
1. Scattering Amplitude
F-

• Got Computer predictions for collider
experiments like the LHC
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⇒ We wart to computer scattering amplitude
with external gluon and quark states !

⇒ We only know how to do that in

Pertarbation Theory LPT ) :

⇒ Eeg . 2-to-2 scattering of quarks :
----

A- = { t { { + Et t Get + . . .

- → -E
Tree - Level 1- Loop 2- Loops 3 - Loops
EASY NOT EASY HARD VERY HARD



2. Feynman Integrals
✓

• Beyond Free - Level , we need To computer
integra !? .

•

Example
. .

- /n =
?

k' lktpe )' ( ktpetp) °

Pipi ! :O

IV.B. : In general, such integrals diuerge and
need to be regularised .



⇒ What does this integral evaluateto ?
⇒ Lorentz invariance : Function of ratios :

„ = Pilp; " = );
⇒ Is it a simple rational fantion of
a and v ?

⇒ No ! → Unitarity :

Disc - 2mi

Intermediate Particle on - shell
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u = ZE y = (1- z) (1- E)

Loglarithm)

logx :[¥ eogu -* =!
"

:#

Diloglarifhm) [ Reccersire structure !
Lialx ) -[¥ logo -t) :[¥



Poly loglarithm) :

Lin ( x ) = [¥ Lin
.. It ) Link) = - logo - x)

Multiple Pdylogarithms IMPls)
G (an . . . , an ; x ) = Glas

. . .
. ,an ; t ) an # o

Gl ix) = E! log
"

x

n Times

Glaix ) = logll - I) , GIO. . . . .0,1in) = -Link )-
n-1 times



• Natural
"

invariant
"

attached To MPLS :

Weight = # integrations
Examp logx → Weightt

logx . logy → Weight 2 zeta
Link ) , Glan . . .

,anix )→ Weightn Value

t.ir ogte) ¥ -

- Liste ) 3n=Li
2 M

Rational Numberlfanet → Weighto



⇒ GOAL : UNDERSTAND THE PROPERTIES

OF THESE FUNCTIONS .

BEYOND 1-LOOP
, also other functions

related to
• Elliptic Carves
• Modular Eorms
• Kzslcalabi -Yau varieties

• ? ? ?



"

nannte the integrals ) !!:?)!:c.
→ Numerical evaluation
→ Learn something about The
structure of amplitude

→ Bootstrop program
"

Complete Amps wlo computing integrals
"

→ Also show up in other place s
(e.g- Wave fantion of The universe ) .



3.PropertiesofMP-3.tnShuffle algebra
Fnsidethepr-ofztlplsofweigh.tt :
Glaix ) ab , x) =#f) ( [II)

= : :.in

ÄÄEI := Glaub;) + 6lb,aix)



Glcsix ) Gtbix) = Glgeibix) + Gtb, a- ix )
(weightl) xlweightt) = ( Weight 2) + (Weights)
→ This generalises ! (Shuffle algebra)

④ xD =

+

Gtaix) Gtbiixk Gta.IE#GtbetixItGlb.caix)



Prospect : The multiplikation of MPLS

preserve the weight .

An =
"

Q - vector space spannend by all MPLS
of weightn

"

A. = Q

A = % An >
"

Q - vector space of all MPLS
"

A is graded algebra!
[ Am . An C- Amtn



3. 2. The coaction
-

* A is an algebra : rect . sp . with multiple µ : A-④A-→ A

Aäy -
A:*:*:*:*. /

¥.
{idxop ft Af f.Axoid

1-④A I A A ④A A- ④A- ④A
a④ lbc) (ab) c >albc)

• A is a coalgebra : vect.sp.withcoprod.at A : A-→AH



• Hopf algebra = Algebra and Coalgebra
+ some more axioms , e. g .

A- (a. b) = Ala ) .Alb)

MB Multiplikation on A-④Ais
"

Component wise
"

:

(aerobe ) . (a.④b.) = (ai a.) ④ (bib)



Example: A- = Q - red . sp
- spannend by all

words in letter a
,
b, c. d, . . .

An = subspace of wards of Iengthn .

Multiple shuffle product :
E. g : a. bc = aber bactbca

c.product : "Deconcate nation
"

E.g
: A (abc) = 1.④ abc -Iaxobc

+ ab④ c + abcxot



Let as check that A (a.b) = Ala ) - Alb)

Ala -b) =

AlabItAlbal-_1xOabOtax@xabx0tO1xobOatbxoaOtbaxoOAlaI.Alb
) = ( 1④ a + a ④ 1) ( lxobxb ④ 1)
= 1④ (a. b) + b. ④a + axobtla -b)④1

= x tax
+ tb



• MPLS form a Shuffle algebra .

• MPLS form a Hopf algebra (GONCHAROD
Example: Allogx ) = 1-④ logx e- logxxot

Allgxlogy) > txollogxlagy) + logxxolagy
+ Äegyxologxtllegxlogy ) t

1) (Lid) ) = 1④ Lid) - Eagle - x)④ logxtlic ④t

Allein) - txolinlxi-linlxtxot-ILin.at)④GIFT



Akin) : +Etienne
(inkl:3, 1 ④ In 3. ① 1 - - ④0=0

= ¥ Ihn )=1⑦3n-3
3. = 3 " - II um> 34=73!

→ Al ? ) = FABI
=t¥z

???



① Ne need 3.④ 3<=0

1) Work "

mod #
"

: 3. = = mod T

in second entry2) Work "modi " only
[Brown]

This girls :

A (4) = 3. ④ 1, Als " ) : ? ④ 1- . . _ .

Alin ) = i.④ 1 we will
- m) notierte this
= lagtttio) more toter



Technicalinterladet: A - A ⑦ H [Brown ]
-

=

"Amodä
"

A : Coaction A : comodale

A :X→ H ④H
A : Coproduct H : Hopf algebra



3.3.Propertiesofthecoactiqi.whot.isthe
"

meaning
"

of the different
entries in the coaction !

* Aktien) = Al -Gloger-xD
= - I A (loga- xD ( I is a rationalnumber]
= - I (¥61theologe

(id④ 1) Allie lxD= 1×0 #Linx) - Eagle - x)④#lgx
+ Liz 4) ④ 3×1

=1ft - lieg + 0



Al# F) = ( id④E) ACE)
Derivat ives only act in 2nd entry !

Similarly :

A- (Disc F) = (Disc④ id) ACE)
Xo Xo

Discontinuities only act in 1st entry !

cf
. Discologx > Iiii and A- (2)Iii 1



InterludeidiscontinuitiesletFCH be an analytics function .
We

Olefine

Disc
"
Flx) = FFX ) - Flex )

obere FFH is obtained from FH)

bganalytic continuation along a small circlearound Xo
.

⇒ If E has a branch cat storting
at × = xo, then Disc x) # 0

.



Exampte : • lag X
branch

f,
cut

×

¥544:) - er
=2T i

• Lizlx ) = - f! logll -t )
×

•
Disco

Gut

0 1×1 = E

= - Res flogU - t ) = 0
[ =0



÷
" ¥ ÷...:*
= - lag × eagle - x) + { legt

* Disc
, flog × lag ( e-xD

= lag × Disc
, lag (e -x)

= 2x i lag ×
* Disc

, [II legt = Rest = , 7¥ = O
Disc
,
Li
,
cx) = - Lili lag×



Disc
,
Li
,
4) = - Lüi logx

Coaction ?

AIDisceli.CH) = - Altai logx)
= - Aldi, i ) Il lag x )
= - Hui ④ 1) (1 ④Cogxtlogx ④ f)
= -2i④ -2üi④l

(Disc
,④id )Allie (xD =i④ 1 -Disc)

- Zu i logx
-Disc) ④ lag x

2x i



3. 4. Symbols
-

Recep : Coaction : Decompose an MPL

into MPLS of lowerweights.EE: Alliecx)) = txolizcx) + Lizcx) ④ 1
2 (O, 2) ( 2,0)

- lag Il - x) ⑦ lagx
( 1,1 )

A- lliglx) = liglx) ④ 1+1⑦ lislx )
} ( 3,0 ) (0,3 )

+ Lizlx) ④ logx - -1 legte - x)⑦ begeht2
(2,1 ) (1,2)



✓ }
(0,3 )( 3,0) ④ 1) (1.②

\ ✓ ( O-ASSOCIATIUITY
(1/1,1) SYMBOL

( KO) e)
→

(②④
→

( 1,3 ) ( 94 )
- e t

④die ) ( l 1) (1,1 ,

→ t ←
(1,111/1) SYMBOL



Symbol = 4,1, . . . , 1) part of the
coaction

→
"

Invariant
"

attached To a pdylog
Examptes : J (lag × ) = logx → ×

S(Lizcx)) = - Coyle -x) ④ logx → - le - x)④ ×

Iflinlx)) = - logo - x) logxxo . . -④ logx-
n-1 Times

→ - (e -x) ④ + ⑦
. .
- ① ×



• Properties of I are inherited from coaction :

. . . ④ (a.b)④ . . .

=
. . - ④a④ . .

. + . . . ⑦ BXO . _ .

[ logla - b) = logatlogb]
. . . (It ) . _ . = 0 [ hegte) = o mod T ]

5/3.1=0 [ AISN ) : 1×05 . + 3.④ 1 ]
↳ no non- trivial
decom position

I. ( F - G) = Shuffle of SEE ) and SCG )
E. g : Sllogxlogy) = +⑦Yt Y ④ ×



Assam e 3 (F) = ae④ . . -
④an ,then

•

"

Discontinuities only act in 1st entry
"

S (Disc
+
F) = (Disc

, logae ) ( azxo . . - ⑦an )

•
"

Derivat ives only act in 2nd entry "

S (# F) = (¥ logan ) (aexo . - - ④ an - e )



• Leeds to a recarsive way to complete symbol
Jf Fn has we ight n

,
and

DE = ? En, dlog Ri [Pure Function]
then

SEE ) = ? SIE. " -e) ④ Ri
Examp Lizlx) = -[¥Egli -t)
dliclx ) = -¥ lagen -×) : - Eagle -x ) dlogx
→ Sfliecx )) = - ( e-x) ④×



4.Applications-MPLs4.1.ro/ationsamong-
There are many relations among MPLS
of different arguments .

→ How to findfpr.ve them ?

Conjecu There are no relations
among MPLS of different weights



Examiner = ?
dsefal Notation : ftp..pe . . . ..pk = (pa . . . .pe) - part of
( Oaction

.

An, IT) t-logle-xe.bg(e-x)④ lag ×

= logxxoegce . × ,
"kegelig

= A.„ 1- Lid)



Does A
,"
( Lidl - x ) +Coyle -x) logx) =D,.nl - Lizlx))

imply Lidl - x ) + legte - ×) logx = - Lizlx) ?
?

NO! Kernel of A" is not empty.e.ge .

Anil ? ) : A.„ (¥ ) :O .

→ Can be recouered by looking at some
Special value : an known

@*1 : 3) 0 = - o + ¢ constant

=> Lidl -x) + Coyle -x) Cogx = - Licht ?



Whitehead?

• Simplify complicated express icons .

( f . 6-pt . Two - loop reminder function
in planar D= 4 Super Yang -Mills

17 pages - 1 eine
[Del Duca

,
CD, Smirnow) [Goncharou, Sprach lin,

verga , Vdovich ]
•

"

Optimize
"

resalts for numerical
evaluation

.

Important for phenome.no/ogy.



4.2.Analyticstructareofthmplitad-Assamp-nt.vehaue an L- loop amplitude
That con beexpressed interims of MPLS
and national ) algebra:c functions .

→ What can we say about this amplitude?

Contre : An L- loop amplitude in

4 space - time dimensions has weight at
most 2L

.



• What else can we say about such an

amplitude A ?

→ act with creation :

AIA ) = ? Li ④ Ri
→ A (Disc A) = ? (Disc 4.) ④ Ri
→ T

Unitarity 1st entries mast have
only branch cuts dictated
by Unitarity ("1st entry condition

"

;
"

weakest version
"

of
"

Cosmic Galois principle
"

)



• In Special QFTS de con say more, e. g
:

Contre : In N> 4 Super Yang - Mills in HD

an L - loop amplitude only invdues
functions of weight 2L (if it can be
expressed interims of MPLS)

Concrete , if an L- loop Amplitude in NEE SYM
can be

expressed in terms oft Pls , then

A!" = [ R, ⑦
Pure function

-

of weight 2L .

Algebraic



4.3.BootstrapProgram.IO/anarLimit : In an SOCN ) gange theory
with Ns 0 with g

'N fisced , only planar
diagrams contribute .

• Technical aside : We consider hat ios

R =
= ttaotaRzta Rst. . .Ä#
IR divergent N = # external

Ratio is Finite particle
(and dual conformal invariant )



• What do we know about R ?

* R
"P

= 0 for all N .

* Ru = Rss :O ,

"

at all loops.
MHV

,
L- Coop

* Enoje) : RN is a pure
function of night 2L .

Recall : MHV = helicities -
- tt . . . t

* What can we say about MHV
amplitude s in planar WEG SYM ?



•Bootstrapprogram-dc.ee knowledge of
analytric structure to write down unique
pure function that can be the amplitude.
• We only sketch the main idea

.

* Assam e that Symbol of Rar only involves
certain entries

.

Example: SIRÖ
"") Las all entriesdrawn

from a set of gelements (
"

Retters ")
→ There is strong evidence that this
fdds to all loops



* Contract a space of functions
of weight n

KN Whose symbols have Their entries
drawn from this 9 - letter set .

(4) Has the connect branch cuts To be
an amplitude (Unitarity)

⇒ Functions of different weights ofthose spaces are not independent



Dgfine :

* Vn = Uec
. sp . of pure functions ofweight

n that satisfy (Cs) .
* Un = vec

. sp . of pure functions ofweight
n that satisfy (C1) & (Cz ) ,

Charly : Un EÜN
Ihnen

, if Folk :
[est entry condition )
[ N- B . :By now we

A (F) = ¥ Fi ④ G. now more than

just 1st entry
A A A

~ → extended Steinmann"
n Vg Vn-k relations ]



• I.et { BI
'

} and { ÄI" } le bases favnand Ün

• Assam e we know bases up
to weight n .

• Find a basis of Uni
, by requiring

1- (B
"

c- Va ④ Ära
• If we Love a basis of Van , we most have

R;eoopsi"" = [ c, ß
"! ci EQ

• Determine c; by reqairing some physics input.
( e.g. correct collinen limits , etc.)



• Particalarlysaccessfal for N-- G and N= 7
[ " Hexagon - Boot strap

"

,

"

Heptagon -Bottrop,
"

Dixon et.at
.]

→ N : 6 Through 7 - loops LMHV)
N = 7 Through 4 - loops

• For N > 7
, more complicated

→ What is the exaot form of letter ?
→ Recent work by

[Drummond, Foster,Gardogon, kaloasiosjtte.li, Zhang i
Mago , Schreiber . Spradlin , Vdouich ; Henke, Papathanasioa ]


