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Entanglement Entropy AdS/CFT correspondence

- condensed matter (gauge/gravity duality)
* quantum information - string theory
* black hole microphysics - quantum gravity

Holographic Entanglement Entropy
 proposal by Ryu & Takayanagi (2006)
(New Horizons Prize, 2014)



Entanglement Entropy AdS/CFT correspondence

- condensed matter (gauge/gravity duality)
* quantum information - string theory
* black hole microphysics - quantum gravity

Holographic Entanglement Entropy
 proposal by Ryu & Takayanagi (2006)
(New Horizons Prize, 2014)

Message:

* holographic entanglement entropy is part of a dialogue between
string theory and a variety of fields (eg, condensed matter)

« offers potential to learn new lessons both about entanglement
In quantum field theory and about quantum gravity



Overview:

1) Entanglement entropy in QFT

2) Primer on AdS/CFT correspondence

3) Introduction to Holographic Entanglement Entropy

4) Derivation of Holographic Entanglement Entropy
(for spherical entangling surfaces)

5) Conclusions



Quantum Entanglement

« different subsystems are correlated through
global state of full system

Einstein-Podolsky-Rosen Paradox:

Photon source

* properties of pair of photons connected,
no matter how far apart they travel

“spukhafte Fernwirkung” = T
Yertically

spooky action at a distance eolarized | cw

6 = (1t + 1) {'/JH »

Horizontally polarized

Quantum Information: entanglement becomes a resource for
(ultra)fast computations and (ultra)secure communications

Condensed Matter: key to “exotic” phases and phenomena,
e.g., quantum Hall fluids, unconventional superconductors,
guantum spin fluids, . . ..



Entanglement Entropy

 general diagnostic: divide quantum system into two parts and
use entropy as measure of correlations between subsystems

* procedure:
« divide system into two subsystems, eg, Aand B

* iIntegrate out degrees of freedom in subsystem B
* remaining dof in A are described by a density matrix P4
+ calculate von Neumann entropy: S,, = =77 [pa log pa]

* simple examples found with spin systems:
p=altL)+B8[L1)  with |e+]82 =1

-+ “trace” over 2 spin: pa = |a*[1) (1] + 8 |4) (]

—> Spp = —|a|210g |052| - |5|2 log |52|
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Entanglement Entropy

 general diagnostic: divide quantum system into two parts and
use entropy as measure of correlations between subsystems

* procedure:
« divide system into two subsystems, eg, Aand B

* iIntegrate out degrees of freedom in subsystem B
* remaining dof in A are described by a density matrix P4
+ calculate von Neumann entropy: S,, = =77 [pa log pa]

* simple examples found with spin systems:

p=altl)+81) =(alt)+B8I1))®L)

- “trace” over 2" spin: pa = |a?| 1) (1] + [B[4) (L]
+aBT )]+ Bal| L) (1]

=) Alogh, =0 (A =0, Ap=1)



(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

1
H = 5 [p% + p3 + w? (x% + ajg) + Q% (1 — :1:2)2}
my — 1 mo — 1
~ GOGIO0D — i Doy — i BOOOI000 ™
w? = w? wi, = 02 wy =w
I -
I Io




(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

H = 5 [pi+pd+w? (o} +a3) + 02 (@1 — 22)°]

:p%r + wizzzi —|—p2_ + w%xQ_] with r4 = —= (5131 + wg) ,

1
V2
2

2 __
/ W= w

find normal modes; problem reduces to two independent SHO's

N = DN =

w_ = w? + 207

my — 1 mo — 1
Wy = (.U2 W%Q = Qz Wy = w2
i —
I Io




(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

1 _
H = S| +p3+0” (2l +a3) + 0 (21— 22)°
1. . 1
: 2 _ 2 2 2 2
 ground-state wave-function: wi = w’, wi =w"+2Q

1

Holes ) = Wola ) ole-) = Vr(wyw )/t P [_i (wy i +w—x3>]




(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

H = % :p% +p; +w? (21 +a3) + Q7 (21 - 332)2}
= R etel 402 +uwte?] with o — %(mixz),
* ground-state wave-function: wi = W, wl=wth 2
Toler,72) = ﬁ(w+1w—)1/4 eXp [_% (W (1 + 22)” + w_ (1 — x2)2)]
* trace over position of oscillator 1.:
+o00
p(xa,x5) = /_OO dry Yo(r1,z2) \113(931,:6’2)
(¥ _\//;)1/2 exD [_% (xQQ n m'22) 4 5:13230’2}
with 7= (s +0-) + 2 and B = Jly + ) -
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« another example: two coupled harmonic oscillators

H = % :p% +p; +w? (21 +a3) + Q7 (21 - 332)2}
= R etel 402 +uwte?] with o — %(mixz),
* ground-state wave-function: wi = W, wl=wth 2
Toler,72) = ﬁ(w+1w—)1/4 eXp [_% (W (1 + 22)” + w_ (1 — x2)2)]
* trace over position of oscillator 1.:
+o00
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with 7= (s +0-) + 2 and B = Jly + ) -

Quw<l ~w ~ Q*/8w3




(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

1 —
H = 5 p% —I—p% -+ w2 (QB% —+ azg) :Ul — 5132)2}
1y 2 2 2 2 2 : 1

— 2_p+—|—w+a:+—|—p_—|—w_a:_] with . = ﬁ(ﬂ?lixg),
. 2 2 2 2 2
» ground-state wave-function: wy = wh, Wl =w 20

1 1 5 o
\Ifo(ibl,wg) = ﬁ(w+w_)1/4 exp [—g (w+ (5131 -+ 5132) —+ w_ (5131 — 372) )]

* trace over position of oscillator 1.:

o0
p(iUz, 37/2) — / dgjl \110(551, 332) \Ilg(gjl, xl2) entanglement
(v — /3>1/2 Yoo /2 //
NG exp [—5 (xQ + x5 )
_ 1 Wy W_ 1 W W_
with 7—4(w++w_)+w++w_ and 6_4(w++W_) o o

QYw <1 ~w Jo')su?




(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

_ A\1/2
pazay) = O f? exp | =7 (wF +a4?) + Baar)]

« entanglement entropy: Sz = —1'r |p log p|?



(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

_ @\1/2
p(xa,x5) = 9 \/? exp [—% (x5 +25%) + B:ché}
« entanglement entropy: Sz = —1'r |p log p|?

+00
— > S, =— Z)‘” log A,, Wwhere / da’ p(x,2') frn(2') = Ay fu(2)

° f|nd Ap = (1 — f) f’n with fn(x) _ Hn(()él/QCE) exp [—Oé 332/2] |
§ = 6/(’7"’ 04) and o = (w+w_)1/2

§
1-¢

> Spp = —log(l _ S) o log &
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Entanglement Entropy

« another example: two coupled harmonic oscillators

_ @\1/2
p(xa,x5) = 9 \/? exp [—% (x5 +25%) + B:ché}
« entanglement entropy: Sz = —1'r |p log p|?

+00
— > S, =— Z)‘” log A,, Wwhere / da’ p(x,2') frn(2') = Ay fu(2)

— 0

° f|nd Ap = (1 — f) gn with fn(x) _ Hn(()él/QCE) exp [—Oé 332/2] |
§ = 6/(’7"’ 04) and o = (w+w_)1/2

§
1-¢

> Spp = —log(l _ S) o log &

4
* notice: as Q/w =0, ¢~ (Q/2w)" -0 and Sgg ~ i (%) log (2w /)

— 0
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Entanglement Entropy

« another example: two coupled harmonic oscillators

_ B\1/2
p(xa,x5) = 9 \/? exp [—% (x5 +25%) + 556233/2}
+ entanglement entropy: S, = —log(1 - ¢) - - f ¢ losé

* note entanglement arises because | insisted on working with
original basis x;, X, — guided by physical narrative

* N0 entanglement in normal mode basis X,, X_



(Srednicki: hep-th/9303048)
Entanglement Entropy

« another example: two coupled harmonic oscillators

_ B\1/2
p(za,2y) = 9 \/? exp {—% (x5 +25%) + B:ché}
+ entanglement entropy: S, = —log(1 - ¢) - - f ¢ losé

* note entanglement arises because | insisted on working with
original basis x;, X, — |guided by physical narrative

* N0 entanglement in normal mode basis X,, X_

 can interprete eq’s as two-dimensional SHO To

1 1
Vizy,x0) = 5@02 (QZ% + 3’)%) + 592 (1 — :172)2

—> X, and X, take less precedence 1

—> S # 0 integrating out any axis except X, =*X,



Entanglement Entropy 2: Quantum Field Theory??

* in the context of holographic entanglement entropy, Sgg is
applied in the context of quantum field theory

 In QFT, typically introduce a (smooth) boundary or entangling
surface 2. which divides the space into two separate regions

* integrate out degrees of freedom in “outside” region
* remaining dof are described by a density matipa

—> calculate von Neumann entropySzz = —1r [pa log p 4|

(t = constant)




« free scalar field (in d dimensions) = many coupled oscillators

1 R o
mo- w%uw)?)]

0\%(25:—#@)
y 00) ]'¢(:v+y) A

. o(—) 4 fl.\‘qﬁ-‘(z).) / {-j\@l(éi;+2g)
7 ;-fp(—:cﬂ))l ° $(29) .

: 2 2 : -

with  w” =p*, 9*=1/8" and reinstated m = §%'.

—> physical narrative: have a lattice of oscillators with
0 = lattice spacing = short distance cut-off



- free scalar field (in d dimensions) = many coupled oscillators

4 - $(0) c HE+7) S
. o(-2) AL (i) ‘ * (22 +29)
L opbernd Daden

e consider continuum limit: 6 — 0
) = $(3), pl@)/51 7@, 513 [
1

mo= g fa [|w<sc>|2 + Vo) + 12lo(@)]?]



« free scalar field (in d dimensions) = many coupled oscillators

H o= 5 [ [ln@)P + (96 + w0

. / =k [r(R)? + K26 ()2 + 2|6 (k)|?

2
tqs(/Z) - / ditz T ()

« normal modes given by Fourier transform
« much of “textbook QFT” is perturbing lots of coupled SHO'’s
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2
qu(/Z) - / ditz T ()

« normal modes given by Fourier transform
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(t = constant)
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* proposed entanglement calculation done in position basis



« free scalar field (in d dimensions) = many coupled oscillators

H o= 5 [ [ln@)P + (96 + w0

. / =k [r(R)? + K26 ()2 + 2|6 (k)|?

2
tqs(/Z) - / ditz T ()

« normal modes given by Fourier transform
« much of “textbook QFT” is perturbing lots of coupled SHO'’s

* proposed entanglement calculation done in position basis

Ground state wave-functional:

d—1
Bool) ~ exp |~ [ Gt VAT 20! (R)oh

2

 simple “product” in terms of normal modes



« free scalar field (in d dimensions) = many coupled oscillators

H o= 5 [ [ln@)P + (96 + w0

_ E/dd—lk (k)2 + k2| p(k)|? + 12| o(k)|?]

2
tqs(/Z) - / ditz T ()

« normal modes given by Fourier transform
« much of “textbook QFT” is perturbing lots of coupled SHO'’s

* proposed entanglement calculation done in position basis

Ground state wave-functional:

Wo(¢(x)) ~ exp [—%fdd_lxlfdd_lm ¢(x1) W1, 72) ¢p(2)
with W(CCl .5[,’2) :/ d 'k \/ k2 +/JJ2 e—iE-(f1—:f2)
’ (27T)d—1




Entanglement Entropy 2:

* in the context of holographic entanglement entropy, Sgg is
applied in the context of quantum field theory

 In QFT, typically introduce a (smooth) boundary or entangling
surface > which divides the space into two separate regions

* integrate out degrees of freedom in “outside” region
* remaining dof are described by a density matipa

—> calculate von Neumann entropySzz = —1r [pa log p 4|

(t = constant)




Entanglement Entropy 2:

——> calculate von Neumann entropy: Sp» = —17 [p4 log p4]

(t = constant)

e result is UV divergent! dominated by short-distance correlations

* must regulate calculation: 9§ = short-distance cut-off

R4—2 R4 d = spacetime dimension
S_Co —|—625d_4 + - P

- careful analysis reveals geometric structure, eqg,

3 AZ 3 fz dd_20' Wy
5 = Co 5d—2 T C2 §d—4




Entanglement Entropy 2:

——> calculate von Neumann entropy: Sp» = —17 [p4 log p4]

t

e result is UV divergent! dominated by short-distance correlations

* must regulate calculation: 9§ = short-distance cut-off

g _ R4—2 R4 d = spacetime dimension
— 052 T C2 §d—4 T

* leading coefficients sensitive to details of regulator, eg, 0 — 20
« find universal information characterizing underlying QFT in

subleading terms, eg, g — ... +1Og (R/5) + ---




More general comments on Entanglement Entropy:

 nonlocal quantity which is (at best) very difficult to measure
—> no accepted experimental procedure

« still useful diagnostic in condensed matter theory and in
guantum information theory



More general comments on Entanglement Entropy:
Where did hep-th find “Entanglement Entropy”? —> black holes

Bekenstein & Hawking: “quantum” black holes P = = \
are thermal systems leaking blackbody radiation 2 ~

—> event horizon carries entropy!!
Sy = A/4G N

As;

 Sorkin '84: leading term in EE obeys “area law™ S = ¢ + -

Hd—2

——> suggestive of Bekenstein-Hawking formula if § ~ ¢p
(Sorkin "84; Bombelli, Koul, Lee & Sorkin; Srednicki; Frolov & Novikov; . . .)
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* issues?: leading singularity not universal; regulator dependent

* active topic in 90’s but story left unresolved (returned to recently)



More general comments on Entanglement Entropy:
Where did hep-th find “Entanglement Entropy”? —> black holes

Bekenstein & Hawking: “quantum” black holes AR~ "5 !
are thermal systems leaking blackbody radiation 2

—> event horizon carries entropy!!
Sy = A/4G N

As;

 Sorkin '84: leading term in EE obeys “area law™ S = ¢ + -

Hd—2
——> suggestive of Bekenstein-Hawking formula if § ~ ¢p

(Sorkin "84; Bombelli, Koul, Lee & Sorkin; Srednicki; Frolov & Novikov; . . .)

* issues?: leading singularity not universal; regulator dependent

* active topic in 90’s but story left unresolved (returned to recently)
. 4

* recently considered in AAS/CFT correspondence
(Ryu & Takayanagi "06)




Overview:

1) Entanglement entropy in QFT

2) Primer on AdS/CFT correspondence

3) Introduction to Holographic Entanglement Entropy

4) Derivation of Holographic Entanglement Entropy
(for spherical entangling surfaces) and Beyond

5) Conclusions



AdS/CFT Correspondence:

Bulk: Boundary:

e guantum gravity e guantum field theory

* negative cosmological constant Ho|ography * no scale (at guantum level)
* d+1 spacetime dimensions < —> * d spacetime dimensions

* no gravity!

conformal
field theory

anti-de Sitter
space

.....

radius < > energy

J

ti

(Maldacena ‘97)



AdS/CFT correspondence:

ﬁ conformal field theory

anti-de Sitter space

guantum gravity guantum field theory
* negative cosmological constant * no scale (at quantum level)
 d+1 spacetime dimensions <——>  « d spacetime dimensions
o 1ty
holography no gravity!

|

classical gravity —
with small curvatures

—> |large central charge (N, — 00)

—> strong coupling (A — o)



anti-de Sitter space:
maximally symmetric geometry with negative curvature

ds®’ = — (—dt2 + da_:’Q) + —dr?



anti-de Sitter space:
maximally symmetric geometry with negative curvature

(simplest) solution of
Einstein’s equations
with negative A:

d
L2

Rab —

ds®’ = — (—dt2 + da_:’Q) + —dr?



1

anti-de Sitter space: R~ ==

maximally symmetric geometry withhegative curvature>

(simplest) solution of
Einstein’s equations
with negative A:

d
L2

Rab:_

ds? —@ (—dt* + dz” @dr



anti-de Sitter space:
maximally symmetric geometry with negative curvature

r = o<
Boundary
(d dimensions)

CFT

ds®’ = — (—dt2 + da_:’Q) + —dr?



anti-de Sitter space:
maximally symmetric geometry with negative curvature

r = o0
Boundary
(d dimensions)

CFT

Bulk < /

(d+1 dimensions) (Quantum) Gravity

2 2

2 r 2 9 L 5
ds :ﬁ(_dt +d$)+r—2dr



. : _ 1
anti-de Sitter space: R~ ==

maximally symmetric geometry with negative curvature

r = o<
Boundary
(d dimensions)

Bulk
(d+1 dimensions)

2 2
ds* = 5| (—df* + da?ng L~

r2

— boundary/CFT metric



. : _ 1
anti-de Sitter space: R~ ==

maximally symmetric geometry with negative curvature

r = o<
Boundary
(d dimensions) Azx

“redshift”: proper distances

Bulk get smaller for small r

(d+1 dimensions)

<>
2 2

L
ds? = | (—de* + da‘:’ng = dr?

r2

— boundary/CFT metric
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anti-de Sitter space: R~ ==

maximally symmetric geometry with negative curvature

r = o<
Boundary
(d dimensions) Azx
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“redshift”: proper distances

Bulk get smaller for small r

(d+1 dimensions)

<>
2 2

L
ds? = | (—de* + da‘:’ng = dr?

r2

— boundary/CFT metric
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Overview:

1) Entanglement entropy in QFT

2) Primer on AdS/CFT correspondence

3) Introduction to Holographic Entanglement Entropy

4) Derivation of Holographic Entanglement Entropy
(for spherical entangling surfaces) and Beyond

5) Conclusions



Entanglement Entropy

 general tool; divide quantum system into two parts and use
entropy as measure of correlations between subsystems

* in QFT, typically introduce a (smooth) boundary or entangling
surface 2. which divides the space into two separate regions

* integrate out degrees of freedom in “outside” region

* remaining dof are described by a density matrix pa

——> calculate von Neumann entropy: Sgr = =17 [pa log p 4]

(t = constant)




(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

) B
‘ boundary
conformal field

theory




(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

r =0
AdS boundary
D B
gravitational

AdS bulk potential/redshift

spacetime |4

Ay

S(A) = min ——



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

r = OO
AdS boundary
3 B
gravitational

AdS bulk potential/redshift

spacetime |4

d — 1) dimensional
/ (
Ay
S(A) = ext ——

looks like
BH entropy!
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Holographic Entanglement Entropy:

r =0
AdS boundary
D B
gravitational
AdS bulk potential/redshift
spacetime |4
Ay
S(A) = ext —— = oo



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

@/

AdS boundary

gravitational

AdS bulk potentlallredshlft
spacetime |4
Ay
voa 4GN

« “UV divergence” because area integral extends to » = o0

(a feature! not a bug!)



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

AdS boundary

« “UV divergence” because area integral extends to r = o0
- finite result by stopping radial integral at large radius: r = R

——> short-distance cut-off in boundary theory: § = L*/ Ry



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

AdS boundary

“Area Law”



Area law contribution:

. L
recall AdS metric: ds? = % (—dt? + di*) + =-dr?

%

bdry coord’s: Ly/

extremal surface
fL ]
o(r,y') (

to leading order, surface
falls straight down, ie, o ~ 0



Area law contribution:

2 2
. 2 r 2 —2 L=
recall AdS metric:  ds? = 73 (—dt® + dz*) + T—er
. R p— A  —T=x
bdry coord’s: YN @000 mmmmdemmmmmmm——- = T12/5
— R /

extremal surface
fL ]
o(r,y') (

to leading order, surface
falls straight down, ie, o ~ 0

AV 1 d—1
= —-— h
S(A) rerealyre d*1ovh

. o L d—2 r\ 42
oo [ (5) < [avm (3)




Area law contribution:

2 2
. 2 r 2 —2 L=
recall AdS metric:  ds? = 73 (—dt® + dz*) + T—er
. R p— A  —T=x
bdry coord’s: YN @000 mmmmdemmmmmmm——- = T12/5
— R /

extremal surface
fL ]
o(r,y') (

to leading order, surface
falls straight down, ie, o ~ 0

AV 1 d—1
= —-— h
S(A) rerealyre d*1ovh

1 A L2/5d r\4¢=3 L1 As,
4GN 2/ T(f) _4(d—2)GN §d—2



Area law contribution:

2 2
. 2 r 2 —2 L=
recall AdS metric:  ds? = 73 (—dt® + dz*) + T—er
. R p— A  —T=x
bdry coord’s: YN @000 mmmmdemmmmmmm——- = T12/5
— R /

extremal surface
1 ]
o(r,y') (

to leading order, surface
falls straight down, ie, o ~ 0

central charge
S(A) = Av. — L d* 1oV (counts dof)
4GN 4GN /

1 L2/ r\ 4—3 L=t As
= —As / dr (—) ~ = o
Planck



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

AdS boundary

LR B 8 N 8 § LR B & R 8§ } (R R 8 R R § § R _§ § &R _§ B N _§ _§ _§ B § | -

cut-off surface

general expression (as desired):

S(A) =~ co(R/6) 2 +c1(R/O)TH+ -
- +cqg_olog(R/6) + - -+ (deven)
_—I—_cd_z —I—---_ (d odd)

universal contributions
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Holographic Entanglement Entropy:
Ay

_ appeared as conjecture!
ov —x 4G N
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Holographic Entanglement Entropy:

S(A) = ext Av

_ appeared as conjecture!
ov —x 4G N

Extensive consistency tests:
Ld—l AZ

GN 5d—2 +

1) leading contribution yields “area law” S ~



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

A .
S( A) — ext v appeared as conjecture!
ov —x 4G N
Extensive consistency tests:
Ld—l AE
1) leading contribution yields “area law” 5 =~ — +
Gn 0
2) recover known results of Calabrese & Cardy
ford=2 CFT
g C o C . w/
= = — SIn —
3 5 0 C 4

(also result for thermal ensemble)

C' = circumference



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext . appeared as conjecture!

Extensive consistency tests:

3) S(A) = S(A) in a pure state
—> A and A both yield same bulk surface V

A

AdS
boundary



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext Av

_ appeared as conjecture!
ov —x, 4G N

Extensive consistency tests:

3) S(A) = S(A) in a pure state
—> A and A both yield same bulk surface V

A
cf: thermal ensemble # pure state ~
horizon in bulk —> S(A) # S(A) A
AdS
boundary

AdS/CFT Dictionary: thermal bath <——> black hole



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext . appeared as conjecture!

Extensive consistency tests:
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(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext . appeared as conjecture!

Extensive consistency tests:

4) for thermal bath: S(A4) D Siherm = aT4 1 x volume

A ]‘ e uyr

H(AdS)

horizon g
“black hole entropy”’density = a1



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext Av

_ appeared as conjecture!
ov —x 4G N

Extensive consistency tests:

4b) Entropy of eternal black hole =

entanglement entropy of boundary CFT & thermofield double
(Headrick)

thermofield boundary
double CFT

extremal surface =
bifurcation surface
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S(A) = ext Av

_ appeared as conjecture!
ov —x 4G N

Extensive consistency tests:

5) strong sub-additivity: S(A)+ S(B) > S(AUB)+ S(AN B)
(Headrick & Takayanagi)
A ANB

< > B AUB
0(AdS) < > < >
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(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext Av

_ appeared as conjecture!
ov —x 4G N

Extensive consistency tests:

5) strong sub-additivity: S(A)+ S(B) > S(AUB)+ S(AN B)
(Headrick & Takayanagi)
A B ANB

< > AUB
0(AdS) < > < >

\V, v

[ extended to dynamical setting: Wall]

[ further monogamy relations: Hayden, Headrick & Maloney]



(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:
A

S(A) = ext el appeared as conjecture!
ov —x 4Gy

Extensive consistency tests:

6) for even d, connection of universal/logarithmic contribution in
Sge to central charges of boundary CFT, eg, in d=4

g : : 1 . :
Suni = 10g(R/0) o / d?zVh [c (CW Gin 051 — KK + 51{;&[(;6) — aR]

(Hung, RM & Smolkin)

7) derivation of holographic EE for spherical entangling surfaces
(Casini, Huerta & RM, RM & Sinha)
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(Ryu & Takayanagi 06)

Holographic Entanglement Entropy:

S(A) = ext Av

——  —sppearetasconecturet
ov =x 4G N

Extensive consistency tests: ——> recent proof!!!
(Lewkowycz & Maldacena)

» generalization of Euclidean path integral calc’s for Sg,,, extended
to “periodic” bulk solutions without Killing vector

 for AAS/CFT, translates replica trick for boundary CFT to bulk
AT =21 = 2mrn —> log Z(n) = log Tr [p"] = — I rau(n)
—> S =-nod,llogZ(n) —nlog Z(1)] ’nzl
»atn ~ 1, linearized gravity eom demand: K = h" K7, =0
—> 7 shrinks to zero on an extremal surface in bulk

- evaluating Einstein action yields S = A/4G y for extremal surface



Overview:

1) Entanglement entropy in QFT

2) Primer on AdS/CFT correspondence

3) Introduction to Holographic Entanglement Entropy

4) Derivation of Holographic Entanglement Entropy
(for spherical entangling surfaces)

5) Conclusions



Why is deriving Holographic Entanglement Entropy hard?
Ser = —Tr[pa logpal

* a “standard” approach relies on replica trick, first calculating
Renyi entropy and then taking n — 1 limit

1 . |
Sp = 11— log T'r [p4] Ser = 7%1_}1]{11 Sn
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1. path integral representation
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Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

qjg(¢A7 ¢B)

\IJO(¢A7 ¢B)



Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

2. trace over @ g to construct
density matrix pa (¢, d75)

IOA(¢:|417 ¢;1)
ey, (6, 6p) (67, 0p)



Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

2. trace over ¢ g to construct
density matrix pa (¢, d75)

B\Q

IOA(¢27 ¢;1)
= Tr¢B\IfT(q5jl, o)V (P4, 0B)



Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

2. trace over ¢ g to construct

density matrix pa (¢, d75) Q
B
3. evaluate Tr(p’}) A B

Tr(p%) = Try: pa(dh, %) o pa(d, %) paldh, d4)]



Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

2. trace over @ g to construct
density matrix pa (¢, d75)

o

3. evaluate Tr(p’})

—

evaluate euclidean partition function
on n-fold cover of original space

twist
operator



Replica trick:

0. analytically continue: tg =1t

1. path integral representation
of ground state wave function

2. trace over @ g to construct
density matrix pa (¢, d75)

3. evaluate Tr(p’})

—

evaluate euclidean partition function
on n-fold cover of original space

or
evaluate euclidean partition function for

n copies of field theory (on single copy of space) wit
twist operator inserted at boundary of region A

twist
h operator
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—— how do we deal with singularity in boundary???
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boundary metric; use conformal symmetry to “unwrap”
singularity; (particularly “simple” for d=2: all boundary
metrics locally conformally flat, all bulk sol’s locally AdS,)
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cover of background spacetime

* holographic slogan: “its all geometry!”

—— how do we deal with singularity in boundary???
(Fursaev)

* “live with it!” —> singularity extends into the bulk and it is
effectively “extremized” as part of bulk gravity path integral

 problem: you get the wrong answer (at n # 1)

* “smooth it out!” — find smooth bulk solution for new
boundary metric; use conformal symmetry to “unwrap”
singularity; (particularly “simple” for d=2: all boundary
metrics locally conformally flat, all bulk sol’s locally AdS,)

e “all of the above” (Lewkowycz & Maldacena)

(Headrick)



Why is deriving Holographic Entanglement Entropy hard?

- “standard” approach to calculate Sy, relies on replica trick

* replica trick involves path integral of QFT on singular n-fold
cover of background spacetime

* holographic slogan: “its all geometry!”

—— how do we deal with singularity in boundary???
(Fursaev)

* “live with it!” —> singularity extends into the bulk and it is
effectively “extremized” as part of bulk gravity path integral

 problem: you get the wrong answer (at n # 1)

* “smooth it out!” ——> find smooth bulk solution for new
boundary metric; use conformal symmetry to “unwrap”
singularity; (particularly “simple” for d=2: all boundary

metrics locally conformally flat, all bulk sol’s locally AdS,)
(Casini, Huerta & RM)
* need another calculation with simpler holographic translation*
(*realizing “smooth it out!” strategy in disguise)

(Headrick)
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Calculating Entanglement Entropy: (Casini, Huerta & RCM)

* take In d-dim. flat space and choose[Z = Sd_Q]with radius R
——> entanglement entropy: S., = —7T7r [pa log pa]

D

 density matrix pa describes physics in entire causal domain D

» conformal mapping: D — H = R; X a1
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* take CFT in d-dim. flat space and choose> = S=2 with radius R
——> entanglement entropy: S., = —7T7r [pa log pa]

H

- conformal mapping: D — H = R, x H%1

curvature scale: 1/R temperature: T=1/2TR !



General result for any CFT (Casini, Huerta & RCM)

* take CFT in d-dim. flat space and choose> = S=2 with radius R
——> entanglement entropy: S., = —7T7r [pa log pa]

H

- conformal mapping: D — H = R, x H%1

curvature scale: 1/R temperature: T=1/2TR !

e for CFT: Pthermal — UpA U_l EE— SEE — Sthermal
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General result for any CFT (Casini, Huerta & RCM)

« take CFT in d-dim. flat space and choose S92 with radius R
——> entanglement entropy: S., = —7T7r [pa log pa]

—> Dby conformal mapping relate to thermal entropy
on H =R x H¥! with =~ 1/R? and T=1/21R

SEE — Stherma,l

* note both sides of equality are divergent 5

—> Sihermal SUMS constant entropy density
over infinite volume

 conformal map takes original UV cut-off
to IR cut-off on H4~!

Umazr = R/5
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General result for any CFT (Casini, Huerta & RCM)
« take CFT in d-dim. flat space and choose S92 with radius R
——> entanglement entropy: S., = —7T7r [pa log pa]

—> Dby conformal mapping relate to thermal entropy
on H =R x H¥! with =~ 1/R? and T=1/21R

SEE — Stherma,l

AdS/CFT correspondence:
 thermal bath in CFT = black hole in AdS

SEE — Stherma,l — Shorizon A

 only need to find appropriate black hole

—> topological BH with hyperbolic horizon
which intersects 0 A on AdS boundary

(Aminneborg et al; Emparan; Mann; . . .)
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* desired “black hole” is a hyperbolic foliation of empty AdS space
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SEE — Sthe’r'mal — Shom'zon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L? 1
2 _ 342 d—1 _
ds® = 22 (dz / dt* + dx )17' + p? d>s ——> T o

* bulk coordinate transformation implements
desired conformal transformation on boundary

 Rindler coordinates of AdS space:

“Rinder-AdS coordinates”
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* desired “black hole” is a hyperbolic foliation of empty AdS space

L dp? p?—L* 2 gyd—1 1
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« apply Wald’s formula (for any gravity theory) for horizon entropy:
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SEE — Sthe’r'mal — Shom'zon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L? dp? pP-L* 2 jyd—1 1
— — - —_ T = ——
R R 27 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:

_ o ., .
S = —27T/dd Levh IR, EMV €y
27

= —T (d/2) aafV (H')

(RCM & Sinha)

where CL:} contains all of the couplings from the gravity theory

7.‘.al/2 141
eg, a;= [ (d/2) ¢ for Einstein gravity




SEE — Sthe’r'mal — Shom'zon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L dp? p?—L* 2 gyd—1 1
p— — o T == —
R R > 27 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:

_ o ., .
S = —27T/dd Levh IR, EMV €y
27

= —T (d/2) aafV (H')

(RCM & Sinha)

where a; = central charge for “A-type trace anomaly”
for even d

= entanglement entropy defines effective central charge
for odd d



SEE — Sthe’r'mal — Shorizon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L dp? p?—L* 2 gyd—1 1
p— — o T == —
RO > 27 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:.

S‘d—/zr (4/2) adm"\
2

ds

2 10yd—2
1+u2 +utdth




SEE — Sthe’r'mal — Shorizon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L? dp? p? — L? 1

2 _ 2, 2 gyd—1 _
ds_(p2—L2)_ 72 dr* + p~ dX —_—> T'=—

21 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:.

S‘d—/zr (4/2) adm"\

2 1yd—2
intersection with standard ds® = T 1+ u2 + u” d2;
regulator surface: zpin = 9 ﬁ

A5 B
S - CL:} ;lna,%c + -

(d—2)r (51 °



SEE — Sthe’r'mal — Shorizon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L dp? p?—L* 2 gyd—1 1
p— — o T == —
RO > 27 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:.

S‘d—/zr (4/2) adm"\
2

2 10yd—2
intersection with standard ds” = 1+ u2 +udll
regulator surface: zpin, = 0 ﬁ
a-3 d—2
472 (R)
S = (5 I
“ a2 ()

\ J
|

“area law” for d-dimensional CFT




SEE — Sthe’r'mal — Shom'zon

* desired “black hole” is a hyperbolic foliation of empty AdS space

L? dp? pP-L* 2 jyd—1 1
— — - —_ T = ——
R R 27 R

« apply Wald’s formula (for any gravity theory) for horizon entropy:

S = %r(d/z) ay V(H*™) ﬁ

du?
2 2 d—2
ds” = 2 + u” df)s
universal contributions:
d_ «
S = ..+ (=)2"Ma¥ log(2R/5) + --- forevend

d—1

. 4+ (_)727{@2 -+ .. for odd d



SEE — Sthe’r'mal — Shom'zon

universal contributions:

S = - + (=)2 '4a* log (2R/8) + - - for even d

-+ (—)%%a; + - for odd d
- discussion extends to case with background: R*9~1 — R x §9-1

« for Einstein gravity, coincides with Ryu & Takayanagi result and
horizon (bifurcation surface) coincides with R&T surface

—> no extremization procedure?!? but bifur. surface is extremal

 applies for classical bulk theories beyond Einstein gravity

« can imagine calculating “quantum” corrections (eg, Hawking rad)



“smooth it out’:

» consider Euclidean version of previous calculation
 conformal mapping for spherical entangling surface

—> Euclidean version gives one-to-one map: R% <> S x H%!

—> with At =n/Ty = 2nRn (n € Z) get n-fold cover of R*

Sl % Hd—l : d82 _ dﬂ% + R2 (du2 —+ sinh2u dQ?i_Q)
R—1r— itE
. ion: exp(—u—itg/R) = -
coord. transformation: exp ( Te/R) R+71+itg
RY i as? = Q7 [di} 4 dr? 2 d03, ]
A L 02 AR
n-fold cover (B2 1)+ Art

* (Euclidean) hyperbolic black holes provide smooth bulk metric



“smooth it out’:

» consider Euclidean version of previous calculation
 conformal mapping for spherical entangling surface

—> Euclidean version gives one-to-one map: R% <> S x H%!

—> with At =n/Ty = 2nRn (n € Z) get n-fold cover of R*

Sl % Hd—l : d82 _ dﬂ% + R2 (du2 —+ sinh2u dQ?i_Q)
R, 0 ds? =7 [di} +dr + %05, ]
) L 0° = i
n-fold cover (R2—r2 4 13)% 4 4r2t3,

* (Euclidean) hyperbolic black holes provide smooth bulk metric
for any n!!

* special case: symmetry emerges in certain conformal frame



Conclusions:

« AdS/CFT correspondence (gauge/gravity duality) has proven
an excellent tool to study strongly coupled gauge theories

 holographic entanglement entropy is part of an interesting
dialogue has opened between string theorists and physicists

In a variety of fields (eg, condensed matter, nuclear physics, . . .

e potential to learn lessons about issues in boundary theory
eg, readily calculate Renyi entropies for wide class
of theories in higher dimensions

* potential to learn lessons about issues in bulk gravity theory
eg, holographic entanglement entropy may give new
Insight into quantum gravity or emergent spacetime

Lots to explore!



