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Viruses compete over a range of scales 

HIV 

Korber et al. British Medical Bulletin 58:19-42 (2001) 



Natural selection on viruses 

Viruses mutate rapidly and then compete with their mutants. 
 
Competition occurs at many levels: 
 
•  Within a single cell 
•  Within and between populations of host cells 
•  Within and between populations of hosts 

We would like to build models of viral evolution that include 
effects from multiple scales. 



Within-host modeling of chronic viral 
disease (e.g. HIV) 
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The standard model of virus dynamics 

€ 

dT
dt

= λ − kVT − dT

dT *
dt

= kVT −µT *

dV
dt

= pT *−cV

In this model, the quantity 
 
 
 
 
 
is the single measure of viral fitness.  
Viruses with higher ρ values competitively 
exclude those with lower ρ values. 
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Production/survival trade-off model of 
virus dynamics 
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T(t) = # of uninfected T cells 
T*(t) = # of infected T cells  
V(t) = # of free virus 
λ = T cell production rate 
d = background T cell death rate  
µ(p) = T* death rate 
k = mass-action infectivity 
c = clearance rate of virions  
p = production rate of virions 



Production-structured fitness 
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There is now a trade-off between 
viral production and cell mortality. 

For concave-up functions µ(p), there is an intermediate 
“optimal” viral production rate. 
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Two-strain competition 

T(t) = # of uninfected T cells 
T1*(t), T2*(t) = #s of infected T cells 
V1(t), V2(t) = #s of free virus 
λ = T cell production rate  
d = background T cell death rate,  
µ(p) = production-related death rate  
k = mass-action infectivity  
c = clearance rate 
p1,p2 = production rates. 



Strain competition: early vs late 
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strain 2 has an 
early transmission 
advantage…. 
even though 
strain 1 
“dominates” 
within-host 

There are two measures of fitness: 
 
Invasion speed r: 
 
Reproductive ratio ρ 
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r = pi kλ −µ(pi)cd



€ 

dT
dt

= λ − dT − k(V1 +V2)T

dT1 *
dt

= k(1−ε)V1T −µ(p1)T1
* + εkTV2

dT2 *
dt

= k(1−ε)V2T −µ(p2)T2
* + εkTV1

dV1
dt

= p1T1
* − cV1

dV2
dt

= p2T2
* − cV2

Two-strain competition with mutation 
T(t) = uninfected T cells 
T1*(t), T2*(t) = infected T cells 
V1(t), V2(t) = #s of free virus 
λ = T cell production rate  
d = base T cell death rate,  
µ(p) = production-related 
death rate  
k = mass-action infectivity  
c = clearance rate 
p1,p2 = production rates. 

ε=mutation rate from V1 to V2. 





Extension to N strains 

We find a 
succession of 
dominant 
strains 
approaching 
the strain that 
maximizes ρ.  

(similar to Lenski and May, JTB 1994) 



SI model 

We consider a chronic infection (eg HIV, HCV).  
The simplest epidemiological model has two classes of 
hosts: susceptible S(t) and infected I(t). 

β  = transmissibility 
δ  = background host loss rate 
α  = virulence of disease 
b = immigration rate 
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dS
dt

= b −δS −βSI

dI
dt

= βSI − (α + δ)I



SI fitness landscape 

The measure of viral fitness in the SI model is 

Fit viruses have high 
transmissibility and low 
virulence. 

•  “virulent diseases are in 
the wrong host” 

•  “coincidental and/or short-
sighted evolution” 

•  “transmissibility-virulence 
trade-offs” 



Problem sheet 5 



Linking within- and between- host models 

The transmissibility and virulence α and β are taken to be 
functions of the within-host state variables: 
 
 β = β(V, T*, T)    α = α (V, T*, T) 
 
The state variables are dynamic……what if we ignore the 
dynamics and only consider the steady state? 
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Ignoring within-host dynamics 

β = β(V, T*, T)     α = α (V, T*, T) 
 
The within-host state variables are now functions of 
the viral parameters: 
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β = β(p)
α =α(p)

Variation of p determines a parametric 
curve in the α-β plane 



Within-host 
optimum 

Between-host 
optimum 

For some functions α and β, there is no conflict between 
within- and between-host selection. 



Within-host 
optimum 

Between-
host 
optimum 

For some functions α and β, there is a conflict between within- 
and between-host selection. 

(z >1) 



Summary so far Selection pressures on viruses from the between- and within-
host levels may be in conflict. 
 
This analysis does not say much about, for instance, 
competition between early- and late- dominant strains. 
 
 
•  We’ll embed the dynamic within-host  
model into the SI model. 

  
 
 

 we are now considering competition between two strains 
of a chronic virus with different intracellular production rates 
across a population of identical hosts. Each host may harbor 0,1 
or 2 strains but each host is infected once only. 

 This is a co-infection model - no superinfection. 



Hosts structured by age and state 

β(V1(a)+V2(a))
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Age a 
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a=0 
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Simple transmission model 

Specific, Simple: fixed size, same proportions 



Host transmission state dynamics 

No mutation: 

With mutation: 



Consistently combining within- and 
between- host models 

We can now write evolution equations for densities of infected 
hosts structured by their age of infection and their 
transmission state. 
 
The basic reproductive number R0 is the largest eigenvalue of 
the evolution operator, which takes into account the within-
host dynamics as well as the SI model of infection. 

If R0>1, the epidemic begins and persists in this model, 
reaching a steady state distribution of initial conditions given 
by the eigenfunction of K that has biggest eigenvalue.  
This is very general. 
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Strain competition: early vs late 
transmission 

Strain 1: p* 
Strain 2:p>p* 
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strain 2 has an early transmission advantage…. 
even though strain 1 “dominates” within-host 



Two-strain competition 

We consider two-strain competition 
without mutation: 
 
Strain 1: dominant within-host strain 
Strain 2: early transmission competitor 



Effect of increased virulence (no mutation) 

Virulence favours early production 



A little mutation allows coexistence of 
infecting strains 

We now allow a small rate of between-strain mutation 
in the within-host model. 



Five-strain competition 



Simulation of more “realistic” system 

A more “realistic” situation is to allow superinfection of 
previously infected hosts, using an individual-based model. 
The within-host model supports superinfection (although it 
would be more satisfactory to calculate probability of infection) 

Superinfection time is important: 

t=0 t=10 

t=30 t=50 



Rules for transmission 

At the moment: 
•  impose a minimum viral load in donor for any 
transmission to occur 

•  above threshold, probability of transmission at a contact 
is linear in viral load 

•  impose a fixed contact rate between individuals 

•  contacts are “well mixed” (random, like SI) 

•  upon transmission, initialize new host with one or two 
inocula 

•  transmission to infected host is possible 



Example results 
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Conclusions 

We present ways to combine within- and between-host 
selection pressure on a model pathogen. This is illustrated 
using a simple trade-off within a basic model of virus 
dynamics embedded in an SI epidemic model. 
 

We needed the following: 
•  Model of virus dynamics 
•  Transmission functions 
•  Notion of initial conditions 
•  Epidemiological model 

We obtain R0 for a general nested model using only 
coinfection and are starting on simulations for more complex 
situations. 
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Development of Resistance in a Simplified 
Model of Influenza 

•  Influenza infection can become serious in elderly or 
immuno-compromised patients 

•  Antiviral treatment can be offered but the appearance of 
resistance is known to be a potential problem. 

•  We developed a combined within-between host model to 
look at how the timing of antiviral treatment could affect 
the generation and spread of resistance in a population of 
elderly or immunocompromised people. 



Within-host model 

X: Healthy Cells 
 
Ls/Lr: Cells infected with 
sensitive/resistant strain 
but not yet producing virus. 
 
Ys/Yr: Cells that are now 
infectious 
 
U: Immune Response (self-
driven) 



Within Host Model
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Within-host resistance emergence 
depends strongly on treatment timing: 



Between-host model 

S: Susceptibles 
 
Is/Ir: Individuals infected 
with sensitive/resistant 
strain 
 
Ist : Sensitively infected 
individuals under 
treatment 
 
R: Recovered individuals 



Linking the scales 

The total transmission from an infected host is 
determined by the time-integrated density of virus: 
 
 
 
This is transformed to an infectivity via an invented hil-
type function: 
 
 
 
 
 
Transmission of WT and resistant strains occurs 
proportionally to their presence in the transmitting host. 

Modeling the Appearance and Spread of Drug-Resistant Influenza

Judith Bouman and Daniel Coombs
Institute of Applied Mathematics, University of British Colombia & VU University Amsterdam

Motivation

Influenza causes 36,000 deaths in the US each year
[1]. Vaccinating is the best way to minimize the
e�ects of an influenza epidemic. However, vaccines
are less e�cient in elderly [2]. Therefore, treatment
is used for vulnerable patients. As a result, drug-
resistant influenza viruses can appear.
The presented research focuses on the modeling
of the appearance and spread of drug-resistant in-
fluenza on two scales; within host and between
host.

Within Host Model

Figure 1: Schematic representation of the within host model,
the thunderbolt indicates the e�ect of treatment.

Reactions that occur very often are indicated in red
in Figure 1 and are referred to as the fast part
of the model. The black reactions fire much less
frequently; they form the slow part of the model.

‰ Healthy Cells
L

s

/L

r

Latent Cells infected with Sensitive/Resistant
Strain.

Y

s

/Y

r

Infectious Cells infected with Sensitive/Resistant
Strain.

U Immune Response
Table 1: Explanation of symbols in Figure 1

Method Within Host Scale
To do justice to the stochastic behavioral of the
mutation that leads to the resistance, a stochas-
tic type of modeling is necessary. However, a di-
rect simulation method would take too
much time, because of the high number of cells
in the system. Hence, the following scheme is
introduced:

Figure 2: Simulation scheme within host model.

The light parts in Figure 2 indicate that the de-
scribed part is modeled deterministically and the
gray ones the use of a Gillespie algorithm.

Between Host Model

Figure 3: Schematic representation of the between host model.
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Individuals infected with resp. Sensi-
tive/Resistant Strain
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t
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Sensitively infected individuals under treatment
R Recovered individuals

Table 2: Explanation of symbols in Figure 3

Spread of Resistance

The probability that a host in I

t

s

infects someone
with resistant type is; Y

r

(t)
Y

s

(t)+Y

r

(t). Y

s

(t) and Y
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(t)
are given by the within host model.

Linking Both Scales

The results from the within host model are used
to calculate the total infectious load for both virus
strains; RŒ

0 Y

s

(x) + Y

r

(x)dx. These virus loads are
linked to a basic reproduction number for each strain
in the between host model via the Hill-function;

R0 = x

3

5 + x

3 + 1.1,

where x is a linear transform of the virus load.

Results

Appearance of Resistance
The emergence of the resistant type happens at
within host scale and is highly depend on the
treatment timing, as shown in Figure 4.

Figure 4: Number of times resistance appears out 1000
within host simulations for di�erent treatment times.

The probability that a resistant virus appears be-
fore treatment is low for treatment at 15 hours,
but in case of appearance it grows fully. Treat-
ment between 20 and 35 hours has higher prob-
ability of appearance, but lower possibilities for
growth.

Treatment timing also a�ects the results of the be-
tween host model. As can be seen in Figure 5, the
final size of a major outbreak is decreased
by an early treatment time. Treatment after
35 hours does not influence the final size.

Figure 5: Boxplot of the final size major outbreaks of 1000
simulations for di�erent treatment times.

Figure 6: Boxplot of the fraction of the final size of major out-
breaks that is infected with resistant strain.

On the other hand, Figure 6 shows that the fraction
of the infections that is resistant increases for the
first 4 treatment times, but is zero afterwards.

Conclusion

Treatment can decrease the final size of an epidemic,
on the other hand it increases the relative number
of resistant cases. Therefore, treating very early
(within 15 hours) is recommended.

Future Work

This research will be continued to find the e�ect of
di�erent treatment e�ciency functions, vaccinating
strategies and treatment rates.
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Treatment reduces epidemic final size but 
dependence on treatment timing is weak 



Proportion of resistance in epidemic 
depends strongly on treatment time 



Summary 

A simple model allows us to estimate the rate of generation 
of drug resistance in an acute infection (influenza) 
 
Linking to a simple epidemic model allows us to estimate 
the population-level effects of treatment and resistance 
 
This is work in progress… 






