n

=
R

n(
z z′

)
[l
n
(z

1
−
z)
−
ln
(z

1
−
z′
)]
+
..
.,
R

n
(x
)
=

1
+
o(
x
),

(5
6)

In
th
e
d
efi
n
it
e
in
te
gr
al
,
al
l
te
rm

s
co
m
in
g
fr
om

th
e
u
p
p
er

li
m
it
z 1

=
∞

al
l
ca
n
ce
l
ou

t
am

on
gs
t

th
em

se
lv
es
;
th
e
co
n
tr
ib
u
ti
on

fr
om

th
e
lo
w
er

li
m
it
z 1

=
0
gi
ve
s

−
ln
(−
z)

+
ln
(−
z′
)
=

4π
t/
β

1
9
In

th
e
fo
ll
ow

in
g,

w
e
w
il
l
d
en

ot
e
th
e
in
te
gr
at
io
n
va
ri
ab

le
s
al
on

g
co
n
to
u
rs

b
y
w

1
,w

2
,.
.
in

th
e
w
-c
o
or
d
in
at
es
,

an
d
z 1
,z

2
,.
.
in

th
e
z
-c
o
or
d
in
at
es
.

2
0
N
ot
e,

e.
g.

th
at

T
(z

0
)W

4
(z

1
)
O
P
E
h
as

a
T
(z

1
)
te
rm

,
b
es
id
es

th
e
u
su
al
W

4
(z

1
)
an

d
∂
W

4
(z

1
)
te
rm

s.
T
h
is

m
ea
n
s
th
at

u
n
d
er

a
co
n
fo
rm

al
m
ap

,
e.
g.

(2
0
),

th
e
W

4
cu

rr
en
t
m
ix
es

w
it
h
T
.
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w
h
er
e
w
e
h
av
e
u
se
d
th
e
va
u
es

of
(z
,z

′ )
as

in
(2
1)

an
d
(2
2)
.
T
h
e
om

it
te
d
te
rm

s
in

(5
6)

ar
e

su
b
le
ad

in
g
at

la
rg
e
t
(s
ee

A
p
p
en
d
ix

C
).
M
u
lt
ip
ly
in
g
th
e
ab

ov
e
b
y
a
fa
ct
or

of
2
(t
o
ta
ke

in
to

ac
co
u
n
t
th
e
tw

o
co
n
to
u
rs
),

co
m
b
in
in
g
w
it
h
th
e
an

ti
h
ol
om

or
p
h
ic

co
n
tr
ib
u
ti
on

,
an

d
ta
k
in
g

in
to

ac
co
u
n
t
th
e
lo
w
er

or
d
er

cu
rr
en
ts

d
en
ot
ed

b
y
..
.
in

(5
4)
,
w
e
ge
t

δ µ
〈φ

k
(w
,w̄

)〉 s
tr
=
〈φ

k
(w
,w̄

)〉 s
tr
(1
−
µ̃
n
(Q

n
2π
t/
β
+
r 1
)
+
O
(µ

2
))

Q
n
=

1

(2
π
)n

−
2
(i

n
q n

+
(−
i)

n
q̄ n
)

(5
7)

w
h
er
e
w
e
h
av
e
u
se
d
th
e
sh
if
te
d
ch
ar
ge
s

q n
=
q n

+

⌊n
/
2
−
1
⌋

∑ m
=
1

a
n
,n
−
2
m
q n

−
2
m

(5
8)

an
d
th
ei
r
an

it
h
ol
om

or
p
h
ic

co
u
n
te
rp
ar
ts
.
In

(5
7)
r 1

is
so
m
e
ti
m
e-
in
d
ep

en
d
en
t
te
rm

w
h
ic
h
is

n
ot

im
p
or
ta
n
t
at

la
rg
e
t,
co
m
p
ar
ed

to
th
e
li
n
ea
r
t
p
ie
ce
.

4
.1
.2

H
ig
h
e
r
o
rd

e
rs

in
µ
n

B
ef
or
e
p
ro
ce
ed
in
g
w
it
h
th
e
h
ig
h
er

or
d
er

ca
lc
u
la
ti
on

,
le
t
u
s
re
d
o
th
e
O
(µ
)
ca
lc
u
la
ti
on

in
a

si
m
p
le
r
fa
sh
io
n
.
T
h
e
re
su
lt
(5
6)

is
ac
tu
al
ly

m
or
e
ge
n
er
al
:

J
n
(z

1
,z
)
≡

∫
d
z 1
g
(z

1
)(
z 1
−
z)

−
n
=
R

n
(z
)
ln
(z

1
−
z)

+
m
er
om

or
p
h
ic

in
(z

1
−
z)

w
h
er
e

R
n
(z
)
=

R
es
id
u
e z

1
=
z
[g
(z

1
)(
z 1
−
z)

−
n
]
=

1 2π
i

∮ z

d
z 1

[g
(z

1
)(
z 1
−
z)

−
n
]

(5
9)

T
h
e
re
su
lt
ca
n
b
e
ob

ta
in
ed

b
y
an

ex
p
li
ci
t
ca
lc
u
la
ti
on

b
y
th
e
su
b
st
it
u
ti
on

z 1
=
z
+
y
,
g
(z

1
)
=

g
(z
)+
y
g
′ (
z)
+
..
.+
y
n
−
1
/(
n
−
1)
!g

(n
−
1
) (
z)
+
..
..
A
lt
er
n
at
iv
el
y
it
ca
n
b
e
u
n
d
er
st
o
o
d
b
y
d
ef
or
m
in
g

th
e
co
n
to
u
r
of

in
te
gr
at
io
n
in
J
n
so

th
at

th
e
u
p
p
er

li
m
it
z 1

is
m
ov
ed

ar
ou

n
d
z
b
y
an

an
gl
e

2π
,
y
→

y
e2

π
i ,
so

th
at
R

n
(z
)
ln
(y
)
→

R
n
(z
)(
ln
(y
)
+
2π
i)
;
th
is
id
en
ti
fi
es

th
e
co
effi

ci
en
t
of

th
e

lo
g
as

th
e
re
si
d
u
e.

In
te
rm

s
of

th
e
fi
gu

re
2,

th
e
co
effi

ci
en
t
of

lo
g
(z

1
−
z)

in
th
e
in
te
gr
al

∫ Γ

(o
r
∫ Γ

′)
is
th
e
sa
m
e
as

1/
(2
π
i)
∮ Γ

−
Γ
′.

F
ig
u
re

2:
T
h
e
co
n
to
u
r
d
ef
or
m
at
io
n
ar
gu

m
en
t.
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A
si
m
il
ar

ar
gu

m
en
t
al
so

sh
ow

s
th
at

th
e
co
effi

ci
en
t
of

lo
g
(z

1
−
z′
)
in

th
e
sa
m
e
in
te
gr
al

is
m
in
u
s
th
e
ab

ov
e
re
si
d
u
e
(a
s
is
se
en

ex
p
li
ci
tl
y
in

(5
6)
);
th
is
fo
ll
ow

s
b
ec
au

se
th
e
co
n
to
u
r
∮ Γ

−
Γ
′

ca
n
b
e
d
ef
or
m
ed

to
an

cl
oc
kw

is
e
co
n
to
u
r
ar
ou

n
d
z′
.

In
te
re
st
in
gl
y,

n
ot
e
th
at

al
th
ou

gh
w
e
b
eg
an

w
it
h

a
ca
lc
u
la
ti
on

of
th
e
an

ti
co
m
m
u
ta
to
r

{W
n
,φ
},

th
e
co
effi

ci
en
t
of

th
e
lo
g
te
rm

is
gi
ve
n
ra
th
er

b
y
th
e
co
m
m
u
ta
to
r
[W

n
,φ

]
(r
ec
al
l
th
e

re
la
ti
on

b
et
w
ee
n
∮ Γ

−
Γ
′
an

d
th
e
co
m
m
u
ta
to
r.

T
h
e
d
ef
or
m
at
io
n
to

∮ Γ
−
Γ
′
im

p
li
es

th
at

w
e
ca
n
sh
ri
n
k
th
e
cl
os
ed

co
n
to
u
r
to

an
ar
b
it
ra
ry

sm
al
ls
iz
e,
h
en
ce

th
e
d
om

in
an

t
co
n
tr
ib
u
ti
on

to
th
e
co
effi

ci
en
t
of

lo
g(
z 1
−
z)

in
〈W

n
(z

1
)φ

k
(z
)φ

k
(z

′ )
〉 co

n
n

co
m
es

fr
om

th
e
le
ad

in
g
O
P
E
:

W
n
(z

1
)φ

k
(z
)
=

q n
φ
k
(z
)

(z
1
−
z)

n
(6
0)

T
h
is
,
an

d
th
e
ab

ov
e
re
m
ar
k
ab

ou
t
th
e
co
effi

ci
en
t
of

lo
g(
z 1
−
z′
)
(t
h
at

it
h
as

an
ex
tr
a
m
in
u
s

si
gn

)
gi
ve
s
u
s
th
e
E
q
.
(5
6)

en
ti
re
ly
.

T
h
e
ex
te
n
si
on

to
O
(µ

2 n
)
an

d
h
ig
h
er

or
d
er
s
is

n
ow

ea
sy
.
B
y
si
m
il
ar

ar
gu

m
en
ts

as
ab

ov
e,

w
e
ca
n
sh
ow

th
at

∫ Γ
1

d
z 1
zn

−
1

1

∫ Γ
2

d
z 2
zn

−
1

2
〈W

n
(z

1
)W

n
(z

2
)φ

k
(z
)φ

k
(z
)〉 c

o
n
n
/〈
φ
k
(z
)φ

k
(z
)〉 c

o
n
n

=
(l
og
(z

1
−
z)
−

lo
g
(z

1
−
z′
))

2
q2 n

+
li
n
ea
r
lo
g
+
..
.

(6
1)

E
ss
en
ti
al
ly

th
is

is
sh
ow

n
b
y
d
ef
or
m
in
g
th
e
co
n
to
u
r
Γ
1
an

d
Γ
2
su
cc
es
si
ve
ly
,
an

d
re
p
ea
te
d
ly

u
si
n
g
th
e
le
ad

in
g
O
P
E
(6
0)
.

T
h
u
s,
to
O
(µ

2
),
w
e
h
av
e

δ µ
〈φ

k
(w
,w̄

)〉 s
tr
=
〈φ

k
(w
,w̄

)〉 s
tr
(1
−
µ̃
n
(Q

n
2π
t/
β
+
r 1
)
+

1 2
µ
2 n
(Q

n
2π
t/
β
)2
(1

+
O
(1
/t
))
+
O
(µ

3
))

(6
2)

w
h
er
e
w
e
h
av
e
in
cl
u
d
ed

th
e
co
n
tr
ib
u
ti
on

of
lo
w
er

or
d
er

cu
rr
en
ts

w
h
ic
h
m
ix

w
it
h
W

n
u
n
d
er

co
n
fo
rm

al
tr
an

sf
or
m
at
io
n
s
(s
ee

(5
3)
).

B
y
ex
te
n
d
in
g
to

ar
b
it
ra
ry

or
d
er
s,
w
e
ca
n
sh
ow

th
at

(s
ee

S
ec
ti
on

5
fo
r
a
ge
n
er
al

p
ro
of
)

〈φ
k
(w
,w̄

)〉µ st
r
=
〈φ

k
(w
,w̄

)〉 s
tr
×
α
(µ
)
ex
p
[−
µ
n
Q

n
2π
t/
β
+
O
(µ

2
))
]

(6
3)

4
.2

O
n
e
-p

o
in
t
fu
n
ct
io
n

o
n
th

e
cy

li
n
d
e
r
in

th
e
p
re
se
n
ce

o
f
µ
n

E
x
p
an

d
in
g
(5
2)

fo
r
th
e
cy
li
n
d
er

ca
se
,
w
e
ge
t

〈e
−
µ
n
W

n
φ
k
1
(w
,w̄

)〉 c
y
l/
〈e

−
µ
n
W

n
〉 cy

l
=
〈φ

k
1
(w
,w̄

)〉
−
µ
(〈W

n
φ
k
1
(w
,w̄

)〉
−
〈W

n
〉〈
φ
k
1
(w
,w̄

)〉
+
..
..

B
y
ar
gu

m
en
ts

si
m
il
ar

to
th
e
ca
se

of
th
e
on

e-
p
oi
n
t
fu
n
ct
io
n
on

th
e
st
ri
p
,
th
e
O
(µ

n
)
te
rm

ge
ts

re
la
te
d
to

th
e
co
n
n
ec
te
d
tw

o
p
oi
n
t
fu
n
ct
io
n
〈W

n
(w

1
)φ

k
1
(w
,w̄

)〉,
F
or

p
ri
m
ar
y
fi
el
d
s
φ
k
,
or

q
u
as
ip
ri
m
ar
ie
s
w
h
ic
h
ar
e
n
ot

d
es
ce
n
d
en
ts

of
th
e
id
en
ti
ty

op
er
at
or
.
th
e
on

e-
p
oi
n
t
fu
n
ct
io
n

va
n
is
h
es

b
ec
au

se
of

tr
an

sl
at
io
n
al
sy
m
m
et
ry
.
F
or

th
e
d
es
ce
n
d
en
ts
an

d
q
u
as
ip
ri
m
ar
y
op

er
at
or
s,

th
e
z,
z′

d
ep

en
d
en
t
p
ar
ts

va
n
is
h
b
y
th
e
sa
m
e
ar
gu

m
en
t.

A
n
d
th
e
z,
z′

in
d
ep

en
d
en
t
p
ar
t,

th
at

ar
is
es

fr
om

th
e
co
n
fo
rm

al
tr
an

sf
or
m
at
io
n
(2
0)
,
is
b
as
ic
al
ly

th
e
d
is
co
n
n
ec
te
d
co
rr
el
at
io
n

fu
n
ct
io
n
.
S
o
al
l
th
e
ti
m
e
in
d
ep

en
d
en
t
te
rm

s
ca
n
ce
ll
ed
,
ju
st

as
in

th
e
µ
=

0
ca
se
.
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4
.3

P
ro

o
f
o
f
th

e
rm

a
li
za

ti
o
n

in
th

e
p
re
se
n
ce

o
f
µ
n

T
h
e
st
at
em

en
t
of

th
er
m
al
iz
at
io
n
in

th
e
ab

se
n
ce

of
an

y
h
ig
h
er

sp
in

ch
em

ic
al

p
ot
en
ti
al
s
h
as

b
ee
n
p
ro
ve
n
.
W
e
w
ou

ld
li
ke

to
sh
ow

th
at

th
er
m
al
iz
at
io
n
h
ap

p
en
s
ev
en

in
th
e
p
re
se
n
ce

of
an

y
h
ig
h
er

sp
in

ch
em

ic
al

p
ot
en
ti
al
.
T
h
e
eq
u
iv
al
en
t
m
at
h
em

at
ic
al

st
at
em

en
t
w
ou

ld
b
e
th
e

fo
ll
ow

in
g

I
µ
(t
→
∞
)
→

1
(6
4)

T
h
e
st
ru
ct
u
re

of
I
µ
(t
)
is
,

I
µ
(t
)
=

Ẑ
µ sc

√
Ẑ

µ ss

√
Ẑ

µ cc

(6
5)

H
er
e,

Ẑ
µ sc
=

∑ k
1
,k

2

C
k
1
,k
2
〈φ

k
1
(w

1
,w̄

1
)〉µ st

r
〈φ

k
2
(w

2
,w̄

2
)〉µ cy

l

Ẑ
µ ss
=

∑ k
1
,k
2

C
k
1
,k
2
〈φ

k
1
(w

1
,w̄

1
)〉µ st

r
〈φ

k
2
(w

2
,w̄

2
)〉µ st

r

Ẑ
µ cc
=

∑ k
1
,k
2

C
k
1
,k
2
〈φ

k
1
(w

1
,w̄

1
)〉µ cy

l〈φ
k
2
(w

2
,w̄

2
)〉µ cy

l

T
h
e
w
ay

w
e
p
ro
ve
d
th
er
m
al
iz
at
io
n
in

th
e
ab

se
n
ce

of
th
e
h
ig
h
er

sp
in

ch
em

ic
al

p
ot
en
ti
al
s

w
as

b
y
sh
ow

in
g
th
at

in
th
e
la
rg
e
ti
m
e
li
m
it
,
on

ly
th
e
p
u
re
ly

h
ol
om

or
p
h
ic
/a
n
ti
-h
ol
om

or
p
h
ic

op
er
at
or
s
in

th
e
n
u
m
er
at
or

an
d
th
e
d
en
om

in
at
or

su
rv
iv
ed
.
In

su
ch

a
ca
se
,
Z

sc
=
Z

ss
=
Z

cc

an
d

th
e
th
er
m
al
iz
at
io
n

fu
n
ct
io
n
I
(t
)
→

1.
In

th
e
p
re
se
n
ce

of
th
e
h
ig
h
er

sp
in

ch
em

ic
al

p
ot
en
ti
al
s,

h
ow

ev
er
,
it

is
n
ot

ob
v
io
u
s
h
ow
〈φ

k
(w
,w̄

)〉µ st
r
=
〈φ

k
(w
,w̄

)〉µ cy
l
in

th
e
la
rg
e
ti
m
e

li
m
it
.
A
ls
o,

th
er
e
m
ay
b
e
li
n
ea
r
t
te
rm

s
p
re
se
n
t
ev
en

in
th
e
on

e
p
t.

fu
n
ct
io
n
of

th
e
p
u
re
ly

h
ol
om

or
p
h
ic
/a
n
ti
-h
ol
om

or
p
h
ic

op
er
at
or
s.

F
or

ex
am

p
le
,
th
e
fo
ll
ow

in
g
is

th
e
fo
rm

of
th
e
on

e-
p
t.

fu
n
ct
io
n
on

th
e
st
ri
p
in

th
e
p
re
se
n
ce

of
a
µ
3
ch
em

ic
al

p
ot
en
ti
al
:

〈φ
k
(w
,w̄

)〉µ st
r

=
〈e

−
µ
3
W

3
/
4
φ
k
(w
,w̄

)e
−
µ
3
W

3
/
4
〉 st

r

〈e
−
µ
3
W

3
/
2
〉 st

r

=
〈φ

k
(w
,w̄

)〉(
0
)

st
r
−
µ
3 2
(〈W

3
φ
k
(w
,w̄

)〉
−
〈W

3
〉〈
φ
k
(w
,w̄

)〉
+
..
..

w
h
er
e
li
n
ea
r
t
te
rm

s
m
ay

ar
is
e
fr
om

th
e
〈W

φ
〉t

er
m
s.

T
o
u
n
d
er
st
an

d
h
ow

th
er
m
al
iz
at
io
n
h
ap

p
en
s,

w
e
w
il
l
sp
il
t
th
e
fu
n
ct
io
n
s
in

66
in
to

d
iff
er
en
t

p
ar
ts

ac
co
rd
in
g
to

th
e
d
iff
er
en
t
cl
as
se
s
of

op
er
at
or
s
th
ey

re
ce
iv
e
co
n
tr
ib
u
ti
on

s
fr
om

.
T
h
u
s,

Ẑ
sc
=

1
+
∑ a

C
a
〈φ

a
〉µ st

r
〈φ

a
〉µ cy

l
+
∑ a
,b

C
a
;b
〈φ

a
〉µ st

r
〈φ

b
〉µ cy

l

Ẑ
ss
=

1
+
∑ a

C
a
〈φ

a
〉µ st

r
〈φ

a
〉µ st

r
+
∑ a
,b

C
a
;b
〈φ

a
〉µ st

r
〈φ

b
〉µ st

r

Ẑ
cc
=

1
+
∑ a

C
a
〈φ

a
〉µ cy

l〈φ
a
〉µ cy

l
+
∑ a
,b

C
a
;b
〈φ

a
〉µ cy

l〈φ
b
〉µ cy

l
(6
6)
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H
er
e,

’a
’
re
fe
rs

to
p
u
re
ly

h
ol
om

or
p
h
ic
/a
n
ti
-h
ol
om

or
p
h
ic

op
er
at
or
s;
an

d
(a
,b
)
re
fe
r
to

op
er
a-

to
rs

w
h
ic
h
h
av
e
b
ot
h
th
e
h
ol
om

or
p
h
ic

an
d
th
e
an

ti
-h
ol
om

or
p
h
ic

p
ar
t.

a
=

(h
,0
)
or
a
=

(0
,h̄

):

F
or

th
es
e
k
in
d
of

op
er
at
or
s
(b
ot
h
in

an
d
ou

ts
id
e
th
e
co
n
fo
rm

al
b
lo
ck

of
id
en
ti
ty
),

th
e
on

e
p
t.

fu
n
ct
io
n
on

th
e
cy
li
n
d
er

an
d
th
e
st
ri
p
(w

it
h
µ
=

0)
ar
e
th
e
sa
m
e,
i.
e.
,

〈φ
h
(w

)〉 s
tr
=
〈φ

h
(w

)〉 c
y
l

(6
7)

T
h
e
〈W

(3
)

0
φ
h
(w

)〉µ st
r
te
rm

co
m
es

w
it
h
a
co
effi

ci
en
t
of

(µ
/2
)
as

ag
ai
n
st

th
e
an

al
og
ou

s
te
rm

on
th
e
cy
li
n
d
er

w
h
ic
h
co
m
es

w
it
h
a
co
effi

ci
en
t
of
µ
.
H
ow

ev
er
,
on

th
e
st
ri
p
,
th
e
an

ti
-h
ol
om

or
p
h
ic

cu
rr
en
t
te
rm
〈W̄

(w̄
1
)φ

h
(w

)〉 s
tr
is
al
so

n
on

-z
er
o
an

d
is
in

fa
ct

eq
u
al

to
it
s
h
ol
om

or
p
h
ic

co
u
n
-

te
rp
ar
t.

T
h
is

su
p
p
li
es

th
e
fa
ct
or

of
tw

o
w
h
ic
h
co
m
p
en
sa
te
s
fo
r
th
e
h
al
f
in

th
e
co
effi

ci
en
t.

T
h
e
sa
m
e
ca
n
b
e
sh
ow

n
h
ap

p
en
in
g
at

h
ig
h
er

or
d
er
s
in
µ
as

w
el
l.
T
h
u
s,

〈φ
h
(w

)〉µ st
r
=
〈φ

h
(w

)〉µ cy
l

(6
8)

to
al
l
or
d
er
s
in
µ
.
N
ow

,
ca
lc
u
la
ti
n
g
th
e
se
co
n
d
te
rm

w
it
h
a
si
n
gl
e
in
se
rt
io
n
of
W

3
cu
rr
en
t,

〈W
3 (0
)φ

h
(w

)〉 c
y
l
=
zh

∫ Γ
1

d
z 1
〈W

3
(z

1
)φ

h
(z
)〉 c

y
lz

3 1
(6
9)

H
ow

ev
er
,
on

e
m
u
st

n
ot
e
th
at
,

〈φ
h
(w

)〉µ cy
l
∝
〈φ

h
(w

)〉(
0
)

cy
l

(7
0)

F
or

p
ri
m
ar
y
op

er
at
or
s,
〈φ

h
(w

)〉(
0
)

cy
l
=

0.
H
en
ce
,
〈φ

h
(w

)〉µ cy
l
=

0.

F
or

q
u
as
i-
p
ri
m
ar
y
op

er
at
or
s,
〈φ

h
(w

)〉(
0
)

cy
l
=
co
n
st
.
H
en
ce
,
〈φ

h
(w

)〉µ cy
l
=
co
n
st

as
w
el
l.

a
≡

(h
,h

)
an

d
b
≡

(h
,h

)

F
or

p
ri
m
ar
y
op

er
at
or
s
of

th
is

k
in
d
,
th
e
on

e
p
oi
n
t
fu
n
ct
io
n
(w

it
h
µ

=
0)

on
th
e
st
ri
p
h
as

an
ex
p
on

en
ti
al

ti
m
e-
d
ep

en
d
en
ce

an
d
h
en
ce
,
d
ie
s
off

in
th
e
la
rg
e
ti
m
e
li
m
it
.
H
ow

ev
er
,
q
u
as
i-

p
ri
m
ar
y
op

er
at
or
s
of

th
is

k
in
d
h
av
e
a
ti
m
e
in
d
ep

en
d
en
t
p
ar
t
th
at

su
rv
iv
es
.
T
h
is

co
n
st
an

t
va
lu
e
is
,
h
ow

ev
er
,
eq
u
al

to
it
s
ti
m
e
in
d
ep

en
d
en
t
co
u
n
te
rp
ar
t
on

th
e
cy
li
n
d
er
.
T
h
u
s,

〈φ
(h

,h
)(
w
,w̄

)〉 s
tr
=
〈φ

(h
,h
)(
w
,w̄

)〉 c
y
l

(7
1)

in
th
e
li
m
it
t
→
∞
.

L
et

u
s
co
n
si
d
er

th
e
se
co
n
d
te
rm

in
(6
6)

w
it
h
th
e
in
se
rt
io
n
of

a
p
u
re
ly

h
ol
om

or
p
h
ic

(a
n
ti
-

h
ol
om

or
p
h
ic
)
cu
rr
en
t
W

3
(w

)
(W̄

3
(w̄

))
.

S
u
ch

a
on

e
p
oi
n
t
fu
n
ct
io
n
of

a
p
ri
m
ar
y
op

er
at
or

h
as

a
n
on

-t
ri
v
ia
l
ti
m
e
d
ep

en
d
en
ce

w
h
en

co
n
si
d
er
ed

on
th
e
st
ri
p
.
H
ow

ev
er
,
in

th
e
la
rg
e
ti
m
e

li
m
it
,
th
is

go
es

to
ze
ro
.
O
n
th
e
cy
li
n
d
er
,
su
ch

a
on

e
p
oi
n
t
fu
n
ct
io
n
is

al
re
ad

y
ze
ro
.
F
or

a
q
u
as
i-
p
ri
m
ar
y
op

er
at
or

al
so

th
e
sa
m
e
st
or
y
ap

p
li
es
.
T
h
ey

ar
e
ze
ro

on
th
e
cy
li
n
d
er

an
d

n
on

-z
er
o
on

th
e
p
la
n
e
at

fi
n
it
e
ti
m
e.

H
ow

ev
er

in
th
e
la
rg
e
ti
m
e
li
m
it
,
th
ey

go
to

ze
ro

as
w
el
l.

A
t
or
d
er
µ
2 3
,
th
er
e
ar
e
2
in
se
rt
io
n
s
of

th
e
W

3
cu
rr
en
t.

E
ac
h
su
ch

in
se
rt
io
n
p
ro
v
id
es

u
s

w
it
h
a
fa
ct
or

of
4t

2
on

th
e
st
ri
p
as

co
m
p
ar
ed

to
2t

2
on

th
e
cy
li
n
d
er
.

T
h
e
n
et

eff
ec
t
of

co
n
si
d
er
in
g
th
es
e
k
in
d
of

op
er
at
or
s
on

th
e
fu
n
ct
io
n
s
(6
6)

is

Ẑ
sc
=

1
+
C

h
,0
;h
,0

(7
2)
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5
O
n
e
p
o
in
t
fu
n
ct
io
n
w
it
h
a
n
a
rb

it
ra

ry
n
u
m
b
e
r
o
f
ch

e
m
-

ic
a
l
p
o
te
n
ti
a
ls

W
e
ar
e
in
te
re
st
ed

in
ca
lc
u
la
ti
n
g
th
e
h
ig
h
er

or
d
er

te
rm

s
in

th
e
th
er
m
al
iz
at
io
n
fu
n
ct
io
n
.
T
o

q
u
ad

ra
ti
c
or
d
er
,
th
is
w
ou

ld
re
q
u
ir
e
u
s
to

ca
lc
u
la
te

th
e
on

e
p
oi
n
t
fu
n
ct
io
n
in

th
e
p
re
se
n
ce

of
tw

o
W

-c
u
rr
en
ts
.
W
e
d
efi
n
e
th
e
in
te
gr
an

d
as

G
m
n
(z

1
,z

2
,z
,z

′ )
=
zm

−
1

1
zn

−
1

2

〈W
m
(z

1
)W

n
(z

2
)φ
(z
)φ
(z

′ )
〉 C

〈φ
(z
)φ
(z

′ )
〉 C

(7
3)

In
or
d
er

to
ev
al
u
at
e
th
e
fo
u
r
p
oi
n
t
fu
n
ct
io
n
ab

ov
e,

w
e
n
ee
d
to

u
se

th
e
fo
ll
ow

in
g
〈W

φ
〉O

P
E
,

W
m
(z

1
)φ
(z
)
=
q m

φ
(z
)

(z
1
−
z)

m
+
α
m

φ
m
,1
(z
)

(z
1
−
z)

m
−
1
+
..
.

(7
4)

w
h
er
e
α
m
,1
is
an

op
er
at
or

of
co
n
fo
rm

al
d
im

en
si
on

(h
+
1,
0)
.

U
si
n
g
th
e
ab

ov
e
O
P
E
,
w
e
ca
lc
u
la
te

th
e
fo
u
r
p
oi
n
t
fu
n
ct
io
n
in

(7
3)

as

〈W
m
(z

1
)W

n
(z

2
)φ
(z
)φ
(z

′ )
〉 C

=

[
q m

(z
1
−
z)

m
〈W

n
(z

2
)φ
(z
)φ
(z

′ )
〉 C

+
α
m

(z
1
−
z)

m
−
1
〈W

n
(z

2
)φ

m
,1
(z
)φ
(z

′ )
〉 C

+
··
·+

(z
↔

z′
)]

=

[
q m

(z
1
−
z)

m

[
q n

(z
2
−
z)

n
〈φ
(z
)φ
(z

′ )
〉 C

+
α
n

(z
2
−
z)

n
−
1
〈φ

n
,1
(z
)φ
(z

′ )
〉 C

+
··
·+

(z
↔

z′
)]

+
α
m

(z
1
−
z)

m
−
1

[
q n

;m
,1

(z
2
−
z)

n
〈φ

m
,1
(z
)φ
(z

′ )
〉 C

+
α
n
;m

,1

(z
2
−
z)

n
−
1
〈φ

m
,1
;n
,1
(z
)φ
(z

′ )
〉 C

+
(z
↔

z′
)]

] +
··
·+

(z
↔

z′
)]

T
h
e
in
te
gr
an

d
73

is
th
en

G
m
n
(z

1
,z

2
,z
,z

′ )
=

q m
q n

[
zm

−
1

1
zn

−
1

2

(z
1
−
z)

m
(z

2
−
z)

n
(1

+
O
(z

1
−
z)

+
O
(z

2
−
z)
)

+
zm

−
1

1
zn

−
1

2

(z
1
−
z)

m
(z

2
−
z′
)n
(1

+
O
(z

1
−
z)

+
O
(z

2
−
z′
))
+
(z
↔

z′
)]

P
er
fo
rm

in
g
an

in
d
efi
n
it
e
in
te
gr
al

ov
er

th
e
op

en
co
n
to
u
rs

Γ
1
an

d
Γ
2
,
w
e
ge
t

∫ Γ
1

d
z 1

∫ Γ
2

d
z 2
G

m
n
(z

1
,z

2
;z
,z

′ )
≃

(q
m
lo
g
(z

1
−
z)
q n

lo
g
(z

2
−
z)

+
q m

lo
g
(z

1
−
z)
q n

lo
g
(z

2
−
z′
)

+
(z
↔

z′
))
+

li
n
ea
r
lo
g
te
rm

s
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T
h
e
lo
w
er

li
m
it
of

th
e
in
te
gr
al

gi
ve
s

∫ Γ
1

d
z 1

∫ Γ
2

d
z 2
G

m
n
(z

1
,z

2
;z
,z

′ )
≃
q m
q n
(l
og
(−
z)
−
lo
g
(−
z′
))

2
(7
5)

T
h
is
an

sw
er

gi
ve
s
u
s
th
e
µ
2
t2

co
rr
ec
ti
on

te
rm

to
th
e
th
er
m
al
iz
at
io
n
fu
n
ct
io
n
w
it
h
ap

p
ro
p
ri
-

at
el
y
sq
u
ar
ed

co
effi

ci
en
ts
.

In
or
d
er

to
ca
lc
u
la
te

th
e
h
ig
h
er

or
d
er

co
rr
ec
ti
on

te
rm

s,
w
e
sh
al
l
h
av
e
to

ca
lc
u
la
te

th
e
on

e
p
oi
n
t
fu
n
ct
io
n
in

th
e
p
re
se
n
ce

of
an

ar
b
it
ra
ry

n
u
m
b
er

of
h
ig
h
er

sp
in

ch
ar
ge
s.

T
h
u
s,

〈φ
(w
,w̄

)〉µ st
r
ip

=
N

µ
〈e
x
p
(−
µ
m 4
W

m
φ
(w
,w̄

)
ex
p
(−
µ
n 4
W

n
))
〉 st

r
ip

=
N

µ
〈∞ ∑ r

=
1

(−
1/
4)

r

r!
µ
m

1
W

m
1
..
.µ

m
r
W

m
r
φ
(w
,w̄

)
∞ ∑ s=
1

(−
1/
4)

s

s!
µ
n
1
W

n
1
..
.µ

n
s
W

n
s
〉 st

r
ip

(7
6)

w
h
er
e
N

−
1

µ
=
〈e
x
p
(−

µ
n 4
W

n
)φ
(w
,w̄

)
ex
p
(−

µ
n 4
W

n
)〉 s

ti
p
.

T
h
e
(r
,s
)-
th

te
rm

in
th
e
ab

ov
e
ex
p
re
ss
io
n
is
gi
ve
n
b
y

−
(1
/4
)(
r
+
s)

r!
s!

r ∏ i=
1

µ
i

s ∏ j=
1

µ
j
〈W

m
1
..
.W

m
r
φ
(w
,w̄

)W
n
1
..
.W

n
s
〉 st

r
ip

=
−
(1
/4
)(
r
+
s)

r!
s!

r ∏ i=
1

µ
i

s ∏ j=
1

µ
j

2r
+
s
〈∫ Γ

m
1

W
m

1
(w

m
1
)
..
.∫ Γ

m
r

W
m

r
(w

m
r
)

∫ Γ
n
1

W
n
1
(w

n
1
)
..
.∫ Γ

n
s

W
n
s
(w

n
s
)φ
(w
,w̄

)〉 s
tr
ip

(7
7)

J
u
st

as
in

(7
3)
,
w
e
ca
n
d
efi
n
e
th
e
ab

ov
e
as

an
in
te
gr
an

d

G
m

1
..
.m

r
n
1
..
.n

s
=

r ∏ i=
1

zr
−
1

m
i

s ∏ j=
1

zs
−
1

m
j

〈W
m

1
(z

m
1
)
..
.W

m
r
(z

m
r
)W

n
1
(z

n
1
)
..
.W

n
s
(z

n
s
)φ
(z
)φ
(z

′ )
〉 C

〈φ
(z
)φ
(z

′ )
〉 C

(7
8)

T
o
ge
t
th
e
co
rr
ec
ti
on

d
u
e
to

an
ar
b
it
ra
ry

n
u
m
b
er

of
ch
em

ic
al

p
ot
en
ti
al
s,
w
e
sh
al
l
h
av
e
to

u
se

th
e
(W

φ
)
O
P
E
ag
ai
n
an

d
ch
os
e
th
e
in
te
gr
at
io
n
co
n
to
u
rs

as
p
re
v
io
u
sl
y.

W
e
w
ou

ld
th
en

h
av
e

to
in
te
gr
at
e
th
e
re
su
lt
in
g
ex
p
re
ss
io
n
ov
er

(r
+
s)

co
n
to
u
rs
.
T
h
e
re
su
lt
(u
p
to

le
ad

in
g
or
d
er
)
in

th
e
lo
w
er

li
m
it
is

∫ Γ
m

1

d
z m

1
..
.∫ Γ

m
r

d
z m

r

∫ Γ
n
1

d
z n

1

∫ Γ
n
s

d
z n

s
G

m
1
..
.m

r
n
1
..
.n

s
≃

(~µ
.~q
)(
r
+
s)

r!
s!

(l
og
(−
z′
)−

lo
g
(−
z)
)(
r
+
s)

(7
9)

T
h
en
,
su
m
m
in
g
ov
er

th
e
d
u
m
m
y
in
d
ic
es
,
ta
k
in
g
in
to

ac
co
u
n
t
al
l
co
effi

ci
en
ts
,
w
e
ge
t

〈φ
(w
,w̄

)〉µ st
r
ip
≃

∑ r,
s

1 r!
s!

(
2π β

) m
r
+
n
s−

r
−
s
[ −

1 2
~µ
.~q
(4
π
t

β
)] r

+
s

≃
∑ r,

s

1 r!
s!

(
−
(~̂ µ
.~q
)t̂

) r
+
s

≃
ex
p
[−

2(
~̂ µ
.~q
)t̂
]

(8
0)
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T
h
u
s,
th
e
on

e-
p
oi
n
t
fu
n
ct
io
n
on

th
e
st
ri
p
in

th
e
p
re
se
n
ce

of
ar
b
it
ra
ry

ch
em

ic
al

p
ot
en
ti
al
s
is

〈φ
(w
,w̄

)〉µ st
r
ip
=

ex
p
(−

2(
~̂ µ
.~q
)t̂
)(
1
+
O
(µ
t̂)
+
O
(µ

2
t̂2
)
+
..
.)

(8
1)

6
D
e
ca

y
o
f
p
e
rt
u
rb

a
ti
o
n
s
o
f
a
th

e
rm

a
l
st
a
te

In
th
is

se
ct
io
n
,
w
e
w
il
l
fi
n
d

th
at

th
e
lo
n
g
ti
m
e
b
eh
av
io
u
r
of

an
op

er
at
or

φ
k
(0
,t
)
in

th
e

q
u
en
ch
ed

st
at
e
(s
ee

(1
0)
)
is

th
e
sa
m
e
as

th
at

of
it
s
tw

o-
p
oi
n
t
fu
n
ct
io
n
(8
2)

in
th
e
th
er
m
al

st
at
e
(2
)
(w

it
h
ch
em

ic
al

p
ot
en
ti
al
s)
,
w
h
ic
h
m
ea
su
re
s
th
e
th
er
m
al

d
ec
ay

of
a
p
er
tu
rb
at
io
n
.

T
h
ro
u
gh

ou
t
th
is
se
ct
io
n
,
w
e
w
il
l
as
su
m
e
th
at

th
e
co
n
fo
rm

al
d
im

en
si
on

s
of
φ
k
sa
ti
sf
y
h
k
=
h̄
k
.

W
e
d
efi
n
e
th
e
th
er
m
al

tw
o-
p
oi
n
t
fu
n
ct
io
n
as

2
1

G
+
(t
;β
,µ

)
≡

1 Z
T
r(
φ
k
(0
,t
)φ

k
(0
,0
)e

−
β
H
−
∑

n
µ
n
W

n
)

(8
2)

B
y
th
e
te
ch
n
iq
u
es

d
ev
el
op

ed
in

th
e
ea
rl
ie
r
se
ct
io
n
s,
a
co
m
p
u
ta
ti
on

of
th
is
q
u
an

ti
ty

am
ou

n
ts

to
ca
lc
u
la
ti
n
g
th
e
fo
ll
ow

in
g
co
rr
el
at
or

on
th
e
p
la
n
e

〈φ
k
(z
,z̄
)φ

k
(y
,ȳ
)e

−
∑

n
µ
n
W

n
〉,

z
=
ie

−
2
π
t/
β
,z̄

=
−
ie

2
π
t/
β
,y

=
i,
ȳ
=
−
i

(8
3)

w
h
er
e
th
e
µ
n
-d
ef
or
m
at
io
n
s
ar
e
u
n
d
er
st
o
o
d
as

an
in
fi
n
it
e
se
ri
es

of
co
n
to
u
rs

as
in

th
e
p
re
v
io
u
s

se
ct
io
n
.

F
or
µ
=

0,
th
e
ab

ov
e
tw

o-
p
oi
n
t
fu
n
ct
io
n
is

〈φ
k
(z
,z̄
)φ

k
(y
,ȳ
)〉

=
[ (i
e−

2
π
t/
β
−
i)
(−
ie

2
π
t/
β
+
i)
] −

2
h
k

t→
∞

−−
−→

(−
1)

−
2
h
k
e−

4
π
th

k
/
β

(8
4)

w
h
ic
h
cl
ea
rl
y
m
at
ch
es

th
e
lo
n
g
ti
m
e
b
eh
av
io
u
r
of

th
e
on

e-
p
oi
n
t
fu
n
ct
io
n
(9
7)

in
th
e
q
u
en
ch
ed

st
at
e
fo
r
µ
=

0.
T
h
e
eff

ec
t
of

tu
rn
in
g
on

th
e
ch
em

ic
al

p
ot
en
ti
al
s
ca
n
b
e
d
ea
lt
w
it
h
as

in
th
e
p
re
v
io
u
s
se
c-

ti
on

s.
A
t
O
(µ

n
),
w
e
w
il
l
h
av
e,
as

b
ef
or
e,
a
h
ol
om

or
p
h
ic
co
n
tr
ib
u
ti
on

an
d
an

an
ti
h
ol
om

or
p
h
ic

co
n
tr
ib
u
ti
on

.
T
h
e
fo
rm

er
is
p
ro
p
or
ti
on

al
to

〈φ
k
(z̄
)φ

k
(ȳ
)〉
×
∫ Γ

d
z 1
z2 1
〈W

n
(z

1
)φ

k
(z
)φ

k
(y
)〉

(8
5)

A
s
w
e
se
e,

th
e
st
ru
ct
u
re

of
th
e
in
te
gr
al

is
th
e
sa
m
e
as

in
th
e
p
re
v
io
u
s
se
ct
io
n
.
A
s
b
ef
or
e,

lo
ga
ri
th
m
ic
te
rm

s
ap

p
ea
r
in

th
e
ab

ov
e
in
te
gr
al
s
w
h
ic
h
gi
ve

th
e
le
ad

in
g,

li
n
ea
r,
t-
d
ep

en
d
en
ce
.

S
im

il
ar

re
m
ar
k
s
al
so

ap
p
ly

to
th
e
an

ti
h
ol
om

or
p
h
ic

co
n
to
u
r.

S
in
ce

th
e
ca
lc
u
la
ti
on

s
ar
e
ve
ry

si
m
il
ar

to
th
os
e
in

th
e
p
re
v
io
u
s
tw

o
se
ct
io
n
s,

w
e
d
o
n
ot

p
ro
v
id
e
al
l
d
et
ai
ls
.
B
y
re
su
m
m
in
g

th
e
se
ri
es

ov
er

th
e
in
fi
n
it
e
n
u
m
b
er

of
co
n
to
u
rs
,
w
e
fi
n
d
in

a
st
ra
ig
h
tf
or
w
ar
d
fa
sh
io
n
th
at

G
+
(t
;β
,µ

)
t→

∞
−−
−→

G
+
(t
;β
,0
)b
(µ
)e

−
γ
t

(8
6)

w
h
er
e
b(
µ
)
is
ti
m
e-
in
d
ep

en
d
en
t,
an

d
is
of

th
e
fo
rm

b(
µ
)
=

1
+
O
(µ
).

T
h
is
p
ro
ve
s
th
e
st
at
em

en
t

m
ad

e
in

th
e
b
eg
in
n
in
g
of

th
is
se
ct
io
n
.

2
1
W
e
u
se

th
e
sa
m
e
n
ot
at
io
n
s
as

in
[1
7
].
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7
H
ig
h
e
r
sp

in
b
la
ck

h
o
le
s

•
It

h
as

b
ee
n
sh
ow

n
b
y
[1
2]

th
at

th
e
eq
u
il
ib
ri
u
m

en
se
m
b
le

(2
),

in
th
e
co
n
te
x
t
of
W

n

id
en
ti
fi
ed

w
it
h
W

∞
ch
ar
ge
s,

co
rr
es
p
on

d
to

a
h
ig
h
er

sp
in

b
u
lk

d
u
al

w
h
ic
h
is

a
b
la
ck

h
ol
e.

•
T
h
e
re
su
lt

(1
1)
,
or

al
te
rn
at
iv
el
y
(1
2)

im
p
li
es
,
th
er
ef
or
e,

th
at

af
te
r
th
e
th
er
m
al
iz
at
io
n

ti
m
e,

b
u
lk

sc
al
ar
s
in

a
lo
ca
l
re
gi
on

eff
ec
ti
ve
ly

st
ar
t
p
er
ce
iv
in
g
a
h
ig
h
er

sp
in

b
la
ck

h
ol
e

ge
om

et
ry
.

•
S
m
al
l
en
ou

gh
ge
o
d
es
ic
s
st
ar
t
se
ei
n
g
b
la
ck

h
ol
e
ge
om

et
ry

[3
].

•
T
h
e
re
su
lt
(7
)
im

p
li
es

ρ̂
d
y
n
,A
(t
)
=

[ 1
−

1 2

C
k
,k

C
0
,0

(〈φ
k
(u
,ū
)〉 s

tr
)2
] ρ̂

eq
m
,A
+
Q̂
f
(t
)

f
(t
)
∝
〈φ

k
(u
,ū
)〉 s

tr
(8
7)

T
h
is

m
ea
n
s
th
at

th
e
d
y
n
am

ic
al

re
d
u
ce
d
d
en
si
ty

m
at
ri
x
d
iff
er
s
fr
om

th
e
eq
u
il
ib
ri
u
m

re
d
u
ce
d
d
en
si
ty

m
at
ri
x
b
y
an

am
ou

n
t
p
ro
p
or
ti
on

al
to

th
e
ex
p
ec
ta
ti
on

va
lu
e
of

th
e

fi
el
d
φ
k
.
T
h
is

h
as

th
e
b
u
lk

in
te
rp
re
ta
ti
on

th
at

so
fa
r
as

ob
se
rv
ab

le
s
in

a
sm

al
l
lo
ca
l

re
gi
on

ar
e
co
n
ce
rn
ed
,
th
ey

p
er
ce
iv
e
th
e
ge
om

et
ry

as
th
at

of
a
b
la
ck

h
ol
e
p
er
tu
rb
ed

b
y
a

n
or
m
al
iz
ab

le
m
o
d
e
of

th
e
b
u
lk

sc
al
ar

d
u
al

to
φ
k
.
T
h
e
d
ec
ay

of
φ
k
th
er
ef
or
e
co
rr
es
p
on

d
s

to
Q
N
M

of
th
e
sc
al
ar

fi
el
d
.

•
Q
N
M

fr
eq
u
en
ci
es
:
N
ar
ai
n
et

al
in
d
ee
d
sh
ow

th
at

ω
=
−
i(
1
+
λ
+
co
n
st
an

t
µ
3
q 3
)

(8
8)

W
e
ca
n
sh
ow

th
at

1
+
λ
=

2h
,
w
h
ic
h
ag
re
es

w
it
h
ou

r
re
su
lt
(a
n
d
w
it
h
C
ar
d
y
’s
re
su
lt
).

W
e
w
il
l
le
av
e
fo
r
a
fo
rt
h
co
m
in
g
p
u
b
li
ca
ti
on

a
fu
ll
q
u
an

ti
ta
ti
ve

co
m
p
ar
is
on

b
et
w
ee
n

C
F
T

ex
p
on

en
ts

w
e
fo
u
n
d
an

d
th
e
ex
ac
t
ex
p
re
ss
io
n
(8
8)
.

T
h
e
co
m
p
ar
is
on

in
vo
lv
es

m
at
ch
in
g
th
e
n
or
m
al
iz
at
io
n
of

th
e
ch
ar
ge
q 3

b
et
w
ee
n
N
ar
ai
n
et

al
an

d
ou

r
ca
lc
u
la
ti
on

.

8
D
is
cu

ss
io
n

M
en
ti
on

ot
h
er

gl
ob

al
q
u
en
ch
es
.

O
u
r
eq
u
il
ib
ra
ti
on

w
it
h

n
on

-u
n
if
or
m

q
u
en
ch

(c
au

se
d

b
y

co
n
fo
rm

al
d
ef
or
m
at
io
n
s
of

(6
)
[1
4]
.

W
4
an

d
G
G
E
.

(i
)
Q
N
M

(i
i)
C
al
d
ei
ra
-L
eg
ge
tt

(i
ii
)
D
y
n
am

ic
al

E
E
[8
]

A
ck

n
o
w
le
d
g
e
m
e
n
t

J
u
st
in
,
R
a
je
sh
,
S
h
ir
az
,
D
ee
p
ak

,
P
ra
n
ja
l,
A
ru
n
ab

h
a.

S
om
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