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Stars and their evolution
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The Starry Sky
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Stars:   
          Self-gravitating globes of gas supported

          by thermal pressure

gravity
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Nuclear fusion
provides balance

Gamma photons are degraded by 
matter interaction to optical light
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Stellar Structure:  Hydrostatic Equilibrium
Spherically symmetric:

dP
dr
=

G(M + 4�r3P/c2)(⇥ + P/c2)
r2(1 � 2GM/rc2)

Tolman-Oppenheimer-Volkoff

(TOV) equation [full GR]

�dP
dr
=

GM⇢
r2

�

M(r) =
Z r

0
4⇡r2⇢(r)dr

Newtonian Gravity     [for small values of             ]   

Supplement these with Equation of State to solve for equilibrium structure

M/R
<latexit sha1_base64="faO1hO9fdQNtPLX6Zpv2u7Z4iLU="></latexit><latexit sha1_base64="faO1hO9fdQNtPLX6Zpv2u7Z4iLU="></latexit><latexit sha1_base64="faO1hO9fdQNtPLX6Zpv2u7Z4iLU="></latexit><latexit sha1_base64="faO1hO9fdQNtPLX6Zpv2u7Z4iLU="></latexit>



Dipankar Bhattacharya ICTS CSQCD 2020 17-19 Aug 2020

Virial Theorem

dP

dr
= �GM(r)⇢(r)

r2

Multiply both sides by and integrate over the full configuration: r = 0 ! R4⇡r3

RHS = Total gravitational energy of the configuration

4⇡R3P (R)�
Z R

0
4⇡r2 · 3Pdr =

Z R

0
4⇡r2dr


�GM(r)⇢(r)

r

�

and since P = (� � 1)uth ,  where uth is the Thermal (kinetic) energy density,

the 2nd term in LHS = 3(� � 1)Eth , Eth being the total thermal (kinetic) energy

Eg

Eg + 3(� � 1)Eth = 4⇡R3P (R)Hence :    Virial Theorem

� = 5/3 P (R) = 0 Eg + 2Eth = 0For and :

must be obeyed by all systems in hydrostatic equilibrium

(hydrostatic equilibrium)

Note: Etot = Eg + Eth = Eg/2 = �Eth

( < 0 )
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A Rough Guide to Stellar Structure

dP

dr
= �GM(r)⇢(r)

r2

Using a linear approximation: 0� Pc

R
= �GM

R2
· M

4⇡
3 R3

Pc =
3

4⇡

GM2

R4
=

✓
4⇡

3

◆1/3

GM2/3⇢4/3

R

Pc

M

stellar radius
central pressure

total mass

Pgrav(“gravitational pressure” )

For equilibrium, this pressure needs to be matched by the Equation of State

e.g. Thermal Pressure: P =
kT

µmp
⇢
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Thermal pressure support

lo
g 

P c

log ρ

M1

M2

M3

M1 < M2 < M3 P  ∝M2/3 ρ4/3

T1
T2

T3

P  ∝Tc ρ



Dipankar Bhattacharya ICTS CSQCD 2020 17-19 Aug 2020

Main Sequence

Hydrogen burning star Tc ⇡ TH

Pc ⇡ GM2/3⇢4/3 =
kTH

µmp

⇢ : ⇢ / M�2 ; R / M

Luminosity L = Radiative Energy Content / Radiation Escape Time

Radiation Escape Time =
✓
R

l

◆2

· l
c

where l = mean free path

Hence L ⇡ aT 4R3

(R2/lc)
⇡ aclT 4R

=
1

n�
=

1

⇢

In Main Sequence: L / lR / lM

High mass stars: opacity: Thomson scattering  =constant; l / R3

M
: LMS / M3

Low mass stars: l / T 3.5

⇢2
: LMS / M5 LMS / M4  On average

tMS / M�3

and Tc /
M

R

opacity
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Theoretical 
H-R diagram

O B A F G K MStellar evolutionary tracks 
by Schaller et al 1992

On Main Sequence
L / M4 R / M;

⇒ T 4
e↵ / L

R2
/ M2

⇒ LMS / T 8
e↵ ⇠ T 8
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Degeneracy pressure

Electrons are elementary particles with half-integral spin:


Such particles obey Fermi-Dirac statistics, leading to 
Pauli’s exclusion principle:

~/2
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Phase space (6-dim): 
position and momentum


Divided into quantum cells of 
volume 


Each cell may contain at 
most 2 electrons of opposite 
spin

h3
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The denser the material gets, the higher the momentum rises
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Let number of electrons per unit volume: ne
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Momentum up to which states are filled: pF
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No. of phase space cells:  
4⇡

3

p3F
h3
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Thus Pressure = momentum flux 
P = ne v p
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v = p/me ! P / n
5
3
e (v ⌧ c)
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P / n
4
3
e (v ! c)

<latexit sha1_base64="mm2Z9UqJdzMUSDN79cQi8oi30jk="></latexit><latexit sha1_base64="mm2Z9UqJdzMUSDN79cQi8oi30jk="></latexit><latexit sha1_base64="mm2Z9UqJdzMUSDN79cQi8oi30jk="></latexit><latexit sha1_base64="mm2Z9UqJdzMUSDN79cQi8oi30jk="></latexit>

=
ne

2
<latexit sha1_base64="JVXCVSTqJb2GAJgfsY0t3sfGrEA="></latexit><latexit sha1_base64="JVXCVSTqJb2GAJgfsY0t3sfGrEA="></latexit><latexit sha1_base64="JVXCVSTqJb2GAJgfsY0t3sfGrEA="></latexit><latexit sha1_base64="JVXCVSTqJb2GAJgfsY0t3sfGrEA="></latexit>
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✓
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e
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Pdeg / ⇢5/3

/ ⇢4/3

(non-relativistic)

(relativistic)

ne = ⇢/(µemp)

Degeneracy pressure
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Stellar Equilibrium
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White Dwarfs

Configurations supported by Electron Degeneracy Pressure

(non-relativistic)

(relativistic)Pdeg = K2(⇢/µemp)4/3

Pdeg = K1m�1
e (⇢/µemp)5/3

: when pF>⇠mec

Equilibrium condition: Pdeg ⇡ GM2/3⇢4/3

R / m�1
e µ�5/3

e M�1/3Non-relativistic:

Relativistic:

⇒

M ⇠
✓
K2

G

◆3/2

(µemp)
�2 : Limiting Mass


(Chandrasekhar Mass)

MCh = 5.76µ�2
e M�

g cm-3 )(⇢ >⇠ 106

( R ~ 104 km for M ~ 1 Msun  )
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Limiting Mass of White Dwarf
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Chandrasekhar 1931, 1935
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Neutron Stars

Supported by Neutron degeneracy pressure and repulsive strong interaction

TOV equation + nuclear EOS required for description

Uncertainty in the knowledge of nuclear EOS leads to uncertainty in the 
prediction of Mass-radius relation and limiting mass of neutron stars

(upon exceeding the max. NS mass a Black Hole would result)

Inter-nucleon distance ~ 1 fm ⇒ n ~ 1039 , ρ ~ 1015 g cm-3

R ~ 10 km for M ~ 1 Msun 

Neutron stars spin fast:  P ~ ms - mins

and have strong magnetic field:  Bsurface ~ 108 - 1015 G

Exotic phenomena: Pulsar, Magnetar activity

Beta equilibrium :  > 90% neutrons,   < 10% protons and electrons
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PH217: Aug-Dec 2003 1

Equations of Stellar Evolution

The complete set of differential equations of stellar evolution are as follows:

∂r
∂m =

1
4πr2ρ

, (1)

∂P
∂m = − Gm

4πr4 −
1

4πr2
∂2r
∂t2 , (2)

∂T
∂m

= − GmT
4πr4P

∇ , (3)

∂L
∂m

= ϵn − ϵν − CP
∂T
∂t
+
δ
ρ
∂P
∂t
, (4)

∂Xi

∂t =
mi

ρ

⎛
⎜⎜⎜⎜⎜⎜⎝
∑

j

r ji −
∑

k

rik

⎞
⎟⎟⎟⎟⎟⎟⎠ , i = 1, . . . , I. (5)

where explicit time dependence is retained for all quantities. In eq. (4) ϵn is
the nuclear energy generation rate per unit mass at lagrangian coordinate
m, ϵν the energy loss rate due to neutrino emission, δ ≡ −(∂ lnρ/∂ ln T)P. In
eq. (5) Xi is the mass fraction of nuclear species i, while the total number of
relevant nuclear species is I. ri j is the rate of transmutation (reaction rate)
of species i into species j. In eq. (4) the last two terms can be combined and
written in terms of entropy s as −T∂s/∂t.

The physical properties of the stellar material ρ, CP, δ, ∇ad, opacity κ, ϵn, ϵν
and ri j can all be expressed as functions of pressure P, temperature T and
composition Xi (i = 1, . . . , I). Thus the equations eq. (1) – eq. (5) form a set
of 4 + I equations in 4 + I variables r,P,T,L,X1, . . . ,XI, and can therefore
be solved, subject to suitable boundary conditions, to yield the structure
of the star at any stage of evolution. One seeks a solution in the range 0 ≤
m ≤M, where M is the total mass of the star. Numerical computations are
required to solve the coupled set of equations and obtaining the structure
and evolution of the star.

The role of different time scales are clear from the above equations. The
time derivative in eq. (2) defines the hydrodynamic time scale τhydr. Time
derivatives in eq. (4) correspond to the Kelvin-Helmholtz time scale τKH.
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r ⌘ d ln T/d ln P
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Evolutionary Time Scales

Dynamical:

Thermal (Kelvin-Helmholtz):

Nuclear:

tdyn ⇡ 1/
p

G⇢̄ ⇠

<latexit sha1_base64="5XzwwFViQgluvAcocdeXi9jR7Ug="></latexit>

1 hour for the Sun

10 Myr for the Suntth ⇡ Eth/L ⇠ GM2/2RL ⇠

<latexit sha1_base64="pJ9q1wXwIg98yj30/bxF61bwp5s="></latexit>

tnuc ⇡ ⌘Mc2/L ⇠
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10 Gyr for the Sun
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Schaller et al 1992

Stellar  
Evolutionary 
Tracks
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Stars begin their lives as 
homogeneous gas mixtures of  
- nearly three quarters Hydrogen,  
- about a quarter Helium and 
- a small amount of heavier elements

Evolution of Stars:   

Nuclear fusion occurs in the hottest 
region:  The Core 
Stars spend most of their life burning 
Hydrogen:  4H → He 
Composition of the core is thus 
altered.

Eventually Hydrogen in the core is 
exhausted and burning stops.  
Core begins to contract under the 
influence of gravity

hydrogen 

burning

CORE

ENVELOPE:

not hot enough


for nuclear fusion
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core He

burning

H burning 

shell

Envelope

Gas surrounding the contracting 
core now becomes hot enough 
to burn Hydrogen in a shell

If contraction proceeds long 
enough then core temperature 
rises sufficiently to ignite Helium: 
3He → C

Stable equilibrium as long as He 
burns. Core Helium exhaustion 
would trigger the next stage of 
core collapse

As gravitational contraction proceeds, the gas gets hotter

ETh = �
1
2

Egrav
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|Egrav|
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increases with contraction

Evolution of Stars:   (Virial Theorem)
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Schönberg-Chandrasekhar limit

Core-envelope configuration: Inert core surrounded by burning shell

Rc
Tc

Pc
R

Mc

Pe ,Te

M

Core surface pressure Pc =
2Eth + Eg

4⇡R3
c

= c1
McTc

R3
c

� c2
M2

c

R4
c

Envelope base pressure Pe = c3
T 4
e

M2

For mechanical and thermal balance Pe = PcTe = Tc and

But Pc has a maximum as a function of Rc

Pc,max = c4
T 4
c

M2
c

So balance is possible only if Pe  Pc,max

i.e.

if core mass grows beyond this, then 
core collapse would occur.

⇒ contraction until degeneracy support

q0 ⌘ Mc

M


r
c4
c3

⌘ qsc ⇡ 0.37

✓
µenv
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Post Main Sequence Evolution
Low mass star (< 1.4 M⦿):

gradual shrinkage of the core to 

degenerate configuration 

He ign at Mc = 0.45 M⦿ : L=100 L⦿

varied mass loss; horizontal branch 
later AGB ⇒ WD+planetary nebula

High mass star:
sudden collapse of the core from

thermal to degenerate branch 

⇒ quick progress to giant

Multiple burning stages

If final degen. support at Mc < Mch ,

WD+PN will result

Else burning all the way to Fe core.

Once Mch exceeded : collapse, 

neutronization, supernova
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Nuclear burning stages
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Degeneracy-limited nuclear burning

lo
g 

P c

log ρ

Pdeg

TH

THe

TC

M1

M2

M3
M4

M1 < M2 < M3 < M4

dP
dr
= �GM⇢

r2 ! Pc ⇠ GM2/3⇢4/3
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Dipankar Bhattacharya ICTS CSQCD 2020 17-19 Aug 2020Figure 8.4. Detailed evolution tracks in the log ρc - log Tc plane for masses between 1 and 15M⊙. The
initial slope of each track (labelled pre-main sequence contraction) is equal to 1

3 as expected from our simple
analysis. When the H-ignition line is reached wiggles appear in the tracks, because the contraction is then no
longer strictly homologous. A stronger deviation from homologous contraction occurs at the end of H-burning,
because only the core contracts while the outer layers expand. Accordingly, the tracks shift to higher density
appropriate for their smaller (core) mass. These deviations from homology occur at each nuclear burning
stage. Consistent with our expectations, the most massive star (15M⊙) reaches C-ignition and keeps evolving
to higher T and ρ. The core of the 7M⊙ star crosses the electron degeneracy border (indicated by ϵF/kT = 10)
before the C-ignition temperature is reached and becomes a C-O white dwarf. The lowest-mass tracks (1 and
2M⊙) cross the degeneracy border before He-ignition because their cores are less massive than 0.3M⊙. Based
on our simple analysis we would expect them to cool and become He white dwarfs; however, their degenerate
He cores keep getting more massive and hotter due to H-shell burning. They finally do ignite helium in an
unstable manner, the so-called He flash.

Suggestions for further reading

The schematic picture of stellar evolution presented above is very nicely explained in Chapter 7 of
Prialnik, which was one of the sources of inspiration for this chapter. The contents are only briefly
covered by Maeder in Sec. 3.4, and are somewhat scattered throughout Kippenhahn & Weigert, see
sections 28.1, 33.1, 33.4 and 34.1.
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12C+12C → 23Na+p ; 20Ne+α
20Ne+20Ne+γ → 16O+24Mg+γ
16O+16O → 28Si+α
28Si+28Si → 56Fe+2e+

Core-collapse Supernovae:

Etot ~ 1053 erg; Ekin ~ 1051 erg; Erad ~ 1049 erg

r-process nucleosynthesis

Massive, fast spinning stars ⇒ jets ⇒ GRB
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Core collapse and bounce
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Key results
Main Sequence:  
       The large majority of stars we see are in their hydrogen burning phase, lifetime ∝ 1/M3   
       Heavier stars have lower density, and higher temperature 

Virial theorem:   
      Thermally supported stars get hotter (and more compact) as they lose heat 

Degeneracy Pressure:   
       Quantum origin, present even at zero temperature, EoS becomes softer as matter turns relativistic 
       Decides which nuclear burning stages will occur in a stellar core 
       Provides long-term support to evolutionary end products - brown dwarfs, white dwarfs, [neutron stars] 
       The heavier the configuration, the smaller it is 

The two limits of Chandrasekhar: 
      Degeneracy pressure support not possible above a certain mass - ~1.4 M⨀ for white dwarfs 
      Thermal support of stellar core not possible if core mass fraction exceeds ~ 15% 

End products: 
      ~0.08-0.5 M⨀ : He WD, ~0.5-8 M⨀ : C-O WD, ~8-10 M⨀ : ONeMg WD, ~10-40 M⨀ : NS, >40 M⨀ : BH
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Stellar Evolution in Close Binary Systems
Mass exchange between components alters the course of evolution
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Binary Stars

A large fraction of stars are born in binary systems. In close binaries with
initial orbital periods less than a few years, the tidal forces due to the
companion can significantly influence the course of evolution of a star.

Let us consider two stars of mass M1 and M2 in a binary system with a
circular orbit of separation a. In a frame corotating with the binary the
force at any point P can be derived from an e↵ective potential of the form

V = �GM1

r1
� GM2

r2
�
⌦2r2

3

2
(1)

where r1 and r2 are the distances of P from M1 and M2 respectively, and r3
is its distance from the rotation axis, which passes through the centre of
mass. ⌦ =

p
GM/a3 is the orbital frequency of the binary, the orbital period

being Porb = 2⇡/⌦. The distances r1, r2 and r3 can be written in terms of
the coordinate ~r of the point P to obtain V as a function of ~r. This is called
the “Roche potential”. If the point P is located in the orbital plane then r3
is simply the distance from the centre of mass (see fig. 1).

Equipotentials of the Roche potential function in the orbital plane reveal
an interesting structure: there are three saddle points of the potential and
two maxima, as shown in figure 2. These are called the Lagrangian points
and are designated L1 to L5, as shown in the figure. The lobes through the
L1 point that encircle the two stars are called the “critical potential lobes”
or “Roche lobes”. In the course of evolution if one of the stars expands
and fills its Roche Lobe then matter would flow from it to the companion.
Usually one expresses the size of the Roche lobe in terms of the critical
radius RL, defined as the radius of the sphere which has the same volume
as the Roche Lobe. An expression (given by Eggleton) for RL (around M1)
accurate to within one percent for all mass ratios is as follows:

RL

a
=

0.49
0.6 + q2/3 ln(1 + q�1/3)

where q =M2/M1.

If both components of the binary system are smaller than their respective

D. Bhattacharya and E.P.J. van den Heuvel, Binary and millisecond radio pulsars 47

A, tsO
2.58 days

i30~ 6.5
B. t ~l.2.10yrs

onset of first stag.
at mass exchange

13.0 6.5 P 2.58 days
— — — — — — orb

C. I 1.2 • 10 yrs .210 yrs
- ,~, I end ot fIrst stage

S .>. -sWt1(t’t~® I2 -- “ - ‘~~3a~
1 I of mass exchange

170 / F°.’bo

Be star/

‘s~ 0. 1 - 1.48.lOyrs
the helium star
has exploded as

— ‘S.. ~‘ a supernova

I .. ,~) ~orb 30.53 days

Fig. 25. Conservative evolutionary scenario for the formation of a Be/X-ray binary out of a close pair of early B stars with
masses of 13.OM® and 6.5M®. The numbers indicate mass (in units of M®). After the end of the mass transfer the Be star
presumably has a circumstellar disk or shell ofmatter associated with the rapid rotation (induced by the previous accretion
of matter with high angular momentum; from Habets [101]).

3.5.4. Formation of neutron stars in binary systems
3.5.4.1. Outline ofthe formation processes of neutron stars in binaries. The neutron stars in X-ray

binaries can either have been formed by (i) the direct collapse of the nuclearly exhausted core of
an (initially) massive star, or (ii) by the accretion-induced collapse of a white dwarf in an old
binary (a similar collapse might also be triggered by the coalescence of two white dwarfs in a very
close white dwarf binary, cf. refs. [382,383,120]).
The massive X-ray binaries have experienced the evolution of type (i). The reason why these

systems were not disrupted by the SN explosion that formed the neutron star is that at the moment
of the explosion the star had already become the less massive component of the system, as a
consequence of a preceding stage of large-scale mass transfer [349,327,334]. As was shown by
Blaauw [35], the system is disrupted only if more than half of the system mass is ejected in the
explosion, which is not the case here. Figure 25 depicts, as an example, the evolutionary history of
a typical B-emission X-ray binary [101]. The various evolutionary stages are described in the figure
caption. This type of close binary evolution, in which the mass transfer starts after the end of core-
hydrogen burning, but before helium ignition, is called case B (in the terminology of Kippenhahn
and Weigert [131], see section 3.5.3 and fig. I 9b). Basically the formation of the massive X-ray
binaries can be understood in terms of so-called “conservative” models such as that depicted in fig.
25, in which it is assumed that the total mass and total orbital angular momentum of the system

Stellar masses and orbital separation both change

Bhattacharya and van den Heuvel 1991
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Inverse β decay: neutronization

n

p

e

n

p
e

Low density

High density

At high density inverse β decay depletes 
electrons and softens electron degenerate 
Equation of State

⌫

⌫̄

µn = µp + µe

Beta equilibrium:
;

Equilibrium nuclear composition may be
derived by combining with nuclear mass formula 
including shell effects

 2
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Equilibrium Nuclear Composition below Neutron Drip

ρ (g/cc)
A 

/ Z

Equilibrium nuclear composition

Pycnonuclear Reactions : XA
Z + XA

Z = Y2A
2Z

and electron capture cause transmutations
to produce equilibrium composition of Cold
Catalysed Nuclear Matter                        ⇒

Baym, Pethick & Sutherland 1971

µ =
q

p2
Fc2 +m2c4
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Structure supported by pure neutron degeneracy
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Importance of nuclear forces

• In realistic neutron stars nucleons are squeezed within inter-
particle distance of ~1 fermi 


• Strong nuclear forces become important contributor to EoS


• Nature of this force still uncertain, hence uncertainty in EoS

V(r)

r
0

1 fermi

Repulsive strong forces would
raise the upper mass limit
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FIG. 2 Hypothetical states of matter accessed by neutron
stars and current or planned laboratory experiments (Large
Hadron Collider and other heavy ion collision experiments,
shown by black arrows), in the parameter space of tempera-
ture against baryon chemical potential (1-2 GeV corresponds
to ⇠ 1-6 times the density of normal atomic nuclei). Quarky-
onic matter: a hypothesised phase where cold dense quarks
experience confining forces (McLerran and Pisarski, 2007;
Fukushima and Hatsuda, 2011). The stabilizing e↵ect of grav-
itational confinement in neutron stars permits long-timescale
weak interactions (such as electron captures) to reach equi-
librium, generating matter that is neutron rich (see Figure 2
of Watts et al. 2015) and may involve matter with strange
quarks. This means that neutron stars access unique states
of matter that can only be created with extreme di�culty
in the laboratory: nuclear superfluids, strange matter states
with hyperons, deconfined quarks, and color superconducting
phases.

cludes nuclear masses and charge radii (see, for exam-
ple, Klüpfel et al., 2009; Kortelainen et al., 2010, 2014;
Nikšić et al., 2015) as well as giant dipole resonances
and dipole polarizabilities (Trippa et al., 2008; Tamii
et al., 2011; Piekarewicz et al., 2012). Neutron-rich mat-
ter can be probed by measuring the neutron skin thick-
ness of heavy nuclei (Horowitz et al., 2001; Roca-Maza
et al., 2011). However, all of these laboratory exper-
iments probe only matter at nuclear densities and be-
low. Low-energy heavy-ion collisions probe hot and dense
matter, but have uncontrolled extrapolations to zero tem-
perature and to extreme neutron-richness (Tsang et al.,
2009). Neutron stars therefore provide a unique environ-
ment for testing our understanding of the physics of the
strong interaction and dense matter.

At very high densities, possibly reached in neutron
star cores, transitions to non-nucleonic states of mat-
ter may occur. Some of the possibilities involve strange
quarks: unlike heavy-ion collision experiments, which al-
ways produce very short-lived and hot dense states, the
stable gravitationally confined environment of a neutron
star permits slow-acting weak interactions that can form

states of matter with a high net strangeness. Strange
matter possibilities include the formation of hyperons
(strange baryons, Ambartsumyan and Saakyan, 1960;
Glendenning, 1982; Balberg et al., 1999; Vidaña, 2015),
deconfined quarks (forming a hybrid star, Collins and
Perry, 1975), or color superconducting phases (Alford
et al., 2008). It is even possible that the entire star might
convert into a lower energy self-bound state consisting of
up, down and strange quarks, known as a strange quark
star (Bodmer, 1971; Witten, 1984; Haensel et al., 1986).
Other states that have been hypothesized include Bose-
Einstein condensates of mesons (pions or kaons, the latter
containing a strange quark, see for example Kaplan and
Nelson, 1986; Kunihiro et al., 1993). The densities at
which such phases may appear are highly uncertain.
Figure 2 compares the parameter space that can be

accessed within the laboratory to that which can be ex-
plored with neutron stars. The physical ground state of
dense matter is neutron rich, which develops via weak
interactions, and it is unbound so gravitational confine-
ment is necessary to realize the ground state of dense
matter in nature. Only neutron stars sample this low
temperature regime of the dense matter EOS. The exotic
non-nucleonic states of matter described in the previous
paragraph can be reached only with extreme di�culty in
the laboratory.

C. Methodology: how neutron star mass and radius specify
the EOS

The relativistic stellar structure equations relate the
EOS to macroscopic observables including the mass M
and radius R of the neutron star. The dependence of
the EOS on temperature can be neglected in comput-
ing bulk structure for neutron stars older than ⇠ 100
s: by this point the neutron star has cooled far be-
low the Fermi temperature of the particles involved, the
matter is degenerate, and hence temperature e↵ects are
negligible (see for example Haensel et al., 2007). For
non-rotating and non-magnetic stars, the classic Tolman-
Oppenheimer Volko↵ stellar structure equations would
apply (Tolman, 1939; Oppenheimer and Volko↵, 1939).
However rotation is important, and the equations must
be modified accordingly. For neutron stars spinning at
a few hundred Hz the slow rotation (to second order)
Hartle-Thorne metric is appropriate for most applica-
tions (Hartle and Thorne, 1968). One can also com-
pute full GR models for stars spinning at up to break-up
speeds using a variety of methods implemented in well-
tested codes (for a review see Stergioulas, 2003). Codes
such as rotstar (Bonazzola et al., 1998) and rns (Ster-
gioulas and Friedman, 1995) generate masses and radii
for rapidly rotating neutron stars that are accurate to
better than one part in 10�4 � 10�5.
There is a one to one map from the EOS to the M -R

The regime of Neutron Star matter (cold, dense) cannot be probed in  
terrestrial experiments

Watts et al 2016
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• A large number of different 
models have been devised to 
describe matter in the neutron 
star regime


• It is hoped that astrophysical 
observations of neutron stars 
will provide constraints on the 
nature of strong interaction in 
the cold, dense matter regime.


• Observables: Mass, Radius, 
Oscillations, Deformability….
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Demorest et al 2010

Neutron Star Mass-Radius Relation
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Fast spin (P ~ ms to s)

Strong Magnetic Field

Highly active 
magnetosphere

Ultrarelativistic 
charged particles

Strongly beamed 
broadband radiation: 
Pulsars

M ~1.5 M⦿ , R ~10km
strong surface gravity
X-rays from accretion:
X-ray Binaries


