
Viral dynamics: Lecture 3 problems

1. Generating function approach to epidemiology
Consider a disease infecting a single individual in a large population of identical hosts. Assume that
transmission events occur independently and that the total number of infections caused by a single
infected host, k, is drawn from the probability distribution {qk}. Define the expected number of
offspring from a single host to be

R0 =
∞∑
k=1

kqk

and further define the generating function g(z) =
∑∞

k=0 qkz
k, 0 ≤ z ≤ 1. Let zn be the probability

that the infected population will be extinct after n generations.
a. zn = g(zn−1). Explain this.
b. Verify that g′(1) = R0, g

′(z) > 0 and g′′(z) > 0.
c. Define z∞ = limn→∞ zn. Make a compelling argument that z∞ is the smallest root of z = g(z)
on 0 ≤ z ≤ 1.
d. Show that z∞ = 1 if R0 < 1 while 0 < z∞ < 1 for R0 > 1.
e. Find z∞ if R0 is exactly equal to one, and explain the result in words.

2. Continuous-time birth-death process. We saw in lecture that the birth-death process (birth
rate bN , death rate dN for a population N(t) with N(0) = n0) has generating function

G(n0, t, z) =

∞∑
n=0

P (n, n0, t)z
n =

(
σ(t)− 1 + ( b

d − σ(t))z
b
dσ(t)− 1 + b

d(1− σ(t))z

)n0

.

where σ(t) = e(b−d)t.
a. Calculate the extinction probability q = P (limt→∞N(t) = 0|N(0) = n0) for this process.
b. Calculate the mean population size as a function of t.

3. Process conditioned on non-extinction. Now consider a simple birth-death process condi-
tioned on non-extinction, described via P (N(t) = n|N(∞) 6= 0, N(0) = n0). You can assume b > d
so extinction is not certain.
a. Apply Bayes theorem to derive this general expression for the conditioned generating function
G̃(n0, t, z) in terms of the (unconditioned) G(n0, t, z):

G̃(n0, t, z) =
1

1− qn0
(G(n0, t, z)−G(n0, t, qz))

Here q = limt→∞P0,1(t) is the asymptotic extinction probability when n0 = 1.

b. By computing ∂G(n0,t,z)
∂z

∣∣∣
z=1

, calculate an exact expression for the mean of the conditioned

process in terms of b, d and n0. Make some plots (for particular parameter choices) to show the
differences between the means of the conditioned process versus the unconditioned process. Do you
agree with this statement: “Exponential extrapolation can be inaccurate when many trajectories
go extinct.”?

4. [Challenge] Derive the generating function via the forward equation and method of character-
istics, AND via the backward equation (a Riccati differential equation), assuming independence of
lineages.
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