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   Motivation 
1. Machine Learning for time series 
2.                    All India daily rainfall, onion prices, stock prices, astronomical data



Motivation

Given A 2 Rn⇥n, b 2 Rn. Find x such that

Ax = b.

If det(A) 6= 0 then x = A�1b.

Now let A 2 Rm⇥n, b 2 Rm
for m 6= n. Find x 2 Rn

such that

Ax = b.
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Neural Network
Revived from 1990s due to large data and powerful computers.



Minimize J : Rn ! R

J(x) = kAx � bk2

where kxk2 =
q

x21 + x22 + · · · x2n giving the solution (least squares)

x = (AtA)�1Atb

obtained by using rJ = 0.

In general given a f (x) we can approximate it by

F (x) = c1�1(x) + · · · cn�n(x)

for a set of known {�i (x)}ni=1 by minimizing (rJ = 0)

J(c) = kf (x)� F (x)k2

where kf k2 = (
R
f 2(x)dx)

1
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Neural Network

Given

L layers with nj neurons at j th layer

Weight matrices W l 2 Rnl⇥nl�1

Baises bl 2 Rnl

Then the neural network is defined by

y1 = x

y l(x) = �(W ly l�1
(x) + bl), l = 2, · · · L
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Here � is the sigmoidal function

�(x) =
1

1 + e�x

with the convention

�(z1, z2 · · · zn) = ( �(z1),�(z2) · · ·�(zn) ).

By back propagation we mean find W , b for a given data ŷi
observed at xi for i = 1, · · ·N that minimizes

J(W , b) =
1

N

NX

i=1

k{ŷ i � y l(xi )k
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rJ w .r .t. W ?

We recall specific cases. For a, x 2 Rn⇥1

J(x) = atx ,
@J

@x
= at

For A 2 Rn⇥n

J(x) = x tAx ,
@J

@x
= 2Ax
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Let X 2 Rm⇥n

J(X ) = atXb,
@J

@X
= abt

If X 2 Rn⇥n

J(X ) = atXa,
@J

@X
= 2aat � Daat

where Daat is the diagonal of the matrix aat .

This is because for i 6= j

@J/@Xij = aiaj + ajai

and

@J/@Xii = a2i .
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If each Xpq = fpq(Y ) whereY is another matrix then

@X

@Xpq
=

@fpq(Y )

@Ypq

and this will be a huge matrix and a pain to compute.

7



Math. Control Signals Systems (1989) 2:303-314 Mathematics of Control, 
Signals, and Systems 
 9 1989 Springer-Verlag New York Inc. 

Approximation by Superpositions of a Sigmoidal Function* 
G. C y b e n k o t  

Abstr,,ct. In this paper we demonstrate that finite linear combinations of com- 
positions of a fixed, univariate function and a set ofaffine functionals can uniformly 
approximate any continuous function of n real variables with support in the unit 
hypercube; only mild conditions are imposed on the univariate function. Our 
results settle an open question about representability in the class of single bidden 
layer neural networks. In particular, we show that arbitrary decision regions can 
be arbitrarily well approximated by continuous feedforward neural networks with 
only a single internal, hidden layer and any continuous sigmoidal nonlinearity. The 
paper discusses approximation properties of other possible types of nonlinearities 
that might be implemented by artificial neural networks. 

Key words. Neural networks, Approximation, Completeness. 

1. Introduction 

A number  of diverse app l i ca t i on  areas  are  concerned with the represen ta t ion  of  
general  funct ions of  an n-d imens iona l  real variable,  x  9 R", by finite l inear  combina -  
t ions of  the form 

N 
+ or), (1) 

j=l 

where yj   9 R" and ctj, 0  9 I~ are  fixed. (yr  is the t ranspose  o f y  so that  yrx is the inner  
p roduc t  of  y and  x.) Here  the univar ia te  funct ion tr depends  heavi ly  on the contex t  
of the appl ica t ion .  O u r  m a j o r  concern  is with so-called s igmoida l  a ' s :  

a(t)__,fl as t - - ,  + ~ ,  
as t --* - ~ .  

Such.funct ions  arise na tu ra l ly  in neural  ne twork  theory as the ac t iva t ion  funct ion 
of  a neural  node  (or unit as is becoming  the preferred term) I L l ] ,  I R H M ] .  The  ma in  
result  of  this paper  is a d e m o n s t r a t i o n  of  the  fact that  sums of  the form (1) are  dense 
in the space of  con t inuous  funct ions  on the unit  cube iftr is any  con t inuous  s igmoida l  

* Date received: October 21, 1988. Date revised: February 17, 1989. This research was supported 
in part by NSF Grant DCR-8619103, ONR Contract N000-86-G-0202 and DOE Grant DE-FG02- 
85ER25001. 

t Center for Supercomputing Research and Development and Department of Electrical and Computer 
Engineering, University of Illinois, Urbana, Illinois 61801, U.S.A. 

303 



306 G. Cybenko 

Definition. We say that tr is discriminatory if for a measure/z ~ M(I.) 

t. a(ylrx + 0) dl~(x) = 0 

for all y e R" and 0 e R implies that/z = O. 

D e f i n i t i o n .  We say that a is sigmoidal if 

a ( t ) ~ f l  as t--* +oo, 
to a s  t ~ - o o .  

Theorem 1. Let a be any continuous discriminatory function. Then finite sums of  
the form 

N 
G(x) = ~ ~ja(y~x + Oj) (2) 

j= l  

are dense in C(I,). In other words, given any f ~ C(I,) and e > O, there is a sum, G(x), 
of the above form, for which 

IG(x) - f(x)l < e for all x ~1,. 

Proof. Let S c C(I,) be the set of functions of the form G(x) as in (2). Clearly S is 
a linear subspace of C(I,). We claim that the closure of S is all of C(I,). 

Asgume that the closure of S is not all of C(In). Then the closure of S, say R, is a 
closed proper subspace of C(ln). By the Hahn-Banach theorem, there is a bounded 
linear functional on C(I,), call it L, with the property that L # 0 but L(R) = L(S) = O. 

By the Riesz Representation Theorem, this bounded linear functional, L, is of the 
form 

L(h) = f h(x) d#(x) 
,11 n 

for some # e M(ln), for all h e C(I,). In particular, since a(yrx + O) is in R for all y 
and 0, we must have that 

f t a ( Y r X  + d#(x) = O) 0 
n 

for all y and 0. 
However, we assumed that a was discriminatory so that this condition implies 

that/z = 0 contradicting our assumption. Hence, the subspace S must be dense in 
c(1,).  9 

This demonstrates that sums of the form 
N 

are dense in C(I,) providing that a is continuous and discriminatory. The argument 
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features performed well as an input to Random Forest classifier to predict the classes of
the stars.

Borovkova and Tsiamas (2018) proposed an ensemble of LSTM models which pro-
vides a weighted average of the results given by each network. More weights were
assigned to the networks giving the most accurate results. Heavy feature engineering
was performed by combining the features of the company’s competition. In Gencay and
Gibson (2007), Feedforward Neural Networks for prediction of S&P500 index options
were studied. Neural networks tended to capture the non-linearity of the data better than
stochastic volatility models. A comparison analysis of stochastic volatility models and
neural networks was also shown. Plakandaras et al. (2015) showed how daily and monthly
exchange rates can be predicted by developing an SVR model with Ensemble Empirical
Mode Decomposition as a signal processing technique and Multivariate Adaptive Regres-
sion Spline for variable selection to feed to the model. They described that their method
performed better than ARIMA and GARCH.

Rao-Blackwell (1947) theorem states how we can convert a crude estimator into an
estimator depending on a sufficient statistic is a better estimator. We take motivation
from the idea of this theorem by calculating statistics that are analogous to the sufficient
statistics and the neural network model as the estimator, better than the crude estimator of
building a neural network as a function of the original data.

Irregular noise in time-series data is usual. If raw time-series data is fed to a machine
learning model to forecast, the model will contemplate about the noise while training.
This will result in unreliable model for real-time forecasting. Feature extraction helps
to overcomes the uncertainty caused by noise as it creates representations of the time-
series data. This provides motivation to create statistics which would help to eliminate
the consequence of noise while training. The created statistics are used as input to a
machine learning model. We experiment this by adding random noise at random intervals
to analytical time-series. The trained model provides better prediction in case of learning
based on statistical features.

In matrix factorization techniques, feature set and encodings are generated from the
given data. This drives us to explore predefined features (statistics) in order to produce
back the original time-series data based on these statistics. Thus, we propose a tech-
nique to estimate the time-series using predefined statistical features. We reconstruct the
time-series based on the learning of statistical features done through an Artificial Neural
Network (ANN). This work also contains prediction of unseen data using both ANN and
statistical features on various time-series.

2 The proposed reconstruction
We propose an ANN for the process of reconstructing the time series from the matrix
containing its statistics. With the given time series T = {t1, t2, . . . , tn}, we convert it into
a matrix Y such that each set of 7 values of the time series T corresponds to one row of the
matrix. We then calculate 8 statistics for each row of the matrix Y and compute another
matrix ⌃(Y ), where both rows of the said matrices have one to one mapping. We use the
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matrix ⌃(Y ) as input to ANN and reconstruct the matrix Y . We denote, {y1, . . . ,yn} as
vectors for each row of the matrix Y , and {µ, �,, . . . , St} as the choices of the statistics
and are described in Table 2.

Y =

2

66664

y1

y2

...
yn

3

77775
! ⌃(Y ) =

2

66664

µ(y1) �(y1) (y1) . . . St(y1)

µ(y2) �(y2) (y2) . . . St(y2)
...

...
...

. . .
...

µ(yn) �(yn) (yn) . . . St(yn)

3

77775

We make the reconstruction robust by minimizing the mean squared error at each
subsequent layer. The error function is defined as

L(Y, Y 0) = ||Y � �(W⌃(Y ) + b)||2

Here, W and b are the weight matrix and bias respectively which are computed by the
neural network’s training process. � is the non-linear activation function. The first four
layers of the model use Rectified Linear Unit (Relu) as the activation function, and the
last layer uses a linear activation function. The result of the reconstructions analysis on
stock prices time-series data is shown in Figure 1.

3 Prediction
We extend the experiments of reconstruction, using the matrix containing the statistics,
for forecasting time series’ values. We modify the approach of building the model but
the general idea of calculating the statistics of the series remain the same. Let T =

{t1, t2, . . . , tn} be a time series. Notice that the matrix Y for both reconstruction and
prediction is constructed using different procedures. The matrix Y is constructed by a
sliding window of size 7 on the time series T . Each window of 7 values is a row in the
matrix Y . After the matrix Y is created, we compute the matrix ⌃(Y ) as explained in
Section 2. We construct a column vector X = {t8, t9, . . . , tn} which acts as our ground
truth for the forecasting model. We denote {y1, . . . ,yn} as vectors for each row of the
matrix Y such that yk = {tk, tk+1, . . . tk+6}. Once the row vectors of matrix Y are
defined, ⌃(Y ) is calculated in similar fashion.

Y =

2

66664

t1 t2 t3 . . . t7
t2 t3 t4 . . . t8
...

...
...

. . .
...

tn�7 tn�6 tn�5 . . . tn�1

3

77775
! ⌃(Y )

⌃(Y ) is the input to the neural network model and uses mean squared error minimiz-
ing function for the model to converge. The error term is denoted by,

L(X,X 0) = ||X � �(W⌃(Y ) + b)||2

The architecture is described in Table 1 and is similar to the one used for reconstruction
with one major difference. Since in reconstruction, we’re estimating the original matrix
back, the number of neurons for the last dense layer is 7, whereas for prediction it is 1

–evident from the ground truth column vector X .

L(W, b)
<latexit sha1_base64="+GOHSF8qPz22nb85ogHToE0q4Gw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0W3bhwUcE+oA1lMp20QyeTMDMplNA/ceNCEbf+iTv/xkmbhbYeGDiccy/3zPFjzpR2nG+rsLa+sblV3C7t7O7tH9iHRy0VJZLQJol4JDs+VpQzQZuaaU47saQ49Dlt++O7zG9PqFQsEk96GlMvxEPBAkawNlLftnsh1iOCefowq7Qv/PO+XXaqzhxolbg5KUOORt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRW6iWKxpiM8ZB2DRU4pMpL58ln6MwoAxRE0jyh0Vz9vZHiUKlp6JvJLKda9jLxP6+b6ODGS5mIE00FWRwKEo50hLIa0IBJSjSfGoKJZCYrIiMsMdGmrJIpwV3+8ipp1aruZbX2eFWu3+Z1FOEETqECLlxDHe6hAU0gMIFneIU3K7VerHfrYzFasPKdY/gD6/MHodmS/w==</latexit>
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FIGURE 1: Reconstruction of stock prices of ICICI Bank with original prices

TABLE 1
Architecture of ANN

Layer Units Activation
Input Layer (Rows, 8) None
Dense_1 128 Relu
Dense_2 64 Relu
Dense_3 32 Relu
Dense_4 16 Relu
Dense_5 1 None

TABLE 2
Statistical Features used in this work

Statistic Meaning
Mean (µ) Central value of a discrete set of numbers
Skewness (�) Measure of asymmetry of a distribution of a random

variable around its mean
Kurtosis () Measure of the peakness of data
Variance (�2) Measures of how far a set of (random) numbers are spread

out from their average value
Beta or Slope (�) The slope of a line fitted on the sample
Standard Deviation (�) Measure to quantify the amount of variation or dispersion

of a set of data values
Entropy (e) Measure of regularity or unpredictability
Exponential Moving
Average (St)

Series of averages of different subsets of the full data set

3.1 Verification of the proposed prediction
We verify the proposed prediction process using two time-series: analytical time-series
and observatory time-series. To generate the analytical series, we refer to the work of
Glass and Mackey (1988). They propose a time delayed differential equation. We estimate



Initial Condition for Figure 2 
The process to generate the data: 

1. Randomly generate 3500 uniformly distributed data points between 
values 0 to 1. Let be the series of these points. This series isx  
further manipulated by the equation described below. 

2. (t ) x(t) .1x(t) x + 1 =  + 0.2x(t−τ)
1 + x(t−τ)10 − 0  

3. The value of in the above equation is set to 30. The aboveτ  
equation is used to change the random values, generated in step 
1, adhering to the Mackey-Glass equation.  

4. We then divide the series of 3500 points into 3 parts 
5. 1 st part is called the training set, the 2 nd part is called validation set, 

3 rd set is called testing set with 72%, 8 % and 20% data in each set 
respectively. 

6. With these sets being created, we then create the input matrix as 
discussed in our working paper.  

7. We then use the test set as our ground truth values and predict the 
values for the same points using the model to see how well it 
performs. 

 
 
Formulae used to compute the quantities: 

1. Mean: For n elements in one row, the mean is 

.̄ /Nx = 1 * ∑
N

n=1
xn  

2. Skewness : The sample skewness is computed as the 
Fisher-Pearson coefficient of skewness, i.e. / mg1 =  m3 2

3/2

where   is the biased i th sample central/N  1 ∑
N

n=1
(x[n] ̄)− x i  

moment and  is the sample mean.̄  x  
3. Kurtosis : Fourth central moment divided by the square of the 

variance, i.e. 1/N  ) / σ( ∑
N

n=1
(x[n] ̄)− x 4 4  



4. Variance: The formula for variance is σ2 = N

∑
N

n=1
(x −x)n

2

 

5. Beta : Slope of the linear regression line is given by 

N (Σx )−(Σx)2 2
N (Σxy)−(Σx)(Σy)  

6. Entropy : Algorithm to find entropy:  
a.value, counts = unique(data_row) 

counts  have the count of all the unique elements. 
b.S = -sum(counts * log(counts)) 

S  is the calculated entropy 
7.Exponential Moving Average: MA  EMA 1 )E = xt * k +  y * ( − k  

 is today,  is yesterday, t y  / (N )k = 2 + 1  



Initial Condition for Figure 2 
The process to generate the data: 

1. Randomly generate 3500 uniformly distributed data points between 
values 0 to 1. Let be the series of these points. This series isx  
further manipulated by the equation described below. 

2. (t ) x(t) .1x(t) x + 1 =  + 0.2x(t−τ)
1 + x(t−τ)10 − 0  

3. The value of in the above equation is set to 30. The aboveτ  
equation is used to change the random values, generated in step 
1, adhering to the Mackey-Glass equation.  

4. We then divide the series of 3500 points into 3 parts 
5. 1 st part is called the training set, the 2 nd part is called validation set, 

3 rd set is called testing set with 72%, 8 % and 20% data in each set 
respectively. 

6. With these sets being created, we then create the input matrix as 
discussed in our working paper.  

7. We then use the test set as our ground truth values and predict the 
values for the same points using the model to see how well it 
performs. 

 
 
Formulae used to compute the quantities: 

1. Mean: For n elements in one row, the mean is 

.̄ /Nx = 1 * ∑
N

n=1
xn  

2. Skewness : The sample skewness is computed as the 
Fisher-Pearson coefficient of skewness, i.e. / mg1 =  m3 2

3/2

where   is the biased i th sample central/N  1 ∑
N

n=1
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Verification: Mackey-Glass
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a solution to this equation and test our algorithm on the time series data. The differential
equation is represented by,

dy

dt
= �

y(t� ⌧)

1 + y(t� ⌧)n
� �y(t) �,�, n > 0

where �, �, ⌧, n are real numbers, and y(t � ⌧) denotes the value of y for (t � ⌧)th

timestamp. Depending on the values of these parameters a chaotic time series, in which a
future value is dependent on ⌧ preceding timestamps, is generated.

We set the parameter values of �, �, ⌧, n as 0.2, 0.1, 30, 10 respectively. We then
generate the time-series data for 3500 timestamps. Later, we construct the matrices Y and
⌃(Y ), and their sample values are shown below. The choice of ⌧ greatly determines the
behavior of the series. As ⌧ increases, the series becomes more chaotic and difficult to
model. We select a modest value of ⌧ = 30 and show its result in Figure 2.

Y =

2

66664

0.75 0.63 0.30 . . . 0.64

0.63 0.30 0.46 . . . 0.65
...

...
...

. . .
...

0.42 0.48 0.55 . . . 0.72

3

77775
! ⌃(Y ) =

2

66664

0.50 �0.87 �0.52 . . . 0.27

0.40 �0.36 �1.50 . . . 0.17
...

...
...

. . .
...

0.63 �0.02 �1.38 . . . 0.80

3

77775

The ⌃(Y ) matrix is fed to the ANN for the process of learning and to predict the
values of the time series data. Figure 2 shows the results of forecasting on the Mackey-
Glass time series.

To check the robustness of the algorithm, we introduce noise at random intervals into
the Mackey-Glass series. The prediction results show that the model does not contemplate
about noise, instead gives prediction based on the regular pattern of the series. In other
words, since random spikes in time-series data has less effect on the calculated statistics,
we can say by feeding ⌃(Y ) as input the ANN, we can have robust forecasting of the
series.

FIGURE 2: Mackey-Glass Time Series
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FIGURE 4: Predictions of ANN compared to original prices (test data) of ICICI Bank

FIGURE 5: Real time prediction of stock prices for ICICI Bank

5 Forecasting of currency exchange rates
The currency exchange rate is the rate of exchanging one currency with another. The
foreign exchange market also called forex where individuals, banks, companies, invest-
ment firms, hedge funds engage in the process of trading according to the exchange rate
to make profits. Prediction of the exchange rates is a key step for investment in the forex
market. We predicted the rates using the same approach described in Section 4. Based on
features calculated for seven days of rates, the rate on the eighth day was predicted. The
results in the form of plots of various currency exchange rates are shown in Figure 6. The
Root Mean Square (RMS) values are shown in Table 3.
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Currency Exchange
8

(a) Prediction of exchange rates of USD and AUD

(b) Prediction of exchange rates of USD and EUR

(c) Prediction of exchange rates of USD and CNY

FIGURE 6: Results of the prediction of various currency exchange rates
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TABLE 3
Currency exchange rate prediction results

Currency exchange Root Mean Square Values
USD - AUD 0.067
USD - EUR 0.050
USD - CNY 0.006

6 Conclusion
We approach the problem of forecasting time series using machine learning techniques.
The proposed statistical features helped drew useful inferences on the time-series data. We
took advantage of this and built a deep learning model on these statistical features. The
model reconstructed unseen stock prices data using the learned weights. It also predicted
the stock prices for the eighth day using the sliding window method. We extended this
technique in forecasting the astronomical time series and exchange rates for USD - AUD,
USD - EUR, and USD - CNY. The forecasting of light curve performed modestly but was
unable to predict sudden fluctuations in the time series. The prediction of USD - CNY
didn’t work out well because functional data for training was not as much as the others.
USD - AUD and USD - EUR prediction performed expertly.
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Discovered by Hurst (1951), while investigating the discharge time series of the Nile River in the 
framework of the design of the Aswan High Dam, and found in many other hydrological and 

geophysical time series. 

This behaviour is essentially the tendency of wet years to cluster into multi-year wet periods or of 
dry years to cluster into multi-year drought periods. 

The terms ‘Hurst phenomenon’ and ‘Joseph effect’ (due to Mandelbrot, 1977, from the biblical 
story of the ‘seven years of great abundance’ and the ‘seven years of famine’) have been used as 

alternative names for the same behaviour. 
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Abstract Unlike common random series like those observed for example in games of chance, 

hydrological (and other geophysical) time series have some structure, that is, consecutive 

values of hydrological time series are dependent to each other. A special kind of dependence 

observed at large timescales has been discovered by Hurst half a century ago and has been 

known by several names such as long-range dependence, long-term persistence or simply the 

Hurst phenomenon. Since then, it has been verified that this behaviour is almost omnipresent 

in several processes in nature (e.g. hydrology), technology (e.g. computer networks) and 

society (e.g. economics). The consequences of this behaviour are very significant, as it 

increases dramatically the uncertainty of the related processes. However, even today its 

importance and its consequences are not widely understood or are ignored, its nature is 

regarded as difficult to understand, and its reproduction in hydrological simulation is 

considered a hard task or not necessary. It is shown in this article that the Hurst phenomenon 

can have easy explanation and easy stochastic representation, and that simple algorithms can 

generate time series exhibiting long-term persistence.  

Keywords climate change; fractional Gaussian noise; Hurst phenomenon; hydrological 

persistence; hydrological statistics; hydrological estimation; hydrological persistence; 

hydrological prediction; long-range dependence; scaling; uncertainty 

Introduction 

Unlike common random series like those observed for example in games of chance (dice, 

roulette, etc.), hydrological (and other geophysical) time series have some structure, that is, 

consecutive values of hydrological time series are dependent to each other. It is easy to 

understand that, for instance in a monthly river flow series, a month with very high flow is 
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likely to be followed by a month with high flow, too. Since the river flow is interrelated to the 

groundwater storage, the high flow indicates that the groundwater storage will be high too, 

and given that the groundwater flow is a slow process, it is expected that its contribution to 

the river flow in the next month will be significant. This explains the dependence of 

consecutive values of hydrological time series, which has been known as short-range (or 

short-term) dependence, persistence, or memory.  

 Interestingly, however, there is another kind of dependence observed at larger timescales, 

known as long-range (or long-term) dependence, persistence, or memory. This has been 

discovered by Hurst (1951), while investigating the discharge time series of the Nile River in 

the framework of the design of the Aswan High Dam, and found in many other hydrological 

and geophysical time series. This behaviour is essentially the tendency of wet years to cluster 

into multi-year wet periods or of dry years to cluster into multi-year drought periods. The 

terms ‘Hurst phenomenon’ and ‘Joseph effect’ (due to Mandelbrot, 1977, from the biblical 

story of the ‘seven years of great abundance’ and the ‘seven years of famine’) have been used 

as alternative names for the same behaviour. Since its original discovery, the Hurst 

phenomenon has been verified in several environmental quantities such as (to mention a few 

of the more recent studies) in wind power (Haslett and Raftery, 1989); global or point mean 

temperatures (Bloomfield, 1992; Koutsoyiannis, 2003a, b); flows of several rivers such as 

Nile (Eltahir, 1996; Koutsoyiannis, 2002), Warta, Poland (Radziejewski and Kundzewicz, 

1997), Boeoticos Kephisos, Greece (Koutsoyiannis, 2003a), and Nemunas, Lithuania 

(Sakalauskienė, 2003); inflows of Lake Maggiore, Italy (Montanari et al., 1997); indexes of 

North Atlantic Oscillation (Stephenson et al., 2000); and tree-ring widths, which are 

indicators of past climate (Koutsoyiannis, 2002). In addition, the Hurst phenomenon has 

gained new interest today due to its relation to climate changes (e.g. Evans, 1996; 

Koutsoyiannis, 2003a, c; Koutsoyiannis and Efstratiadis, 2004). 

 The possible explanation of the long-term persistence must be different from that of the 

short-term persistence discussed above. This will be discussed later. However, its existence is 

easy to observe even in a time series plot, provided that the time series is long enough. For 

example, in Figure 1 (up) we have plotted one of the most well-studied time series, that of the 
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annual minimum water level of the Nile river for the years 622 to 1284 A.D. (663 

observations), measured at the Roda Nilometer near Cairo (Toussoun, 1925, p. 366-385; 

Beran, 1994). In addition to the plot of the annual data values versus time, the 5-year and 25-

year averages are also plotted versus time. For comparison we have also plotted in the lower 

panel of Figure 1 a series of white noise (consecutive independent identically distributed 

random variates) with statistics same with those of the Nilometer data series. We can observe 

that the fluctuations of the aggregated processes, especially for the 25-year average, are much 

greater in the real world time series than in the white noise series. Thus, the existence of 

fluctuations in a time series at large scales distinguishes it from random noise.  

800
900

1000
1100

1200
1300
1400
1500

600 700 800 900 1000 1100 1200 1300

Year

N
ilo

m
et

er
 in

de
x

Annual value Average, 5 years Average, 25 years

 

        

800
900

1000
1100

1200
1300
1400
1500

600 700 800 900 1000 1100 1200 1300

Year

Annual value Average, 5 years Average, 25 years

 

Figure 1 (Up) Plot of the Nilometer series indicating the annual minimum water level of the Nile River for the 

years 622 to 1284 A.D. (663 years); (down) a white noise series with same mean and standard deviation, for 

comparison.  
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ABSTRACT. — This paper is a survey of both classical and new results and
ideas on long memory, scaling and self-similarity, both in the light-tailed
and heavy-tailed cases.

RÉSUMÉ. — Cet article est une synthèse de résultats et idées classiques ou
nouveaux sur la longue mémoire, les changements d’échelles et l’autosimi-
larité, à la fois dans le cas de queues de distributions lourdes ou légères.

1. Introduction

The notion of long memory (or long range dependence) has intrigued
many at least since B. Mandelbrot brought it to the attention of the
scientific community in the 1960s in a series of papers (Mandelbrot (1965);
Mandelbrot and Van Ness (1968) and Mandelbrot and Wallis (1968, 1969))
that, among other things, explained the so-called Hurst phenomenon, having
to do with unusual behavior of the water levels in the Nile river.

Today this notion has become especially important as potentially cru-
cial applications arise in new areas such as communication networks and
finance. It is, perhaps, surprising that what the notion of long memory re-
ally is, has never been completely agreed upon. In this survey we attempt
to describe the important ways in which one can think about long memory
and connections between long memory and other notions of interest, most
importantly scaling and self-similarity.
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In the next section we discuss some of the classical approaches to long
memory, and point out some of the pitfalls along the way. Section 3 dis-
cusses self-similar processes and the connection between the exponent of
self-similarity and the length of memory of the increment processes. Section
4 describes recent results on memory of stationary stable processes, and the
last section present brief conclusions.

2. In what ways can on think about long memory?

There is an agreement in probability that the notion of long memory
should be considered in application to stationary processes only, i.e. only in
the context of phenomena “in steady state”. The point is, however, delicate.
First, in various applications of stochastic modeling this term is applied to
non-stationary processes. Thus, for example, the usual Brownian motion is
sometimes viewed as having long memory because it never really forgets
where started from (this is, however, very unreasonable to a probabilist
who immediately thinks about independent increments of the Brownian
motion.) Second, stationary processes with long memory (in whatever sense)
sometimes resemble their non-stationary counterparts, as we will see in the
sequel. It is, therefore, possible to think of long memory processes as being
that layer among the stationary processes that is “near the boundary” with
non-stationarity, or as the layer separating the non-stationary processes
from the “well behaved, usual” stationary processes.

What is, then, the difference between the “usual” stationary processes
and long memory ones?

The first thought that comes to mind is, obviously, about correlations.
Suppose that (Xn, n = 0, 1, 2, . . .) is a stationary stochastic process with
mean µ = EX0 and 0 < EX2

0 < ∞ (we will consider discrete time processes,
but the corresponding formulations for stationary processes with finite vari-
ance in continuous time are obvious.) Let ρn = Corr(X0, Xn), n = 0, 1, . . .
be its correlation function. How does the correlation function of the “usual”
stationary processes behave? It requires skill and knowledge to construct
an example where the correlation function decays to zero (as lag increases)
at a slower than exponentially fast rate. For example, the common linear
(ARMA) processes, GARCH processes, finite state Markov chains all lead
to exponentially fast decaying correlations. A process with correlations that
are decaying slower than exponentially fast is, then, “unusual”. If the cor-
relations are not even absolutely summable, then the term “long memory”
is often used. See Beran (1994).
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It is instructive to look at the simplest case, the so called AR(1) model.

Let Zj , j = 1, 2, . . . be i.i.d. random variables with zero mean and non-
zero finite variance. Choose a number −1 < ρ < 1, and an arbitrary (po-
tentially random, but independent of the sequence Zj , j = 1, 2, . . .) initial
state X0. The AR(1) process Xn, n = 0, 1, 2, . . . is defined by

Xn = ρXn−1 + Zn, n = 1, 2, . . . . (2.1)

It is elementary to check that the distribution of Xn converges to a lim-
iting distribution, which is then automatically a stationary distribution of
this simple Markov process. Choose the initial state X0 according to this
stationary distribution, which can be written in the form

X0 =
∞
!

j=0

ρjZ−j ,

where . . . , Z−1, Z0 are i.i.d. random variables independent of Z1, Z2, . . . ,
and with the same distribution. Then the entire AR(1) process is already
stationary, and

Xn =
∞
!

j=0

ρjZn−j , n = 0, 1, . . . . (2.2)

Notice that the correlation function of the stationary AR(1) process given
by (2.2) is given by ρn = ρn, n = 0, 1, 2, . . ., and it is exponentially fast
decaying. In this sense the stationary AR(1) process is “usual”. Notice also
that the exponential rate of decay of correlations becomes slower as ρ ap-
proaches ±1.

Of course, if ρ is exactly equal to −1 or 1, then the AR(1) process in
(2.1) cannot be made stationary; in fact, if ρ = 1, then the AR(1) process is
a random walk, which a is discrete-time equivalent of the Brownian motion.
Therefore, in this case there is no real boundary layer between the “usual”
stationary processes with exponentially fast decaying correlations and non-
stationary ones. Nonetheless, even here, when ρ is close to −1 or 1, we may
observe some features in the realizations of a stationary AR(1) process that
remind us of non-stationary processes, such as a random walk. See the plots
below.
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Figure 1. — Different AR(1) models and a random walk.

Overall, however, the class of AR(1) processes is too narrow to observe
“unusual” stationary models that are close to being non-stationary.

In order to construct stationary processes with non-summable correla-
tions we have to go to wider classes of processes. A natural way of doing
that is via spectral domain. The book of Beran (1994) can be consulted
for details. Briefly, we will consider stationary processes with a finite posi-
tive variance σ2, that possess a spectral density f , which is a nonnegative
function on (0, π) such that for n = 0, 1, 2, . . .,

ρn =
1
σ2

! π

0
cos(nx)f(x)dx. (2.3)

Intuitively, fast rate of decay of correlations is associated with a nice
spectral density, especially as far as the behavior of the spectral density
around zero is concerned. More specifically (but still informally), it is some-
times the case that if a spectral density diverges to infinity at certain rate,
then the covariance function converges to zero at an appropriate slow rate
(and vice versa). The association is real, even though imprecise statements
abound in the literature.

Below is one precise result; see Samorodnitsky (2002).

Theorem 2.1. — (i) Assume that

ρn = n−dL(n), n = 0, 1, 2, . . . , (2.4)

where 0 < d < 1 and L is slowly varying at infinity, satisfying the following
assumption:

for every δ > 0 both functions
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of long memory. Such an approach is advocated in Samorodnitsky (2002),
especially when the phase transitions are related to large deviations.

The change in the order of magnitude in the variance of the partial sums
in (2.9) has also lead to establishing interesting connections between long
memory and self-similarity, as discussed in the next section.

3. Self-similar processes and long memory

Recall the definition of self-similarity: a stochastic process (Y (t), t !
0) is called self-similar with exponent H > 0 of self-similarity if for all
c > 0 the processes (Y (ct), t ! 0) and (cHY (t), t ! 0) have the same finite-
dimensional distributions (i.e. scaling of time is equivalent to an appropriate
scaling of space).

In applications a self-similar process is often a (continuous time) model
for a cumulative input of a system in steady state, hence of a particular
interest are self-similar processes reflecting this: processes with stationary
increments. The common abbreviation for a self-similar process with station-
ary increments is SSSI (or H-SSSI if one wants to emphasize the exponent
of self-similarity). We refer the reader to Samorodnitsky and Taqqu (1994)
and Embrechts and Maejima (2002) for information on the properties of
self-similar processes, including some of the facts presented below.
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Since we trivially have Y (0) = 0 a.s., we see that

E(Y (t)−Y (s))2 = E
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Y (t− s)−Y (0)
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2
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2

#
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.

Assuming non-degeneracy (EY (1)2 ̸= 0), the expression in the right hand
side of (3.1) turns out to be nonnegative definite if and only if 0 < H " 1,
in which case it is a legitimate covariance function.

In particular, for every 0 < H " 1 there is a unique zero mean Gaus-
sian process whose covariance function is consistent with self-similarity with
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exponent H and stationary increments and, hence, is given by (3.1). Con-
versely, a Gaussian process with a covariance function given by (3.1) is,
clearly, both self-similar with exponent H and has stationary increments.
That is, for every 0 < H ! 1 there is a unique (up to a global multiplicative
constant) H-SSSI zero mean Gaussian process. This process is called Frac-
tional Brownian Motion (FBM), and will be denoted by (BH(t), t " 0). It
is trivial to check that for H = 1, E

!

tBH(1) − BH(t)
"2 = 0 for all t " 0,

which means that the process is a straight line through the origin and ran-
dom normal slope. The interesting and nontrivial models are obtained when
0 < H < 1, which is what we will assume in the sequel.

The increment process Xn = BH(n + 1)−BH(n), n " 0 of an FBM is a
stationary process called Fractional Gaussian noise (FGN). An immediate
conclusion from (3.1) is that

ρn = Corr(X0, Xn) ∼ 2H(2H − 1)n−2(1−H)

as n → ∞. Therefore, the correlation function of an FGN with 1/2 < H < 1
satisfies (2.4) with d = 2(1 − H) < 1. Fractional Gaussian noises with
H > 1/2 are commonly viewed as long range dependent. Since the process is
a Gaussian one, this is not particularly controversial, because the covariance
on whose behavior the term “long range dependent” hinges here, determines
the structure of the process.

Fractional Brownian Motion with H > 1/2 was used by Mandelbrot and
Van Ness (1968) and Mandelbrot and Wallis (1968) to give a probabilis-
tic model consistent with an unusual behaviour of water levels in the Nile
river observed by Hurst (1951), and it was noted already there that the re-
alizations of long range dependent Fractional Gaussian noises may exhibit
apparently obvious non-stationarity. For example, as one compares the four
plots on Figure 2, it appears that, for larger values of H, the plots tend
to indicate changing “level”, or the mean values, of the process at different
time intervals. The phenomenon is dramatic in the case H = .9. This is, of
course, in spite of the fact that the process is stationary and the mean is
always zero.

Notice that for 0 < H < 1/2 the correlations of a FGN tend to be
negative, and for H = 1/2 the FGN is simply an i.i.d. sequence.

For the increment process of a self-similar process (as a FGN is) not
only does the exponent H of self-similarity determine the asymptotic rate
of growth of the variance of partial sums, but it clearly determines the
distributional rate of growth of the partial sums. Indeed, if (Y (t), t " 0)
is an H-SSSI process, and Xn = Y (n + 1) − Y (n), n " 0 is its increment
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Figure 1. — Different AR(1) models and a random walk.

Overall, however, the class of AR(1) processes is too narrow to observe
“unusual” stationary models that are close to being non-stationary.

In order to construct stationary processes with non-summable correla-
tions we have to go to wider classes of processes. A natural way of doing
that is via spectral domain. The book of Beran (1994) can be consulted
for details. Briefly, we will consider stationary processes with a finite posi-
tive variance σ2, that possess a spectral density f , which is a nonnegative
function on (0, π) such that for n = 0, 1, 2, . . .,

ρn =
1
σ2

! π

0
cos(nx)f(x)dx. (2.3)

Intuitively, fast rate of decay of correlations is associated with a nice
spectral density, especially as far as the behavior of the spectral density
around zero is concerned. More specifically (but still informally), it is some-
times the case that if a spectral density diverges to infinity at certain rate,
then the covariance function converges to zero at an appropriate slow rate
(and vice versa). The association is real, even though imprecise statements
abound in the literature.

Below is one precise result; see Samorodnitsky (2002).

Theorem 2.1. — (i) Assume that

ρn = n−dL(n), n = 0, 1, 2, . . . , (2.4)

where 0 < d < 1 and L is slowly varying at infinity, satisfying the following
assumption:

for every δ > 0 both functions
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process, then Sn = X0 + . . .+Xn−1 = Y (n) d= nHY (1) = nHX0 (recall that
Y (0) = 0 for an H-SSSI process). Under the assumption of Gaussianity, the
variance does determine the distribution of a partial sum, but this is not
the case if the process is not Gaussian. The existence of a clear threshold
H = 1/2 that separates short and long memory for Fractional Gaussian
noises led researchers to concentrate on exponent of self-similarity itself,
instead of the variance. This is, obviously, particularly attractive in the
infinite variance case.

Figure 2. — Different Fractional Gaussian noises.

The case that has generated the most extensive research was that of
self-similar stable processes. Recall that a stochastic process (Y (t), t ∈ T )
(where T is an arbitrary parameter set) is α-stable, 0 < α < 2, if for any
A, B > 0 there is a non-random function (D(t), t ∈ T ) such that

!

AY1(t) + BY2(t), t ∈ T
"

d=
!

(Aα + Bα)1/α Y (t) + D(t), t ∈ T
"

in terms of equality of finite-dimensional distributions, where (Y1(t), t ∈ T )
and (Y2(t), t ∈ T ) are independent copies of (Y (t), t ∈ T ). Note that a
Gaussian process is stable, but with α = 2, and that an α-stable process
with 0 < α < 2 has infinite second moment (even the first absolute moment
is infinite if α ! 1); we refer the reader to Samorodnitsky and Taqqu (1994)
for more information on α-stable processes. If T is a subset of Rn, a stable
process is usually referred to as a stable random field; a discussion of sym-
metric stable random fields and their sample path properties is in Nolan
(1988).

If (Y (t), t " 0) is an α-stable Lévy motion (a process with stationary
independent increments), then it is an SSSI process with H = 1/α (if α = 1,
this statement requires the process to be symmetric). If we recall that the
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When Onion Prices Bring Indians to
Tears
18 November 2016

Onions are an important food in India, not just for their broad culinary

uses, but also because their price swings can in:uence political

outcomes. The root vegetable is treated almost as a staple food, for its

:avor and for its nutrients. Found in chutneys, curries, samosas, and

many more dishes, onions are a requisite ingredient used from base to

garnish.

India is the world’s second-largest producer of onions, after China. Even

though India consumes and produces a great deal of onions, it has had

considerable trouble smoothing out eye-watering price volatility. In

various major Indian cities, retail prices of onions more than quadrupled

between May 2013 and October 2013, before falling back at the

beginning of the following year; a similar spike happened between May

2015 and September 2015, in which retail prices nearly doubled before

falling back down.

(https://clews.gro-intelligence.com/#/welcome)
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entire continents, including Europe, North America, South America, and Africa; only China

produces more, at around 22 million tonnes.

The production increases in India can largely be explained by an increase in the amount of

land it uses to produce onions. Between 2000 and 2013, India increased the area harvested

from 450,000 hectares to 1,217,000 hectares. Meanwhile, the onion yield per hectare has

improved as well. In 2000, around 10 tonnes of onions could be harvested per hectare; most

recent Jgures available indicate that the yield has increased by over 50 percent, to 15.86

(https://clews.gro-intelligence.com/#/welcome)
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tonnes per hectare. In addition to increasing the use of fertilizers, the country’s producers have

increased yield by using new planting methods, improving pest control, adopting new onion

varieties.

(https://clews.gro-intelligence.com/#/welcome)



The Indian government more frequently resorts to restricting exports in order boost domestic

supply. In addition to short-term bans, the government more often relies on minimum export

prices (MEP) to reduce the amount that gets shipped overseas. It has raised MEP a number of

times over the last decade, including in 2012, 2013, 2014, and 2015. Occasionally, these MEPs

serve the same function as export bans, given that producers aren’t able to Jnd overseas

buyers at prices well above market prices.

(https://clews.gro-intelligence.com/#/welcome)



Imports of onions require government approval and are organized by state-run trading

companies, also known as canalizing agencies. When prices are high, these agencies are

authorized to seek overseas suppliers to increase domestic supply. Even if these companies

manage to Jnd onion supplies on short notice, shipments have historically arrived too late to

prevent a price spike.

(https://clews.gro-intelligence.com/#/welcome)



sorted between each of these middlemen; in a price hike, each of them applies their own

markups. In addition to raising fees and reducing transparency, the need to go through

intermediaries increases the risk that vegetables will rot before they get to market.

The government also frequently points to speculators to explain price hikes. When prices rise,

ogcials decry hoarding behavior, and then conduct well-publicized raids on warehouses in

which the vegetables are stored. In response to these indignities, onion sellers have organized

strikes (https://www.ft.com/content/9331c236-1e74-11e0-87d2-00144feab49a) to protest

raids. Nonetheless, the government has not given up the practice, especially through the big

price hikes in 2013 and 2015.

The Indian government’s efforts to reduce
volatility

In response to various price hikes and supply shortages, and given that the government

severely restricts imports, the government has favored increasing domestic supply through

export controls. These policies usually have had mixed effectiveness, and the government

may be able to reduce volatility by making greater investments in increasing production and

improving storage over the long term.

Although India’s government highly values a stable supply of onions, it permits very few

imports to enter the country. Trade in onions, especially imports, is highly regulated. Even

when the government foresees that weather will reduce the size of a harvest, it tends to permit

imports only after prices start to rise. The usual reason the government offers for restricting

imports is that it wants to narrow its current-account deJcit.
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These interventions on distribution have had mixed effects as they have been usually enacted

too late to control for price hikes. Even when the government decides to import onions, the

supplies rarely arrive in time to relieve consumers. Instead, these interventions may hurt long-

term onion production, blocking producers from taking advantage of proJtable exports and

higher margins. Onions from India are generally well-regarded in overseas markets, and

command (http://sfacindia.com/PDFs/Onion%20&%20Potato%20Baseline%20Report.pdf) a

price premium over onions from Pakistan and China. When the government acts constantly to

keep prices of onions down, producers have less incentive to make signiJcant investments in

increasing production.

Instead of resorting to trade restrictions, the government might do better for consumers by

investing in storage and distribution infrastructure. Increasing storage capacity could help

reduce some of the volatility in the markets and create a buffer stock of the vegetable that can

be built up during peak supply and steady prices until the next harvest reaches the market.

Further, modern storage infrastructure that prevents condensation which leads to rot would

reduce post-harvest losses, which at 40 percent, are signiJcant. As part of infrastructure

development, investment in greater irrigation capacity would reduce farmers dependence on
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beginning of the following year; a similar spike happened between May

2015 and September 2015, in which retail prices nearly doubled before

falling back down.

(https://clews.gro-intelligence.com/#/welcome)





Incorporate these features into the proposed algorithm

Thank You


