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RG flows:

Renormalization Group:
mathematical apparatus that allows systematic investigation
of the changes of a physical system as viewed at different
distance/energy scales”
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Classic example of spin system:

» replace effective spins on blocks in original lattice

new Hamiltonian: X
H =K, 8,5, |
{a,b) (a,b)
— K3 Z §a-§b v
((a,b)) X
K, Y §,-5,8. 8+

X X

({a,))

X la, b, ¢, d] X

no reason the form of the
Hamiltonian should be unchanged

* In general, H characterized by a collection of couplings

M= [K()?K].?KZJ o

l

« under spin block replacements, couplings change

p— p' = Ry pu

—> systematic computations give RG flow



RG flows:

Renormalization Group:
mathematical apparatus that allows systematic investigation
of the changes of a physical system as viewed at different
distance/energy scales”



Zamolodchikov c-theorem (1986):

 renormalization-group (RG) flows can seen as one-parameter
motion d 9
=P
in the space of (renormalized) coupling constants{¢’, i =1,2,3,---}
with beta-functions as “velocities”

« for unitary, Lorentz-inv. QF T's in two dimensions, there exists
a positive-definite real function of the coupling constantsC'(g):

. . d
1. monotonically decreasing along flows: EC(Q) <0

2. “stationary” at fixed points ¢' = (g%)" :

3. at fixed points, it equals central charge of corresponding CFT
C(g*) = c



Zamolodchikov's C-function adds a dimension to RG flows:

BECOMES
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Zamolodchikov's C-function adds a dimension to RG flows:

Simple consequence for any RG flow in d=2: Cyy > Cigp



Zamolodchikov's C-function adds a dimension to RG flows:

This simple corollary
Is focus of discussion

Simple consequence for any RG flow in d=2: Cyy > Cigp




(Casini & Huerta ‘04)

RG flows Meet Entanglement:

» c-theorem for d=2 RG flows can be established using unitarity,
Lorentz invariance and strong subaddivity inequality:

S(XUYUZ)—S(XuUuY)—S(YuZ)+S5Y)<0

ks
*
*

« define: C'(¢) = 30 0,5(¢)
—> 0,C'(¢) <0 X z

. for d=2 CFT: S = g log(£/8) + ag

—_— CCFT ( 5) — c (Calabrese & Cardy)
(Holzhey, Larsen & Wilczek)

* hence it follows that: | cuv > Gir




(Casini & Huerta ‘04)
RG flows Meet Entanglement: (more detail)

* c-theorem for d=2 RG flows can be established using unitarity,
Lorentz invariance and strong subaddivity inequality:

S(XUYUZ)—S(XuUuY)—S(YuZ)+S5Y)<0

. — : _ ¢ (Calabrese & Cardy)
for d=2 CFT. SCFT - 3 log(f/d) * ao (Holzhey, Larsen & Wilczek)

—> isolate central charge with: 3¢ 0;Scrr(£) = ¢
* in general, define: C(¢) =3/ 0,5(¢)
—_—> CCFT(E) = C

—> ( appears as proxy for energy scale



(Casini & Huerta ‘04)
RG flows Meet Entanglement: (more detail)

* Interval A with endpoints e, and e, on some Cauchy surface

—_ * by Caysality, ,04
€2 describes physics
€1 In causal diamond

* by unitarity, S(e,,e,) independent of details of Cauchy surface

by translation invariance (in vacuum), S(e,,e,) only depends on
proper distance between e, and e,

b2 = |(w2 — 21)” — (t2 — tl)ﬂ Y2



RG flows Meet Entanglement: (more detail)

(Casini & Huerta ‘04)

 apply strong subaddivity inequality in following geometry:

S(XUYUZ)—S(XUY)-SYuZz)+5Y)<0

S(0), S(XUY UZ) =S+ 2e)

S(XUY)=SY UZ)=8SHLL+2))

SSA ——> S +2¢) + S(0) — 2S(\/E(L + 2¢)) <

e —0:

S"+8/M<0 —> §,(8) <0 —>

0

8, C(0)

<0




(Casini & Huerta ‘04)

RG flows Meet Entanglement:

» c-theorem for d=2 RG flows can be established using unitarity,
Lorentz invariance and strong subaddivity inequality:

S(XUYUZ)—S(XuUuY)—S(YuZ)+S5Y)<0

ks
*
*

« define: C'(¢) = 30 0,5(¢)
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C-theorems in higher dimensions’”
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- in 4 dimensions, have three central charges: ¢, a, @’
» do any of these obey a similar “c-theorem” under RG flows?

ie, [77].,, > [77]

uv IR



C-theorems in higher dimensions??

d=2: (T,*) = ——=R
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- in 4 dimensions, have three central charges: ¢, a, @’
 do any of these obey a similar “c-theorem” under RG flows?

ie, [77].,, > [77]

x a' -theorem: «' is scheme dependent (not globally defined)

uv IR

X c -theorem: there are numerous counter-examples
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- in 4 dimensions, have three central charges: ¢, a, @’
 do any of these obey a similar “c-theorem” under RG flows?

a -theorem: proposed by Cardy (1988)

* nUMerous nontrivial examples, eg, perturbative fixed points
(Jack & Osborn), SUSY gauge theories (Anselmi et al; Intriligator & Wecht)

* holographic field theories with Einstein gravity dual




C-theorems in higher dimensions??

d=2: (T,*) = ——=R

12
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d=4: ({T.") = BT ! &

I4 — CMVPGCMVPG and E4 — R[U/pO'RHVpO- . 4RW/R/~W 1 RQ

- in 4 dimensions, have three central charges: ¢, a, @’
 do any of these obey a similar “c-theorem” under RG flows?

a -theorem: proposed by Cardy (1988)

* nUMerous nontrivial examples, eg, perturbative fixed points
(Jack & Osborn), SUSY gauge theories (Anselmi et al; Intriligator & Wecht)

* holographic field theories with Einstein gravity dual
 generalized holographic models & conjectures (rRm & Sinha),

d=3 F-theorem (Jafferis, Klebanov, Pufu & Safdi), proof of a-theorem
(Komagordski &Schwimmer), pI’OOf of F-theorem (Casini & Huerta)
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AdS/CFT Correspondence:

Bulk: Boundary:
* quantum gravity « quantum field theory
* negative cosmological constant Hologrqphy * no scale (at quantum level)
» d+1 spacetime dimensions <€ —> « d spacetime dimensions

* N0 gravity!

conformal
field theory

anti-de Sitter
space

llllll

radius < > energy

J

ti

(Maldacena ‘97)



(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
(Girardello, Petrini, Porrati and Zaffaroni, hep-th/9810126)

Holographic RG flows:

1
1= g [0y [R— ~(96)? = V(9)
* Imagine potential has stationary points giving negative A
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(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
(Girardello, Petrini, Porrati and Zaffaroni, hep-th/9810126)

Holographic RG flows:

1
1= g [0y [R— ~(96)? = V(9)
* Imagine potential has stationary points giving negative A
12
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» Holographic RG flows are solutions starting at one stationary point at large radius and
ending at another at small radius — connects two CFTs between high and low energies

>
¢1,cr ¢




(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
(Girardello, Petrini, Porrati and Zaffaroni, hep-th/9810126)

Holographic RG flows:

1
1= g [0y [R— ~(96)? = V(9)
* Imagine potential has stationary points giving negative A
12
—_— V(¢i,cr> — _ﬁ&z

- consider metric:  ds? = 24" (—dt? + da? + dx2 + da?) + dr?
- at stationary points, AdS; vacuum: A(r) =r/L with L = L/a;

» Holographic RG flows are solutions starting at one stationary point at large radius and
ending at another at small radius — connects two CFTs between high and low energies

>
¢1,cr ¢




(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
(Girardello, Petrini, Porrati and Zaffaroni, hep-th/9810126)

Holographic RG flows:

2

- - . : ﬂ-
« for general flow solutions, define: a(r) = BA)
2 2
O E—— ;A (r) = iy (T =17) 20

LA A (1)
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Einstein equationsJ null energy conditionJ

(T 16" >0)

- at stationary points, a(r) — a* = 72 L3 /¢ and hence

[aUV > CLIR]

- using holographic trace anomaly: a¢* = a
(e.g., Henningson & Skenderis)

—> supports Cardy’s conjecture



(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
(Girardello, Petrini, Porrati and Zaffaroni, hep-th/9810126)

Holographic RG flows:

2

: . _ T
- for general flow solutions, define: a(r) = EA)
32 2
/ — A = — Tt—TTT >0
= mgaer 0 = gy T 2
Einstein equationsJ null energy conditionJ

(T 16" >0)

- at stationary points, a(r) — a* = 72 L3 /¢ and hence

[lefv > G}R]

- using holographic trace anomaly: a¢* = a
(e.g., Henningson & Skenderis)

—> supports Cardy’s conjecture
« for Einstein gravity, central charges equal(a = c) . CUV 2 CIR



(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
Holographic RG flows:
1 1
[ @t v=g | R - 5002 - V(o)

] —
d—1
20

e same story is readily extended to (d+1) dimensions

) i
* defining: aq(r) = -
[ (d/2) (LpA(r))"
_ d/2 d/2
Jr) = - ?j A'(r) = — - (T, —T7,) >0
['(d/2)tp " A'(r)? ['(d/2) 5 A'(r)?
Einstein equations J null energy conditionJ

. at stationary points, a(r) — a* = 7%2/T'(d/2) (L/¢p)? ! and so

[CL?JV > G?R]

- using holographic trace anomaly: a™ oc central charges
(e.g., Henningson & Skenderis)




(Freedman, Gubser, Pilch & Warner, hep-th/9904017)
Holographic RG flows:
1 1
[ @t v=g | R - 5002 - V(o)

| =
d—1
20%;

e same story is readily extended to (d+1) dimensions

) i
* defining: aq(r) = -
T'(d/2) (CpA'(r)" ™
_ d/2 d/2
Jr) = - ?j A'(r) = — - (T, —T7,) >0
['(d/2)tp " A'(r)? ['(d/2) 5 A'(r)?
Einstein equations J null energy conditionJ

. at stationary points, a(r) — a* = 7%2/T'(d/2) (L/¢p)? ! and so

[CL?JV > G?R]

- using holographic trace anomaly: a™ oc central charges
(for even d! what about odd d?) (e.g., Henningson & Skenderis)




Improved Holographic RG Flows:

 add higher curvature interactions to bulk gravity action

—> provides holographic field theories with, eg, a # ¢
so that we can clearly distinguish evidence of a-theorem

(Nojiri & Odintsov; Blau, Narain & Gava)

» construct “toy models” with fixed set of higher curvature terms
(where we can maintain control of calculations)
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What about the swampland?

e constrain gravitational couplings with consistency tests
(positive fluxes; causality; unitarity) and use best judgement



Improved Holographic RG Flows:

 add higher curvature interactions to bulk gravity action

—> provides holographic field theories with, eg, a # ¢
so that we can clearly distinguish evidence of a-theorem

(Nojiri & Odintsov; Blau, Narain & Gava)

» construct “toy models” with fixed set of higher curvature terms
(where we can maintain control of calculations)

What about the swampland?

e constrain gravitational couplings with consistency tests
(positive fluxes; causality; unitarity) and use best judgement

e ultimately one needs to fully develop string theory for
Interesting holographic backgrounds!

* “If certain general characteristics are true for all CFT’s, then
holographic CFT’s will exhibit the same features”



' ' - Myers & Robinsion, 1003.5357
QuaS|-TopoIog|caI gravity: (My )
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56
+120Rapea R R + 144R) RS R — 132R R R + 15R?)

* three dimensionless couplings,L/¢p, A, p, allow us to explore
dual CFT’s with most general three-point function (Zas Tea 1e f)



' ' - Myers & Robinsion, 1003.5357
QuaS|-TopoIog|caI gravity: (My )

A T
I= Prv/—g|—= + R+ L? A2z
%3 x [ + R+ L17°5 xa+ L' Z;
with Y4 = RabcdRabcd_4RabRab_|_R2
1
Zs = RORSIRAY+ — (21RupeaR™R — T2Rapea R% R

56
+120Rapea R R + 144R) RS R — 132R R R + 15R?)

* three dimensionless couplings,L/¢p, A, p, allow us to explore
dual CFT’s with most general three-point function (Zas Tea 1e f)

“maintain control of calculations”
« analytic black hole solutions

* linearized eom in AdS; are second order (in fact, Einstein eq's!)

 can be extended to higher dimensions (D=5)
« gravitational couplings constrained (Myers, Paulos & Sinha, 1004.2055)



(Myers, Paulos & Sinha, 1004.2055)

Quasi-Topological gravity:




More recent constraints:
Tunneling between vacua:

« Implicitly we focus on backgrounds that reduce to solution of
Einstein gravity as A, u — 0

* typically other “pathological” branches also exist, eg, gravitons

are ghosts (Boulware & Deser)

« demanding not possible to tunnel to pathological branches can

Introduce tighter constraints (Camanho, Edelstein, Giribet & Gomberoff)



More recent constraints:
Tunneling between vacua:
« Implicitly we focus on backgrounds that reduce to solution of
Einstein gravity as A, u — 0

* typically other “pathological” branches also exist, eg, gravitons

are ghosts (Boulware & Deser)

« demanding not possible to tunnel to pathological branches can
Introduce tighter constraints (Camanho, Edelstein, Giribet & Gomberoff)

Time delay & causality violations:
« modified 3-pt graviton vertex may produce causality violations

* may be resolved by new higher spin fields with m2 ~ 1/L?

(Camanho, Edelstein, Maldacena & Zhiboedov)

—— perhaps higher spin fields not excited in holo-RG flows?
(backgrounds are simple & symmetric, eg, conformally flat)
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 let’s calculate!
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I = %3 d5x\/_[%‘+R+L@X4+L @25]

with Y4 = RadeRabcd . 4RabRab + R2

1
25 = RO'R{RY+ oo (A Rabea R R — T2Rapea ™, R

+120Rupea R R + 144R) RS R — 132R R, R + 15R?)
* let’s calculate!

« curvature in AdS; vacuum: L? = L2

where o — foo + Mo +ufs =0



' ' - Myers & Robinsion, 1003.5357
QuaS|-TopoIog|caI gravity: (My )

I = %3 d5x\/_[%‘+R+L®X4+L @25]

with Y4 = RadeRabcd . 4RabRab + R2

1
25 = RO'R{RY+ oo (A Rabea R R — T2Rapea ™, R

+120Rupea R R + 144R) RS R — 132R R, R + 15R?)

* let’'s calculate!

« curvature in AdS; vacuum: L? = L2

where o — foo + Mo +ufs =0

* holographic trace anomaly: (Myers, Paulos & Sinha, 1004.2055)

=m0 (1= 6Afo +90f2) , c=m2Fr (1— 2\ fo — 3uf2)



RG flows in Quasi-Topological gravity:
» consider metric: ds? = *4(")(—dt? + da? + da + dx3) + dr?
> AdS.vacua: A(r)=r/L =rfY?/L

73
- recall central charges:  a= 7T2€T (1= 6Afoo +90f2)
P

i3
c=m""% (1=2\foo — 3uf2)
€P




RG flows in Quasi-Topological gravity:
» consider metric: ds? = *4(")(—dt? + da? + da + dx3) + dr?

> AdS.vacua: A(r)=r/L =rfY?/L

73
- recall central charges:  a= 7T2€T (1= 6Afoo +90f2)
P
2E3 2
c=T (1 —2Mfoo —3uf3,)
P

* need to define “flow functions”:

2
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RG flows in Quasi-Topological gravity:

» consider metric: ds? = *4(")(—dt? + da? + da + dx3) + dr?

> AdS.vacua: A(r)=r/L =rfY?/L

73
- recall central charges: a = 7T2€T (1 —6Afoo +90f2)
P
2E3 2
c=T (1 —2Afoo — 3uf3)
P

* need to define “flow functions™:
2
_ n _ 2 A7 (2 VIR
a(r) = A (1 —6AL°A'(r)? + 9uL*A'(r)*)
2
_ n _ 2 A7 N2 4 47704
c(r) = A (1 —2XL°A'(r)? — 3uL*A'(r)*)

where at stationary points: a(r) =a, c(r) =c
* “simplest” r-dependent functions satisfying this condition




RG flows in Quasi-Topological gravity:

7.‘.2

a(r) = E%A’Q(r)?’ (1 — 6AL2A'(r)? + 9,LLL4A/(7~>4)

“r) = gz ot G (L= 224 () = 3Lt A ()

where at stationary points: a(r) =a, c(r) =c

* In general flows:
372

a(r) = _E%A’(r)‘l A"(r) (1 = 2XL*A'(r)* — 3,uL4A’(7“)4)
= gy (M) 20 v

* |

assume null energy condition

gravitational equations of motion



RG flows in Quasi-Topological gravity:

7.‘.2

a(r) = E?,’DA’2(7°)3 (1 —6AL*A (r)? + 9uL* A’ (r)*)

r) = & ot Gy (L= 2L = 3L A (r)')

where at stationary points: a(r) =a, c(r) =c

* In general flows:
372

a(r) = _E%A’(r)‘l A"(r) (1 =2XL*A'(r)? — 3uL*A'(r)*)
- _é?ja;lr/(fr)z; (T =1T") 2 0
d(r) = —6%37;(74)4 A" (r) (1 — %)\LQA’(T)Q — ,LLL4A/(?“)4)

_ w1 3ALPA(r)? — pul A (r)* (Tt —T7,) 22
(LA (r)4 1 — 2XL2 A/ (r)2 — 3uLrA/(r)* V- r) 7"




RG flows in Quasi-Topological gravity:

7.‘.2

a(r) = f?,’gA;(T)g (1 — 6AL2A'(r)? + 9,LLL4A/(7~>4)

r) = & ot Gy (L= 2L = 3L A (r)')

where at stationary points: a(r) =a, c(r) =c

* In general flows:
372

/ _ A 1—9 LQA/ 2 L4A/ 4
a'(r) Fagy A1) -2 - 3uL* A (r)")
2
T
— _ Tt _ T >
K%A’(T)Zl ( t— 1 7“) >0

* can try to be more creative in defining c(r) but we were unable
to find a expression where flow is guaranteed to be monotonic

* our toy model seems to provide support for Cardy’s “a-theorem”
In four dimensions



Higher Dimensions: D =d+1 (u =0 for d =5)
« straightforward to reverse engineer “a-theorem” flows

* eq’'s of motion:
T =T, = (d—1)A"(r) (1 —2XL*A'(r)? — 3uL*A'(r)*)



Higher Dimensions: D =d+1 (u =0 for d =5)
« straightforward to reverse engineer “a-theorem” flows

* eq’'s of motion:
T —T" = (d—1) A"(r) (1 —2XAL?A'(r)?> = 3uL*A'(r)")
« expression with natural flow:

_ /2 2d—=1) 5y 2 3d—=1) 4, 4
ad(r)zF(d/Q)(ﬁpA’(r))d—l (1— T3 AL“A'(r)” — T r ,LLLA(T))
‘ CL&(T) = 7Td/2 (Ttt — TTT) Z 0

CT(d/2)05 A ()

|

assume null energy condition



Higher Dimensions: D =d+1 (=0 for d =5)
« straightforward to reverse engineer “a-theorem” flows

* eq’'s of motion:
T —T" = (d—1) A"(r) (1 —2XAL?A'(r)?> = 3uL*A'(r)")
« expression with natural flow:

_ md/? 2d—=1) 5 o 3d—=1) _4 ., 4
ad(r):F(d/Q)(EpA’(r))d—l (1— T3 ALZA"(r)* — T r ,LLLA(T))
7.‘.d/2 t T
) o, (r) = _F(d/2)€dp_1A’(fr‘)d (1" —T",) >0

- flow between stationary points (where a); = aq(7)| 445 )
(a:%)UV > (QZ)IR

nd/2[4-1 2(d — 1
— (1 Gl Sy ufzo)
D(d)2)e% i—3 i—5

where o) =



How robust is Holographic C-theorem?:

* quasi-topological gravity obeys c-theorem in very nontrivial way

* results can be generalized to include:
 Weyl-cubed interactions (RM & Sinha)
« general Lovelock interactions
* f(R) gravity (JT Liu, Sabra & Zhao; Paulos)



How robust is Holographic C-theorem?:

* quasi-topological gravity obeys c-theorem in very nontrivial way
* results can be generalized to include:

 Weyl-cubed interactions (RM & Sinha)
« general Lovelock interactions
* f(R) gravity (JT Liu, Sabra & Zhao; Paulos)

—> all “unitary” holographic models
« analogy with higher derivative scalar field eqg. (in flat space)

2, @ o9\, 1 1 1
(V +M2(V>)¢_O >q2(1_aq2/M2)_q2@q2_M2/a
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* quasi-topological gravity obeys c-theorem in very nontrivial way
* results can be generalized to include:

 Weyl-cubed interactions (RM & Sinha)
« general Lovelock interactions
* f(R) gravity (JT Liu, Sabra & Zhao; Paulos)

—> all “unitary” holographic models
« analogy with higher derivative scalar field eqg. (in flat space)

5 a 92\ , 1 1 1
(V +W(V ) )Qb—o >q2(1—aq2/M2) — q2@q2—M2/a

ghost

« graviton ghosts will be generic with 4 (higher) order equations
—> couple to additional non-unitary operator in dual CFT

What do we |learn about boundary theory?
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* holography indicates some interesting c-theorems but
what is a; in terms of the boundary theory??

d/2]d—1 2(d — 1 d—1
Qg = . d—1 (1_ ( >)‘foo_3( )Nfgo)
T(d/2)¢% d—3 d—5

1 fo

where AdS curvature: — = —,
2 L?

0% — foo + Af3% + pf3 =0
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* holography indicates some interesting c-theorems but
what is a; in terms of the boundary theory??

d/2d-1 2(d — 1 d—1
aj = — (1— ( >Afoo—3(_5)uf§o)

I'(d/2)¢% 1 d—3 d
1 00
where AdS curvature: = = ‘2—2 0 — foo AL 4 ufS =0

. ay is NOT Cr, coefficient of leading singularity in

(Tup(@) Tea0)) = o5 Top )

. aj is NOT (g, coefficient in entropy density: s = Cg T4 1
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What is aj in terms of the boundary theory??

rd/2]d- _ _
o = d/2[d-1 Oﬁ_%d Ukﬂw_3u lhqé)

[(d/2)¢% " d—3 d—5
1 o0
where AdS curvature: 7z = ];—2 L0t — foo A+ uf =0
» trace anomaly for CFT's with even d: (Deser & Schwimmer)

(T,F) = Z B;(Weyl invariant); — 2(—)% @Euler density)q
« verify that we have precisely reproduced central charge
(=4 |

(Henningson & Skenderis; Nojiri & Odintsov; Blau, Narain & Gava,;
Imbimbo, Schwimmer, Theisen & Yankielowicz)

> agrees with Cardy’s proposal
What is a,; for odd d??




Entanglement Entropy

 general tool; divide quantum system into two parts and use
entropy as measure of correlations between subsystems

 iIn QFT, typically introduce a (smooth) boundary or entangling
surface > which divides the space into two separate regions

* integrate out degrees of freedom in “outside” region

* remaining dof are described by a density matrix pa

——> calculate von Neumann entropy: Sgr = =17 [pa log p 4]

(t = constant)




(Casini, Huerta & RM; RM & Sinha)
Holographic Entanglement Entropy:

« S for CFT in d-dim. flat space and choose S92 with radius R

« conformal mapping relate to thermal entropy on H = R X H41
with = ~ 1/R? and T=1/21MR

* holographic dictionary: thermal bath in CFT = black hole in AdS

<>
SEE — Stherma,l — Shom’zon ~
» desired “black hole” is a hyperbolic foliation of AdS .
* bulk coordinate transformation implements
desired conformal transformation on boundary
« apply Wald’s formula (for any gravity theory) for horizon entropy

universal contributions:
d_ X
S = .-+ (=)2"Ma¥ log(2R/5) + --- forevend

d—1

4+ (57T 2may 4+ - for odd d

N



Entanglement C-theorem conjecture: (RM & Sinha)

* identify central charge with universal contribution in entanglement
entropy of ground state of CFT across sphere S92 of radius R:
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Entanglement C-theorem conjecture: (RM & Sinha)

* identify central charge with universal contribution in entanglement
entropy of ground state of CFT across sphere S92 of radius R:
] (—)%_1 4a} log(2R/d) forevend

d—1
(_)T 27 a:} for odd d

Suniv —

=g

—

» for RG flows connecting two fixed points

(QZ)UV > (QZ)IR

—> unified framework to consider c-theorem for odd or even d

—> connect to Cardy’s conjecture: a; = A for any CFT in even d

—> behaviour discovered for holographic model but conjectured
that result applies generally (outside of holography)
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—> conjecture: Fyy > Fip

« also naturally generalizes to higher odd d



F-theorem: (Jafferis, Klebanov, Pufu & Safdi)

« examine partition function for broad classes of 3-dimensional
guantum field theories on three-sphere (SUSY gauge theories,
perturbed CFT's & O(N) models)

* in all examples, F=—log Z(S3)>0 and decreases along RG flows
—> conjecture: Fyy > Fip

« also naturally generalizes to higher odd d

* coincides with entanglement c-theorem (Casini, Huerta & RM)



F-theorem: (Jafferis, Klebanov, Pufu & Safdi)

* in all examples, F=—log Z(S®)>0 and decreases along RG flows

—> conjecture: Fyy > Fip
« also naturally generalizes to higher odd d

* coincides with entanglement c-theorem (Casini, Huerta & RM)

« consider S¢ of d-dimensional CFT for sphere S92 of radius R

« conformal mapping: causal domain D — (static patch of) dSy

curvature ~ 1/R and thermal state: p = exp|—2nRH.|/Z



F-theorem: (Jafferis, Klebanov, Pufu & Safdi)

* in all examples, F=—log Z(S®)>0 and decreases along RG flows

—> conjecture: Fyy > Fip
« also naturally generalizes to higher odd d

* coincides with entanglement c-theorem (Casini, Huerta & RM)

« consider S¢ of d-dimensional CFT for sphere S92 of radius R

« conformal mapping: causal domain D — (static patch of) dSy
curvature ~ 1/R and thermal state: p = exp|—2nRH.|/Z
— SEE — Sthermal — 6<H7'> -+ lOgZ



F-th eorem: (Jafferis, Klebanov, Pufu & Safdi)

* in all examples, F=—log Z(S®)>0 and decreases along RG flows

—> conjecture: Fyy > Fip
« also naturally generalizes to higher odd d

* coincides with entanglement c-theorem (Casini, Huerta & RM)

« consider S¢ of d-dimensional CFT for sphere S92 of radius R

« conformal mapping: causal domain D — (static patch of) dSy

curvature ~ 1/R and thermal state: p = exp|—2nrR H.|/Z
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* stress-energy fixed by trace anomaly — vanishes for odd d!



F-theorem: (Jafferis, Klebanov, Pufu & Safdi)

* in all examples, F=—log Z(S®)>0 and decreases along RG flows

—> conjecture: Fyy > Fip
« also naturally generalizes to higher odd d

* coincides with entanglement c-theorem (Casini, Huerta & RM)

« consider S¢ of d-dimensional CFT for sphere S92 of radius R

« conformal mapping: causal domain D — (static patch of) dSy
curvature ~ 1/R and thermal state: p = exp|—2nRH.|/Z
— SEE — Sthermal — 5<H’T> -+ lOgZ

* stress-energy fixed by trace anomaly — vanishes for odd d!

« upon passing to Euclidean time with period 27 R :
Ser =1og Z|sa for any odd d



F-theorem:
» focusing on renormalized or universal contributions, eg,

Fo = —log Z|fz.m.te = —Suniv = 2T a3z .
 generalizes to general odd d:
d—1 d—1
(=)= logZ|fz'nite = (=) 77 Suniv = 2may.



F-theorem:
» focusing on renormalized or universal contributions, eg,

Fo = —log Z|fz.m.te = —Suniv = 2T a3z .
 generalizes to general odd d:
d—1 d—1
(=)= logZ|fz'nite = (=) 77 Suniv = 2may.

 equivalence shown only for fixed points but good enough:

UV (Fo)rr = 27 (a3) 1R
IR

* evidence for F-theorem (SUSY, perturbed CFT's & O(N) models)
supports entanglement conjecture and our holographic analysis
provides additional support for F-theorem



Casini & Huerta ‘12
Entanglement proof of F-theorem: ( )

* F-theorem for d=3 RG flows established using unitarity, Lorentz
Invariance and strong subadditivity

38X 2 S(UX,) + S(Upgy (X3 N X)) + S(Upig (X3 N X 0 X)) + .+ S(0:X)

« geometry more complex than d=2: consider many circles
Intersecting on null cone N

- define: C(R) = RS’'(R) — S(R)
e for d=3 CFT:S(R) = Cy R — 27'('61,3 —_— CCFT(R) — 271-@3
» with SSA and “continuum” limit —— 9rC(R) < 0

- hence C'(R) decreases monotonically and|as|uv > [as]ir



Beyond d=3:
* is there entropic proof of c-theorem in higher dimensions?
—> need a new idea? |

higher dim. intersections lead
to subleading divergences
which trivialize SSA inequality




B eyon d d=3: (Komargodski & Schwimmer;
' see also: Luty, Polchinski & Rattazzi)

d=4 a-theorem and Dilaton Effective Action

Schwi
« analyze RG flow as “broken conformal symmetry” (56 W? ?ﬂfeﬁsen)
* couple theory to “dilaton” (conformal compensator) and organize

effective action in terms of §,, = e g,

diffeo X Weyl invariant: g, — €*°g,, T —T+0
* follow effective dilaton action to IR fixed point, eq,
Sanomaly = —5a/d‘1\/_< Ey +4(R™ — ; “ R),T8,T — 4(01)*0 r—z(c-m‘)
s
* with g — m, only contribution to 4pt amplitude with null dilatons:

Sanomaly = 2 5a/d4az (07)4
» dispersion relation plus optical theorem demand: da > 0
* N0 entanglement in sight?

a4 = ayv — arr: ensures UV & IR anomalies match




Beyond d=3:

* is there entropic proof of c-theorem in higher dimensions?

—> need a new idea? | \\
3
higher dim. intersections Iead/
to subleading divergences .
which trivialize SSA inequality \

» d=4 a-theorem proved with more “standard” QFT techniques
(Komargodski & Schwimmer)
* hybrid approach proposed? (Solodukhin): needs work

 can c-theorems be proved for higher dimensions? eg, d=5 or 6

—> again, entropic approach needs a new idea

—> dilaton-effective-action approach requires refinement for d=6
(Elvang, Freedman, Hung, Kiermaier, RM & Theisen; Elvang & Olson)
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Why Is universal term in Sge universal?
(—)%_1 4a} log(2R/d) forevend

Suniv —

=g

d—1
_ (—)7 2may for odd d

(Schwimmer & Theisen)
* QFT intution: log divergences define physical cuts but finite p
polynomials subject to renormalization ambiguities

—> even d seems okay but odd d might be problematic?

C A= _ C C . wl (Calabrese & Cardy)
recaII. d—2 CFT Sum o § log (ﬁ S 6) (Holzhey, Larsen & Wilczek)
d=4 CFT (Solodukhin)

Suni = log(R/6) — o / d?zVh [C (Cijkl ix §j-z — KIbKje 4 %Kg“Kg b) —a R]
d=2m CFT (with symmetry) (RCM & Sinha)
Suni = log (R/9) 27r/ \/_ < oy EMY €y

> pcr
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polynomials subject to renormalization ambiguities

—> even d seems okay but odd d might be problematic?

- shiftingd — &' = § + amd?, constant term polluted by UV data

——> sure but no scales in CFT, so no scale m1!

—> scales from RG flow can appear in final Sgg!!
(Hertzberg & Wilczek)

see Banerjee talk



Why Is universal term in Sge universal?
(—)%_1 4a} log(2R/d) forevend

d—1
_ (—)7 2may for odd d

Suniv —

(Schwimmer & Theisen)
* QFT intution: log divergences define physical cuts but finite p
polynomials subject to renormalization ambiguities

—> even d seems okay but odd d might be problematic?

- shiftingd — &' = § + amd?, constant term polluted by UV data

——> sure but no scales in CFT, so no scale m1!

—> scales from RG flow can appear in final Sgg!!
(Hertzberg & Wilczek)

* in regulators, tension between Lorentz inv. and unitarity

—> |atter emerge in o — 0 limit, but regulator exposed in S



“Renormalized” Entanglement Entropy: (Liu & Mezei)
* divergences determined by local geometry of entangling surface
with covariant regulator, eg,

Rd—2 Rd—4 a1
Scrr = Co a3 + ¢ =1 + -+ (=) 2 2maq+ O(J/R)

e can isolate finite term with appropriate manipulations, eg,
d=3: S3(R) = RS’(R) — S(R)

d=4: S4(R) = R*S"(R) — RS'(R)
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“Renormalized” Entanglement Entropy: (Liu & Mezei)
* divergences determined by local geometry of entangling surface
with covariant regulator, eg,

Rd_2 Rd—4 do1
S = CO(/L’L'(S) §d—2 + CQ(:“i(S) §d—4 L (_)T 2T ad(:ui(s) +O(5/R)

e can isolate finite term with appropriate manipulations, eg,
d=3: S3(R)=RS'(R) — S(R) <—— c-function of

Casini & Huert
d=4: Si(R) = R2S"(R) — RS'(R) o S TR
(unfortunately, holographic experiments indicate S;(R) are
not good C-functions for d>3 — not monotonic)

« approach demands special class of regulators: “covariant”
—> s result artifact of choosing “nice” regulator??

« if a; is physical, we should be able to use any regularization
which defines the continuum QFT
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 consider defining a3 in presence of lattice regulator

d=3: S(R):Co

- circumference always uncertain to O(9)

—> ag always polluted by UV
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Criteria to properly establish c-theorem:

1. C-function must be dimensionless, well-defined quantity,
which is independent of the regularization scheme

—> computable with any regulator

2. C-function must be intrinsic to fixed point of interest
—> Independent of details of RG flows

3. C-function must decrease monotonically along any RG
flows connecting a UV fixed point to an IR fixed point

* Sge seems to fail to satisfy criteria 1 & 2

 alternative choice??



Mutual Information:
another measure of entanglement between two systems

for non-intersecting regions A and B:
I(A,B)=5(A)+ S(B)— S(AUB)
can be defined without reference to Sg¢ (Araki; Narnhofer)

bounds correlators between A and B (Wolf, Verstraete, Hastings & Cirac)

(04 Ol
I(A, B) >
AB) 2 6P 105

finite! UV divergences in S(A) and S(B) canceled by S(A U B)



Mutual Information:
another measure of entanglement between two systems

for non-intersecting regions A and B:
I(A,B)=5(A)+ S(B)— S(AUB)
can be defined without reference to Sg¢ (Araki; Narnhofer)

bounds correlators between A and B (Wolf, Verstraete, Hastings & Cirac)

(04 Ol
I(A, B) >
AB) 2 6P 105

finite! UV divergences in S(A) and S(B) canceled by S(A U B)

If c-function defined with mutual information
—> criterion 1 will automatically be satisfied

—> criterion 2 will be satisfied with further care



C-function from Mutual Information:
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« consider following geometry:
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C-function from Mutual Information:
I(A,B)=S5(A)+ S(B)— S(AU B)

consider following geometry:

1
Ra=R-(5-a):

1
RB=R+(§+O£)€

_ Ra+Rp
- 2

or R — e

consider regime: R > &> 0 ( Rand € are macro scales)

mutual information takes form:

~

I(A,B) =47R (g + B) — 4w ég 4+ O(e/R)

ambiguity: o — o' = a +da, ¢y — &, = ¢éo + ada



UV independence of ¢&:

can we choose « such that ¢ is independent of higher scales?

consider sitting at critical point with m, lowest mass scale
in RG flow: R > ¢~ 1/m

correlations near boundary nonconformal
high energy contribution to I1(A,B): “local”! |
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UV independence of ¢&:
can we choose « such that ¢ is independent of higher scales?

consider sitting at critical point with m, lowest mass scale
in RG flow: R > ¢~ 1/m

correlations near boundary nonconformal

Nir-r-

high energy contribution to I1(A,B): “local”!

I(A,B)yg = 27R (00 % Gy )

can we choose ¢ to eliminateo1??

for general strip (with small curvatures):
[ B = [ds (o0 — im0t —ont- 2+

o1 must vanish if reflection symmetry —> o =10



C-function from Mutual Information:
I(A,B)=S5(A)+ S(B)— S(AU B)

« consider following geometry:

Ra=R—¢/2
RB=R+€/2
or R:RA;RB

* Inregime: R>e>0

 mutual information takes form:

A~

I(A,B) = 47R (9 + B) —4n &y + O(e/R)

g
- fixing o« = 0 ensures ¢y is intrinsic to fixed point



C-function from Mutual Information:
I(A,B)=S5(A)+ S(B)— S(AU B)

 consider following geometry:

RA:R—E/Q B
RB:R—|—€/2
or R_RAgRB

 inregime: R>»e> 0

 mutual information takes form:

A~

I(A,B) =41R (g + 5) —4réyp+ O(e/R)

- fixing o« = 0 ensures ¢y is intrinsic to fixed point
—> criteria 1 and 2 are satisfied!!



C-function from Mutual Information:

consider following geometry:

Rs+ Rp
2

R =

Inregime: R>e¢> 0

-r-—-mJ r-r'-;:w-- AN

« calculate for a free scalaron ™ . .
a square lattice: Ml el
S 00— e
= [
N 0.1
0.2
0.3
(with /R = 2/11, result good to 15%) ST s e s

15

'3;;.3'/5;5



Criteria to properly establish c-theorem:

1. C-function must be dimensionless, well-defined quantity,
which is independent of the regularization scheme

—> computable with any regulator

2. C-function must be intrinsic to fixed point of interest
—> Independent of details of RG flows

3. C-function must decrease monotonically along any RG
flows connecting a UV fixed point to an IR fixed point

- defining cg with mutual information & fixing o« = 0 ensures
criteria 1 and 2 are satisfied; must still consider criterion 3



Criteria to properly establish c-theorem:

1. C-function must be dimensionless, well-defined quantity,
which is independent of the regularization scheme

—> computable with any regulator

2. C-function must be intrinsic to fixed point of interest
—> Independent of details of RG flows

3. C-function must decrease monotonically along any RG
flows connecting a UV fixed point to an IR fixed point

- defining cg with mutual information & fixing o« = 0 ensures
criteria 1 and 2 are satisfied; must still consider criterion 3

« monotonic flow follows as in entropic proof of F-theorem
—> have properly established F-theorem in d=3



Conclusions and Questions:
« entanglement lends new insights into c-theorems
* using mutual information, properly established d=3 F-theorem

 how much of Zamolodchikov’s structure for d=2 RG flows
extends higher dimensions?

—— d=3 entropic C-function not always stationary at fixed points
(Klebanov, Nishioka, Pufu & Safdi)

—> same already observed for d=2; special case or generic?
need a better C-function?



Zamolodchikov c-theorem (1986):

 renormalization-group (RG) flows can seen as one-parameter
motion d 9
=P
in the space of (renormalized) coupling constants{¢’, i =1,2,3,---}
with beta-functions as “velocities”

« for unitary, Lorentz-inv. QF T's in two dimensions, there exists
a positive-definite real function of the coupling constantsC'(g):

. . d
1. monotonically decreasing along flows: EC(Q) <0

2. “stationary” at fixed points ¢' = (g%)" :

3. at fixed points, it equals central charge of corresponding CFT
C(g*) = c



Conclusions and Questions:
« entanglement lends new insights into c-theorems
* using mutual information, properly established d=3 F-theorem

 how much of Zamolodchikov’s structure for d=2 RG flows
extends higher dimensions?

—— d=3 entropic C-function not always stationary at fixed points
(Klebanov, Nishioka, Pufu & Safdi)

—> same already observed for d=2; special case or generic?
need a better C-function?

 does scale invariance imply conformal invariance beyond d=27

—> “more or less” in d=4 (Luty, Polchinski & Rattazzi;
Dymarsky, Komargodski, Schwimmer & Theisen)

» further lessons for RG flows and entanglement from holography?
—> translation of “null energy condition” to boundary theory?

« what can entanglement/quantum information really say about
RG flows, holography or nonperturbative QFT?



