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Key Concepts

▶ Node/Edge/Edge Weight

▶ Density

▶ Degree

▶ Shortest path/geodesic

▶ Diameter

▶ Characteristic path length

▶ Degree distribution

▶ Clustering coefficient

▶ Closeness centrality
▶ Betweenness centrality
▶ Edge betweenness
▶ Connected component
▶ Strongly connected

component in directed graphs
▶ Acyclic graphs
▶ Motifs
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Network Analysis: Network Parameters

▶ Connectivity (or) Degree k, represents number of links the node has to other nodes in the
network. For directed networks, k = kin + kout

▶ Clustering Coefficient Notion of how connected the neighbours of a given node are
(cliquishness).

Ci =
|{ejk}|

ki(ki − 1)
: vj, vk ∈ Ni, ejk ∈ E

▶ Characteristic Path Length Number of edges in the shortest path between two vertices,
averaged over all pairs of vertices; measures typical separation between two vertices in the
network. Represents the network’s overall navigability.

▶ Betweenness Centrality measure of a vertex within a graph.

CB(v) =
∑

s̸=v̸=t∈V

σst(v)

σst

σst — number of shortest paths from s to t;σst(v)— number of shortest paths from s to t that
pass through vertex v. Similarly, edge betweenness.
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Network Biology Overview

▶ Concept of networks: Nodes, edges, directed/un-directed/weighted
networks, adjacency matrix, shortest path

▶ Network parameters: degree [distribution], diameter, characteristic
path length, clustering coefficient, measures of centrality
(betweenness)

▶ Topologies: random, small-world, scale-free/power-law

Further reading: Barabasi AL & Oltvai ZN (2004) Nature Reviews Genetics 5:101–113
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Why do we need network models?

▶ Create models that mimic real-world networks, based on theory
▶ Or rather, discover generative models for real-world networks, based

on theoretical principles
▶ ‘Bin’ our observations on real-world networks into the canonicals
▶ Improve understanding of real-world networks
▶ And also the ability to analyse/simulate them, predict behaviours …
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Random networks
Erdös–Rényi (ER) random networks

ER random network model
▶ Starts with N nodes and
▶ connects each pair of nodes with a probability p,
▶ which creates a network with approximately pN(N− 1)/2 randomly

placed links

▶ Node degrees follow a Poisson distribution — most nodes have
approximately the same number of links

▶ Characteristic path length is proportional to the logarithm of the
network size L ∼ logN

▶ C(k) (clustering coefficient of nodes with k links) is independent of k
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Small-world networks
Watts-Strogatz model: Watts DJ & Strogatz SH (1998) Nature 393:440–442

p = 0 p = 1
Increasing randomness

Regular Small-world Random

For a large region between p = 0 and p = 1, we find
▶ high clustering, and
▶ low path lengths

In both ER random graph and the small-world model, connectivity
distribution peaks at an average value and decays exponentially. Such
networks are called “exponential networks” or “homogeneous networks”,
because each node has about the same number of links.
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Small-world networks

▶ Small-world networks have a characteristic path length of the same
order as random networks (L ≳ logN), but have C ≫ Crand

Nature © Macmillan Publishers Ltd 1998

8

p = 0 p = 1 
Increasing randomness

Regular Small-world Random

Figure 1 Random rewiring procedure for interpolating between a regular ring

lattice and a random network, without altering the number of vertices or edges in

the graph. We start with a ring of n vertices, each connected to its k nearest

neighbours by undirected edges. (For clarity, n ¼ 20 and k ¼ 4 in the schematic

examples shown here, but much larger n and k are used in the rest of this Letter.)

We choose a vertex and the edge that connects it to its nearest neighbour in a

clockwise sense. With probability p, we reconnect this edge to a vertex chosen

uniformly at random over the entire ring, with duplicate edges forbidden; other-

wise we leave the edge in place. We repeat this process by moving clockwise

around the ring, considering each vertex in turn until one lap is completed. Next,

we consider the edges that connect vertices to their second-nearest neighbours

clockwise. As before, we randomly rewire each of these edges with probability p,

and continue this process, circulating around the ring and proceeding outward to

more distant neighbours after each lap, until each edge in the original lattice has

been considered once. (As there are nk/2 edges in the entire graph, the rewiring

process stops after k/2 laps.) Three realizations of this process are shown, for

different values of p. For p ¼ 0, the original ring is unchanged; as p increases, the

graph becomes increasingly disordered until for p ¼ 1, all edges are rewired

randomly. One of our main results is that for intermediate values of p, the graph is

a small-world network: highly clustered like a regular graph, yet with small

characteristic path length, like a random graph. (See Fig. 2.)

Table 1 Empirical examples of small-world networks

Lactual Lrandom Cactual Crandom
.............................................................................................................................................................................

Film actors 3.65 2.99 0.79 0.00027
Power grid 18.7 12.4 0.080 0.005
C. elegans 2.65 2.25 0.28 0.05
.............................................................................................................................................................................
Characteristic path length L and clustering coefficient C for three real networks, compared
to random graphs with the same number of vertices (n) and average number of edges per
vertex (k). (Actors: n ¼ 225;226, k ¼ 61. Power grid: n ¼ 4;941, k ¼ 2:67. C. elegans: n ¼ 282,
k ¼ 14.) The graphs are defined as follows. Two actors are joined by an edge if they have
acted in a film together. We restrict attention to the giant connected component16 of this
graph, which includes ,90% of all actors listed in the Internet Movie Database (available at
http://us.imdb.com), as of April 1997. For the power grid, vertices represent generators,
transformers and substations, and edges represent high-voltage transmission lines
between them. For C. elegans, an edge joins two neurons if they are connected by either
a synapse or a gap junction. We treat all edges as undirected and unweighted, and all
vertices as identical, recognizing that these are crude approximations. All three networks
show the small-world phenomenon: L ) Lrandom but C q Crandom.
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Small-world networks
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Power-law networks
Barabasi–Albert power-law model: Barabási AL & Albert R (1999) Science 286:509–512

▶ Characterised by a power law degree distribution

P(k) ∼ k−γ

▶ Such networks can be generated using the “preferential attachment”,
or “rich get richer” model

▶ Networks generated by this model have a power-law degree
distribution characterised by γ = 3

▶ Scale-free networks with 2 < γ < 3, a range commonly observed in
many biological networks, are ultra-small, with a characteristic path
length L ∼ log logN, significantly smaller than that of random
networks (logN)
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Power-law networks

11 / 16



Network Biology Network Models Perturbations to Networks

Small-world vs. Power-law

Small-world Power-law
egalitarian hubs and resources
no growth preferential attachment
local clusters and distant links power law
under attack: deteriorates under random attack: stable
no particular targets under targeted attack: weak
Small average node-to-node distance
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Yeast Protein–protein Interaction Network
Jeong H et al. (2001) Nature 411:41–42

104 | FEBRUARY 2004 | VOLUME 5 www.nature.com/reviews/genetics
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mathematical properties of random networks14. Their
much-investigated random network model assumes that
a fixed number of nodes are connected randomly to each
other (BOX 2). The most remarkable property of the model
is its ‘democratic’or uniform character, characterizing the
degree, or connectivity (k ; BOX 1), of the individual nodes.
Because, in the model, the links are placed randomly
among the nodes, it is expected that some nodes collect
only a few links whereas others collect many more. In a
random network, the nodes degrees follow a Poisson
distribution, which indicates that most nodes have
roughly the same number of links, approximately equal
to the network’s average degree, <k> (where <> denotes
the average); nodes that have significantly more or less
links than <k> are absent or very rare (BOX 2).

Despite its elegance, a series of recent findings indi-
cate that the random network model cannot explain
the topological properties of real networks. The 
deviations from the random model have several key
signatures, the most striking being the finding that, in
contrast to the Poisson degree distribution, for many
social and technological networks the number of nodes
with a given degree follows a power law. That is, the
probability that a chosen node has exactly k links 
follows P(k) ~ k –γ, where γ is the degree exponent, with
its value for most networks being between 2 and 3 
(REF. 15). Networks that are characterized by a power-law
degree distribution are highly non-uniform, most of
the nodes have only a few links. A few nodes with a very
large number of links, which are often called hubs, hold
these nodes together. Networks with a power degree
distribution are called scale-free15, a name that is rooted
in statistical physics literature. It indicates the absence
of a typical node in the network (one that could be
used to characterize the rest of the nodes). This is in
strong contrast to random networks, for which the
degree of all nodes is in the vicinity of the average
degree, which could be considered typical. However,
scale-free networks could easily be called scale-rich as
well, as their main feature is the coexistence of nodes of
widely different degrees (scales), from nodes with one
or two links to major hubs.

Cellular networks are scale-free. An important develop-
ment in our understanding of the cellular network
architecture was the finding that most networks within
the cell approximate a scale-free topology. The first evi-
dence came from the analysis of metabolism, in which
the nodes are metabolites and the links represent
enzyme-catalysed biochemical reactions (FIG. 1).As many
of the reactions are irreversible, metabolic networks are
directed. So, for each metabolite an ‘in’ and an ‘out’
degree (BOX 1) can be assigned that denotes the number
of reactions that produce or consume it, respectively.
The analysis of the metabolic networks of 43 different
organisms from all three domains of life (eukaryotes,
bacteria, and archaea) indicates that the cellular metabo-
lism has a scale-free topology, in which most metabolic
substrates participate in only one or two reactions, but a
few, such as pyruvate or coenzyme A, participate in
dozens and function as metabolic hubs16,17.

Depending on the nature of the interactions, net-
works can be directed or undirected. In directed
networks, the interaction between any two nodes has a
well-defined direction, which represents, for example,
the direction of material flow from a substrate to a
product in a metabolic reaction, or the direction of
information flow from a transcription factor to the gene
that it regulates. In undirected networks, the links do
not have an assigned direction. For example, in protein
interaction networks (FIG. 2) a link represents a mutual
binding relationship: if protein A binds to protein B,
then protein B also binds to protein A.

Architectural features of cellular networks
From random to scale-free networks. Probably the most
important discovery of network theory was the realiza-
tion that despite the remarkable diversity of networks
in nature, their architecture is governed by a few simple
principles that are common to most networks of major
scientific and technological interest9,10. For decades
graph theory — the field of mathematics that deals
with the mathematical foundations of networks —
modelled complex networks either as regular objects,
such as a square or a diamond lattice, or as completely
random network13. This approach was rooted in the
influential work of two mathematicians, Paul Erdös,
and Alfréd Rényi, who in 1960 initiated the study of the

Figure 2 | Yeast protein interaction network. A map of protein–protein interactions18 in
Saccharomyces cerevisiae, which is based on early yeast two-hybrid measurements23, illustrates
that a few highly connected nodes (which are also known as hubs) hold the network together.
The largest cluster, which contains ~78% of all proteins, is shown. The colour of a node indicates
the phenotypic effect of removing the corresponding protein (red = lethal, green = non-lethal,
orange = slow growth, yellow = unknown). Reproduced with permission from REF. 18 ©
Macmillan Magazines Ltd.

Largest cluster, containing ≈ 78%
of all proteins, is shown. Colour of
a node signifies the phenotypic
effect of removing the protein:
red, lethal; green, non-lethal;
orange, slow growth; yellow,
unknown
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▶ Although proteins with ≤ 5 links constitute about 93% of the
total proteins, only ≈ 21% of them were essential

▶ On the other hand, only 0.7% of the proteins have > 15 links,
but single deletion of 62% of these proves lethal

▶ This implies that highly connected proteins with a central role in
the architecture of the network are three times more likely to be
essential than proteins with only a small number of links to
other proteins

▶ This observation holds across many organisms — for degree and
betweenness centralitya

▶ Biological networks are also found to be disassortative: mix with
different types of nodes (in terms of degree)

aRaman K et al. (2014) Systems and Synthetic Biology 8:73–81
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Perturbations to Networks

▶ Networks can be perturbed the removal of nodes/edges
▶ Typical analysis: disrupt a node and its corresponding edges
▶ Networks of different topologies vary in their resilience to various

types of perturbations
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Quantifying disruptions

▶ How do we quantify damage/disruption to a network?
▶ Shortest paths disrupted?
▶ Pairwise disconnectivity index: fraction of those initially connected

pairs of vertices in a network, which become disconnected if vertex v
is removed from the networka

aPotapov A et al. (2008) BMC Bioinformatics 9:227+
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