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Figure 2: a) Defect in the spiral roll pattern. b) Space-time diagram along a radius
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Figure 3: Evolution of the total number of defects versus Reynolds number.

spirals, previously called ”solitary waves” in the rotating disk flow literature, is connected to the birth
of structural defects in a periodic underlying spiral roll pattern.

Figure 2 presents such a defect and a spatio-temporal diagram realized along the radial direction which
exhibits this defect-turbulence (Coullet et al. 1989). We then performed a statistical study of these
defects and showed that their occurrence obeys to a Poisson law near their threhold. We observe in
particular that their number increases similarly to what is proposed by theoretical studies (Shraiman et
al., 1992). Our results are also in agreement with the interpretation of these defects as homoclinic orbits
of a dynamical system nearby a saddle-node critical point (Afraimovich et al., 1995). Figure 3 shows
the evolution of the total number of these defects as a function of the Reynolds number.
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Figure 4: a) Visualization of the turbulent spirals. b) Space-time diagram (along a circle) showing the
turbulent spirals (in black) inside the laminar flow (in white)
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FIG. 1. Experimental phase diagram (η = 0.983). (b)

displays a zoom of the dotted rectangle of (a). The labels
stand for AZI : azimuthal flow; TVF: Taylor vortex flow;
WVF: wavy vortex flow; SPI&IPS: spiral and interpenetrat-
ing spiral vortices; WIS: wavy interpenetrating spiral vortices;
INT: intermittency; SPT: spiral turbulence; TUR: turbulence.
The arrow indicates the Ro value below which the AZI flow
jumps directly to INT (see text for details). The solid straight
lines in (b), show the paths along which measurements are
conducted (A: Ro = −922; B: Ro = −713; C: Ro = −641;
D: Ri = 704).

Accordingly, the other vortex flows (WVF, SPI, IPS...)
also appear at higher Ri values. Second, the laminar-
turbulent coexistence regions (INT and SPT), extend to
higher Ro values. Finally, for Ro < −725, the azimuthal
flow jumps directly to INT whereas, for Ro > −725, it
bifurcates first to IPS or SPI.

Figure 2, shows snapshots of the whole flow, along
paths A and C. For Ro = −922, the boundaries trig-
ger turbulent stripes are at Ri lower than the expected
linear instability threshold (fig. 2(a)). In fig. 2(b) peri-
odically organized turbulent stripes have formed: spiral
turbulence is established as a regular rotating pattern
with uniform pitch angle along the cylinder axis.
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FIG. 2. Turbulent spots and stripes along paths A and

C. Left column is path A, Ro = −922: Ri = (a) 580,
(b) 600, (c) 697, (d) 784. Right column is path C,
Ro = −641: Ri = (e) 649, (f) 668, (g) 695, (h) 717. Each
picture displays a 360 ◦ view of the whole flow (38 cm high
and 31.4 cm wide.
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We study Schl6gl's second model, characterized by chemical reactions 
kl k3 

2X~ ~3X, X-. >0, 
k2 k4 

in d-dimensional space. The reactions are assumed to be local; local fluctuations are 
fully taken into account, and particle transport occurs via diffusion. 
In contrast to previous investigations, we find no phase transition when k4=~0 and 
d<4.  For k 4 = 0, k 3 4=0, and 1 < d<  4, we find a second-order phase transition which is 
in the same universality class as the transition in Schl6gl's first model. Only for d > 4 we 
do find the first-order transition found also by previous authors. 
These claims are supported by extensive Monte Carlo calculations for various re- 
alizations of this process on discrete space-time lattices. 

1. Introduction 

Instabilities in systems far from equilibrium have 
been studied very intensively during the last years 
[1, 2]. The variety of phenomena observed there is 
extremely rich, reaching from close analogies of 
equilibrium phase transitions to such phenomena 
like self-generated chaos. 
In this paper we shall study transitions between two 
stationary states in models for autocatalytic chemi- 
cal reactions. Two such models were introduced by 
Schl/Sgl [3], and studied later in great detail as pro- 
totype models with second order resp. first order 
transitions. They are characterized by the reactions 

~1 ]s 
X < ,2X,  X ,  ,0  (model I) (1.1) 

re2 k4 

and by 

kl k3 
2X~ ,3X,  X~ ,0  (model II). (1.2) 

k2 k4 

The rate equations are 

dn 
dt -k~-k3n+lcln-Kzn2 (model I) (1.3) 

* Address from April l-September 30, 1982: Chemical Physics 
Department, Weizmann Institute of Science, Rehovot, Israel 

and 

dn 
dt -k4-k3n+kln2-kan3  (model II). (1.4) 

By suitable rescalings, we can always put 

~k 1 =k z = tq = ~c 2 = 1. (1.5) 

Model I is in this approximation just the well- 
known Malthus-Verhulst population model. The sta- 
tionary solution of (1.3) shows a bifurcation for k4 
=0 :  

{01 f~ k3>1 (1.6) 
n=  - k  3 or 0 for /c a < l  

(see Fig. la), resembling a second order phase tran- 
sition. For k~ > 0, there is no sharp transition. 
The equation determining the stationary state of 
Model II, 

k4-k3n+ 3n2-n3 =O, (1.7) 

has either one real and two complex solutions or 
three real solutions, depending on the ra tes  k 3 and 
k 4 (see Fig. 1 b). In the latter case, only two of these 
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It is pointed out that chemical reactions which show an absorbing stationary state in 
the master-equation approach (e.g. Schltigl's first reaction) exhibit nevertheless a second 
order phase transition in non-zero dimensional macroscopic systems. The relation to 
Reggeon field theory is given more directly than by Grassberger etal. using the 
functional integral formalism of statistical dynamics. As a new result the correlation 
length exponent v and the order parameter exponent fi are found to O(e 2) in an ~- 
expansion around the upper critical dimension d c = 4. 

Some years ago Schl6gl [1] has introduced a simple 
autocatalytic reaction scheme 

X + A  . k l "  2X (1) kl 

X ~ B (2) 

to study phase-transitionqike instabilities in non- 
equilibrium situations. Denoting the concentrations 
of A, B and X by a, b and n respectively, one 
obtains for the production rate r+ (n) and the annihi- 
lation rate r (n) of X-particles 

r+ (/'/) = k I a. n + k 2 b (3) 

r_ (n) = k' 1  9 n z + k 2  9 n (4) 

The concentrations a, b are kept constant. Mean 
field analysis [1] exhibits a second order transition 
from the stationary state nst = 0 to nst ~ 0  in the limit- 
ing case k'2b~O if k 1 a = k  2. However including fluc- 
tuations by modelling the reaction scheme as a Mar- 
kov process based on birth and death processes and 
random walk (to include diffusion) [2] one can show 
that only the so called absorbing state n = 0  is 
strictly stationary~ Some authors [3-5] have therefore 
concluded, that Schl6gl's first model is not an exam- 
ple of a phase transition in nonlinear reaction mo- 
dels. 
In this paper I will point out that this conclusion is 

not correct. The statement: there is no phase tran- 
sition in the Schl/Sgl model is of the same quality as 
the statement: there is no phase transition in a finite 
system. Although perfectly correct for the true sta- 
tionary state, a macroscopic system will reach such a 
state only after several ages of the world, instead a 
sharp phase transition occurs if the degrees of free- 
dom tend to infinity. Therefore the former state- 
ments on the Schl{Sgl model are physically irrelevant 
for a macroscopic system. To determine the be- 
haviour of the transition one has to perform the 
infinite volume limit first and then calculate all in- 
teresting quantities like mean values and correlation 
functions. 
Recently it was shown [6, 7] that the Schl6gl model 
is mathematically equivalent to the Reggeon field 
theory which itself belongs to the same universality 
class as the directed bond percolation problem [8]. 
The special critical features of this universality class 
can be attributed in my opinion to the existence of 
the absorbing state in the critical dynamics of a 1- 
component order parameter. 
To show the equivalence of the Schl6gl model with 
Reggeon field theory more directly then in [6, 7] I 
start with the Langevin equation for the statistical 
dynamics of the reaction scheme (1, 2) including dif- 
fusion: 
0 

- -  n = 2 .  A n + [r+ (n) - r_ (n) ]  + ( (5) 
3t 
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Metastability occurs whenever, under given external conditions (as defined by the Reynolds number in hydrodynamics) 
more than one linearly stable solution may exist. In variational problems, the preferred state is usually claimed to be the one 
with the lowest energy. But in hydrodynamics, and except for very special conditions no energy functional exists. From an 
analogy between amplitude and reaction diffusion equations it is argued that the border separating in space two possible 
solutions of the flow equations (as turbulent and laminar in pipe flows or boundary layers) moves with a constant mean 
velocity, depending on the control parameter. The sign of this velocity allows to decide which state is stable and which is 
metastable. Possible physical implications of these ideas for various problems of hydrodynamics are discussed. 

1. Introduction 

The aim of this paper is to present some ideas 
related to the nonlinear development of subcritical 
instabilities in fluids. Owing to the rather broad 
spectrum of questions that will be examined, there 
is no claim of generality and even less of reviewing 
a sizeable part of the literature in the field. The 
emphasis will be mainly on some points that seem 
to be original, at least in the present form. More- 
over, as this stems from a talk presented in front 
of a rather broad audience, many details pertinent 
to fluid mechanical problems have been omitted. 
We refer the interest reader to a forthcoming 
Monography [l] that will consider (among others) 
those questions in a far more detailed fashion. 
Most of the equations that will be written will be 
simply models and no attempt will be made to 
derive them in a rational fashion from the equa- 
tions of fluid mechanics (if this were possible). 

Recently, a great deal of attention has been 
focused on the onset of supercritical instabilities 
[l]. It can be seen as the mechanical (= no ther- 
mal fluctuations) partner of second order phase 
transitions in thermodynamics. In particular the 
gross features of the transition are easily under- 
stood on the basis of the so called Landau theory 

[2]: below the instability threshold only one steady 
stable solution of the equations of motion exists 
and a little above threshold this steady solution 
becomes linearly (but weakly) unstable, although 
another solution branches off from this one, which 
is linearly stable [3]. There are many examples of 
this in hydrodynamics: Rayleigh-Benard instabil- 
ity, rolls in Taylor-Couette flow, longitudinal 
fluctuations of the vortex shedding in the wake of 
cylinders [4] are all examples of supercritical in- 
stabilities. But this does not exhaust by far every 
possible flow behavior. For instance the laminar 
Poiseuille flow in a circular pipe is known to be 
linearly stable at any Reynolds number, although 
there is experimental evidence that for Reynolds 
numbers larger than a few thousands [5], the flow 
is always turbulent unless very special conditions 
are met at the entrance of the pipe. This leads one 
quite naturally to seek to understand in what 
sense this laminar flow at large Reynolds number 
is metastable, although the turbulent flow is 
“stable” under the same conditions. This work is 
devoted to an attempt to understand this point. 

We shall recall in the second section how meta- 
stability is usually introduced for systems with a 
finite number of degrees of freedom: one com- 
putes the energy of all possible steady and linearly 

0167-2789/86/$03.50 0 Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 
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Figure 3: Evolution of the total number of defects versus Reynolds number.

spirals, previously called ”solitary waves” in the rotating disk flow literature, is connected to the birth
of structural defects in a periodic underlying spiral roll pattern.

Figure 2 presents such a defect and a spatio-temporal diagram realized along the radial direction which
exhibits this defect-turbulence (Coullet et al. 1989). We then performed a statistical study of these
defects and showed that their occurrence obeys to a Poisson law near their threhold. We observe in
particular that their number increases similarly to what is proposed by theoretical studies (Shraiman et
al., 1992). Our results are also in agreement with the interpretation of these defects as homoclinic orbits
of a dynamical system nearby a saddle-node critical point (Afraimovich et al., 1995). Figure 3 shows
the evolution of the total number of these defects as a function of the Reynolds number.
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Figure 4: a) Visualization of the turbulent spirals. b) Space-time diagram (along a circle) showing the
turbulent spirals (in black) inside the laminar flow (in white)
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intermittency in plane Couette flow
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PACS. 47.27Cn – Transition to turbulence.
PACS. 47.20Ky – Nonlinearity (including bifurcation theory).

Abstract. – The plane Couette flow undergoes a globally sub-critical transition to turbu-
lence. Turbulent spots generated by localized finite-amplitude perturbations evolve di/erently
depending on the Reynolds number R. Below Ru ⇥ 312 they decay rapidly; above Rc ⇥ 323
a fraction of spots turns to sustained turbulent patches and an average turbulent fraction can
be defined, that slowly increases with R. Lifetime histograms of patches quenched in the range
R � [Ru, Rc] display a well-defined exponentially decreasing tail. This behavior is reminiscent of
the discontinuous transition to spatiotemporal chaos via spatiotemporal intermittency observed
in certain two-dimensional lattices of coupled map.

For years, the problem of the transition to turbulence in extended systems has been the
focus of numerous studies [1]. Contrasting with globally supercritical scenarios in terms of
long-wavelength modulations of patterns, phase instabilities, defect and phase turbulence,
appropriate for nonlinear hydrodynamic systems such as Rayleigh-Bénard convection, the case
of sub-critical systems is much less well understood. In practice, when the instability driving
the system to turbulence is sub-critical, inhomogeneities may develop in the form of fluctuating
domains separated by fronts [2]. In this context, spatiotemporal intermittency (STI) presents
itself as a scenario with some degree of genericity. In few words, STI is a transition akin to
directed percolation which, in turn, is a stochastic process defined on a lattice of cells evolving
in time. Cells can be active or quiescent and a cell cannot become active by itself (absorbing
state) but only by contamination from neighbors according to some probabilistic rule. For a
sub-critical hydrodynamic instability, the former basic flow, which is still locally stable, would
correspond to the absorbing state while the bifurcated flow would relate to the active state.
Statistical properties of STI can further be interpreted within the framework of the theory of
phase transitions and critical phenomena, and the average activity of the lattice —here called
the turbulent fraction (Ft)— plays the role of an order parameter (for a brief introduction to
STI, consult [3] and references therein). Based on the determination of Ft as a function of
control parameters, continuous (second-order–like) as well as discontinuous (first-order–like)
transitions have then been observed in model systems (coupled map lattices), depending on
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Abstract. We argue on general grounds that the transition to turbulence in plane Couette flow is best
studied experimentally at a statistical level. We present such a statistical analysis of experimental data
guided by a parallel investigation of a simple coupled map lattice model for spatiotemporal intermittency.
We confirm that this generic type of spatiotemporal chaos is relevant in the context of plane Couette flow,
where the linear stability of the laminar regime at all Reynolds numbers insures the necessary local sub-
criticality. Using large ensembles of similar experiments, we show the existence of a well-defined threshold
Reynolds number above which a unique, turbulent, intermittent attractor coexists with the laminar flow.
Furthermore, our data reveals that this transition to spatiotemporal intermittency is discontinuous, i.e.
akin to a first-order phase transition.

PACS. 47.20.-k Hydrodynamic stability – 47.20.Ky Nonlinearity (including bifurcation theory) –
47.27.Cn Transition to turbulence – 05.45.+b Theory and models of chaotic systems

The plane Couette flow, in which a fluid layer is sheared
between two parallel plates moving with opposite tan-
gential velocities, o;ers one of the most intriguing frame-
works for studying the transition to turbulence. Whereas
the simple linear laminar velocity profile is stable at all
Reynolds numbers R [1], it is well known that finite-ampli-
tude perturbations may trigger abrupt, localized transi-
tions to turbulent spots if R is su⇥ciently large [2–4].
Despite an already considerable literature on plane

Couette flow, the statistical aspects of this important case
of transition to turbulence have so far been largely unex-
plored. Most works were performed from a rather conven-
tional fluid dynamics point of view, e.g. in order to uncover
particular nonlinear solutions not continuously related to
the laminar flow [5,6], or to extend the stability analysis of
the laminar profile to account for long “transients,” by ex-
ploiting the so-called non-normality of the linear operator
[7].
At a more qualitative level, it has been recognized that

plane Couette flow possesses all the necessary ingredients
for exhibiting spatiotemporal intermittency, a generic type
of spatiotemporal chaos akin to the behavior of directed
percolation-like models above threshold [8]. Indeed, the
sustained disordered regimes observed at relatively high
Reynolds numbers, in which turbulent spots move, grow,
decay, split, and merge, have been described in terms of a
“contact process”, i.e. a process in which active/turbulent
regions may invade absorbing/laminar domains where
disorder cannot spontaneously emerge [3]. Even though
spatiotemporal intermittency refers to spatially-extended
deterministic systems, this high-dimensional chaotic

behavior is best described and analyzed from a statistical
viewpoint, as suggested by the analogy sketched above
with probabilistic cellular automata with one absorbing
state, a class of models much studied in non-equilibrium
statistical mechanics (see, e.g., [9]). Furthermore, as ar-
gued in detail below, the spatiotemporal intermittency
framework implies that the turbulent regimes of plane
Couette flowmust be approached statistically. As a matter
of fact, this was implicitly realized by Daviaud et al. [3],
who presented results based on small ensembles of about
10 experiments.
In this work, we present extensive experimental re-

sults on the transition to turbulence in plane Couette flow.
Large ensembles of similar experiments were performed to
provide meaningful statistics. Their analysis is guided and
supplemented by parallel results obtained through numer-
ical simulations of a coupled map lattice model showing
spatiotemporal intermittency. Our general conclusion is
that the experimental results are fully consistent with a
discontinuous (first-order like) transition to spatiotempo-
ral intermittency. This confirms the findings of a recent
short paper [10], of which our work can be seen as an
extension.
The paper is organized as follows. In Section 1, we

briefly present the experimental setup and detail the pro-
posed analogy between the turbulent regimes of plane
Couette flow and spatiotemporal intermittency. The basic
results for the transition to spatiotemporal intermittency
are recalled in Section 2, with the help of the coupled
map lattice model mentioned above to guide the statisti-
cal analysis of experimental results. A general definition
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results for the transition to spatiotemporal intermittency
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Spatiotemporal perspective on the decay of turbulence in wall-bounded flows
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By use of a reduced model focusing on the in-plane dependence of plane Couette flow, it is shown that the
turbulent→ laminar relaxation process can be understood as a nucleation problem similar to that occurring at
a thermodynamic first-order phase transition. The approach, apt to deal with the large extension of the system
considered, challenges the current interpretation in terms of chaotic transients typical of temporal chaos. The
study of the distribution of the sizes of laminar domains embedded in turbulent flow proves that an abrupt
transition from sustained spatiotemporal chaos to laminar flow can take place at some given value of the
Reynolds number Rlow, whether or not the local chaos lifetime, as envisioned within low-dimensional dynami-
cal systems theory, diverges at finite R beyond Rlow.

DOI: 10.1103/PhysRevE.79.025301 PACS number!s": 47.20.Ft, 47.27.Cn, 05.45.Jn

The transition to turbulence in flows lacking linear insta-
bility modes, such as Poiseuille pipe flow !PPF" driven by a
pressure gradient along a circular tube and plane Couette
flow !PCF" driven by two plates moving parallel to each
other in opposite directions, is particularly delicate to under-
stand owing to its abrupt character, without the usual cascade
seen in the globally supercritical case, as for, e.g., convec-
tion. A recent general presentation of the issues is given in
#1$. These globally subcritical flows become turbulent
through the nucleation and growth or decay of turbulent do-
mains called puffs !PPF" or spots !PCF"; see, e.g., #2,3$ for
PPF and PCF, respectively. Most of the work on the transi-
tion problem has dealt with special nonlinear solutions !exact
coherent structures #4!b"$" to the Navier-Stokes equations
and their dynamics in the phase space spanned by them.
Such solutions, obtained within the so-called minimal flow
unit !MFU" assumption #5$, have been found at moderate
values of the Reynolds number R in PPF #6$, PCF #4,7–9$,
and also in plane Poiseuille flow #8,10$. !In PCF, R is defined
as Uh /! where U is the speed of the plates driving the flow,
2h the gap between the plates, and ! the kinematic viscosity
of the fluid." These solutions are all unstable and, together
with their stable and unstable manifolds, they form the skel-
eton of the turbulent flow at a local scale. The reason why
turbulence can be sustained only at much higher values of R
!about a factor of 2–3 higher" is, however, not clear #2$.

In practice, the existence of these nontrivial solutions has
mainly served to explain the exponential behavior of the dis-
tribution of lifetimes of transient turbulence in the low-R part
of the transitional regime in terms of unstable periodic orbits,
homoclinic tangles, and chaotic repellers #11$. Unfortunately,
this does not bring a definitive answer to the controversial
issue of the existence of a threshold Rlow above which turbu-
lence could be sustained; see #2,12,13$ for PPF and #12,14$
for PCF. The reason is that the approach is zero dimensional
in essence !dynamics is condensed onto a small set of non-
linear modes with well-defined spatial structure", which
would be appropriate if confinement at the size of the MFU
were really effective !#15$, Sec. 2.3". In fact, the transitional

flows considered are open and, ideally, unbounded in one
spatial direction !PPF" or two !PCF", so that a genuinely
spatiotemporal dynamics is expected.

A different angle of attack was proposed long ago by
Pomeau #16$ !also #17$, Chap. 5" who indeed stressed the
importance of the spatial extension of systems experiencing
subcritical bifurcations. The coexistence of states in phase
space, typical of subcriticality, translates into coexistence of
states in physical space, with walls separating homogeneous
domains of each kind. He also pointed out that, when one of
the competing states was chaotic and transient, one could
expect a stochastic wall propagation similar to directed per-
colation #18$, another contamination process, with the obvi-
ous identification locally turbulent→active !alive", locally
laminar→absorbing !dead". According to this scenario,
called spatiotemporal intermittency !STI" by Kaneko #19$,
transient chaotic local states of a distributed system may
evolve into a sustained turbulent global regime due to spatial
coupling. STI has been much studied within the framework
of critical phenomena in statistical physics, especially in
view of its universality #20$. Coupled map lattices in differ-
ent spatial dimensions were used to test STI’s properties
#21,22$. In two dimensions, such an abstract minimal model
was found to display a discontinuous first-order-like transi-
tion as the control parameter was varied #23$, which was
subsequently used for comparison with transitional PCF
#14!b"$. Unfortunately, it was too far removed from hydro-
dynamics to be really relevant, which prompted the deriva-
tion of a more realistic model directly from the Navier-
Stokes equations, to be used here for studying statistical
properties of the turbulent→ laminar transition in domains of
very large lateral extension.

A system of partial differential equations was derived by
means of standard Galerkin expansion and projection of the
Navier-Stokes equations, using a polynomial basis appropri-
ate to no-slip boundary conditions; see #24$ for a full de-
scription and details of its numerical implementation. This
system extends Waleffe’s model #4$ by unfreezing the in-
plane spatial dependence of the velocity field while keeping
a few wall-normal modes. When restricted to lowest signifi-
cant order, as is done for results discussed here, the model
involves three fields. The first one describes streaks, which
are velocity perturbations pushing and pulling vortical struc-*paul.manneville@polytechnique.edu
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FIGURE 1. Intermittent transition in a coupled-map lattice. (a) Illustration of the lattice
with nodes coloured according to whether the system is locally laminar (white) or
turbulent (black). (b) The map defining the local dynamics at each node. u

⇤ is a stable
fixed point. (c) Typical time evolution, seen in a slice through the lattice at constant j,
initialised with all sites in the turbulent state. (The spatial and temporal laminar gaps `x

and `t are discussed in § 4.) (d) Equilibrium turbulence fraction Ft as a function of the
coupling strength d in two cases: u

⇤ = 1.25 (top) and u
⇤ = 1.1 (bottom). In the top case

the transition to turbulence is discontinuous while in the bottom case it is continuous.
In the continuous case, close to the critical value dc, Ft increases from zero with the
universal power law for directed percolation in two space dimensions: Ft ⇠ (d � dc)

� ,
where � ' 0.583. The red curves in the main plot and inset show this power law.

Figure 1(d) shows the two distinct cases: one discontinuous and one continuous.
In the discontinuous case, there is a gap in the possible values of Ft. Long-lived
transients with small turbulence fraction can be observed for values of d below dc,
the critical value of d, but the system simply cannot indefinitely maintain a small
level of turbulence, no matter how large the system size. On the other hand, in the
continuous case, Ft becomes arbitrarily small (in the limit of infinite system size) as
d approaches dc from above. In this case the system behaves in accordance with the
power laws of directed percolation. In particular, as is shown, the turbulence fraction
grows as Ft ⇠ (d � dc)

� , where � ' 0.583; see Lübeck (2004). We will discuss the
other important power laws later when we analyse the planar fluid flow.

Note that on any finite lattice the minimum possible non-zero turbulence fraction is
1/K (i.e. just one turbulent site), where K is the total number of lattice points. This
means that even if the transition is continuous in principle, some discontinuity in the
turbulence fraction from finite-size effects will be present in any numerical study. It
is by investigating scaling behaviour, such as the log–log plot in figure 1(d), that one
gains confidence in the nature of the transition.

824 R1-4

�
 D

�:
 /

23
2�

4"
 �

��
$$

!#
���

D
D

D
 1

/�
0"

72
53

  
"5

�1
 "

3 
��

�7
C3

"#
7$(

� 
4�.

/"
D

71
��

� 
��

��
�,%

:��
��

��
/$

��
��


�
�


��
�#

%0
�3

1$
�$ 

�$�
3�


/
�

0"
72

53
�


 "
3�

$3
"�

#�
 4

�%
#3

��/
C/

7:/
0:

3�
/$

��
$$

!#
���

D
D

D
 1

/�
0"

72
53

  
"5

�1
 "

3�
$3

"�
# 

��
$$

!#
���

2 
7  

"5
��

� 
��

��
��4

�
 �

��
� 

	�





Rc

Turbulence fraction increases as R increases from Rc

Turbulence fraction

Ft

Ft ⇠ (R�Rc)
�

Order parameter


Rc

Ft ⇠ (R�Rc)
�



Rc

scales diverge as R decreases toward Rc

⇠? ⇠ (R�Rc)
�⌫?Characteristic spatial scale:

⇠k ⇠ (R�Rc)
�⌫kCharacteristic temporal scale: ⇠k ⇠ (R�Rc)
�⌫k
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�⌫?



First Experimental Realization

Experimental realization of directed percolation criticality in turbulent liquid crystals

Kazumasa A. Takeuchi,1,2,* Masafumi Kuroda,1 Hugues Chaté,2 and Masaki Sano1,†

1Department of Physics, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
2Service de Physique de l’État Condensé, CEA-Saclay, 91191 Gif-sur-Yvette, France

!Received 24 July 2009; published 16 November 2009"

This is a comprehensive report on the phase transition between two turbulent states of electroconvection in
nematic liquid crystals, which was recently found by the authors to be in the directed percolation !DP"
universality class #K. A. Takeuchi et al., Phys. Rev. Lett. 99, 234503 !2007"$. We further investigate both static
and dynamic critical behaviors of this phase transition, measuring a total of 12 critical exponents, 5 scaling
functions, and 8 scaling relations, all in full agreement with those characterizing the DP class in 2+1 dimen-
sions. Developing an experimental technique to create a seed of topological-defect turbulence by pulse laser,
we confirm in particular the rapidity symmetry, which is a basic but nontrivial consequence of the field-
theoretic approach to DP. This provides a clear experimental realization of this outstanding truly out-of-
equilibrium universality class, dominating most phase transitions into an absorbing state.

DOI: 10.1103/PhysRevE.80.051116 PACS number!s": 64.60.Ht, 64.70.mj, 47.27.Cn, 05.45.!a

I. INTRODUCTION

Absorbing states, i.e., states which systems may fall into
but never escape from, and phase transitions into them are
expected to be ubiquitous in nature. For instance, spreading
or contamination processes such as fires or epidemics exhibit
such transitions when the propagation rate changes: initially
active !infected" regions eventually disappear forever at low
rates, i.e., the absorbing state is reached, while they can be
sustained !pandemic regime" for fast-enough propagation.
Examples abound far beyond hundreds of numerical models,
describing, e.g., catalytic reactions, granular flows, and cal-
cium dynamics in living cells, to name but a few, have been
shown to exhibit such absorbing phase transitions #1,2$. Such
phase transitions also naturally arise from general problems
such as synchronization #3,4$, self-organized criticality #5$,
spatiotemporal intermittency !STI" #6$, and depinning #7,8$.
The vast majority of these transitions share the same critical
behavior, that of the “directed percolation” !DP" class #1,2$,
as long as they are continuous.

Deep theoretical issues underpin this situation. Whereas
universality is well understood for systems in thermody-
namic equilibrium, this is still not the case for systems driven
out of equilibrium, where even the relevant ingredients de-
termining the class are not well understood. In this context,
absorbing phase transitions are central because of their genu-
ine nonequilibrium character since absorbing states directly
imply violation of the detailed balance. Janssen and Grass-
berger #9,10$ conjectured that the DP universality class con-
tains all continuous transitions into a single effective absorb-
ing state in the absence of any extra symmetry or
conservation law. The DP class thus appears as the simplest
and most common case as testified by overwhelming numeri-
cal evidence.

However, the situation has been quite different in experi-
ments. Over the last 20 years and more, a number of experi-

ments have been performed in situations where DP-class
transitions would be theoretically expected, but they have
always yielded mixed and/or partial results with limited ac-
curacy #7,11–22$ !Table I". This lack of fully convincing ex-
perimental realizations, in contrast with the wealth of nu-
merical results, has been found surprising and a matter of
concern in the literature #1,28$.

Recently, though, studying a STI regime occurring in tur-
bulent liquid crystals, we found a transition whose complete
set of static critical exponents matches those of the DP class
#29$. The goal of the present paper is to provide a compre-
hensive report on this transition including not only a more
complete description of experiments designed to investigate
the static critical behavior but also new experiments giving
access to dynamic critical behavior.

The paper is organized as follows. We first illustrate the
coarse-grained dynamics of the turbulent regime of electro-
convection studied and our basic experimental setup !Sec.
II", with further details on image analysis given in the Ap-
pendix. To characterize the critical behavior, we perform
three series of experiments: !a" steady-state experiment un-
der constant applied voltages !Sec. III", !b" critical-quench
experiment starting from fully active initial conditions !Sec.
IV", and !c" critical-spreading experiment starting from a
single active seed, prepared with an experimental technique
using pulse laser, developed in this work !Sec. V". In Sec.
VI, our results are summarized and we discuss why clear
DP-class critical behavior is observed rather easily in our
system, contrary to many other experiments performed in the
past in this context.

II. EXPERIMENTAL SETUP

We work on the electrohydrodynamic convection of nem-
atic liquid crystals, which occurs when a thin layer of liquid
crystal is subjected to an external voltage strong enough to
trigger the Carr-Helfrich instability #30,31$. This is a priori a
suitable system to study critical behavior, thanks to its pos-
sibly large aspect ratio, fast response time, and easy control-
lability. We focus on the transition between two turbulent

*kazumasa@daisy.phys.s.u-tokyo.ac.jp
†sano@phys.s.u-tokyo.ac.jp
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Directed Percolation Criticality in Turbulent Liquid Crystals

Kazumasa A. Takeuchi,1,* Masafumi Kuroda,1 Hugues Chaté,2 and Masaki Sano1,†
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(Received 28 June 2007; published 5 December 2007)

We experimentally investigate the critical behavior of a phase transition between two topologically
different turbulent states of electrohydrodynamic convection in nematic liquid crystals. The statistical
properties of the observed spatiotemporal intermittency regimes are carefully determined, yielding a
complete set of static critical exponents in full agreement with those defining the directed percolation class
in 2! 1 dimensions. This constitutes the first clear and comprehensive experimental evidence of an
absorbing phase transition in this prominent nonequilibrium universality class.

DOI: 10.1103/PhysRevLett.99.234503 PACS numbers: 47.52.+j, 05.70.Jk, 64.70.Md, 68.18.Jk

Transitions into an absorbing state, i.e., a state from
which a system can never escape, arise from simple mecha-
nisms expected to be widespread in nature. Examples
abound in a wide variety of situations in physics and
beyond [1], ranging from spreading processes like epidem-
ics and forest fires, to spatiotemporal chaos, catalytic re-
actions, and calcium dynamics in cells, etc. Moreover, a
host of problems, such as synchronization [2], self-
organized criticality [3], and wetting [4], can be mapped
onto them. Having no equilibrium counterparts, absorbing
phase transitions are central in the ongoing search for the
relevant ingredients determining universality out of
equilibrium.

Over the past 25 years or so, it has been well established
both in theory and in simulations that the vast majority of
absorbing phase transitions share the same critical behav-
ior, constituting the so-called directed percolation (DP)
universality class [1]. This is not surprising since the DP
class corresponds to the simplest case of a single effective
absorbing state in the absence of any extra symmetry or
conservation law, as conjectured by Janssen and
Grassberger [5,6] and demonstrated by hundreds of nu-
merical models [1].

However, the situation is quite different at the experi-
mental level. Searching for evidence of DP critical behav-
ior, a string of experiments have been performed [7], but
the results remained unsatisfactory: they could not yield a
complete set of critical exponent values in agreement with
those defining the DP class (Table S1 [8]). In view of this
state of affairs, the importance of finding at least one fully
convincing experimental realization of DP-class scaling
has been stressed [9]. The main difficulty probably stems
from the fact that one must exclude long-range interactions
[1], work with macroscopic systems to tame quenched
disorder [10], and study them over long enough scales so
that the critical behavior is unambiguously measured. We
have overcome these difficulties and report here on a clear
experimental observation of DP criticality.

We chose to work within electrohydrodynamic (EHD)
convection regimes, which occur when a thin layer of

nematic liquid crystals is subjected to an external voltage
strong enough to trigger the Carr-Helfrich instability [11].
One advantage of this system is that very large aspect ratios
can easily be realized, and that typical time scales are small
(of the order of 10 ms). We focused on a transition between
two topologically different turbulent states, called dynamic
scattering modes 1 and 2 (DSM1 and DSM2), observed
successively as V, the amplitude of the voltage, is in-
creased [11,12]. The difference between the two states
lies in their density of topological defects in the director
field [Fig. 1(a)]. In the DSM2 state, these defects, called
disclinations, are created and elongated considerably due
to shear, leading to the loss of macroscopic nematic order
and to a lower light transmittance. In DSM1, they are
hardly elongated and their density remains very low.

Our quasi-two-dimensional cell is made of two parallel
glass plates separated by a polyester film spacer of thick-
ness d " 12 !m. The inner surfaces are covered with
transparent electrodes of size 14 mm# 14 mm, coated
with polyvinyl alcohol and then rubbed in order to orient
the liquid crystals planarly in the x direction. The cell is
filled with N-(4-methoxybenzylidene)-4-butylaniline
(MBBA) doped with 0.01 wt. % of tetra-n-butylammonium
bromide, maintained at temperature 25 $C with a standard
deviation of 2# 10% 4$C, and illuminated by a stabilized
light source made of white light-emitting diodes. A CCD
camera records the light transmitted through the plates.
The observed region is a central rectangle of size
1217 !m# 911 !m. Since there is a minimum linear
size of DSM2 domains, namely, d=

!!!
2
p

[12], we can
roughly estimate the number of degrees of freedom to be
1650# 1650 for the convection area and 143# 107 for the
observation area. Note that the meaningful figure is that of
the total system size, which is at least 4 orders of magni-
tude larger than in earlier experimental studies [7]. In the
following, we vary V and fix the frequency at 250 Hz,
roughly one-third of the cutoff frequency 820 & 70 Hz.

Closely above the threshold Vc marking the appearance
of DSM2, a regime of spatiotemporal intermittency (STI)
is observed, with DSM2 patches moving around in a DSM1

PRL 99, 234503 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
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Universal continuous transition to turbulence
in a planar shear flow
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We examine the onset of turbulence in Waleffe flow – the planar shear flow between
stress-free boundaries driven by a sinusoidal body force. By truncating the wall-normal
representation to four modes, we are able to simulate system sizes an order of
magnitude larger than any previously simulated, and thereby to attack the question of
universality for a planar shear flow. We demonstrate that the equilibrium turbulence
fraction increases continuously from zero above a critical Reynolds number and that
statistics of the turbulent structures exhibit the power-law scalings of the (2 + 1)-D
directed-percolation universality class.

Key words: instability, transition to turbulence

1. Introduction

The transition to turbulence in wall-bounded shear flows has been studied for well
over a century, and yet only recently have experiments, numerical simulations and
theory advanced to the point of providing a comprehensive understanding of the route
to turbulence in such flows. Of late, research has focused on how turbulence first
appears and becomes sustained. The issue is that typically wall-bounded shear flows
undergo subcritical transition, meaning that as the Reynolds number is increased,
turbulence does not arise through a linear instability of laminar flow, but instead
appears directly as a highly nonlinear state. Moreover, the flow does not simply
become everywhere turbulent beyond a certain Reynolds number. Rather, turbulence
initially appears as localised patches interspersed within laminar flow. The resulting
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We examine the onset of turbulence in Waleffe flow – the planar shear flow between
stress-free boundaries driven by a sinusoidal body force. By truncating the wall-normal
representation to four modes, we are able to simulate system sizes an order of
magnitude larger than any previously simulated, and thereby to attack the question of
universality for a planar shear flow. We demonstrate that the equilibrium turbulence
fraction increases continuously from zero above a critical Reynolds number and that
statistics of the turbulent structures exhibit the power-law scalings of the (2 + 1)-D
directed-percolation universality class.

Key words: instability, transition to turbulence

1. Introduction

The transition to turbulence in wall-bounded shear flows has been studied for well
over a century, and yet only recently have experiments, numerical simulations and
theory advanced to the point of providing a comprehensive understanding of the route
to turbulence in such flows. Of late, research has focused on how turbulence first
appears and becomes sustained. The issue is that typically wall-bounded shear flows
undergo subcritical transition, meaning that as the Reynolds number is increased,
turbulence does not arise through a linear instability of laminar flow, but instead
appears directly as a highly nonlinear state. Moreover, the flow does not simply
become everywhere turbulent beyond a certain Reynolds number. Rather, turbulence
initially appears as localised patches interspersed within laminar flow. The resulting
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FIGURE 3. (a) Turbulence fraction as a function of time for a range of Reynolds
numbers with an initial condition of uniform turbulence. Above criticality, the turbulence
fraction saturates at a finite value, and below it falls to zero. At criticality, the turbulence
fraction decays in time as a power law Ft ⇠ t

�↵ with the (2+1)-D directed-percolation
exponent ↵ ' 0.4505 (dashed line). Coloured lines for decreasing turbulence fractions
correspond to Reynolds numbers [173.952, 173.888, 173.840, 173.824, 173.792, 173.773,
173.696, 173.568]. The supplementary movie shows the decay of the turbulence fraction
at Reynolds numbers 173.888 and 173.808. (b) Data above and below criticality collapse
onto two scalings (black dashed curves) when the directed-percolation exponents are used
to rescale time and turbulence fraction.
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FIGURE 4. Bifurcation diagrams for the transition to turbulence. (a) Continuous transition
in a large domain: [2560h, 1.25h, 2560h]. Equilibrium turbulence fraction Ft is plotted
as a function of Re. Points and error bars denote mean and standard deviation of Ft.
The black dashed curved shows the directed-percolation power law. (b) Log–log plot
of the same data in terms of ✏ = (Re � Rec)/Rec, where Rec = 173.80. Near criticality
the data are consistent with Ft ⇠ ✏� with � ' 0.583. (c) F

1/� against Re showing
linear behaviour. (d) Discontinuous transition in a domain of size [380h, 1.25h, 70h],
approximately that of the experiments by Bottin & Chaté (1998). (See figure 2.) Filled
points denote sustained turbulence, while open points denote the turbulence fraction of
long-lived transient turbulence. The dashed curve is the directed-percolation power law
from the large domain.

Takeuchi et al. (2009), whose approach we will follow closely. Having demonstrated
the scaling of Ft (exponent �), we now turn to scalings associated with temporal and
spatial correlations.

One approach to determining the correlations is via the distribution of laminar
gaps at Re ' Rec (figure 5a–c). The flow has a temporal laminar gap of length `t
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We examine the onset of turbulence in Waleffe flow – the planar shear flow between
stress-free boundaries driven by a sinusoidal body force. By truncating the wall-normal
representation to four modes, we are able to simulate system sizes an order of
magnitude larger than any previously simulated, and thereby to attack the question of
universality for a planar shear flow. We demonstrate that the equilibrium turbulence
fraction increases continuously from zero above a critical Reynolds number and that
statistics of the turbulent structures exhibit the power-law scalings of the (2 + 1)-D
directed-percolation universality class.

Key words: instability, transition to turbulence

1. Introduction

The transition to turbulence in wall-bounded shear flows has been studied for well
over a century, and yet only recently have experiments, numerical simulations and
theory advanced to the point of providing a comprehensive understanding of the route
to turbulence in such flows. Of late, research has focused on how turbulence first
appears and becomes sustained. The issue is that typically wall-bounded shear flows
undergo subcritical transition, meaning that as the Reynolds number is increased,
turbulence does not arise through a linear instability of laminar flow, but instead
appears directly as a highly nonlinear state. Moreover, the flow does not simply
become everywhere turbulent beyond a certain Reynolds number. Rather, turbulence
initially appears as localised patches interspersed within laminar flow. The resulting

† Email address for correspondence: laurette@pmmh.espci.fr

c� Cambridge University Press 2017 824 R1-1

�
 D

�:
 /

23
2�

4"
 �

��
$$

!#
���

D
D

D
 1

/�
0"

72
53

  
"5

�1
 "

3 
��

�7
C3

"#
7$(

� 
4�.

/"
D

71
��

� 
��

��
�,%

:��
��

��
/$

��
��


�
�


��
�#

%0
�3

1$
�$ 

�$�
3�


/
�

0"
72

53
�


 "
3�

$3
"�

#�
 4

�%
#3

��/
C/

7:/
0:

3�
/$

��
$$

!#
���

D
D

D
 1

/�
0"

72
53

  
"5

�1
 "

3�
$3

"�
# 

��
$$

!#
���

2 
7  

"5
��

� 
��

��
��4

�
 �

��
� 

	�



Three critical exponents

agree with predictionsContinuous transition in a planar shear flow
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FIGURE 5. Exponents for temporal and spatial correlations. (a–c) Distributions of laminar
gaps in (a) time and the two spatial directions, (b) x and (c) z, for a variety of domain
sizes at Re = 173.824 (✏ = 1.4 ⇥ 10�4). N is the gap count, normalised by the shortest
gap count. The directed-percolation scalings (µk ' 1.5495 and µ? ' 1.204) are plotted as
dashed lines and show excellent agreement with the t- and z-gaps. For the x-gaps a power
law closer to �1 is observed. (d–f ) Exponential tails of the gap distributions for several
values of ✏ just above criticality. Increasing domain sizes are used for points closer to
criticality. Insets show scaling of correlation lengths ⇠ with ✏ together with the directed-
percolation exponents: ⌫k '1.295 and ⌫? '0.733. (g–i) Collapse of the data using directed-
percolation power laws µ and ⌫ (see axis labels/text).

if E(x, z, t) > ET and E(x, z, t + `t) > ET but E(x, z, t
0) < ET for 0 < t

0 < `t. Spatial
gaps `x and `z are defined similarly. Such gaps are illustrated for the CML model
in figure 1(c). From simulations just above Rec, we generate gap distributions
by measuring and binning the laminar gaps within the intermittent flow once the
turbulence fraction has saturated. Given the anisotropy between the streamwise and
spanwise directions, we measure gaps in these directions separately. At criticality, a
system within the directed-percolation universality class displays power-law behaviour,
N ⇠ `�µ, where N is the number of gaps of length `. The temporal gaps (figure 5a)
show excellent scaling with the directed-percolation temporal exponent µk ' 1.5495.
This is also true of the spanwise gaps (figure 5c) with the spatial exponent µ? ' 1.204.
However, the streamwise laminar gaps (figure 5b) do not show a clear, extended
power law, and to the extent that there is a power law, the exponent is closer to 1
than to µ? ' 1.204. Indeed, Takeuchi et al. (2007) observed that the laminar gap
distribution in one direction of a liquid crystal layer had an exponent closer to 1
than to µ? ' 1.204, This is also true for our simulations of a non-isotropic CML
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Continuous transition in a planar shear flow
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FIGURE 5. Exponents for temporal and spatial correlations. (a–c) Distributions of laminar
gaps in (a) time and the two spatial directions, (b) x and (c) z, for a variety of domain
sizes at Re = 173.824 (✏ = 1.4 ⇥ 10�4). N is the gap count, normalised by the shortest
gap count. The directed-percolation scalings (µk ' 1.5495 and µ? ' 1.204) are plotted as
dashed lines and show excellent agreement with the t- and z-gaps. For the x-gaps a power
law closer to �1 is observed. (d–f ) Exponential tails of the gap distributions for several
values of ✏ just above criticality. Increasing domain sizes are used for points closer to
criticality. Insets show scaling of correlation lengths ⇠ with ✏ together with the directed-
percolation exponents: ⌫k '1.295 and ⌫? '0.733. (g–i) Collapse of the data using directed-
percolation power laws µ and ⌫ (see axis labels/text).

if E(x, z, t) > ET and E(x, z, t + `t) > ET but E(x, z, t
0) < ET for 0 < t

0 < `t. Spatial
gaps `x and `z are defined similarly. Such gaps are illustrated for the CML model
in figure 1(c). From simulations just above Rec, we generate gap distributions
by measuring and binning the laminar gaps within the intermittent flow once the
turbulence fraction has saturated. Given the anisotropy between the streamwise and
spanwise directions, we measure gaps in these directions separately. At criticality, a
system within the directed-percolation universality class displays power-law behaviour,
N ⇠ `�µ, where N is the number of gaps of length `. The temporal gaps (figure 5a)
show excellent scaling with the directed-percolation temporal exponent µk ' 1.5495.
This is also true of the spanwise gaps (figure 5c) with the spatial exponent µ? ' 1.204.
However, the streamwise laminar gaps (figure 5b) do not show a clear, extended
power law, and to the extent that there is a power law, the exponent is closer to 1
than to µ? ' 1.204. Indeed, Takeuchi et al. (2007) observed that the laminar gap
distribution in one direction of a liquid crystal layer had an exponent closer to 1
than to µ? ' 1.204, This is also true for our simulations of a non-isotropic CML
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M. Chantry, L. S. Tuckerman and D. Barkley
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FIGURE 3. (a) Turbulence fraction as a function of time for a range of Reynolds
numbers with an initial condition of uniform turbulence. Above criticality, the turbulence
fraction saturates at a finite value, and below it falls to zero. At criticality, the turbulence
fraction decays in time as a power law Ft ⇠ t

�↵ with the (2+1)-D directed-percolation
exponent ↵ ' 0.4505 (dashed line). Coloured lines for decreasing turbulence fractions
correspond to Reynolds numbers [173.952, 173.888, 173.840, 173.824, 173.792, 173.773,
173.696, 173.568]. The supplementary movie shows the decay of the turbulence fraction
at Reynolds numbers 173.888 and 173.808. (b) Data above and below criticality collapse
onto two scalings (black dashed curves) when the directed-percolation exponents are used
to rescale time and turbulence fraction.

174.0 174.5 175.0
173.8 174.0

174.0 174.5 175.0

0.2

0
0

0.2

0.4

0.6

0.8

0

0.2

0.4

0.6

0.8

10–210–4

100

10–1

Re Re
Re

(a) (b)

(c)

(d )

FIGURE 4. Bifurcation diagrams for the transition to turbulence. (a) Continuous transition
in a large domain: [2560h, 1.25h, 2560h]. Equilibrium turbulence fraction Ft is plotted
as a function of Re. Points and error bars denote mean and standard deviation of Ft.
The black dashed curved shows the directed-percolation power law. (b) Log–log plot
of the same data in terms of ✏ = (Re � Rec)/Rec, where Rec = 173.80. Near criticality
the data are consistent with Ft ⇠ ✏� with � ' 0.583. (c) F

1/� against Re showing
linear behaviour. (d) Discontinuous transition in a domain of size [380h, 1.25h, 70h],
approximately that of the experiments by Bottin & Chaté (1998). (See figure 2.) Filled
points denote sustained turbulence, while open points denote the turbulence fraction of
long-lived transient turbulence. The dashed curve is the directed-percolation power law
from the large domain.

Takeuchi et al. (2009), whose approach we will follow closely. Having demonstrated
the scaling of Ft (exponent �), we now turn to scalings associated with temporal and
spatial correlations.

One approach to determining the correlations is via the distribution of laminar
gaps at Re ' Rec (figure 5a–c). The flow has a temporal laminar gap of length `t
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continuous increase

from zero
• Subcritical route to turbulence is continuous

• Via absorbing state phase transition

• Universal scaling exponents

First evidence for a planar shear flow:
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