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homogenization related questions

Advection-diffusion-reaction models
periodically oscillating coefficients

∂tu
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)
· ∇uε − div

(
A
(x
ε

)
∇uε

)
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∇uε · n(x) = ∂tv
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ε2

(
f(uε)− vε

)
Adsorption model: coupling bulk field uε and surface field vε

Reaction-diffusion systems
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Ri(uε).

Reversible chemical reaction between ` species:

δ1A1 + · · · + δ`A`
κ
ακ β1A1 + · · · + β`A`

Mass action kinetics =⇒ Ri(u) = κ

(∏̀
i=1

uδii − α
∏̀
i=1

uβii

)
.

[Joint work with] g.allaire (École Polytechnique)
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strong advection problems

Advection-diffusion models
incompressible advective field: div b(x) = 0 and b · n(x) = 0.

∂tu
ε +

1

ε
b (x) · ∇uε −∆uε = 0

∇uε · n(x) = 0

Jacobian matrix associated with the flow.

Asymptotic depends on the behaviour of J(τ).

Bounded Jacobian yielding full diffusion.

Unbounded Jacobians resulting in initial layer.

∂tu0 −∆u0 ∈ N⊥b
u0(t, ·) ∈ Nb

u0(0, x) = Puin(x).

[Joint work with] t.holding (Warwick); j.rauch (Michigan)
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kinetic theory of gases – I

Kinetic Fokker-Planck equation
probability density function: f(t, x, v) on (x, v) ∈ Td × Rd

∂tf + v · ∇xf −∇xΦ(x) · ∇vf = σ(x)∇v ·
(
∇vf + vf

)
Degenerate: σ(x) cab vanish in subset of non-zero measure in Td.

Geometric control condition: ∃C > 0 and T ∗ < +∞∫ T ∗

0
σ(Xx,v(s)) ds ≥ C for a.e. (x, v) ∈ Td × Rd.

Decay estimate: there exist C, λ > 0 s.t.∥∥f(t, x, v)−Πgf
in(x, v)

∥∥
L2(F−1)

≤ Ce−λt
∥∥f in(x, v)−Πgf

in(x, v)
∥∥
L2(F−1)

.

[Joint work with] dietert (Paris VII); herau (Nantes); mouhot (Cambridge)
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kinetic theory of gases – II

Diffusion approximation & homogenization
Linear Boltzmann for probability density function:

ε∂tf
ε,η(t, x, v)+v · ∇xf ε,η(t, x, v)

=
ση(x)

ε

(∫
V
f ε,η(t, x, w) dµ(w)− f ε,η(t, x, v)

)
Interplay between the small parameters ε and η.

Initial boundary value problem:

ε ∂tf
ε + v · ∇xf ε =

1

ε
∇v ·

(
∇vf ε + vfε

)
Diffusion approximation with specular type boundary condition.

[Joint work with] c.bardos (Paris VII); l.cesbron (Cambridge)
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kinetic theory of gases – III

Multi-species Boltzmann equations: for f εi (t, x, v)

ε ∂tf
ε
i + v · ∇xf εi =

1

ε

I∑
j=1

Qij(f
ε
i , f

ε
j )

Study the ε→ 0 asymptotic.

Maxwell-Stefan cross diffusion model:

∂tci +∇x · Fi = 0

−∇xci =
∑
j 6=i

cjFi − ciFj
 Dij

Temperature dependance in Maxwell-Stefan.

Local (in time) existence of solution to the corrected model.

[Joint work with] f.salavarani (Paris Dauphine)
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competition diffusion in ecology

For population densities uε(t, x), vε(t, x) and non-negative wε(t, x):

∂tu
ε −∇ ·

(
Aε(x)∇uε

)
+
uε

ε

(
vε + λ (1− wε)

)
= 0

∂tv
ε −∇ ·

(
Bε(x)∇vε

)
+ α

vε

ε

(
uε + λwε

)
= 0

∂tw
ε +

uε

ε
(wε − 1) +

wεvε

ε
= 0

Study the ε→ 0 asymptotic.

Two-phase Stefan problem with latent heat.

Interplay b/w strong competition & high frequency oscillations.

Oscillations are sometimes bad for competition.

[Joint work with] c.venkataraman (St Andrews)
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thermal cloaking

Suppose Ω ⊂ Rd such that

B2 ⊂ Ω

An observer able to detect conductivity of the material.

At first instance, let Ω be a uniform conducting material.
Here, the observer would say the conductivity is uniform.

Is it possible to construct some “metamaterial” in B2 \B1

such that irrespective of the conductivity in B1, observer only able
to detect uniform conductivity?

Study the time-dependent problem.

[Joint work] craster (Imperial); guenneau (Marseille); pavliotis (Imperial)

Harsha Hutridurga (Imperial) Cloaking heat & mass transfer 23/05 ICTS 9 / 18



thermal cloaking

Homogeneous model
∂tuhom(t, x) = ∆uhom(t, x) + f(x) in (0, `)× Ω,

∇uhom · n(x) = g(x) on (0, `)× ∂Ω,

uhom(0, x) = uin(x) in Ω.

Cloaked model
ρcl(x)

∂ucl

∂t
= ∇ ·

(
Acl(x)∇ucl

)
+ f(x) in (0, `)× Ω,

∇ucl · n(x) = g(x) on (0, `)× ∂Ω,

ucl(0, x) = uin(x) in Ω,

Construct ρcl and Acl such that ucl(t, x) ≈ uhom(t, x) for x ∈ Ω \B2
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Proposition

Consider an invertible map F : Ω 7→ Ω such that F(x) = x for each
x ∈ Ω \B2. Then u(t, x) is a solution to

ρ(x)
∂u

∂t
= ∇ ·

(
A(x)∇u

)
+ f(x) for (t, x) ∈ (0, `)× Ω

if and only if v = u ◦ F−1 is a solution to

F∗ρ(y)
∂v

∂t
= ∇ ·

(
F∗A(y)∇v

)
+ F∗f(y) for (t, y) ∈ (0, `)× Ω

F∗ρ(y) =
ρ(x)

det(DF)(x)
; F∗f(t, y) =

f(t, x)

det(DF)(x)
;

F∗A(y) =
DF(x)A(x)DF>(x)

det(DF)(x)
x = F−1(y)

Moreover we have for all t > 0, u(t, ·) = v(t, ·) in Ω \B2.
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consider a Lipschitz map Fε : Ω 7→ Ω defined as

Fε(x) :=


x for x ∈ Ω \B2(

2−2ε
2−ε + |x|

2−ε

)
x
|x| for x ∈ B2 \Bε

x
ε for x ∈ Bε

Note that Fε maps Bε to B1 and the annulus B2 \Bε to B2 \B1.

cloaking coefficients

ρcl(x) =


1 for x ∈ Ω \B2,

F∗ε 1 for x ∈ B2 \B1,

η(x) for x ∈ B1

Acl(x) =


Id for x ∈ Ω \B2,

F∗ε Id for x ∈ B2 \B1,

σ(x) for x ∈ B1
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Theorem

Let ucl(t, x) be the solution to the thermal cloak problem with the
cloaking coefficients ρcl(x), Acl(x). Let uhom(t, x) be the solution to the
homogeneous conductivity problem. Suppose the data are such that

f ∈ L2(Ω), supp f ⊂ Ω \B2, g ∈ L2(∂Ω), uin ∈ H1(Ω).

Then, there exists a time instant T <∞ such that for all t ≥ T we
have

‖ucl(t, ·)− uhom(t, ·)‖
H

1
2 (∂Ω)

≤ εd
(∥∥uin

∥∥
H1 + ‖f‖L2(Ω) + ‖g‖L2(∂Ω)

)
.

‖w‖
H

1
2 (∂Ω)

:=

(∫
∂Ω
|w(x)|2 dσ(x) +

∫
∂Ω

∫
∂Ω

|w(x)− w(y)|2

|x− y|d
dσ(x) dσ(y)

) 1
2

.
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crucial observation

ρε(x) =

{
1 for x ∈ Ω \Bε,
1
εd
η
(
x
ε

)
for x ∈ Bε

Aε(x) =

{
Id for x ∈ Ω \Bε,

1
εd−2σ

(
x
ε

)
for x ∈ Bε

Computing push-forwards yield

ρcl(y) = F∗ε ρε(y); Acl(y) = F∗εAε(y).

Change-of-variable principle implies

ucl(t, x) = uε(t, x) for all x ∈ Ω \B2

with uε(t, x) being the solution to

ρε(x)
∂uε

∂t
= ∇ ·

(
Aε(x)∇uε

)
+ f(x) in (0, `)× Ω
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some numerics

Gε(t) :=
‖uε(t, ·)− uhom(t, ·)‖

H
1
2 (∂Ω)

εd
(
‖uin‖H1 + ‖f‖L2(Ω) + ‖g‖L2(∂Ω)

)
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some numerics
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some numerics
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thank you
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