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MY INTERESTS

e Homogenization of differential equations
@ Strong advection problems
e Kinetic theory of gases

e Mathematics of metamaterials

INTRICATE CONNECTION TO
@ Material sciences

e Environmental sciences

e Ecology

e Neurodegenerative diseases
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HOMOGENIZATION RELATED QUESTIONS

o Advection-diffusion-reaction models
periodically oscillating coefficients

Byt + éb (f> -Vt — div (A (g) Vu5> —0

—7A< )Vu n(x )zﬁtvazg(f(ua)—va)

Adsorption model: coupling bulk field u¢ and surface field v®
e Reaction-diffusion systems

ou; x AN R
(9t — d1V< (6) qul-) = ?Rz(u ).
Reversible chemical reaction between ¢ species:

S1AL + -+ + 00 Ar =a= BiAL + - + BeA

Mass action kinetics = R;(u) = k <Hu H > .

=1

[Joint work Wlth} G.ALLAIRE (]:Zcole Polytechnique)
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STRONG ADVECTION PROBLEMS

Advection-diffusion models
incompressible advective field: divb(z) =0 and b -n(z) = 0.

Opu® + éb () - Vu® — Au® =0
Vuf -n(x) =0

Jacobian matrix associated with the flow.
Asymptotic depends on the behaviour of J(7).
Bounded Jacobian yielding full diffusion.

Unbounded Jacobians resulting in initial layer.
Orug — Aug € Né‘
UO(ta ) € Nb
up(0, 2) = Pu™(x).

[Joint work with] T.HOLDING (Warwick); J.RAUCH (Michigan)
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KINETIC THEORY OF GASES — I

o Kinetic Fokker-Planck equation
probability density function: f(t,x,v) on (z,v) € T¢ x R4

Ouf +0-Vof =Vo@(@) - Vof = o(2)Vy - (Vuf +0f)

Degenerate: o(z) cab vanish in subset of non-zero measure in T¢.

o Geometric control condition: 3C > 0 and T* < +00
T*
/ 0(Xzn(s))ds > C  for ae. (z,v) € T? x RY.
0
o Decay estimate: there exist C, A > 0 s.t.
—At ;
17 2,0) = Ty £, 0) | oy < Ce [ 7(0,0) = Ty £, 0) 1

[Joint work with] DIETERT (Paris vi1); HERAU (Nantes); MOUHOT (Cambridge)
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KINETIC THEORY OF GASES — II

e Diffusion approximation & homogenization
Linear Boltzmann for probability density function:

satf67n (t7 x? v)+v : vxfe’n(t’ ‘/'E7 U)

Interplay between the small parameters € and 7.

o Initial boundary value problem:
€ e __ 1 € €
8(915]0 +vaf — Evv' vvf +Uf

Diffusion approximation with specular type boundary condition.

[Joint work with] C.BARDOS (Paris vi1); L.CESBRON (Cambridge)
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KINETIC THEORY OF GASES — III

Multi-species Boltzmann equations: for ff(t,z,v)

I
1
Satff+U'mef=gZQij( i f5)
j=1

Study the ¢ — 0 asymptotic.

o Maxwell-Stefan cross diffusion model:
87501' + va: ' E =0

_ N Gl el
—Vaei =) “p
j#i "

Temperature dependance in Maxwell-Stefan.

Local (in time) existence of solution to the corrected model.

[Joint WOI‘k Wlth} F.SALAVARANI (Paris Dauphine)
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COMPETITION DIFFUSION IN ECOLOGY

e For population densities u®(¢, z), v*(¢, x) and non-negative w® (¢, x):
u(‘:
Ou® — V- (As(x)Vua) + . (vs +A(1— w5)> =0

O — V- (Bs(m)Vv5> + a%s (u8 + /\w5> =0

3 ,u)E

atwa—i—u?(ws—l)—i— Y

=0
€

Study the ¢ — 0 asymptotic.
o Two-phase Stefan problem with latent heat.
e Interplay b/w strong competition & high frequency oscillations.

@ Oscillations are sometimes bad for competition.

[Joint work with] C.VENKATARAMAN (st Andrews)
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THERMAL CLOAKING

Suppose Q C R? such that
By C Q

An observer able to detect conductivity of the material.

At first instance, let 2 be a uniform conducting material.
Here, the observer would say the conductivity is uniform.

Is it possible to construct some “metamaterial” in By \ B;
such that irrespective of the conductivity in By, observer only able
to detect uniform conductivity?

Study the time-dependent problem.

[Joint work] CRASTER (1mperial); GUENNEAU (Marseille); PAVLIOTIS (Imperial)
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THERMAL CLOAKING

e Homogeneous model
Optihom (t, ) = Aupem (¢, ) + () in (0,¢) x Q,
Vupom - n(x) = g(x) on (0,¢) x 09,
Unom (0, ) = u'™(x) in Q.
e Cloaked model

pei(x) 8;;1 =V- <Ad(x)Vud) + f(x) in (0,¢) x 9,

Vue -n(z) = g(x) on (0,£) x 09,
ua (0, ) = u'™(z) in ©,

e Construct p. and A such that uc (¢, z) & unem(t, z) for z € Q\ Ba
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Proposition

Consider an invertible map F : Q — Q such that F(x) = x for each
x € Q\ By. Then u(t,x) is a solution to

pla )th‘ =V (A@)Vu) + f(@)  for (L) € (0,0) x Q

if and only if v =uoF~1 is a solution to

F*ply )‘3: V- (FA@W)Ve) +Ffly)  for (ty) € (0.0) x Q
e ple) \ _ e
FP(?/)—W, Ff(tay)—my
. DF(x)A(z)DF ' (z) _
FAW) = — et (DF) (@) z=F"(y)

Moreover we have for all t > 0, u(t,-) = v(t, ) in 2\ Bs.

v
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consider a Lipschitz map F; : Q — € defined as
x for x € Q\ By
Fe(x) := (%—F;ﬂ)l for z € By \ B-:
z for x € B,
Note that F. maps B: to B; and the annulus By \ B: to By \ Bj.
CLOAKING COEFFICIENTS
(1 for x € Q\ By,

,Od(I) = ]::1 for x € By \ By,
L n() for x € By

Id for v € Q\ By,
Acl(w) = J—";Id for x € By \ By,
| o() for x € By

Harsha HUTRIDURGA (Imperial) Cloaking heat & mass transfer 23/05 ICTS 12 / 18




Theorem

Let uc(t,x) be the solution to the thermal cloak problem with the
cloaking coefficients pe(x), Ac(x). Let upom(t, z) be the solution to the
homogeneous conductivity problem. Suppose the data are such that

feL?(Q), suppfCQ\By, gecl?09), u™cH(Q).

Then, there exists a time instant T < oo such that for allt > T we
have

luet(t, ) = hom (¢, ')”H%(ag) <& (HuinHHl + ||f”L2(Q) + ”g”L2(8Q)> :

v

_ : (@) - wiy)
g3 gy = (/mwww dowy+ [ [ o da<x>d0<y>>
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CRUCIAL OBSERVATION

. 1 for x € O\ B,
PFE)=9 | .
—an (g) for z € Be
Id for v € Q\ B,
Af(x) = )
PU (%) for x € Bs

Computing push-forwards yield

paly) = Fip*(y);  Aaly) = FLA%(y).
Change-of-variable principle implies

uel(t, x) = u(t, x) for all x € '\ By
with u®(¢, x) being the solution to

ous

o () :V-<A€(x)Vu5>+ fl) i (0,0) x

ot
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SOME NUMERICS
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SOME NUMERICS

t=0s
. %

defect
e=101

t=10s
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SOME NUMERICS

no cloak

Cloak &
inclusion |k
1,6=10
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THANK YOU

HUTRIDU



