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Structure 1 amplitudes

* Colour-ordered amplitudes are simple. Eg, Parke-Taylor:
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* QOrdered amplitudes have lots of structure!
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Structure in amplitudes

* But the colour-dressed amplitude itself has interesting structure

AL,2,...,n)= Y
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Structure in amplitudes

* But the colour-dressed amplitude itself has interesting structure
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Structure in amplitudes

* Can remove quartic vertex

* Assign terms coming from quartic to three point vertices according
to colour factor

* Not unique
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* Amplitude a sum over cubic diagrams (BCJ)

b= ¥

1Ecubic

c;+cij+cp=0 Jacobi identity, group theory



Structure in amplitudes

Bern, Carrasco, Johansson

* Amplitude a sum over cubic diagrams (BCJ)

b= ¥

1Ecubic

c;+cij+cp=0 Jacobi identity, group theory

2 3 5 R 3

M+ X X =

1 4 1 = 4



Structure in amplitudes

Bern, Carrasco, Johansson

* Amplitude a sum over cubic diagrams (BCJ)

b= ¥

1Ecubic

c;+cij+cp=0 Jacobi identity, group theory

n; +n; +ng =0 [s there a kinematic group?
2 3 9 g 2 3



Structure in amplitudes

Bern, Carrasco, Johansson

* Amplitude a sum over cubic diagrams (BCJ)

b= ¥

1Ecubic

kinematic

Colour- { ci+ci+cpy=0 Jacobi identity, group theory

duality ‘M +1j +ng =0 Isthere a kinematic group?

2 3 5 o 3



Structure in amplitudes

Bern, Carrasco, Johansson

* Amplitude a sum over cubic diagrams (BCJ)

b= ¥
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kinematic

Colour- { ci+ci+cpy=0 Jacobi identity, group theory

duality ‘M +1j +ng =0 Isthere a kinematic group?
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Some consequences

1. BC]J relations for colour-ordered amplitudes
835A5(1, 2, 4, 3, 5) _— (813 - 823)A5(1, 2, 3, 4, 5) e 813A5(1, 3, 2, 4, 5) —30)

* Basis of independent colour-ordered n-point amplitudes (1 - 3)!

2. New expression for gravity amplitude (the double-copy formula)

Ay = Z nl@)cz ol = Z nZ)nZ

1Ecubic Z 1Ecubic




An example: 3 loops

* Complete 3 loop maximal SYM /SUGRA amplitude BC]J
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Tij = 2[2 "Dy

# Jacobi relations relate planar and non-planar diagrams

* Simplicity beyond the planar theory; simplicity in gravity



But...

* This is great!

* How do we compute BCJ] numerators?

* We don’t know

* Make a guess, solve for undetermined coetficients, repeat
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* Three main parts aspects of the BCJ story

1. Existence of the numerators Proven (tree only)
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Manifest duality in loops!

* So what do we know about loops?
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* Maximal supersymmetry only
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Outhne

1. Manifest colour-kinematic duality in self-dual Yang-Mills

2. Algebra- and superalgebra-based scalar theories as bases for gauge

amplitudes



Manifest duality




SD Yang-Mills and Gravity

* Colour-kinematic duality is manifest in the self-dual sector
R. Monteiro & DOC

0%® + ig[0,®,0,8] =0  YM: Leznov & Mukhtarov, Parkes,
Bardeen, Chalmers & Siegel,
Cangemi

0%¢ + k{0wd, 0,0} =0  GR:Plebanski equation of motion

w and u are spacetime coords, and

{fag} = awfaug P aufawg



Kinematic algebra

* Brace generates diffeomorphism algebra
{e7P 2,672} = —X(p1,p2)e P HPC, X (p1,p2) = PruPou — PruPiu
* Generators of infinitesimal diffeomorphisms in u, w plane
T =@ O =lay 0l 2 )
+ Liealgebra [L,. ,L,. ] = iX(p1,p2)Lp,4p, = iFpip," L

Fp1p2p3 e (27T)45(4) (pl —|—Z92 +p3)X(p1,p2)

* Structure constants of area-preserving diffeormorphisms



Kinematic algebra

* Gravity equation of motion

1 d*py d*ps
2 ST k
k2p(k) = 2/@/ (2m)A (2myd PP X (p1,p2)d(p1)o(p2)
* Gauge case
1 d*py d*ps
2 xa =4 = k rb1boa 701 bo
0% (k) = 59 | Gt T P 7200 (p1) 8% ()

* Let’s see how the duality work in detail!



Kinematic algebra

* Solve equations of motion perturbatively

3 dp1dpadpsdpy
(k) =--- "‘/ 5 kalquqlpzngqusm X
k<5345234

X 571 (p1)5°2 (p2) 572 (93) 572 (02) f %6, % Fors ™ Foababa - - -
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Kinematic algebra

* Solve equations of motion perturbatively

B (k) = - +

kE  q1 q3
F oy by, Faapap, X

/ dp1dpadpsdpy

k28348234
X 571 (p1)5°2 (p2) 572 (93) 572 (02) f %6, % Fors ™ Foababa - - -

* Square numerator?

plquqlp2q3FQ3p3p4 :X(_kapl)X(pl o k,pz)X(pg,]M)

0D (p1 + po + p3 +ps — k)

Fk



Kinematic algebra

* Solve equations of motion perturbatively

; dp1dpa2dpsdps
(k) =--- "‘/ 5 kalquqlpzngqusm X
k“S3459234

s oV e (s S e
* Square numerator?

ka1Q1FQ1p2(J3FQ3p3p4 — X(—k,p1)X(p1 — k,p2) X (p3,Ppa)



Kinematic algebra

* Solve equations of motion perturbatively

; dp1dpa2dpsdps
(k) =--- "‘/ 5 kalquqlpz%Fqusm X
k“S3459234

X 571 (p1)5°2 (p2) 572 (93) 572 (02) f %6, % Fors ™ Foababa - - -

* Square numerator?

kal(h FCHPQQSFQSPBIM FF X(—k,pl)X(pl e k,pg)X(pg,p4)
dp1dpadpsdps
Qb(k) = G / 12 kal(h FQlPQQSFQSPSPAL
5345234

7(p1)7(p2)7(p3)7(pa) X (—Fk,p1)X (p1 — k,p2) X (p3,pa) + -



Kinematic algebra

* Solve equations of motion perturbatively
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* Square numerator?

kal(h Foipa® Faspsps — X(—k,p1)X(p1 — k,p2)X(p3,p4)
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k R F CllF CJ3F
qb( ) _|_ / ]~C28348234 P1 qdi1p2 d3P3P4 Double COpy

7(p1)7(p2)7(p3)7(pa) X (—Fk,p1)X (p1 — k,p2) X (p3,pa) + -



Kinematic algebra

* Side remark, can express solution of gauge theory EOM as

0™ (k) = (ig)”/dpldpg o O O 8 o os S Bt )
1

X 3(p1)i(p2) - - - J(Pr+1) Q(p1,p2)Q(p2,p3) - .. Q(Pry Pros1)

Q(p) = % X(1,2) = [12]

Q(p1,p2) = Q(p1) — Q(p2) Q(1,2) = (12)



Kinematic algebra

* Side remark, can express solution of gauge theory EOM as

0™ (k) = (ig)"/dpldpa o O O 8 o os S Bt )
1
p17p2)Q(p27p3) s Q(p’napn—l—l)

X j(p1)j(p2) - - - 7 (Pni) O

where Appears elsewhere in mathematics

Q(p1,p2) = Q(p1) — Q(p2) Q(1,2) = (12)



Kinematic algebra

* Consider space C" lcoords Q;, i=1,2,...,n+1

* Now omit lines where Q’s coincide {C"*'|Q; # Q,} and define

_dQ; —dQ;  dQ; —dQ);

X Qi — Q) Q(i,7)
+ Basis for the cohomology group H B g Aprsa
015053 - - - 0 = e Z(—l)ide--cTQ\i---dQn

* Space of these objects is the same as space Lie(n + 1) of multilinear

Lie polynomials in n + 1 formal variables
Kapranov



Kinematic algebra

* Three point function from gravity equation

0 + K{0wd, 0y} =0 = Mz = X(p1,p2)°6(p1 + p2 + p3)

+ “Reverse KLT”

Aley = G i)l 2= 15 = TS = B

* 50 same algebra appears in YM

* Physics of colour-kinematics is gravitational



Self-dual amplitudes

_I_
* Feynman rules in SD theory },\ ] TSRS
_I_
T4
_|_
* Tree amplitudes e st
7 .

_|_

* MHV amplitudes inherit structure of kinematic algebra from SD

* Choose an appropriate gauge



Self-dual amplitudes
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Self-dual amplitudes

_|_
* Only vertex in SD theory is },\ _

_I_
* One loop amplitudes % trga- 20
L .

* Same as usual YM all-plus amplitudes
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A scalar basis using algebras




A linear space

* YM amplitudes satisty KK, BC] relations
* These are linear equations

* There is a linear operator acting on (n - 1)! space of amplitudes

ZS&Qn‘52n 16271):

Damgaard, Bjerrum-Bohr,

% Sendergaard, Vanhove
+ Kernel of S has dimensions (71 - 3)!



Scalar theories

* YM is not only theory with KK, BC]J relations

* Consider cubic scalar theory with two different structure constants at

each vertex
e gfabCf/a,’b’c’
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Scalar theories

* YM is not only theory with KK, BC]J relations

* Consider cubic scalar theory with two different structure constants at

each vertex (o
}: gfabCf/a, b'c

+* KK true

* BCJ true (explicit proof by Du, Feng and Fu)



A basis

+ YM, scalar theories all in kernel of S

* Pick (n-3)! independent cubic scalar theories; YM a linear combination

Jth colour-ordered amplitude
(n—3)! of Ith scalar theory

Ay = Z apfry
il

* When § is non-singular, unique expansion coefficients « exist
(n—3)!
s Z (o) Colour dressed
=



Manifest colour-kinematics duality

* Scalar basis has cubic numerators with manifest Jacobi

CI.k Ck
€y = Z D
- k

* 50 YM numerators represented as

(n—3)!

Y M E : ~
nk — vy C[,k
1=

* Jacobi relations follow by linearity



What about loops?

* N = 4 one loop diagrams: no bubbles, no triangles

* Scalar theories using superalgebras can reproduce this

* Killing form a O b = (—1)|C|fa,cdfbdc —

* K vanishes for superalgebras psu(n|n), ...
* Scalar theories based on such algebras: no bubbles

* Similar ideas in (partially) quenched chiral perturbation theory



Jacobi for Iriangle

* Using bosonic external states, Jacobi removes triangle

3 3 3
)}1 >—(}1)}1
2 2 2

* So superalgebra-based scalar theories also have no triangles or
bubbles



Four point N/ = 4 amplitude

Integrand is

b= StAtree

12(1 + p1)%(l + p1 + p2)2(l — p4)?

Scalar theory

__ (_1)\ld| gdla £a2b rb3c rcdd
(9 ( 1) f f f f 12(l+p1)2(l+p1—|—p2)2(l—p4)2

Eg psu(2]2)
(—1)ldl pdla pa2b pb3c pedd _ o
(completely symmetric in 1,2,3,4)
ShA e
L

So I:aﬁ, 8 ==



Conclusions

# Self-dual sector: manifest colour-kinematics
* Kinematic algebra is an area-preserving diffeomorphism algebra

* All one-loop all-plus numerators can be chosen to manifest colour-
kinematic duality

* MHYV sector: inherits kinematic algebra from self-dual

* Scalar theories promising route to understand duality at loop level



