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• What are options ?
• Can options be risk-free ?



Options



Option definition

• Option gives you (the holder) right but not the obligation to buy(call) 
or sell(put) the underlying at a pre-agreed price (strike).
• You can buy or sell standard options on an underlying in an exchange.
• The price would depend upon

• the maturity, 
• type of the option,
• Current price of the underlying
• The strike or the pre-agreed price
• volatility of the underlying



At Maturity



Risk Free

• If you know for certain a cashflow in future, you discount it using the 
risk free rate
• Is it possible to discount future cashflows from entering into option 

position using a risk free rate ?
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What we cover

• Building the intuition and definition of Brownian motion
• Properties of Brownian motion
• Concept of Quadratic variation.



Symmetric Random Walks



Properties of SRW

• The increments are independent

• What is the expected value of each increment ?
• What is the variance of the increments ?



Martingale Property

• When k < l



Quadratic Variation of SRW

• The quadratic variation is defined along a path
• QV up to time k along a path is computed by taken all the one step 

increments of M along the path and squaring these increments

• What is the difference between the variance and QV ?



Scaled Symmetric Random Walk

• We want to speed up the coin toss and scale down the step up and 
down values of symmetric random walk



Properties of SSRW

• The increments are independent

• The expectation of increments is:

• The variance of increments is

• SSRW is a martingale



Quadratic variation of SSRW

• The QV for a W(100) up till time 1.37 is

For any t



Brownian motion

• Limiting distribution of a SSRW is a Brownian Motion

• The figure shows the outcome of one series of coin 
tosses

• You can also fix time t and look at outcome of several 
series of coin tosses

• If t = 0.25, the possible values of W(100)(0.25) ?

• What is the probability of W(100)(0.25)=0.1 ?



Distribution of SSRW 
at t

• Figure shows the histogram bar 
centered at 0.1
• The width of the bar is 0.2, then 

what should be the height of 
the bar such that the probability 
of W(100)(0.25)=0.1555?
• What is the variance of 

W(100)(0.25) ?



Limiting distribution of SSRW

• For a fixed t, as n goes to infinity the distribution of scaled random 
walk converges to normal distribution, with mean ?, and variance ?
• PROOF 
• In order to identify a distribution one can identify their moment generating 

functions. 
• For normal density it would be



Proof continued

• Moment generating function for W(n)(t) will be

• The expectation can be taken inside, because of independence of X

• We need to show that as n goes to infinity the above converges to the 
moment generating function of normal distribution



Proof continued

• We need show that

Converges to 
• Take x = 1/sqrt(n)



Apply L’ Hopital’s rule

• Numerator

• Denominator is 2x
• Therefore, 



Again apply L’ Hopital’s rule

• Numerator

• Denominator is 1. Hence



Definition of Brownian Motion

• Brownian motion is obtained as the limiting case of scaled random 
walk
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Quadratic Variation

• Before we look at Quadratic Variation let us consider first order 
variation (FOV).
• FOV gives the amount of up down movement of a function between 0 

and T, with down moves adding to rather than subtracting.



FOV

• In general you first partition [0, T] as

• The maximum step size of the partition is denoted as

• Then 



FOV continued

• We use Mean Value Theorem

• Therefore, we can write



Quadratic Variation

• According to definition of Quadratic variation



Quadratic variation of f (continuous and 
differentiable)
• Using MVT we have

• Which translates to



Quadratic variation of W (Brownian Motion)

• Define sampled Quadratic variation for a partition of [0,T] as

• Prove that the above random variable converges to T as
• This can be shown if the expected value of Q is T and its variance 

converges to 0. 



Definition of Brownian Motion

• Definition of Brownian Motion:



In order to prove QV of W 

• We first use:

• Therefore,

• Next we determine that variance of Q 



Variance of Q

• The 4th moment of normal random variable with zero mean is three 
times its variance squared (home work exercise)

• Therefore



Continued ..

• Therefore 



Implication

• We have

• When tj+1-tj is small then (tj+1-tj)2 is very small

• Or E[ΔWΔW] ≈ Δt



Ito’s Integral

• For a normal integral

• However, W(t) is not differentiable, so 

• You need to use Ito’s integral



Constructing the Ito’s integral

• Figure shows a simple path of Δ(t)
• Then define

• Ito’s integral of the process is



Properties of Ito’s integral

1. Ito’s isometry

• Proof
2. Quadratic variation of I



Ito Doeblin Formula

• If W was differentiable, we could write

• However, as W has non zero quadratic variation, the correct formula is



Proof

• Let xj, xj+1 be numbers, then by Taylor expansion:

• We want to find f(W(T))-f(W(0))
• Divide [0,T] into intervals. We look at one such interval [tj,tj+1]



Properties of Ito’s integral



Black Scholes Equation
MG 258



Evolution of Portfolio value

• Consider you have a portfolio which at any time t has a value denoted 
by X(t). 
• This portfolio invests

a. In a money market(bank) account that pays a constant rate of interest r
b. In a stock modeled by the Geometric Brownian Motion (GBM)



The portfolio X(t)

• At each t, suppose the investor holds Δ(t) shares of the above stock.
• Δ(t) can be random but must be adapted to the filtration associated 

with the Brownian motion W(t).
• The remainder of the portfolio value, X(t)- Δ(t)S(t) is invested in the 

money market.



Change in the portfolio value

• The change is the investor’s portfolio at each time t is due to 
1. Capital gains Δ(t)dS(t) on the stock position
2. Interest on the bank account r(X(t)- Δ(t)S(t))dt

• Therefore



Discounted portfolio value

• If we are interested in the present value of the future change in the 
portfolio



European Option

• A European option gives the option holder the right but not obligation to 
buy (call) or sell (put) an asset at a prespecified price (called the strike).
• A call option pays (S(T)-K)+ at time T.
• The value of this option at any time (t) would depend upon

• The time to expiry, i.e. (T-t)
• Value of the stock, i.e. S(t)
• Agreed strike price (K)
• It also depends upon the model parameters (r, sigma) which are assumed to be 

constant
• Therefore we can use c(t,x) to denote the value of a call option, where x at 

time t is S(t).



Change in option price

• Our goal is to determine a function c(t,x), so that if we plug in the 
stock price at any time we get the corresponding option price.



Change in the discounted option price

• Using the Ito’s expansion for f(t,x) = e-rtx, where x is c(t,S(t)).



Hedging an option

• When you sell an option you start with an initial capital X(0) and 
invest it in stock and money market account
• The aim of the portfolio is to ideally at each time perfectly replicate 

the option value, c(t,S(t)).
• This will happen if the present value of the future portolio is always 

equal to the present value of the option, i.e. for all t
• 𝑒"#$𝑋 𝑡 = 𝑒"#$𝑐 𝑡, 𝑆 𝑡

• The above equality implies



Hedging continued

• Substituting the LHS and RHS, we have

• First looking at dW(t) term:

• This is the delta-hedging rule. At each time prior to the expiration, the 
number of shares held in the hedge portfolio is equal to the partial 
derivative with respect to the stock price of the option value at that time.
• cx(t,S(t)) is called the delta of the option.



Equating the dt term

• We next equate the dt terms to obtain

• The alpha terms cancel out leaving

• c(t,x) is the solution of the above pde



Solution to the pde

• The pde is a backward parabolic type.
• For such an equation, in addition to the terminal condition one needs 

boundary conditions.
• The terminal condition is ?
• The boundary condition at x= 0 ?
• The boundary condition at x goes to infinity ?

• The solution of the BS equation with these boundary and terminal 
conditions is



Black Scholes equation

• Where

• And N is the cumulative standard normal distribution

• Sometimes the notation used is



Forward contract

• A forward contract on a stock with delivery K obligates its holder to 
buy one stock at expiration T for K.
• At T the value of the contract is S(T)-K.
• Let f(t,x) denote the value of this contract at any time t  in [0, T].
• We can show that 
• f(t,x) = x- e(-r(T-t))K.

• This can be shown using the no-arbitrage argument.



Forward contract 

• If you sell forward contract at time zero for 
• f(0,S(0)) = S(0)-e-r(T)K

• You can use the proceed to buy one unit of stock (price S(0))
• You will have to borrow e-rTK from money market.
• At the expiration he has one unit of stock, i.e. S(T), owes the bank an 

amount K
• He needs to give the buyer of the forward contract a stock for an amount 

K.
• As he is able to replicate the payoff of the forward contract with this 

portfolio whose value at time t is
• S(t)-e-r(T-t)K,  this should be the forward price at any time t. 



Put Call Parity

• At any time 

• The payoff of a forward contract at T is equal to 

• It should also then agree at any time t


