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Embryonic Development : Inter-twined Dynamics of Force & Flow  
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Material Properties of a Fluid Regulate Flow



To understand the flow
Need to estimate the relevant 
material properties of the 
concerned fluid



Perturbation to the fluid to estimate the material properties: 
!

Laser ablation 
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 Analysis of the cortical flow by  laser ablation 



Cortical Flow by Laser Ablation
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Cortical Flow by Laser Ablation

Velocity profile over space 

PIV flow field between 1st and 2nd frame (0 to 0.5s)
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Cortical Flow by Laser Ablation

Determine shape of hole as a function of time by thresholding
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which mechanical stresses communicate in the 2D cortical
layer. Second, we quantified the temporal evolution of the
cut opening. For this, we determined the extent of the
opening generated by COLA, by fitting an ellipse to this
opening and determining the time evolution of the minor
radius of this fitted ellipse as a measure of the width of
the cut opening (Fig. 2 A). Notably, the width of the cut
opening increased with time and reached maximum after
~3–5 s (Fig. 2, D and G). The minor radius of the opening
grows with a characteristic time governed by processes of
stress relaxation in the actomyosin cortical layer. Third,
we analyzed NMY-2 regrowth within the opening, by quan-
tifying the average fluorescence intensity in a box that is
placed at the center of the COLA opening (white broken
line in Fig. 2 A). After an initial drop in intensity due to abla-
tion and outward movement, NMY-2 intensity gradually
recovered over ~30 s (Fig. 2, E and H). Similar timescales
have been observed in FRAP measurements that charac-
terize NMY-2 turnover (9).

These observations lend credence to the assumption that
the cortex behaves as an active viscoelastic material. The
shape evolution of the cut opening is determined largely
by elastic properties of the cortex as well as active tension
provided by NMY-2. The velocity decay away from the
cut line is largely determined by the decay length of tension

in the layer, and thus by g and l . Finally, reassociation of
myosin at the cut site is determined by actomyosin turnover.
In what follows, we will compare the dynamics of opening
and regrowth, as determined in our experiments by charac-
terizing the spatial decay of the velocity field and the time
evolution of the cut opening width and the myosin levels
at the center of the hole, with theory.

Physical description of the actomyosin cortex

We next sought to calculate the cut response in a coarse-
grained physical description of the cortical layer. Consid-
ering that the thickness of the cortex is small compared to
the size of the cell, we describe the actomyosin cortex as
an active 2D viscoelastic compressible fluid. We introduce
a scalar field h(x,y,t) that denotes the local height of the
cortical layer in the z direction, with x and y denoting spatial
Cartesian coordinates within the plane of the cortical layer,
and t denoting time. Considering a viscoelastic isotropic
active fluid in the plane and integrating over the height of
the cortex, we write the following constitutive equation:

ð1þ tMDtÞ
!
sij $ sa

ij

"
¼ h

#
vivj þ vjvi $ vkvkdij

$

þ hbvkvkdij; (2)

A

B

FIGURE 1 Probing cortical tension in the actomyosin ring of gastrulating zebrafish (A) and in the C. elegans (B) actomyosin cortex of single-cell embryos
by COLA. (A) (Left) Schematic of COLA (scissors) in the actomyosin ring of zebrafish. COLA is performed along a 20 mm line (red line) at the stage of 65%
epiboly. (Red arrowheads) Direction of cortical recoil after ablation. (Right) Upper images show a time series of cortical NMY-2-GFP after ablation; lower
images show the corresponding velocity fields as determined by PIV. (B) (Left) Schematic of COLA on the actomyosin cortex of the C. elegans zygote.
COLA is performed along a 10 mm line in parallel to the AP axis of the embryo. (Red arrowheads) Direction of cortical recoil after ablation. (Right) Upper
images, time series of cortical NMY-2-GFP after ablation; lower images, corresponding velocity fields as determined by PIV.

Saha et al.

1424 Biophysical Journal 110, 1421–1429, March 29, 2016

Cortical Flow by Laser Ablation

A. Saha et. al. 
BJ, 2016



Analysis of  cortical flow Material Properties?



Need a Theory that couples Flow Variables to the Material Properties  
!
                                       



A theoretical description of the general properties of living matter is not 
currently achievable because of its overall complexity, with the detailed state 
of a cell determined by a large number of variables.

- Marchetti et. al. RMP (2013)



‘Active’ Matters

dry Wet⌘/� (large)(small)

3/5, to 2.5 to 3 × 10−10 cm3 molecule−1 s−1 at
20 K, which is within a factor of 2 of the mea-
sured rate coefficients for cis- and trans-butene.

The CASPT2 predictions for the saddle point
energies, given in Table 1, correlate with the ex-
pectations, discussed earlier, based on the different
values of (I.E. – E.A.). For ethene, the positive
barrier leads to a low reactivity at low temperature.
Propene and 1-butene are near ideal intermediate
cases, with barriers within 1 kJ mol−1 of the reac-
tants. For propene, the inner transition state strong-
ly affects the rate coefficient even at 20 K, but the
barrier is just low enough that, with tunneling, the
rate coefficient does not decay to small values at
low temperatures. For 1-butene, the rate coefficient
rises with decreasing temperature but is still an
order of magnitude below the long-range capture
value at 20 K. For the other butenes, the ground-
state barriers are strongly submerged (i.e., by 2 to
3 kJmol−1) and the addition rates increase rapidly
with decreasing temperature, exceeding 10−10 cm3

molecule−1 s−1 by 20K. The changing nature of the
reaction with changing (I.E. – E.A.) is illustrated by
the plots in Fig. 3 of the minimum energy path
potentials as a function of the CO separation for
the ground and first excited states in the O(3P) +
ethene and O(3P) + trans-butene reactions.

The calculated rate coefficients for addition
arising from the present two–transition state
model are illustrated as dashed lines in Fig. 2.
The calculations have been extended down to
1 K, and the results for the range from 10 to 1 K
are given in fig. S1. For O(3P) + propene, the
predicted rate coefficients are highly sensitive to
the energy of the inner saddle point with a factor
of 2 variation at 100 K for a 0.7 kJ mol−1 change.
The CASPT2 predicted barrier was adjusted
downward by 0.6 kJ mol−1 to obtain optimum
agreement with experiment. For consistency, this
adjustment was applied to the other reactions as
well. For the butene cases, this adjustment has an
insignificant effect on the predictions.

The remarkably good agreement between
the theoretical predictions and experimental ob-
servations strongly validates the present two–
transition state model. The calculations show that
both the inner and outer transition states have an
effect on the reaction kinetics throughout the 20
to 400 K range. At low temperatures the outer
transition state dominates, whereas at high tem-
peratures the inner transition state dominates. The
increasing importance of the inner transition state
with increasing temperature causes the negative
temperature dependence between 200 and 20 K.
The O(3P) + C2H4 reaction, where the positive
barrier for the inner transition state dominates the
kinetics at all temperatures, provides the only ex-
ception. The accurate treatment of both transition-
state regions is a key prerequisite to understanding
and predicting the kinetics of these reactions at low
temperatures.

The agreement between experiment and
theory found for the O(3P) + alkene reactions
suggests two ways in which CASPT2 calcula-
tions of barrier heights might be used to estimate

the possible importance in ISCs of other reactions
between radicals and unsaturated molecules,
depending on whether experimental information
is available for the kinetics of the reaction in
question—for example, a measured value of the
rate coefficient at room temperature. If so, un-
certainty in the ab initio calculations of the inner
barrier height, which experience suggests might
amount to a few kJ mol−1, could be reduced by
comparing theoretical and experimental values of
the room-temperature rate coefficient so as to
tune the potential energy at the inner transition
state, and thereby improve the theoretical esti-
mate of the low-temperature rate coefficients. As
described above, we adopted this method with
the use of the data for O(3P) + propene, although
we found that the adjustment needed was quite
small. In cases where no kinetic data exist, such
as for the reactions of radicals with carbon chains
(19), more reliance will have to be placed on the
theory, guided by the success of the present cal-
culations, or on the semi-empirical arguments con-
cerning the value of (I.E. −E.A.). At the very least,
these methods should provide guidance at the
order-of-magnitude level, which is itself valuable
at the present level of astrochemical modeling.
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Long-Lived Giant Number Fluctuations
in a Swarming Granular Nematic
Vijay Narayan,1* Sriram Ramaswamy,1,2 Narayanan Menon3

Coherently moving flocks of birds, beasts, or bacteria are examples of living matter with spontaneous
orientational order. How do these systems differ from thermal equilibrium systems with such liquid
crystalline order? Working with a fluidized monolayer of macroscopic rods in the nematic liquid crystalline
phase, we find giant number fluctuations consistent with a standard deviation growing linearly with the
mean, in contrast to any situation where the central limit theorem applies. These fluctuations are long-
lived, decaying only as a logarithmic function of time. This shows that flocking, coherent motion, and large-
scale inhomogeneity can appear in a system in which particles do not communicate except by contact.

Density is a property that one can measure
with arbitrary accuracy for materials at
thermal equilibrium simply by increas-

ing the size of the volume observed. This is be-
cause a region of volume V, with N particles on
average, ordinarily shows fluctuations with stan-
dard deviation DN proportional to

ffiffiffiffiffi
N

p
, so that

fluctuations in the number density go down as
1/

ffiffiffiffi
V

p
. Liquid crystalline phases of active or self-

propelled particles (1–4) are different, with DN
predicted (2–5) to grow faster than

ffiffiffiffiffi
N

p
and as

fast asN in some cases (5), making density an ill-
defined quantity even in the limit of a large
system. These predictions show that flocking,
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Physics, Indian Institute of Science, Bangalore 560012,
India. 2Condensed Matter Theory Unit, Jawaharlal Nehru
Centre for Advanced Scientific Research, Bangalore
560064, India. 3Department of Physics, University of
Massachusetts, Amherst, MA 01003, USA.
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‘Wet’ Active Matters or ‘Active Gel’ 
(description of slightly active polar gel)

but the freezing and melting is in this case a true nonequi-
librium phenomenon that cannot be described simply in terms
of an effective temperature for the system (Bialké, Speck, and
Löwen, 2012). In vitro experiments on confluent monolayers
of epithelial cells suggest that the displacement field and
stress distribution in these living systems strongly resemble
both the dynamical heterogeneities of glasses and the soft
modes of jammed packings (Poujade et al., 2007; Trepat
et al., 2009; Angelini et al., 2010, 2011; Petitjean et al.,
2010). This observation has led to new interest in the study
of active jammed and glassy states (Henkes, Fily, and
Marchetti, 2011) obtained by packing self-propelled particles
at high density in confined regions or by adding attractive
interactions. In these models the interaction with the substrate
has so far been described simply as frictional damping.
Although a rich and novel dynamical behavior has emerged,
it has become clear that a more realistic description of stress
transfer with the substrate will be needed to reproduce the
active stress distribution observed experimentally (Trepat
et al., 2009) in living cellular material.

III. ACTIVE GELS: SELF-DRIVEN POLAR AND APOLAR
FILAMENTS IN A FLUID

In this section we describe an alternative method for con-
structing hydrodynamic theories for a class of activematerials.
This approach involves a systematic derivation of the hydro-
dynamic equations based on a generalized hydrodynamic
approach close to equilibrium closely following the work of
Martin, Parodi, and Pershan for nemato hydrodynamics
(Martin, Parodi, and Pershan, 1972; de Gennes and Prost,
1993). As in the previous sections, the theory is mostly based
on symmetries and does not involve significant microscopic
considerations; it is thus applicable to a whole range of sys-
tems, which share the appropriate polar or nematic symmetries
andwhich are liquid at long times.We focus here on an ‘‘active
gel,’’ defined as a fluid or suspension of orientable objects
endowed with active stresses, with momentum damping com-
ing from the viscosity of the bulk fluid medium, rather than
from friction with a substrate or a porous medium (Simha and
Ramaswamy, 2002a, 2002b; Kruse et al., 2004; Jülicher et al.,
2007). The equations that emerge are those proposed by Simha
and Ramaswamy (2002a) for self-propelling organisms, but
the development by Kruse et al. (2004) and Jülicher et al.
(2007) was carried out in the context of the cytoskeleton of
living cells, a network of polar actin filaments, made active by
molecular motors that consume ATP.

In Sec. III.B we consider an active system with a polar-
ization field p. It turns out that, for the linear Onsager theory
that we propose, the final equations are invariant under the
change of p to !p. At this linear order, the dynamical
equations are therefore the same for a polar active gel and a
nonpolar active nematic gel where p is the director. An
alternative approach for a nematic gel is to describe the
ordering not by a director field but by a nematic alignment
tensor Q. This approach, also part of the phenomenological
treatment in Simha and Ramaswamy (2002a), is presented by
Salbreux, Prost, and Joanny (2009). A brief discussion of
polar active gels and of the effects of polarity on the dynamics
beyond the linear theory is given in Sec. III.C.

A. Hydrodynamic equations of active gels

For simplicity, in this section we discuss only a one-
component active polar gel considering therefore that the
complex composition of active materials such as the cytos-
keleton can be described by an effective single component.
The original formulation of Simha and Ramaswamy (2002a)
for the hydrodynamics of self-propelled orientable suspen-
sions was already an explicitly multicomponent formulation
of active liquid-crystal hydrodynamics, but without a formal
link to the nonequilibrium thermodynamic approach to active
systems of Jülicher et al. (2007). Generalizations of the latter
approach to multicomponent systems are possible and have
been recently proposed by Joanny et al. (2007) and Callan-
Jones and Jülicher (2011). The multicomponent theory prop-
erly takes into account the relative permeation between the
various components which is neglected in the simpler one-
component description. As in the previous sections, we retain
as slow variables the number density !, the polarization p,
and the momentum density g ¼ !mv, where v is the local
velocity of the gel and m is the (effective) mass of the
molecules.

1. Entropy production

The derivation of generalized hydrodynamic equations is
based on the identification of fluxes and forces from the
entropy production rate _S as in de Groot and Mazur (1984).
We do not consider heat exchange here; we assume that the
active gel has a constant temperature, meaning that it is in
contact with a reservoir at a finite temperature T. In this case,
the entropy production rate is related to the rate of change in
the free energy of the active gel T _S ¼ !dF=dt.

For a passive gel at rest, the free-energy density f is a
function of the two intensive variables, the density ! and the
polarizationp, and its differential isdf ¼ "d!! h#dp#. The
field conjugate to the density is the chemical potential " and
the field conjugate to the polarization is the orientational field
h. For a passive system moving at a velocity v, the density of
kinetic energy 1

2!mv2 must be added to the free energy.

For an active gel one must also take into account the fact
that energy is constantly locally injected into the gel. A
simple intuitive way to introduce the energy injection is to
assume that as in the case of the cytoskeleton, this is due to a
nonequilibrium chemical reaction such as the consumption of
ATP. If the energy gain per ATP molecule is denoted by !",
and the rate of advancement of the reaction (the number of
ATP molecules consumed per unit time and unit volume) is
denoted by r, then the associated rate of change of the free
energy per unit volume is !r!". Taking into account all
contributions, we find the entropy production rate of an active
gel at a constant temperature T (Kruse et al., 2004, 2005):

T _S ¼
Z

dr
!
! @

@t

"
1

2
!mv2

#
!"

@!

@t
þ h# _p# þ r!"

$
:

(30)

2. Conservation laws

The two conserved quantities in an active gel are the density
and the momentum. The density conservation law reads
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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where

@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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( )

@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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(r)
(d)
(d)

B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
"#¼%)"(q"#

þ*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
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3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
"#¼%)"(q"#

þ*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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(d) : same sig. under time reversal	

(r) : opposite sig. under time reversal

K. Kruse et. al.   
Eur. Phys. J. E (2005) 



How to couple thermodynamic forces and fluxes?

* Linear Onsager expansion	

*             Respect symmetries of the system  

K. Kruse et. al.   
Eur. Phys. J. E (2005) 



1. Spatial symmetry : The tensorial character of the Onsager expansion should be conserved.    

2. Time-reversal symmetry : 	

a. Dissipative flux :  fluxes and forces with same time signature couples.	

b. Reactive flux :  fluxes and forces with opposite time signature couples.

How to couple thermodynamic forces and fluxes?

K. Kruse et. al.   
Eur. Phys. J. E (2005) 



B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
"#¼%)"(q"#

þ*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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Dissipative flux (flux and force 
with same time sig.)

Reactive flux (flux and force 
with opposite time sig.)

B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
"#¼%)"(q"#

þ*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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B. Linear theory of active polar and nematic gels

1. Constitutive equations

We first consider an active polar liquid for which the
relationship between fluxes and forces is local in time.

It is convenient to split all tensors into diagonal and trace-
less parts: !"# ¼ !$"# þ ~!"#, with ! ¼ ð1=3Þ!"", ~!"" ¼
0, and d the dimensionality. Similarly, we let v"# ¼
ðu=3Þ$"# þ ~v"#, where u ¼ @%v% is the divergence of the

velocity field. Finally all fluxes are written as the sums of
reactive and dissipative parts,

!"# ¼ !r
"# þ !d

"#; (38a)

P" ¼ Pr
" þ Pd

"; (38b)

r ¼ rr þ rd: (38c)

a. Dissipative fluxes

Only fluxes and forces with the same time signature are
coupled and !"# is coupled only to v"#. This leads to the
constitutive equations

!d ¼ !&u; (39a)

~!d
"# ¼ 2&~v"#: (39b)

We ignore here the tensorial character of the viscosity and
assume only two viscosities as for an isotropic fluid: the shear
viscosity & and the longitudinal viscosity !&. The two other
fluxes are coupled and the corresponding constitutive equa-
tions read (Kruse et al., 2004, 2005)

Pd
" ¼ h"

%1
þ 'p""(; (40)

rd ¼ #"(þ 'p"h": (41)

%1 is the rotational viscosity and we use here the Onsager
symmetry relation which imposes that the ‘‘dissipative’’
Onsager matrix is symmetric.

b. Reactive fluxes

The reactive Onsager matrix is antisymmetric and couples
fluxes and forces of opposite time-reversal signatures,

!r¼% !)"(þ !*1p"h"; (42a)

~!r
"#¼%)"(q"#

þ*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (42b)

Pr
"¼% !*1p"

u

3
%*1p#~v"#; (42c)

rr¼ !)
u

3
þ)q"#~v"#: (42d)

In most of the following we consider incompressible fluids
so that u ¼ r & v ¼ 0. In this case the diagonal component of
the stress can be included in the pressure which is a Lagrange
multiplier ensuring incompressibility and one can set !) ¼
!*1 ¼ !& ¼ 0.
To summarize, the hydrodynamic equations for an incom-

pressible one-component active fluid of nematic symmetry
are given by

m+ð@t þ v & rÞv ¼ %rPþ r & !; (43a)

ð@t þ v & rÞp" þ!"#p# ¼ %*1v"#p# þ 1

%1
h"

þ '"(p"; (43b)

to be supplemented with the incompressibility condition r &
v ¼ 0. Assuming the Frank constants are all equal to K, the
molecular field h" is given by

h" ¼ Kr2p" þ h0kp"; (44)

with h0k a Lagrange multiplier to be determined by the

condition jpj ¼ 1. Finally it is convenient for the following
to write the deviatoric stress tensor given by the sum of trace
and deviatoric parts of the dissipative and reactive compo-
nents by separating out passive and active parts as

!"# ¼ !p
"# þ !a

"#; (45)

with passive and active contributions given by

!p
"#¼2&~v"#þ

*1

2

!
p"h#þp#h"%

2

3
p%h%$"#

"
; (46a)

!a
"#¼%)"(q"#: (46b)

In many biological applications inertial effects are negli-
gible and the Navier-Stokes equation (43a) can be replaced
by the Stokes equation obtained by simply neglecting all
inertial terms on the left-hand side of Eq. (43a) and corre-
sponding to a force balance equation, given by

% rPþ r & ! ¼ 0: (47)

2. Microscopic interpretation of the transport coefficients

The Onsager approach that we outlined introduces several
transport coefficients. Some of these coefficients exist for
passive nematic liquid crystals such as the viscosities, the
rotational viscosity %1, or the flow-coupling coefficient *1.
The two important new coefficients are the transport coeffi-
cients associated with the activity of the system, ' and ) . The
active stress in the system is !active

"# ¼ %)"(q"#. In the case

of the cytoskeleton this can be viewed as the stress due to the
molecular motors, which tend to contract the gel. The sign of
the activity coefficient ) is not imposed by theory. A negative
value corresponds to a contractile stress as in the actin
cytoskeleton. A positive value of ) corresponds to an exten-
sile stress as observed in certain bacterial suspensions.
Conceptually, active stresses in living matter were first dis-
cussed by Finlayson and Scriven (1969). They, however,
specifically steered clear of uniaxial stresses arising from
motor-protein contractility. The first incorporation of self-
propelling stresses into the generalized hydrodynamics of
orientable fluids was by Simha and Ramaswamy (2002a),
although it has long been understood that the minimal de-
scription of a single force-free swimmer is a force dipole
(Brennen and Winet, 1977; Pedley and Kessler, 1992).

The other active coefficient ' is an active orientational field
that tends to align the polarization when it is positive. In the
limit where the modulus of the polarization is p ¼ 1 one can
always consider that ' ¼ 0 and introduce an effective activity
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‘Wet’ Active Matters or ‘Active Gel’ 
(description of slightly active polar gel)

Linear Onsager expansion.. 

@!

@t
þ r " ð!vÞ ¼ 0: (31)

The momentum conservation law can be written as

@g"
@t

þ @#!"# ¼ 0; (32)

where themomentumflux in the system is!"# ¼ !mv"v# &
$t

"#, where the first term is associated with the so-called

Reynolds stress and $t
"# is the total stress in the system. For

most active gels, in particular, for biological systems, the
Reynolds number is very small and we ignore the Reynolds
stress contribution in the following.

3. Thermodynamics of polar systems

For generality, in this section we consider active gels in
three dimensions. The polarization free energy of an active
polar material is a functional of the three components of the
polarization vector p. However, if the system is not in the
vicinity of a critical point, there are only two soft modes
associated with rotations of the polarization. The modulus of
the polarization is not a hydrodynamic variable and is taken
to be constant. Without any loss of generality, we assume that
the polarization is a unit vector, and that the effect of its
modulus is integrated in the phenomenological transport
coefficients. The polarization free energy of the active gel
is then the classical Frank free energy of a nematic liquid
crystal (de Gennes and Prost, 1993)

Fp ¼
Z
r

!
K1

2
ðr " pÞ2 þ K2

2
½p " ðr( pÞ)2

þ K3

2
½p( ðr( pÞ)2 þ vr " p& 1

2
h0kp

2

"
: (33)

The first three terms correspond to the free energies of splay,
twist, and bend deformations. The three Frank constants Ki

are positive. We have also added in this free energy a
Lagrange multiplier h0k to insure that the polarization is a

unit vector. This free energy is very similar to the free energy
of Eq. (4), although in Eq. (4) we made the additional
approximation that the Frank constants are equal. In the
case where the polarization is a critical variable, one would
also need to add to Eq. (33) a Landau expansion in powers of
the polarization modulus as done in Eq. (4).

The orientational field is obtained by differentiation of the
free energy (33). It is useful to decompose it into a component
parallel to the polarization hk and a component perpendicular
to the polarization h?

In the simple case where the system is two dimensional,
the polarization can be characterized by its polar angle %. In
the approximation where the Frank constants are equal the
perpendicular molecular field is h? ¼ Kr2%.

In a nonisotropic medium the stress is not symmetric.
There is an antisymmetric component of the stress associated
with torques in the medium. As for nematic liquid crystals,
this antisymmetric component can be calculated from the
conservation of momentum in the fluid (de Gennes and
Prost, 1993) and is given by $A

"# ¼ 1
2 ðh"p# & p"h#Þ * h?.

4. Fluxes, forces, and time reversal

Using the conservation laws and performing integrations
by parts, the entropy production can be written as

T _S ¼
Z

drf$"#v"# þ P"h" þ r"&g; (34)

where $"# is the symmetric deviatoric stress tensor defined
by

$t
"# ¼ $"# þ $A

"# & '"#P; (35)

with $t
"# and $A

"# the total and the antisymmetric part of the

stress tensor, respectively, and P the pressure. We also intro-
duced the strain-rate tensor v"# and the antisymmetric part of

the velocity gradients associated with the vorticity !"# de-
fined as

v"# ¼ 1
2ð@"v# þ @#v"Þ; (36a)

!"# ¼ 1
2ð@"v# & @#v"Þ: (36b)

Finally, P" ¼ Dp"=Dt, with

Dp"

Dt
¼ @p"

@t
þ v#@#p" þ!"#p# (37)

the comoving and corotational derivative of the polarization.
Note that if the system is chiral, kinetic momentum conser-
vation must be properly taken into account and the local
rotation is no longer given by !"# (Furthauer et al., 2012).

This form of the entropy production allows for the identi-
fication of three forces: v"#, which has a signature &1 under
time reversal, h", which has a signature þ1 under time
reversal, and "&, which also has a signature þ1 under
time reversal. The conjugated fluxes are $"#, P", and r,
respectively. The fluxes and associated driving forces that
control the hydrodynamics of active gels are summarized in
Table II.

In a linear generalized hydrodynamic theory, the constitu-
tive equations of the active gel are obtained by writing the
most general linear relation between fluxes and forces re-
specting the symmetries of the problem, such as translational
and rotational symmetries with one vector p" and one tensor
q"# ¼ p"p# & 1

3'"# in 3D. Particular care must be taken in

considering the time-reversal symmetry. The fluxes must all
be separated into a reactive component with a signature
opposite to that of the conjugate force and a dissipative
component with the same signature as the conjugate force.
As an example, the reactive component of the stress is the
elastic stress and the dissipative component is the viscous
stress. Only the dissipative component of each flux contrib-
utes to the entropy production.

TABLE II. Fluxes and associated forces controlling the entropy
production in a one-component nematic active gel.

Flux Force

$"# v"#

P" h"
r "&
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(description of slightly active polar gel)

Viscoelastic constitutive eq. 	

(compressible, apolar, isotropic active gel )
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  rate of change of density profile = advection of the density profile with flow +  source term 

Dynamics of Myosin Density
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1.  rate of change of height profile = advection of the density profile with flow +  wound healing 

Dynamics of density 

2.  gradient of stress ~  flow velocity 
Force balance 

1.  cortex - a ‘thin film’ 

1.  stress  ~  viscous strain rate 

2.  stress  ~  elastic strain  

3.  total strain   =   viscous strain + elastic strain  
Constitutive Eq. 

4.  total stress   =   passive stress + active stress  

                                     Physical Principles 
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Perturbation to the Fluid to Estimate the Material Properties 
!

Laser ablation : Theory 

and velocity fields. We observe that (1) the velocity field
is not uniform through the cortex but decayed over a dis-
tance from the cut line; (2) the width of the boundary
initially grows and reaches a maximum; and (3) hðx; y; tÞ
in the cut region recovers to steady-state values on long
times. These observations are consistent with those that
we have made in our experiments, which lend credence
to our approach.

Next we analyzed our results from theory in terms
of the spatial profile of the velocity in the direction
perpendicular to the cut line, the growth of the cut bound-
ary, and the recovery of the cut region in a manner that
is similar to how we analyzed the experimental data.
Fig. 3, B–E, demonstrates that the essential features
observed in the corresponding graphs from our experi-
ments (Fig. 2, C–H) are reproduced in our theory. We
next asked how changes of physical parameters of the
cortical layer impact on the spatial profile of the velocity
in the direction perpendicular to the cut line, the growth
of the cut boundary, and the recovery of cortex height.
To this end, we performed numerical simulations of
COLA with different values of a1, a2, and a3. We find
that increasing l leads to a corresponding increase of
the spatial decay length of the velocity profile in a direc-
tion perpendicular to the cut line (Fig. 3 B), but has little
impact on the growth timecourse of cut boundary
(Fig. 3 E). Furthermore, increasing tM results in a corre-
sponding increase in the relaxation time to reach the
maximal width of the opening (Fig. 3 C), with little effect
on the final size of the hole. Taken together, key aspects of
the relaxation process after COLA are separately deter-

mined by the characteristic length and time, l and tM,
of the cortical layer.

Comparison of theory and experiment for
determination of physical parameters

To compare the response observed in experiment to the
theoretical predictions, we sought to investigate the relation-
ship between the florescence intensity of myosin, Iðx; y; tÞ,
and cortex height, hðx; y; tÞ. First, we consider a proportion-
ality between cortex height and the cortical actin density
per unit area, r2D;aðx; y; tÞ. As r2D;aðx; y; tÞ is given by inte-
grating the cortical actin density per unit volume, r3D;a, over
z, raðx; y; tÞ ¼

R hðx;y;tÞ
0 r3D;aðx; y; tÞdz, 3D incompressibility

gives raðx; y; tÞ ¼ r3D;ahðx; y; tÞ, in which r3D;a is constant
through the cortex. We next investigated the relationship be-
tween the per-area densities of actin and myosin. To this end
we studied the regrowth of both myosin and actin densities
after the ablation. Note that because the thickness of the
cortical layer is smaller than the focal depth of the confocal
microscope (~1 mm), the fluorescence intensities from the
actin andmyosin are proportional to their densities integrated
over the cortex height, which correspond to the respective
densities per unit area. We ablated the cortex in C. elegans
embryo that is expressing both NMY-2 GFP and lifeact
RFP, as the probe for actin filaments, to see if upon regrowth
in the region of cut opening the ratio between the actin and
myosin fluorescence intensities remains constant over time.
In Fig. S1 (in the Supporting Material), the fluorescence re-
coveries of actin and myosin intensities are proportional to
each other, revealing a linear relationship between the two

B

A

C D E

FIGURE 3 Numerical calculation of the spatiotemporal response of a 2D active viscoelastic fluid in response to COLA. (A) Representative
calculated nondimensional height (gray) and velocity field (arrows) of the cortex at times 0, 0.02, 0.04, 0.06, 0.08, and 0.68 after COLA by setting
the height to zero in the dark region around the red line in the leftmost image (see main text). (B) Effect of variation of a1 on the spatial velocity
profile at 0.5 s after cut. The x component of velocity vectors was averaged along the y direction and within the box indicated by the broken orange
line in the second panel of (A). (C–E) Effect of variation of a2 and a3 on the time evolution of the half-width of the cut opening, determined by
fitting an ellipse to the opening boundary. Note that changing a1 has a small effect on time evolution of the width of the opening (E). Unless other-
wise specified, parameter values are a1 ¼ 2.0, a2 ¼ 0.25, and a3 ¼ 4.5. For (B)–(E), we have dimensionalized time by ta ¼ 25 s and length by
lc ¼ 25 mm.
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Find Independent Parameters of the theory. 

 

Solve the model equations with laser ablation as initial 
condition to have the cut responses as in experiment. 

Minimize the difference between all the experimental and theoretical 
cut responses simultaneously with the independent parameters. Note 
the values of the parameters where the difference is minimum.

From these values, find the material parameters. 

To Estimate Material Properties....
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quantities. Given our assumption that the per-area density
of actin is proportional to cortex height, this suggests that
the per-area density ofmyosin is proportional to cortex height
as well. Therefore, for our COLA response analysis we
considered a proportional relationship between NMY-2 fluo-
rescence intensity Iðx; y; tÞ and the scalar height field
hðx; y; tÞ, and relate Iðx; y; tÞ and hðx; y; tÞ according to

hðx; y; tÞ # Iðx; y; tÞ $ I0
ImaxðtÞ $ I0

: (8)

Here, I0 denotes the background signal obtained from the
average intensity within the box located at the center of
the cut opening in the first post-cut frame, and ImaxðtÞ is
the maximum intensity in each recorded image.

Next, we determined the best-fit nondimensionalized
model parameters a1 ¼ ðl=lcÞ; a2 ¼ ðtM=taÞ; and a3 ¼
ðxDmta=gl2cÞ within a nonlinear least-square fitting scheme
(31) by iteratively calculating the theoretical responses that
best fit the experimental profiles (see blue curves in Fig. 2,
C–H, in comparison to the experimental profile given by red
curves). In Fig. 4, C and D, we report the physical parame-
ters of the cell cortex (ta; l; tM; xDm=g) from the best-
fit model parameters. We obtained ta ¼ 23:453:4 s; l ¼
67:6517:2 mm; tM ¼ 5:652:5 s, and ðxDm=vÞ ¼ 25:95
13:4 mm2=s for zebrafish, and ta ¼ 24:25 2:8 s; l ¼
14:453:2 mm; tM ¼ 4:552:5 s, and ðxDm=gÞ ¼ 25:45
9:2 mm2=s for C. elegans. Note that these values were
obtained by fitting each individual experiment (n ¼ 15 for
both systems), and we report the respective averages 5
95% confidence interval. Note also that the hydrodynamic
lengths of ~68 mm for the zebrafish actomyosin ring and

~14 mm for theC. elegans cortex as well as the turnover times
of ~25 s show a close agreement with previous investigations
(8,9). This supports our method of extracting values of phys-
ical parameters by use of fitting themeasuredCOLA response
to that expected from theory. Note that we ablated the cortex
along the lines of 20mmfor zebrafish and 10mmforC. elegans
in length, larger than the characteristic length associated with
inhomogeneities of the cortical myosin distributions (myosin
foci), and as such we do not expect them to contribute to the
overall laser ablation response. Note also that our numerical
analysis assumes a homogeneous distribution of myosin
around the cut region, and thus does not take large-scale
myosin gradients and flows into account. This is an accurate
representation for C. elegans, but not for zebrafish. However,
for the flow magnitudes reported, we expect that the associ-
ated errors in determining cortex material parameters are
small (8).

The good agreement between theory and experiment indi-
cates that the shape evolution of the cut opening might entail
a sufficient amount of information for accurately deter-
mining both l and tM. Because the spatial profile of the ve-
locity field is governed by hydrodynamic length, l, the
temporal change of the shape of the cut opening boundary
is likely to be affected by l. On the other hand, the temporal
decay of the outward velocity is characterized by the time-
scale of the stress relaxation, tM. Thus it is possible that the
shape evolution of the cut boundary is, to a large extent,
governed by these two physical parameters. In agreement
with this statement, the shapes of the cut opening boundary
are distinct between the zebrafish actomyosin ring and
C. elegans embryo, which might reflect the respective dif-
ferences in physical parameters.

C

D

A B FIGURE 4 Determination of physical parameters
by comparing the COLA responses observed in
experiment to the computed response from
the theory. (A and B) Representative examples of
fitting the cut opening boundary in response to
COLA of the actomyosin ring in zebrafish during
epiboly (A) and the cortex in a single-cell embryo
of C. elegans (B). (Red points) Automatically
detected boundaries of the cut opening. Distances
between the computed and the detected boundaries
wereminimized to find the best-fit parameter values.
(Cyan) The theoretical boundaries that best fit the
experimental ones. Images are 1 s apart. (C and D)
Comparison of physical parameter values between
the two methods utilized. (Red) The best-fit param-
eter valueswere determined bycomparing the exper-
imentally determined regrowth of the cut region,
spatial decay of the outward velocity profile, and
the time evolution of the cut opening boundary to
theoretical prediction (see Fig. 2). (Blue) The best-
fit parameter values obtained by comparing the cut
opening boundaries between experiment and theory
(see A and B). Note that both fitting procedures
converge to similar values. Error bars are the 95%
confidence interval of the mean with n ¼ 15 for
zebrafish and n ¼ 10 for C. elegans.
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Here, I0 denotes the background signal obtained from the
average intensity within the box located at the center of
the cut opening in the first post-cut frame, and ImaxðtÞ is
the maximum intensity in each recorded image.
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model parameters a1 ¼ ðl=lcÞ; a2 ¼ ðtM=taÞ; and a3 ¼
ðxDmta=gl2cÞ within a nonlinear least-square fitting scheme
(31) by iteratively calculating the theoretical responses that
best fit the experimental profiles (see blue curves in Fig. 2,
C–H, in comparison to the experimental profile given by red
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ters of the cell cortex (ta; l; tM; xDm=g) from the best-
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14:453:2 mm; tM ¼ 4:552:5 s, and ðxDm=gÞ ¼ 25:45
9:2 mm2=s for C. elegans. Note that these values were
obtained by fitting each individual experiment (n ¼ 15 for
both systems), and we report the respective averages 5
95% confidence interval. Note also that the hydrodynamic
lengths of ~68 mm for the zebrafish actomyosin ring and

~14 mm for theC. elegans cortex as well as the turnover times
of ~25 s show a close agreement with previous investigations
(8,9). This supports our method of extracting values of phys-
ical parameters by use of fitting themeasuredCOLA response
to that expected from theory. Note that we ablated the cortex
along the lines of 20mmfor zebrafish and 10mmforC. elegans
in length, larger than the characteristic length associated with
inhomogeneities of the cortical myosin distributions (myosin
foci), and as such we do not expect them to contribute to the
overall laser ablation response. Note also that our numerical
analysis assumes a homogeneous distribution of myosin
around the cut region, and thus does not take large-scale
myosin gradients and flows into account. This is an accurate
representation for C. elegans, but not for zebrafish. However,
for the flow magnitudes reported, we expect that the associ-
ated errors in determining cortex material parameters are
small (8).

The good agreement between theory and experiment indi-
cates that the shape evolution of the cut opening might entail
a sufficient amount of information for accurately deter-
mining both l and tM. Because the spatial profile of the ve-
locity field is governed by hydrodynamic length, l, the
temporal change of the shape of the cut opening boundary
is likely to be affected by l. On the other hand, the temporal
decay of the outward velocity is characterized by the time-
scale of the stress relaxation, tM. Thus it is possible that the
shape evolution of the cut boundary is, to a large extent,
governed by these two physical parameters. In agreement
with this statement, the shapes of the cut opening boundary
are distinct between the zebrafish actomyosin ring and
C. elegans embryo, which might reflect the respective dif-
ferences in physical parameters.
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A B FIGURE 4 Determination of physical parameters
by comparing the COLA responses observed in
experiment to the computed response from
the theory. (A and B) Representative examples of
fitting the cut opening boundary in response to
COLA of the actomyosin ring in zebrafish during
epiboly (A) and the cortex in a single-cell embryo
of C. elegans (B). (Red points) Automatically
detected boundaries of the cut opening. Distances
between the computed and the detected boundaries
wereminimized to find the best-fit parameter values.
(Cyan) The theoretical boundaries that best fit the
experimental ones. Images are 1 s apart. (C and D)
Comparison of physical parameter values between
the two methods utilized. (Red) The best-fit param-
eter valueswere determined bycomparing the exper-
imentally determined regrowth of the cut region,
spatial decay of the outward velocity profile, and
the time evolution of the cut opening boundary to
theoretical prediction (see Fig. 2). (Blue) The best-
fit parameter values obtained by comparing the cut
opening boundaries between experiment and theory
(see A and B). Note that both fitting procedures
converge to similar values. Error bars are the 95%
confidence interval of the mean with n ¼ 15 for
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which mechanical stresses communicate in the 2D cortical
layer. Second, we quantified the temporal evolution of the
cut opening. For this, we determined the extent of the
opening generated by COLA, by fitting an ellipse to this
opening and determining the time evolution of the minor
radius of this fitted ellipse as a measure of the width of
the cut opening (Fig. 2 A). Notably, the width of the cut
opening increased with time and reached maximum after
~3–5 s (Fig. 2, D and G). The minor radius of the opening
grows with a characteristic time governed by processes of
stress relaxation in the actomyosin cortical layer. Third,
we analyzed NMY-2 regrowth within the opening, by quan-
tifying the average fluorescence intensity in a box that is
placed at the center of the COLA opening (white broken
line in Fig. 2 A). After an initial drop in intensity due to abla-
tion and outward movement, NMY-2 intensity gradually
recovered over ~30 s (Fig. 2, E and H). Similar timescales
have been observed in FRAP measurements that charac-
terize NMY-2 turnover (9).

These observations lend credence to the assumption that
the cortex behaves as an active viscoelastic material. The
shape evolution of the cut opening is determined largely
by elastic properties of the cortex as well as active tension
provided by NMY-2. The velocity decay away from the
cut line is largely determined by the decay length of tension

in the layer, and thus by g and l . Finally, reassociation of
myosin at the cut site is determined by actomyosin turnover.
In what follows, we will compare the dynamics of opening
and regrowth, as determined in our experiments by charac-
terizing the spatial decay of the velocity field and the time
evolution of the cut opening width and the myosin levels
at the center of the hole, with theory.

Physical description of the actomyosin cortex

We next sought to calculate the cut response in a coarse-
grained physical description of the cortical layer. Consid-
ering that the thickness of the cortex is small compared to
the size of the cell, we describe the actomyosin cortex as
an active 2D viscoelastic compressible fluid. We introduce
a scalar field h(x,y,t) that denotes the local height of the
cortical layer in the z direction, with x and y denoting spatial
Cartesian coordinates within the plane of the cortical layer,
and t denoting time. Considering a viscoelastic isotropic
active fluid in the plane and integrating over the height of
the cortex, we write the following constitutive equation:

ð1þ tMDtÞ
!
sij $ sa

ij

"
¼ h

#
vivj þ vjvi $ vkvkdij

$

þ hbvkvkdij; (2)

A

B

FIGURE 1 Probing cortical tension in the actomyosin ring of gastrulating zebrafish (A) and in the C. elegans (B) actomyosin cortex of single-cell embryos
by COLA. (A) (Left) Schematic of COLA (scissors) in the actomyosin ring of zebrafish. COLA is performed along a 20 mm line (red line) at the stage of 65%
epiboly. (Red arrowheads) Direction of cortical recoil after ablation. (Right) Upper images show a time series of cortical NMY-2-GFP after ablation; lower
images show the corresponding velocity fields as determined by PIV. (B) (Left) Schematic of COLA on the actomyosin cortex of the C. elegans zygote.
COLA is performed along a 10 mm line in parallel to the AP axis of the embryo. (Red arrowheads) Direction of cortical recoil after ablation. (Right) Upper
images, time series of cortical NMY-2-GFP after ablation; lower images, corresponding velocity fields as determined by PIV.
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which mechanical stresses communicate in the 2D cortical
layer. Second, we quantified the temporal evolution of the
cut opening. For this, we determined the extent of the
opening generated by COLA, by fitting an ellipse to this
opening and determining the time evolution of the minor
radius of this fitted ellipse as a measure of the width of
the cut opening (Fig. 2 A). Notably, the width of the cut
opening increased with time and reached maximum after
~3–5 s (Fig. 2, D and G). The minor radius of the opening
grows with a characteristic time governed by processes of
stress relaxation in the actomyosin cortical layer. Third,
we analyzed NMY-2 regrowth within the opening, by quan-
tifying the average fluorescence intensity in a box that is
placed at the center of the COLA opening (white broken
line in Fig. 2 A). After an initial drop in intensity due to abla-
tion and outward movement, NMY-2 intensity gradually
recovered over ~30 s (Fig. 2, E and H). Similar timescales
have been observed in FRAP measurements that charac-
terize NMY-2 turnover (9).

These observations lend credence to the assumption that
the cortex behaves as an active viscoelastic material. The
shape evolution of the cut opening is determined largely
by elastic properties of the cortex as well as active tension
provided by NMY-2. The velocity decay away from the
cut line is largely determined by the decay length of tension

in the layer, and thus by g and l . Finally, reassociation of
myosin at the cut site is determined by actomyosin turnover.
In what follows, we will compare the dynamics of opening
and regrowth, as determined in our experiments by charac-
terizing the spatial decay of the velocity field and the time
evolution of the cut opening width and the myosin levels
at the center of the hole, with theory.

Physical description of the actomyosin cortex

We next sought to calculate the cut response in a coarse-
grained physical description of the cortical layer. Consid-
ering that the thickness of the cortex is small compared to
the size of the cell, we describe the actomyosin cortex as
an active 2D viscoelastic compressible fluid. We introduce
a scalar field h(x,y,t) that denotes the local height of the
cortical layer in the z direction, with x and y denoting spatial
Cartesian coordinates within the plane of the cortical layer,
and t denoting time. Considering a viscoelastic isotropic
active fluid in the plane and integrating over the height of
the cortex, we write the following constitutive equation:
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by COLA. (A) (Left) Schematic of COLA (scissors) in the actomyosin ring of zebrafish. COLA is performed along a 20 mm line (red line) at the stage of 65%
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where indices i; j; k ¼ x; y. The dynamic variables are the
2D stress tensor s, the 2D active stress tensor sa, and the
2D velocity field v. The material properties are character-
ized by the 2D shear viscosity h, 2D bulk viscosity hb,
and a characteristic Maxwell time of stress relaxation tM.
Here, Dt ¼ vt þ vivi denotes the material time derivative.
Turnover of the film is captured by the dynamics of the
height given by

vh

vt
¼ #viðvihÞ þ

h0 # h

ta
; (3)

where the first term on the right-hand side accounts for
advection of the gel by cortical flow, and the second term de-
scribes turnover that relaxes to the steady-state height h0.

Note that both the turnover time ta and the relaxed height
h0 depend on actin and myosin turnover. The force balance
equation reads (7–9,33,34)

visij ¼ gvj; (4)

where inertial forces have been neglected, and g is a friction
coefficient that describes frictional interactions between the
cortex and its surrounding cytosol and membrane.

We consider an active gel that is incompressible in three
dimensions (3D), with constant density through the height
of the cortical layer. In this case, both the active stress sa

and the 2D viscosities h and hb of the cortex are proportional
to cortex height h, and are written as

sa
ij ¼

xDmh

h0
dij; (5)

hðhÞ ¼ h0h

h0
; (6)

hbðhÞ ¼ hb0h

h0
: (7)

Here, xDm denotes the isotropic active stress generated
through ATP consumption of myosin, positive for contrac-
tion and dependent on the change in chemical potential
associated with ATP hydrolysis Dm. Furthermore, h0 and
hb0 denote the shear and bulk viscosities of the layer when
h ¼ h0. Three-dimensional incompressibility condition cou-
ples divergences in the 2D flow velocity field v to change the
cortex height h according to Eq. 3, and we set hb0=h0 ¼ 3
(35). This is because the gel is considered to be incompress-
ible in 3D, thus hb ¼ 3h3Dh and h ¼ h3Dh, where h3D is the
viscosity in 3D. Equations 2–4 complete the model. For
nondimensionalization, we choose the characteristic time
of regrowth ta and the COLA cut length lc as the respective
time- and length scales. Model equations with dimension-
less variables can be rewritten with dimensionless parame-
ters, a1 ¼ ðl=lcÞ, a2 ¼ ðtM=taÞ, and a3 ¼ ðxDmta=gl2cÞ
(see Appendix A).

We next asked whether this description can reproduce
the relaxation dynamics in response to COLA that we
observed in our experiments. To this end, we numerically
solved nondimensional versions of Eqs. 2–4 (see Appendix
A) in a rectangular box of width L (& 15lc) in x and y,
with periodic boundary conditions. As an initial condition,
we choose uniform height and stress fields that correspond
to the unperturbed stationary solution with v ¼ 0. To
account for COLA, this homogenous initial condition is
perturbed at t ¼ 0 by setting height h to zero within a
thin rectangular strip of length lc and width & 0:1lc. We
then computed the resulting spatiotemporal dynamics.
Fig. 3 A displays the time evolution of the resultant height
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FIGURE 2 COLA response in zebrafish and C. elegans . (A and B)
Illustration of the analysis of the cortical response to COLA. (A) The
time evolution of the cut boundary opening was characterized by fitting
an ellipse to the cut boundary and measuring the minor radius of the
fitted ellipse (white solid line). To analyze the regrowth of the cortical
NMY-2 after the cut, we measured the average fluorescence intensity
within the box (white broken line). The size of the box is 1.8 '
1.4 mm for zebrafish and 1.4 ' 1.2 mm for C. elegans. (B) To obtain
the velocity profile along the direction perpendicular to the cut line
(red line), the x components of the velocity vectors inside the rectangular
area surrounded by the orange broken line were averaged in the y direc-
tion (box size, zebrafish: 27 ' 13 mm , C. elegans: 12 ' 10 mm). (C and
F) Velocity profile along the direction perpendicular to the cut line at the
time just after the cut for zebrafish (C) and C. elegans (F). (D and G)
Time evolution of the minor radius of the fitted ellipse to the cut bound-
ary for zebrafish (D) and C. elegans (G). (E and H) Average concentra-
tion of cortical NMY-2 as a function of time after the cut opening for
zebrafish (E) and C. elegans (H). (Red) Experimental results in zebrafish
(C–E) and C. elegans (F–H). Error bars represents standard error, with
n ¼ 15 for all cases. (Blue lines) Theory curves utilizing the obtained
least square fit parameters, see main text.
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‘Distance’ Between Shapes from Experiment and Theory
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Conclusion  
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