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Topics for today 

1.  Branching process models via generating function 

approaches 

2.  Multitype branching processes 

3.  Semi-analytic approaches 



Why use a stochastic model? 

•  Differential equation models describe the averaged 
behaviour of the system : 
–  Apply to many players (cells, viruses in a human) 
–  Apply to frequent events among the players 

 
•  Stochastic effects are very important when 

numbers are small. 
–  Apply when there are few players 
–  Apply when rare events are important 

•  Panda reproduction 



Stochastic events in HIV infection 
INITIAL INFECTION: 
•  Even riskiest sex or blood contact infects <2% of the time 

–  Blood transfusion ~80% 
•  Most developed infections show a single founder strain 

–  Suggests that the events of infection are intrinsically random 
 
TREATED INFECTION: 
•  On successful treatment, viral load is very low (5-50 copies/ml of 

blood) 
•  Viral blips are observed:  

–  infrequent episodes of detectable but low viral load 



Understanding a simpler birth-death process 

•  A population N(t) of cells that divide at rate b and die at 
rate d:  

•  ODE: 

•  Soln:  

•  Population becomes infinite if b > d  
•  Population goes extinct (in infinite time) if b < d  
•  How do we say “98% chance of extinction”? 

b 

d 
cell 



Probabilistic interpretation 

•  Interpret d and b as the rates at which events happen 

•  We say that birth and death events are “exponentially distributed” or “are 
drawn from a Poisson process” 

•  Birth and death events are independent 
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Probabilistic interpretation 

•  Interpret d and b as the rates at which events happen 

 
•  Define 
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How do the probabilities change in time? 
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t = 0 t  = t  t = t+Δt 



How do the probabilities change in time? 

   
d(n+1)Δt dnΔt 

bnΔt b(n-1)Δt 

n-1 n n+1 

Take the limit: infinite system of differential equations 

t = 0 t  = t  t = t+Δt 



How do the probabilities change in time? 

   
d(n+1)Δt dnΔt 

bnΔt b(n-1)Δt 

n-1 n n+1 

This is called the Forward Kolmogorov (Master) equation 

t = 0 t  = t  t = t+Δt 



What we will do now is convert the 
infinite system of ODEs to a single 
PDE. 
 
First we need one useful tool: the 
probability generating function 



The Generating Function 

•  A very useful tool (think of it like a transform) 

•  A polynomial with the probabilities as coefficients 
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The Generating Function 

•  A very useful tool (think of it like a transform) 

•  A polynomial with the probabilities as coefficients 

•  So if we can calculate G we know a lot! 







This is a 1st-order linear PDE for G. 
We can solve via the method of characteristics! 



The backward formulation: 

   
d(n+1)Δt dnΔt 

bnΔt b(n-1)Δt 

n-1 n n+1 

t = 0 t  = Δt  t = t+Δt 

Again, infinite system of ODEs! How about the generating function? 



This is very different – an infinite system of ODE again! 
However, it allows for an elegant solution…. 



•  If we can assume that lineages are identical and 
independent, then we get a big simplification: 



•  If we can assume that lineages are identical and 
independent, then we get a big simplification: 

•  The Li are the individual lineages. There are n0 of them! 
 



•  If we can assume that lineages are identical and 
independent, then we get a big simplification: 

•  This step is valid because all the lineages are 
independent 



•  If we can assume that lineages are identical and 
independent, then we get a big simplification: 

•  This step requires all the lineages are identical 

•  G(n0,t,z) = (G(1,t,z))n0 



•  If we can assume that lineages are identical and 
independent, then we get a big simplification: 

•  Also I can do the chain rule: 





•  the backward equation for the generating function with 
n0=1: 

 
•  It’s a Riccati equation  (look it up!) with solution: 

This is the same solution you would get from method of 
characteristics for the forward (PDE)! 



Interpreting the generating function solution 

•  If b>d then σè∞ so pext = G(1,t,0) = (d/b) 

•  If b>d then σè0 so pext = G(1,t,0) = 1 

•  Notice that pext is a fixed point of the system governing G  

•  We can also find all probabilities by differentiating G(z). 



Simulations of the birth-death process 

Set birth rate b=3; death rate d=2; make 1000 simulations 

Extinct at t=100: 694 
Alive at t=100: 306 

10000 simulations: 
Extinct at t=100: 6677 
Alive at t=100: 3323 



Interpreting the generating function solution 

•  Mean: 



Interpreting the generating function solution 

•  Variance: 



Case Study: Estimating the 
window period for HIV-RNA tests 

•  What is the time-gap between risky exposure and a positive HIV 
test? 

•  If a patient reports a risky event, t days previously, what is the 
value of a negative HIV test? 

•  Problems? 
•  Per-act risks very low [0.05% –  1.5%] 
•  Animal experiments difficult to interpret,  
•  Early patients hard to find 

•  Background: 
–  RNA test, detection limit 30-50 copies/ml. 
–  Clinical guidelines on RNA window period: fuzzy 



•  One approach: combine data from plasma donors 
with a stochastic model of early infection.



•  These data are biased - all patients become infected. 
•  Condition process on viral non-extinction. 
•  Define q = probability of eventual extinction (never-infected) 
•  Bayes rule (for the simple birth-death model): 

•  q is a fixed point of the system and is easy to find  



•  We fit the mean of the conditioned process to the data: 

Naive extrapolation  
is inaccurate when 
many trajectories 
go extinct. 


