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–Orowan (1944)

”The extension of a piece of metal [is] in a sense more 
complicated than the working of a pocket watch and to hope to 
derive information about its mechanism from two or three data 
derived from measurement during the tensile test [is] perhaps as 
optimistic as would be an attempt to learn about the working of a 
pocket watch by determining its compressive strength. “

“…plasticity is a ‘many-body’ problem and poses huge statistical 
challenges in that what is sought are suitable averages over the 
entire distribution of dislocations as they traverse a disordered 
medium. “ –Rob Phillips (2004)

MOTIVATION



MOTIVATION:

• “Yield point” usually associated with stress drop in constant strain rate

experiments.

• Not well defined. Not fully understood even in crystals.

• Is yielding a dynamical phase transition ?
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PACS 61.72.Ff – Direct observation of dislocations and other defects (etch pits, decoration,
electron microscopy, X-ray topography, etc.)

PACS 62.20.fq – Plasticity and superplasticity
PACS 64.60.av – Cracks, sandpiles, avalanches, and earthquakes

Abstract – Although scaling phenomena have long been documented in crystalline plasticity, the
universality class has been difficult to identify due to the rarity of avalanche events, which require
large system sizes and long times in order to accurately measure scaling exponents and functions.
Here we present comprehensive simulations of two-dimensional dislocation dynamics under shear,
using finite-size scaling to extract scaling exponents and the avalanche profile scaling function from
time-resolved measurements of slip avalanches. Our results provide compelling evidence that both
the static and dynamic universality classes are consistent with the mean-field interface depinning
model.

Copyright c⃝ EPLA, 2013

Introduction. – Crystalline materials deform in a
plastic, irreversible manner at sufficiently high stresses.
Bulk continuum theories successfully reproduce several
macroscopic features of plastic flow such as the stress-
strain curve and work-hardening [1]. This success is mainly
due to the fluctuations averaging out at macroscopic scales
and therefore deformation appears to be smooth in time
and homogeneous in space.
At microscopic scales crystal deformation is both

spatially inhomogeneous and intermittent in time. Topo-
logical defects such as dislocations move intermittently,
causing the material to slip in discrete steps. Those
defects interact with each other via long-range elastic
interactions, mediated through the material and respond
collectively to external stresses, giving slip avalanches.
These slip avalanches are characterized by long-range
correlations in space and time giving avalanche sizes
distributed according to power laws for several orders of
magnitude [2–11].
Despite intense computational efforts to predict a

complete set of universal (i.e., detail-independent)
power-law exponents, there is an ongoing debate about
their values and the corresponding universality class of
systems that share the same exponents. Several previous
discrete dislocation dynamics simulations have reported
contradictory results for static and dynamic power-law
exponents [11–13]. (We call properties “dynamic” if
they resolve the dynamics during the propagation of an

individual avalanche, and “static” if they do not.) Here
we present a consistent picture that strongly supports
the claim that both the statics and the dynamics of
crystal plasticity simulations agree with mean-field theory
predictions [11,14], and therefore they both belong to
the mean-field interface depinning universality class of
all systems that share the same exponents. Knowing the
values of these exponents is important for applications.
For example the dynamical depinning exponent β [13]
describes how quickly a crystal deforms as a function
of stress, and the power spectra [12] can be used to
obtain information about the deformation mechanism
and material failure from nondestructive acoustic emis-
sion experiments. Also, the power-law exponents do not
depend on material details, so they are an ideal quantity
for testing the predictions of the simple coarse-grained
models against experiments.
A simple analytic mean-field theory (MFT) [11,14] for

plasticity suggests that the observed power-law scaling
of the slip-avalanche size distributions is the reflection of
an underlying non-equilibrium critical point [15], which is
located at the critical flow stress. The critical flow stress
τc separates a low stress phase where the material can
sustain loads on the time scales of typical experiments,
from a high stress phase where the material “flows”, or
“gives way” by deforming continually under loads that
are higher than the critical flow stress. Below the critical
flow stress τc, at fixed stress τ < τc, the average strain
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In the past decade or so, science has broadened its
purview to include a new range of phenomena.
Using tools developed to understand second-order
phase transitions1–5 in the 1960s and 70s, stochastic
models of turbulence6 in the 1970s, and disordered

systems7–9 in the 1980s, scientists now claim that they
should be able to explain how and why things crackle.

Many systems crackle; when pushed slowly, they
respond with discrete events of a variety of sizes. The Earth
responds10 with violent and intermittent earthquakes as two
tectonic plates rub past one another (Fig. 1). A piece of
paper11 (or a candy wrapper at the cinema12,13) emits 
intermittent, sharp noises as it is slowly crumpled or 
rumpled. (Try it, but preferably not with this page.) A 
magnetic material in a changing external field magnetizes
in a series of jumps14,15. These individual events span many
orders of magnitude in size — indeed, the distribution of
sizes forms a power law with no characteristic size scale. In
the past few years, scientists have been making rapid
progress in developing models and theories for understand-
ing this sort of scale-invariant behaviour in driven, 
nonlinear, dynamical systems. 

Interest in these sorts of phenomena goes back several
decades. The work of Gutenberg and Richter10 in the 
1940s and 1950s established the well-known frequency–
magnitude relationship for earthquakes that bears their
names (Fig. 1). A variety of many-degree-of-freedom
dynamical models16–28, with and without disorder, have
been introduced in the years since to investigate the nature
of slip complexity in earthquakes. More recent impetus for
work in this field came from the study of the depinning 
transition in sliding charge-density wave (CDW) 
conductors in the 1980s and early 1990s29–35. Interpretation
of the CDW depinning transition as a dynamic critical phe-
nomenon sprung from Fisher’s early work29,30, and several
theoretical and numerical studies followed. This activity
culminated in the renormalization-group solution by
Narayan and Fisher32 and the numerical studies by 
Middleton33 and Myers34, which combined to provide a
clear picture of depinning in CDWs and open the doors to
the study of other disordered, non-equilibrium systems.

Bak, Tang and Wiesenfeld inspired much of the 
succeeding work on crackling noise36,37. They introduced
the connection between dynamical critical phenomena and
crackling noise, and they emphasized how systems may end

up naturally at the critical point through a process of self-
organized criticality. (Their original model was that of
avalanches in growing sandpiles — sand has long been used
as an example of crackling noise38,39, but we now know that
real sandpiles do not crackle at the longest scales40,41.)

Researchers have studied many systems that crackle.
Simple models have been developed to study bubbles 
rearranging in foams as they are sheared42, biological
extinctions43 (where the models are controversial44,45 —
they ignore catastrophic external events like asteroids), 
fluids invading porous materials and other problems
involving invading fronts46–51 (where the model we describe
was invented46,47), the dynamics of superconductors52–54 and
superfluids55,56, sound emitted during martensitic phase
transitions57, fluctuations in the stock market58,59, solar
flares60, cascading failures in power grids61,62, failures in 
systems designed for optimal performance63–65, group 
decision-making66, and fracture in disordered materi-
als67–72. These models are driven systems with many degrees
of freedom, which respond to the driving in a series of dis-
crete avalanches spanning a broad range of scales — what in
this paper we term crackling noise.

There has been healthy scepticism by some established
professionals in these fields to the sometimes-grandiose
claims by newcomers claiming support for an overarching
paradigm. But often confusion arises because of the 
unusual kind of predictions the new methods provide. If
such models apply at all to a physical system, they should be
able to predict most behaviour on long scales of length and
time, independent of many microscopic details of the real
world. But this predictive capacity comes at a price: the
models typically do not make clear predictions of how the
real-world microscopic parameters affect the behaviour at
long length scales.

Here we provide an overview of the renormalization
group1–5 used by many researchers to understand crackling
noise. Briefly, the renormalization group discusses how the
effective evolution laws of a system change as measurements
are made on longer and longer length scales. (It works by
generating a coarse-graining mapping in system space, the
abstract space of possible evolution laws.) The broad range
of event sizes are attributed to a self-similarity, where the
evolution laws look the same at different length scales. This
self-similarity leads to a method for scaling experimental
data. In the simplest case this yields power laws and fractal
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Crackling noise arises when a system responds to changing external conditions through discrete, impulsive
events spanning a broad range of sizes. A wide variety of physical systems exhibiting crackling noise have
been studied, from earthquakes on faults to paper crumpling. Because these systems exhibit regular
behaviour over a huge range of sizes, their behaviour is likely to be independent of microscopic and
macroscopic details, and progress can be made by the use of simple models. The fact that these models and
real systems can share the same behaviour on many scales is called universality. We illustrate these ideas
by using results for our model of crackling noise in magnets, explaining the use of the renormalization group
and scaling collapses, and we highlight some continuing challenges in this still-evolving field.
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Fig. 1: (Color online) The power spectrum of the activity due
to an adiabatic increase in the external stress gives a power
law of 1

σνz ≈ 2 (top 3 lines). The power-law regime corresponds
approximately to the inverse of theDT (T ) power-law region. At
low frequencies (left of shown power-law fit) finite-size effects
truncate the power law. Extracted from 288 runs of the system
with N = 64 dislocations in a box of L= 100 and from 96 runs
for the systems with N = 128 and L= 141, and N = 256 and
L= 200. The bottom 7 lines show the power spectra above
τc from 96 runs of a system with N = 64 and L= 100. They
exhibit the same power law of 1

σνz ≈ 2 (shifted horizontally
lower by 100 only to appear separate; all power-spectra curves
exhibit similar amount of power).

a deformation experiment. In summary, for τ < τc the
system is pinned. For τ > τc the system is flowing.
We calculated the power spectra of the time series

of the activity V (t) for all stresses, i.e. 0< τ < τc
(integrated-over-stress), using the Lomb periodogram
technique [27]. The stress integrated avalanche size
distribution exponent is κ+σ= 2. As shown by Kuntz
and Sethna [28] for a size distribution exponent less than
or equal to 2 the power spectrum scales as

PSint(ω) =

∣∣∣∣

∫
V (t)eiωtdt

∣∣∣∣
2

∼ ω− 1
σνz . (4)

Our results are shown in fig. 1 where we find 1
σνz ≈ 2.

The duration of an avalanche is T = tend− tstart. From
our simulations we extract the avalanche shapes in the
pinned phase. We collect all the avalanches within ±5%
of a given duration and average their temporal profiles.
For sufficiently small durations the avalanches are taken
from the power-law regime of the duration distribution.
We collapse them using [15,28]

V (t) = T
1
σνz−1fshape(t/T ). (5)

We obtain a good collapse, which indicates that the
scaling exponent has the MF value of 1

σνz ≈ 2 and the
scaling function fshape is a parabola, same as in MFT
(fig. 2). In addition the power-spectra exponent and
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Fig. 2: (Color online) Scaling collapse of the avalanche shapes
(uncollapsed shapes shown in inset). It gives 1

σνz ≈ 1.9 in
agreement with the power spectra. Inset: averaged avalanche
profiles (shapes) for 3 different durations from the power-
law regime of DT (T ). Extracted from 96 runs with N = 64
dislocations in a box of L= 100. (Note that Vth = 0.1 was
subtracted from the signal V (t).)

the exponent that collapses the avalanche shapes are in
excellent agreement with each other. In [12] the avalanche
shapes were first rescaled with an assumed exponent of
1/σνz ≈ 1.5 and then averaged. This is not the same
as the Widom scaling collapse presented here. We first
average shapes of avalanches of the same duration. Then
we tune the exponents until the average shapes of different
durations collapse. In our case the exponent 1

σνz ≈ 2 is
a result of the scaling collapse and does not need to be
assumed up front. Also in [12] a power-spectra exponent of
1/σνz ≈ 1.5 was fitted for the activity fluctuations above
the critical flow stress while the system was in a steady
state. In contrast, our power spectra above the critical flow
stress give the same power-spectra exponent of 1

σνz ≈ 2 as
our power spectra below the critical flow stress indicating
that the critical region extends at least up to τ = 2.0τc (see
fig. 1).
We also extract the probability distribution of the

avalanche sizes, durations and energies. We define
the size of an avalanche as S =

∫
T V (t)dt and the

energy as E =
∫
T V

2(t)dt. The distribution of ener-
gies at different stresses can be shown to scale as

DE(E,∆)∼E−1−
κ−1
2−σνz fE(E∆

2−σνz
σ ) and the distrib-

ution of durations as DT (T,∆)∼ T−1−
κ−1
σνz fT (T∆νz)

assuming that the distribution of sizes scales as
DS(S,∆)∼ S−κfS(S∆

1
σ ) [16], the correlation length

scales as ξ ∼∆−ν and the dynamic exponent z is defined
via T ∼ ξz. ∆= 1− τ/τc. All distributions have a power-
law region (e.g., DS(S,∆)∼ S−κ) up to a cut-off or
maximum avalanche (e.g., Smax ∼∆−

1
σ ) which increases

as the system approaches the critical flow stress from
below. We calculated all the power-law and cut-off expo-
nents above from our simulations and they are consistent

36003-p4

!"##"$% #& '(#)$"

**+ !"#$%& ' ()* +,- ' . "/%0* 1--, ' 22234567893:;<

5=985>9 =9?;:@6A 5?;4> 6B9 C?@D E@89:6@;4 FD585??9? 6; 6B9 G78>98C
=9:6;8 !H,3 #854C<@CC@;4 9?9:68;4 <@:8;>85DBC ;I D?5C6@:5??A
E9I;8<9E <5698@5?C E@CD?5AJ ;4 6B9 ;6B98 B54EJ :;<D?9K I956789C
C7:B 5C :9??7?58 C687:6789C 54E I85:65? D566984C1JLJ 2B@:B 589 6B9
M4>98D8@46 ;I 5 :;<D?9K <7?6@C:5?9 EA45<@:C 4;6 5DD8;D8@569?A
5::;7469E I;8 NA 6B9 <954OM9?E :B585:698 ;I )8;254PC 89?56@;43 04
5EE@6@;4J 85D@E C?@D 9=946C,- B5=9 N994 ;NC98=9E @4 6B9 D?5C6@:
E9I;8<56@;4 ;I =58@;7C <965?C 54E 5??;AC,,J,1J 54E @4 6B9 /;869=@4Q
*9RB569?@98 9II9:6,L3S9 N9?@9=9 6B56 I;8<7?56@4> D?5C6@: E9I;8<56@;4
5C 5 4;49T7@?@N8@7< C656@C6@:5? <9:B54@:C D8;N?9<,+ 89T7@89C 5
C7NC6546@5? 74E98C654E@4> ;I N5C@: :;??9:6@=9 E@C?;:56@;4 EA45<@:C3
&KD98@<9465??AJ 6B9 :;<D?9K :B585:698 ;I :;??9:6@=9 E@C?;:56@;4

EA45<@:C :54 N9 89=95?9E NA 5:;7C6@: 9<@CC@;4 <95C789<946C3 #B9
5:;7C6@: 25=9C 89:;8E9E @4 5 D@9U;9?9:68@: 6854CE7:98 E@C:?;C9 6B9
D7?C9O?@V9 :B54>9C ;I 6B9 ?;:5? E@CD?5:9<946C @4 6B9 <5698@5? E78@4>
D?5C6@: E9I;8<56@;4J 2B9895C 5 C<;;6B D?5C6@: W;2 2;7?E 4;6 N9
E969:69E,.3 #B7CJ 6B@C <96B;E @C D586@:7?58?A 7C9I7? I;8 @4CD9:6@4>
D;CC@N?9 W7:6756@;4C @4 6B9 E@C?;:56@;4 =9?;:@6@9C 54E E94C@6@9C3
0:9 C@4>?9 :8AC65?C :54 N9 7C9E 5C 5 <;E9? <5698@5? 6; C67EA >?@E9

E@C?;:56@;4 EA45<@:C NA 5:;7C6@: 9<@CC@;4 F89IC ,XJ ,YH I;8 6B9
I;??;2@4> 895C;4CZ F,H #854CD5894:A 5??;2C E@89:6 =98@M:56@;4 6B56
5:;7C6@: 9<@CC@;4 5:6@=@6A @C 4;6 89?569E 6; <@:8;:85:V@4>3 F1H
S@6B@4 6B9 854>9 ;I 69<D9856789 54E C689CC :;889CD;4E@4> 6; ;78
9KD98@<9465? :;4E@6@;4CJ E@II7C@;45? :899D @C 4;6 5 C@>4@M:546
<9:B54@C< ;I @49?5C6@: E9I;8<56@;4,[ 2B@:BJ @4 B9K5>;45? @:9
C@4>?9 :8AC65?CJ ;::78C 9CC946@5??A NA E@C?;:56@;4 >?@E9 ;4 6B9 N5C5?
D?549C 5?;4> 5 D89I9889E C?@D E@89:6@;43 FLH "4 9K:9??946 :;7D?@4>
N962994 C5<D?9 54E 6854CE7:98 :54 N9 ;N65@49E NA I7C@;4\I899U@4>3
$4@5K@5? :;<D89CC@;4 :899D 9KD98@<946C 589 D98I;8<9E ;4 586@O

M:@5? @:9 C@4>?9 :8AC65?CJ 9<D?;A@4> C9=985? C69DC ;I :;4C6546 5DD?@9E
C689CC3 S9 ;NC98=9 54 @4694C9 5:;7C6@: 5:6@=@6AJ 9KB@N@6@4> 5 C68;4>
@4698<@66946 :B585:698 FC99 ]@>3 , @4C96H3 S9 <95C789 6B9 9498>A
5CC;:@569E 2@6B 95:B 5:;7C6@: N78C6 54E 545?AC9 @6C C656@C6@:5? D8;D98O

6@9C3 04 ]@>3 , 29 CB;2 6B56 6B9 D8;N5N@?@6A E@C68@N76@;4 ;I 9498>A
N78C6 @4694C@6@9C 9KB@N@6C 5 D;298O?52 N9B5=@;78 CD544@4> C9=985?
E9:5E9C3 #B@C I5:6 @C 54 @4E@:56@;4 6B56 5 ?58>9 47<N98 ;I E@C?;:5O
6@;4C <;=9 :;;D9856@=9?A @4 54 @4698<@66946 I5CB@;43 " C@<@?58
N9B5=@;78 B5C N994 ;NC98=9E @4 6B9 /;869=@4Q*9RB569?@98 9II9:6,LJ
5 D?5C6@: @4C65N@?@6A 2B989 6B9 @4698<@66946 W;2 @C 87?9E NA 6B9
@46985:6@;4 ;I E@C?;:56@;4C 54E E@II7C@4> C;?769 56;<C3 #B9 @4698O
<@6694:A ;NC98=9E @4 ;78 :5C9 @C E@II98946 5C 29 ;4?A B5=9 @46985:6@4>
E@C?;:56@;4C C7N^9:6 6; 54 9K69845? C689CCJ 2@6B;76 54A ;6B98 5?@94
9?9<946 @4698I98@4> 2@6B 6B9@8 EA45<@:C3
_7?6@C:5?9 D8;D986@9C 54E D566984 I;8<56@;4 589 7N@T7@6;7C @4

D?5C6@: <5698@5?C 54E 29 9KD9:6 6B56 6B9 ?58>9 EA45<@:5? W7:6756@;4C
;NC98=9E @4 @:9 :;<D89CC@;4 9KD98@<946C 589 5?C; 5 D89=5?946 I956789
;I D?5C6@: E9I;8<56@;4 <@:8;<9:B54@:C3 #B@C >94985? D@:6789
@<D?@9C 6B56 6B9 9KD98@<9465? DB94;<94;?;>A CB;7?E N9 89D8;E7O
:@N?9 @4 C@<D?9 47<98@:5? C@<7?56@;4C ;I E@C:8969 E@C?;:56@;4
EA45<@:C 6B56 D89C98=9 6B9 89?9=546 :B585:698@C6@:C ;I 6B9 CAC69<
74E98 C67EA3 "C @4 D89=@;7C E@C?;:56@;4 EA45<@:C <;E9?C+QYJ 29
:;4C@E98 5 62;OE@<94C@;45? :8;CCOC9:6@;4 ;I 6B9 :8AC65? F6B56 @CJ 6B9
"# D?549HJ 54E 854E;<?A D?5:9 $ C685@>B6O9E>9 E@C?;:56@;4C >?@E@4>
5?;4> 5 C@4>?9 C?@D E@89:6@;4 D585??9? 6; 6B9@8 89CD9:6@=9 G78>98C
=9:6;8C ! F6B56 @CJ 6B9 " E@89:6@;4H3 #B@C @<D?@9C 6B56 29 B5=9 D;@46O
?@V9 E@C?;:56@;4C <;=@4> 5?;4> MK9E ?@49C D585??9? 6; 6B9 " 5K@C3 #B@C
C@<D?@M:56@;4 9II9:6@=9?A E9C:8@N9C <5698@5?C ?@V9 @:9 :8AC65?C 6B56J
;2@4> 6; 6B9@8 C68;4> D?5C6@: 54@C;68;DAJ E9I;8< NA >?@E9 ;4 5 C@4>?9

5

0

–5

–10
0                    2                    4                    6                    8

log10 E

lo
g 1

0 
P

(E
)

106

0
0                    1,000                 2,000

E 
(a

J)

t (s)

σe = 0.030 MPa

σe = 0.037 MPa

σe = 0.067 MPa

σe = 0.086 MPa

 E = 1.6!

!"#$%& ' !"#"$%"$&#' ()*(+)"$+% *, "-+ #&*.%"$& +/+)01 2.)%"% )+&*)3+3 $/ $&+ %$/0'+ &)1%"#'%
./3+) &*/%"#/" %")+%%4 5-+ 6#$/ 70.)+ %-*8% "-+ 3$%")$2."$*/ *, +/+)01 2.)%"% ,*) "-+

3$,,+)+/" '*#3$/0 %"+(%4 5-+ &."9*,,% 3+(+/3 %'$0-"'1 */ "-+ #(('$+3 %")+%%: 2." "-+ (*8+)9

'#8 +;(*/+/" )+6#$/% "-+ %#6+4 5-+ 7" 1$+'3% #/ +;(*/+/" !< ! =!>?! ?!?@4 A/%+": #

"1($&#' )+&*)3+3 #&*.%"$& %$0/#'4 5-+ &)++( +;(+)$6+/" $% (+),*)6+3 #" ! ! "=? !B
./3+) 3$,,+)+/" &*/%"#/" &*6()+%%$*/ %")+%%+% )#/0$/0 ,)*6 " ! ?!@CDE# "*

" ! =!>FDE#4 5-+ %")+%% $% #(('$+3 #" #/ #/0'+ 8$"- )+%(+&" "* "-+ " #;$%: 0$G$/0 )$%+ "* #

%6#'' )+%*'G+3 %-+#) %")+%% #&"$/0 #&)*%% "-+ 0'$3+ ('#/+ H"+ ! ?!?I?DE#J?!?C>DE#K4

5-+ ,)+L.+/&1 2#/38$3"- *, "-+ ")#/%3.&+) 8#% =?J=?? MNO4 5-+ #6('$".3+ )#/0+

2+"8++/ "-+ 6$/$6.6 #/3 "-+ 6#;$6.6 )+&*)3#2'+ "-)+%-*'3% $% P? 3Q: "-#" $%: # )#/0+

*, %+G+/ *)3+)% *, 6#0/$".3+ $/ +/+)014

!"#$%& ( !/#(%-*" *, "-+ "*"#' %")+%% 7+'3 #/3 #))#/0+6+/" *, 3$%'*&#"$*/% $/ # /.6+)$&#'
%$6.'#"$*/ 8$"- # " ! ?!?R@4 S+ *2%+)G+ 6+"#%"#2'+ %").&".)+ ,*)6#"$*/ H3$(*'+% #/3

8#''%K #/3 "-+ #%%*&$#"+3 %")+%% 7+'3 8-$&- 0*+% ,)*6 '$0-" 2'.+ H'*8 G#'.+%K "* 3#)M 2'.+

H-$0- G#'.+%K4 5-+ &*6('+; '*89%")+%% (#"-8#1% T*$/$/0 3$%'*&#"$*/% #)+ "-+ )+%.'" *, "-+

#/$%*")*($& +'#%"$& $/"+)#&"$*/%4 U$%'*&#"$*/% 6*G$/0 #" '*8 G+'*&$"$+% H'*8+) "-#/ #"K #)+

3+($&"+3 $/ )+3: 8-$'+ "-*%+ 6*G$/0 #" -$0-+) G+'*&$"$+% #)+ 3+($&"+3 $/ 2'#&M4 D*%"

3$%'*&#"$*/% $/ 8#''% #)+ 6*G$/0 %'*8'1: 8-+)+#% $%*'#"+3 */+% "+/3 "* 6*G+ #" -$0-+)

%(++34 A/ "-+ %$6.'#"$*/%: #/ $/$"$#' /.62+) *, $ ? ! ="@?? 3$%'*&#"$*/% #)+ )#/3*6'1

3$%")$2."+3 */ # %L.#)+ &+'' *, %$O+ % ! I??4 5-+$) Q.)0+)% G+&"*)% #)+ )#/3*6'1 &-*%+/

"* 2+ V& *) !& 8$"- +L.#' ()*2#2$'$"14 A/ "-+ #2%+/&+ *, +;"+)/#' %")+%%: 8+ 7)%" '+" "-+
%1%"+6 )+'#; ./"$' $" )+#&-+% # 6+"#%"#2'+ #))#/0+6+/"4 5-+ /.62+) *, )+6#$/$/0

3$%'*&#"$*/% $% "-+/ $ ! P??4 W" "-$% (*$/": 8+ #(('1 # &*/%"#/" %-+#) %")+%% #/3 %".31

"-+$) +G*'."$*/4 5* #G*$3 "-+ 3$%&*/"$/.$"$+% #)$%$/0 ,)*6 ")./&#"$/0 '*/09)#/0+ +'#%"$&

$/"+)#&"$*/% $/ +L.#"$*/ H=K: 8+ )+%*)" "* "-+ <8#'3 %.66#"$*/ 6+"-*34 S+ -#G+ "-.%

+;#&"'1 "#M+/ $/"* #&&*./" "-+ $/"+)#&"$*/ *, # 3$%'*&#"$*/ 8$"- #'' "-+ $/7/$"+ (+)$*3$&

$6#0+% *, #/*"-+) 3$%'*&#"$*/ $/ "-+ %#6+ &+''4

© 2001 Macmillan Magazines Ltd

!"##"$% #& '(#)$"

!"#$%& ' ()* +,- ' . "/%0* 1--, ' 22234567893:;< **+

=,> #?9 :;889@56A;4 ;B CA496A: 54D 9468;EFGH5I9D 6?98<;DF45<A: B85JA@A6A9I AI A<E@A9D
HF 6?9 89E9569D 545@FI9I ;B 6?9 :5@;8A<968A: 54D CA496A: H9?5KA;78 ;B @AL7ADI =4;6
E;@F<98I> ;B DABB98946 :@5II9I 6?56 9M685:6 NJ8;74D I6569 69<E9856789IO B8;< 6?9 D565 54D
P4D 6?9< 6; ?5K9 K98F IA<A@58 K5@79I3 Q9 89B98 6; !R =2?989 6?9 I7E98:;;@A4J @AL7AD
9468;EF 9M685E;@569I 6; 6?9 :8FI65@ 9468;EF> 54D !; =2?989 6?9 KAI:;IA6F 9M685E;@569I 6;
A4P4A6F HF 6?9 (;J9@ST7@:?98S#5<<544 9L756A;4>3 %9B3 ,U D9I:8AH9I I;<9 V- :5I9I 2?989
!; ! !R 2A6?A4! VW D9IEA69 I9K985@ E8;4;74:9D 9M:9E6A;4I>3 "I 6?9 856A; !J X !; AI ;B694
65C94 5I 5 <95I789 ;B B85JA@A6F,UY A6 AI :@958 6?56 !R ! !; A<E@A9I 6?56 CA496A: B85JA@A6F 54D
6?98<;DF45<A: B85JA@A6F !J X!R 589 6?9 I5<9Y 2A6? I;<9 E8;4;74:9D 9M:9E6A;4I3 #?AI
<954I 6?56 9A6?98 6?9 E?FIA:5@@F :;4I685A49D 545@FIAI @95DA4J 6; !; ! !R AI Z529DY ;8 6?56
6?9 545@FIAI ;B !J5AV 54D :;G2;8C98IY H9A4J @A<A69D 6; DA9@9:68A: 89@5M56A;4 ;B <;@9:7@58
@AL7ADIY 54D :;465A4A4J I;<9<AIE@;6I =I99 TAJ3 V @9J94D>Y ?5I DAI6;869D 6?9 ;K985@@ EA:67893
=1> !; ! !R AI 5@I; 5 89:946 89I7@6 ;B [\ :;<E7698GIA<7@56A;4 I67DA9I ;4 29@@ D9P49D

IFI69<I,,S,V3 "@6?;7J? 6?9 47<H98 ;B IFI69<I I67DA9D AI I<5@@Y 6?9 89I7@6I 589 A<E;86546
H9:57I9 6?9 AD946A6F ;B !; 54D !R AI ;H65A49D 7IA4J 5@@G5<;8E?;7I E?5I9 :5@:7@56A;4I] 6?56
AIY 6?989 AI 4; 89@A54:9 ;4 B7IA;4 9468;EF D5653
=V> ^;6? ;B 6?9 5H;K9 58J7<946I 589 295C949D HF 6?9 B5:6 6?56 6?9F D9E94D ;4

9M685E;@56A;4I H9F;4D 6?9 854J9 ;B 9ME98A<9465@ ;8 IA<7@56A;4 D5653 #; 5K;AD 6?AIY 54D 56
6?9 I5<9 6A<9 6; ;H65A4 5 <;89 :;<E@969 EA:6789 6?54 JAK94 A4 89BI 1 54D VY 29 :;<E589
2AD9G854JA4J D565 ;4 I;<9 1. @AL7ADI B8;< 6?9 P9@DI ;B J9;:?9<AI68F =@AL7AD IA@A:569I>Y
:;K5@946 I9<A:;4D7:6;8I =@AL7AD :?5@:;J94AD9I>Y <;@9:7@58 @AL7ADIY 54D <;@694 A;4A:
?FD8569IY I5@6I 54D ;MAD9IY 54D A4:@7DA4J 5@@ 6?9 IFI69<I 545@FI9D HF !J5A 54D _5<5<78;V3
$4@AC9 6?9 :5I9I A4 89B3 VY 6?9 E89I946 D565 I96 :;K98I 6?9 2?;@9 C4;24 B85JA@A6F 854J93 #?9
L7546A6A9I I67DA9D 589 6?9 I?958 KAI:;IA6A9I 54D 6?9 9M:9II ;B 6?9 @AL7AD 9468;EF ;K98 6?9
:8FI65@ 9468;EF <95I789D 56 6?9 I5<9 69<E9856789Y 54D 74:;889:69D A4 54F <544983 Q9
4;69 6?56 "9M A4 89B3 11 AI 4;6 6?9 I5<9 L7546A6F 5I A4 6?9 E89I946 2;8C3 06 89L7A89I
L7546A656AK9 C4;2@9DJ9 ;B 6?9 89IAD75@ 9468;EF 56 - R B;8 A6I 5II9II<9463 "@I;Y A4 89B3 1` 54
5669<E6 25I <5D9 6; I9E58569 ;76 KAH856A;45@ :;468AH76A;4I 6; 6?9 9468;EF ;B 6?9 @AL7AD
5H;K9 !J A4 ;8D98 6; ;H65A4 ": =B;8 7I9 A4 6?9 "D5<SaAHHI 9L756A;4 =9L756A;4 =,>> HF
7IA4J 5 B74:6A;4 P669D 6; 6?9 ?956 :5E5:A6F ;B 6?9 J@5II3 #?AI FA9@DI 5 L7546A6F 2?A:? AI
49A6?98 ": 4;8 "9M H9:57I9 6?9 E8;:9D789 D;9I 4;6 :;4IAD98 6?9 A468;D7:6A;4 ;B 492 @;2
B89L794:A9I 5H;K9 !JY 2?A:? AI :94685@ 6; ;78 :;4:@7IA;4I3

#?9 L75@A6F ;B D565 7I9D A4 6?AI I67DF AI K58A5H@9Y 854JA4J B8;< K98F ?AJ?Y A4 6?9 :5I9 ;B
5DA5H56A: :5@;8A<968F D565 ;4 <;@9:7@58 @AL7ADI =D565 :A69D A4 89B3 V> 54D I;<9 ?AJ?
69<E9856789 I7HI654:9I =^1)V>Y 6; <;D98569Y A4 6?9 :5I9 ;B ?AJ?G69<E9856789 DABB98946A5@
I:544A4J :5@;8A<9698 =\bc> 54D D8;E :5@;8A<968F D565 ;4 <A4985@I3 %9B9894:9 I;78:9I 589
5K5A@5H@9 B8;< 6?9 576?;8I3 ^;6? D565 I96I 589 E89I9469D =TAJI , 54D 1> 5I B74:6A;4I ;B
A4K98I9 69<E9856789 I:5@9D HF 6?9 :5@;8A<968A: ;4I96 !J B;8 6?9 I7HI654:9Y 5I <95I789D
D78A4J 7EI:54 56 ,- R<A4!, =5B698 E89KA;7I :;46A47;7I :;;@A4J 56 6?9 I5<9 8569>3 #?AI
:;889IE;4DI 6; I:5@A4J HF 6?9 69<E9856789 56 2?A:? 6?9 946?5@EF 89@5M56A;4 6A<9 AI
5EE8;MA<569@F 1-- I =89BI ,UY ,d>3

%9:9AK9D ,- !;K9<H98 1---] 5::9E69D 1e f54758F 1--,3

,3 "4J9@@Y c3 "3 %9@5M56A;4 A4 @AL7ADIY E;@F<98I 54D E@5I6A: :8FI65@I G I68;4JXB85JA@9 E566984I 54D

E8;H@9<I3 #$ %&'()*+,-$ "&./0, !"!#!""$ ,VSV, =,ee,>3

13 06;Y R3Y [;F4A?54Y c3 #3 g "4J9@@Y c3 "3 #?98<;DF45<A: D9698<A456A;4 ;B B85JA@A6F A4 @AL7ADI 54D 5

B85JA@9G6;GI68;4J @AL7AD 6854IA6A;4 A4 256983 %1-2*3 "%&$ +e1S+e. =,eee>3

V3 !J5AY R3 *3 g _5<5<78;Y )3 #?98<;DF45<A: B85JA@A6F 54D CA496A: B85JA@A6F A4 I7E98:;;@9D @AL7ADIh 5

<AIIA4J @A4C3 #$ )435$ 64+,$ !!!$ ,-+-VS,-+-` =,eee>3

+3 b5I68FY b3Y \9H949D966AY /3 a3 g b6A@@A4J98Y T3 i3 bAJ456789I ;B DAI6A4:6 DF45<A:5@ 89JA<9I A4 6?9 9498JF

@54DI:5E9 ;B 5 J@5IIB;8<A4J @AL7AD3 %1-2*3 "%"$ ..+S..U =,eed>3

.3 bE99DFY %3 f3 %9@56A;4I H962994 5 @AL7AD 54D A6I J@5II9I3 #$ 64+,$ )435$ 7 !'"$ +-`-S+-`. =,eee>3

`3 %;@54DY c3 [3Y b54654J9@;Y /3 a3 g !J5AY R3 *3 #?9 5EE@A:56A;4 ;B 6?9 9498JF @54DI:5E9 <;D9@ 6;

E;@F<98I3 #$ )435$ 64+,$ !!!$ ..eVS..ed =,eee>3

U3 bE99DFY %3 f3 #?9 ?58D IE?989 J@5II 6854IA6A;43 8&.$ 64+,$ %($ ,`eS,Ud =,eed>3

d3 b:A;86A4;Y T3Y R;HYQ3 g #5865J@A5Y /3 04?98946 I687:6789 9468;EF ;B I7E98:;;@9D @AL7ADI3 64+,$ 93:$ ;3--$

&"$ V1,+SV1,U =,eee>3

e3 ^79:?498Y b3 g i9798Y "3 #?9 E;6946A5@ 9498JF @54DI:5E9 ;B 5 <;D9@ J@5IIB;8<98h 6?98<;DF45<A:IY

54?58<;4A:A6A9IY 54D P4A69 IAj9 9BB9:6I3 64+,$ 93:$ < )'$ `.-US`.,d =,eee>3

,-3 c;@7jjAY ^3Y (988;::?A;Y /3Y[9j58DY[3 g /58AIAY a3 *94458DGf;49I HA458F <AM6789h 5 6?98<;DF45<A:5@

5EE8;5:? 6; J@5II 6854IA6A;43 #$ )435$ 64+,$ !!*$ 1eVVS1e++ =1--->3

,,3 b:5@5Y "3Y b6588Y T3Y *5 !5K9Y &3Y b:A;86A4;Y T3 g b654@9FY i3 &3 c;4PJ7856A;45@ 9468;EF 54D DABB7IA;4 ;B

I7E98:;;@9D 256983 %1-2*3 +')$ ,``S,`e =1--->3

,13 b5I68FY b3 *AL7AD @A<A6Ih 6?9 J@5II 6854IA6A;4 54D @AL7ADGJ5I IEA4;D5@ H;74D58A9I ;B <965I65H@9 @AL7ADI3

64+,$ 93:$ ;3--$ &($ .e-S.eV =1--->3

,V3 b5I68FY b3 #?9 89@56A;4I?AE H962994 B85JA@A6FY :;4PJ7856A;45@ 9468;EF 54D 6?9 E;6946A5@ 9498JF

@54DI:5E9 ;B J@5IIB;8<A4J @AL7ADI3 %1-2*3 +'%$ ,`+S,`U =1--,>3

,+3 %A:?96Y /3 (AI:;IA6F 54D :;4PJ7856A;45@ 9468;EF ;B IA@A:569 <9@6I3 =3&>4/5$ )&,5&>4/5$ ?>-1 +&$ +U,S

+dV =,ed+>3

,.3 %A:?96Y /3 g ^;66A4J5Y _3 a@5II 6854IA6A;4I 54D 6?98<;DF45<A: E8;E986A9I ;B 5<;8E?;7I bA)1Y

!5"@bA4)14k1 54D R"@bAV)d3 =3&>4/5$ )&,5&>4/5$ ?>-1 +&$ +.VS+U- =,ed+>3

,`3 "D5<Y a3 g aAHHIY f3 i3 )4 6?9 69<E9856789 D9E94D94:9 ;B :;;E9856AK9 89@5M56A;4 E8;E986A9I A4

J@5IIB;8<A4J @AL7ADI3 #$ )435$ 64+,$ +"$ ,VeS,+` =,e`.>3

,U3 "4J9@@Y c3 "3 &468;EF 54D B85JA@A6F A4 I7E98:;;@9D @AL7ADI3 #$ 93,$ %@"! !'*$ ,U,S,d. =,eeU>3

,d3 %A:?986Y %3 g "4J9@@Y c3 "3 \F45<A:I ;B J@5IIB;8<A4J @AL7ADI3 0(h )4 6?9 @A4C H962994 <;@9:7@58

DF45<A:I 54D :;4PJ7856A;45@ 9468;EF3 #$ )435$ 64+,$ !'&$ e-,`Se-1` =,eed>3

,e3 a;@DI69A4Y [3 (AI:;7I @AL7ADI 54D 6?9 J@5II 6854IA6A;4h 5 E;6946A5@ 9498JF H588A98 EA:67893 #$ )435$

64+,$ (!$ VU1dSVU1e =,e`e>3

1-3 b6A@@A4J98Y T3 i3 g Q9H98Y #3 "3 /5:CA4J I687:6789I 54D 6854IA6A;4I A4 @AL7ADI 54D I;@ADI3 ">/3'>3 **($

edVSede =,ed+>3

1,3 a;@DI69A4Y [3 (AI:;7I @AL7ADI 54D 6?9 J@5II 6854IA6A;4h I;78:9I ;B 6?9 9M:9II ?956 :5E5:A6F3 #$ )435$

64+,$ )+$ +U`US+UUV =,eU`>3

113 f;?58AY a3 /3 c;468AH76A;4I 6; 6?9 9468;EF ;B 5 J@5II 54D @AL7ADY 54D 6?9 DA9@9:68A: 89@5M56A;4 6A<93

#$ )435$ 64+,$ !!*$ U.,dSU.1V =1--->3

1V3 a8996Y %3 f3 g #784H7@@Y \3 #9I6 ;B "D5<GaAHHI @AL7AD KAI:;IA6F <;D9@ 2A6? &G698E?94F@ IE9:AP:G?956

D5653 #$ )435$ 64+,$ +,$ 1,d.S1,e- =,e`U>3

1+3 [5JA@@Y f3 i3 /?FIA:5@ E8;E986A9I ;B 58;<56A: ?FD8;:58H;4I3 0003 " 69I6 ;B 6?9 "D5<GaAHHI 89@5M56A;4

<;D9@ B;8 J@5II B;8<98I H5I9D ;4 6?9 ?956G:5E5:A6F D565 ;B ,YVY.G68AG"G45E?6?F@H94j9493 #$ )435$

64+,$ +,$ 1d-1S1d-U =,e`U>3

1.3 #5C5?585Y b3Y _5<5<78;Y )3 g b7J5Y i3 i956 :5E5:A6A9I 54D J@5II 6854IA6A;4I ;B ,GE8;E54;@ 54D

VG<96?F@ E946549h 492 9KAD94:9 B;8 6?9 9468;EF 6?9;8F3 #$ %&'()*+,-$ "&./0, !,!$ 1.eS1U- =,ee+>3

1`3 #5C5?585Y b3Y _5<5<78;Y )3 g [56I7;Y #3 c5@;8A<968A: I67DF ;B VGH8;<;E946549l:;889@56A;4

H962994 I687:6785@ 89@5M56A;4 6A<9 54D :;4PJ7856A;45@ 9468;EF3 #$ 64+,$ )435$ %%$ e.d-Se.e1 =,ee.>3

1U3 "4J9@@Y c3 "3 *AL7AD @54DI:5E9I3 %1-2*3 "%"$ .1,S.11 =,eed>3

1d3 b6588Y T3 Q3 3- 1.$ #?98<;DF45<A: 54D I687:6785@ 5IE9:6I ;B 6?9 E;6946A5@ 9498JF I78B5:9 ;B IA<7@569D

256983 64+,$ 93:$ <$ =A4 6?9 E89II>] 5@I; E89E8A46 58mAKh:;4DG<56X---U+dU ;4 !MMM3@54@3J;K" =1--->3
1e3 /?A@@AEIY Q3 "3Y ^7:?9457Y $3Y !7n:C98Y !3Y \A54;7Y "3 f3 g /968FY Q3 \F45<A:I ;B J@5IIF 54D @AL7AD

I9@94A7<3 64+,$ 93:$ ;3--$ )"$ 1Vd,S1Vd+ =,ede>3

V-3 QAI:?492ICAY "3Y ^7:?9457Y $3Y \A54;7MY "3 f3Y R5<A65C5?585Y Q3 "3 g o589I6CFY f3 *3 !9768;4

I:56698A4J 545@FIAI ;B @;2GB89L794:F <;D9I A4 IA@A:53 64/.$ 81A$ 7 ,,$ .UeS.de =,eed>3

V,3 R;HY Q3Y b:A;86A4;Y T3 g #5865J@A5Y /3 "JA4J 5I DF45<A:I A4 :;4PJ7856A;4 IE5:93 <2*&B4+,$ ;3--$ +%$

.e-S.e` =1--->3

!"#$%&'()*(+($,-

Q9 6?54C b3 b5I68FY %3 bE99DF 54D T3 b:A;86A4; B;8 :;<<946I 54D :8A6A:AI<I3 #?AI 2;8C 25I
I7EE;869D HF 6?9 !bTY \AKAIA;4 ;B [5698A5@I %9I958:?Y b;@AD b6569 c?9<AI68F E8;J85<3

c;889IE;4D94:9 54D 89L79I6I B;8 <5698A5@I I?;7@D H9 5DD89II9D 6; c3"3"3
=9G<5A@h :55p5I739D7>3

33333333333333333333333333333333333333333333333333333333333333333
!"#$%&'##$"# (')*+,-#'+" .+/
'" 0'),+1*-)#', ($2+%&-#'+"
3456-%&$" 3'78$*qr9 :*$))-"(%+ ;$)1'7"-"'q9 <#$2-"+ =-11$%'s9
>$?%+@&$ A$'))t B >$-"5C+D$%# E%-))+!

q!43 ?C02, "1.15 @'-3*'1-/&'1. )3'-*3 D&* !43&*3-/>1. 64+,/>,E 6F 7&G HIJE
KLMNN !*/3,-3E @-1.+
rO3B1*-153'- 03 PQR,/>1 P&'153'-1.E P1>2.-1- 03 PQR,/>1E
S'/:3*,/-1- 03 71*>3.&'1E ?:$ O/1A&'1. JLTE NINUI 71*>3.&'1E "B1/'
s @%P8E S'/:3*,/-1V WW;1 "1B/3'X1YYE 6$ .3 ?$ 8&*& UE NNMIH 9&51E @-1.+
t ;==<()%9"E HL *23 8&./3R*3E 76 ZJE KILNU "- 81*-/' 0Y[3R*3, )303GE P*1'>3
! ;=@!E 76 HK\E KINLM =*3'&C.3 )303G ZE P*1'>3

----------------------------------------------------------------------------------------------------------------------------------------------

./0 123456783924 :0;5<=8925> ?4<006@ 5; 4<A398772>0 =890<2873
B>:0< 45>398>9 39<033 2>157103 9/0 =5925> 5; 8 78<C0 >B=D0< 5;
2>90<8492>C :237548925>3!- E>87A92487 =09/5:3 8>: 356/23924890:
F:237548925> :A>8=243G 32=B78925>3 /810 6<510: 10<A 0;;049210 2>
9/0 39B:A 5; :237548925> 68990<>2>C$ 8>: /810 70: 95 =84<5345624
45>3929B9210 78H3 5; 6783924 :0;5<=8925>*I%- J09$ 8 39892392487 8>8#
7A323 5; 9/0 :A>8=243 5; 8> 8330=D7A 5; 2>90<8492>C :237548925>3
/83 >59 /29/0<95 D00> 60<;5<=0:- K0<0 H0 <065<9 845B3924 0=23#
325> =083B<0=0>93 5> 39<0330: 240 32>C70 4<A39873$ 9/0 <03B793 5;
H/24/ 2>:24890 9/89 :237548925>3 =510 2> 8 34870#;<00 2>90<=2990>9
;83/25>- ./23 <03B79 23 45>L<=0: DA >B=0<2487 32=B78925>3 5; 8
=5:07 5; 2>90<8492>C :237548925>3 9/89 3B44033;B77A <06<5:B403 9/0
=82> ;089B<03 5; 9/0 0M60<2=0>9- N0 L>: 9/89 :237548925>3 C0>#
0<890 8 375H7A 015712>C 45>LCB<8925> 78>:34860 H/24/ 450M2393
H29/ <862: 4577049210 <08<<8>C0=0>93- ./030 <08<<8>C0=0>93
2>15710 8 45=68<892107A 3=877 ;<84925> 5; 9/0 :237548925>3 8>:
708: 95 8> 2>90<=2990>9 D0/8125B< 5; 9/0 >09 6783924 <0365>30- ./23
D8324 :A>8=2487 6249B<0 86608<3 95 D0 8 C0>0<24 ;089B<0 2> 9/0
:0;5<=8925> 5; =8>A 59/0< =890<2873!'I!*- O5<0510<$ 29 3/5B7:
6<512:0 8 ;<8=0H5<P ;5< :234B332>C ;B>:8=0>987 8360493 5;
678392429A 9/89 C503 D0A5>: 398>:8<: =08>#L07: 866<584/03 9/89
300 6783924 :0;5<=8925> 83 8 3=559/ 78=2>8< Q5H-
Q?949K98 DAI@;:56A;4 J@AD9 AI 6?9 D;<A4546 E@5I6A: D9B;8<56A;4

<9:?54AI< A4 5 :8FI65@@A49 <5698A5@Y 29 ;HI98K9 5 :;4I6546 I685A4G
8569 89JA<9 7I75@@F D9I:8AH9D HF )8;254OI 89@56A;4 !"! #<C:3 i989Y
6?9 E@5I6A: I685A4G8569 ;B 6?9 <5698A5@ !" AI IA<E@F 89@569D 6; 5K985J9
L7546A6A9I I7:? 5I #<Y 6?9 D94IA6F ;B <;HA@9 DAI@;:56A;4IY 54D :Y 6?9A8

© 2001 Macmillan Magazines Ltd

!"##"$% #& '(#)$"

!"#$%& ' ()* +,- ' . "/%0* 1--, ' 22234567893:;< **+

=,> #?9 :;889@56A;4 ;B CA496A: 54D 9468;EFGH5I9D 6?98<;DF45<A: B85JA@A6A9I AI A<E@A9D
HF 6?9 89E9569D 545@FI9I ;B 6?9 :5@;8A<968A: 54D CA496A: H9?5KA;78 ;B @AL7ADI =4;6
E;@F<98I> ;B DABB98946 :@5II9I 6?56 9M685:6 NJ8;74D I6569 69<E9856789IO B8;< 6?9 D565 54D
P4D 6?9< 6; ?5K9 K98F IA<A@58 K5@79I3 Q9 89B98 6; !R =2?989 6?9 I7E98:;;@A4J @AL7AD
9468;EF 9M685E;@569I 6; 6?9 :8FI65@ 9468;EF> 54D !; =2?989 6?9 KAI:;IA6F 9M685E;@569I 6;
A4P4A6F HF 6?9 (;J9@ST7@:?98S#5<<544 9L756A;4>3 %9B3 ,U D9I:8AH9I I;<9 V- :5I9I 2?989
!; ! !R 2A6?A4! VW D9IEA69 I9K985@ E8;4;74:9D 9M:9E6A;4I>3 "I 6?9 856A; !J X !; AI ;B694
65C94 5I 5 <95I789 ;B B85JA@A6F,UY A6 AI :@958 6?56 !R ! !; A<E@A9I 6?56 CA496A: B85JA@A6F 54D
6?98<;DF45<A: B85JA@A6F !J X!R 589 6?9 I5<9Y 2A6? I;<9 E8;4;74:9D 9M:9E6A;4I3 #?AI
<954I 6?56 9A6?98 6?9 E?FIA:5@@F :;4I685A49D 545@FIAI @95DA4J 6; !; ! !R AI Z529DY ;8 6?56
6?9 545@FIAI ;B !J5AV 54D :;G2;8C98IY H9A4J @A<A69D 6; DA9@9:68A: 89@5M56A;4 ;B <;@9:7@58
@AL7ADIY 54D :;465A4A4J I;<9<AIE@;6I =I99 TAJ3 V @9J94D>Y ?5I DAI6;869D 6?9 ;K985@@ EA:67893
=1> !; ! !R AI 5@I; 5 89:946 89I7@6 ;B [\ :;<E7698GIA<7@56A;4 I67DA9I ;4 29@@ D9P49D

IFI69<I,,S,V3 "@6?;7J? 6?9 47<H98 ;B IFI69<I I67DA9D AI I<5@@Y 6?9 89I7@6I 589 A<E;86546
H9:57I9 6?9 AD946A6F ;B !; 54D !R AI ;H65A49D 7IA4J 5@@G5<;8E?;7I E?5I9 :5@:7@56A;4I] 6?56
AIY 6?989 AI 4; 89@A54:9 ;4 B7IA;4 9468;EF D5653
=V> ^;6? ;B 6?9 5H;K9 58J7<946I 589 295C949D HF 6?9 B5:6 6?56 6?9F D9E94D ;4

9M685E;@56A;4I H9F;4D 6?9 854J9 ;B 9ME98A<9465@ ;8 IA<7@56A;4 D5653 #; 5K;AD 6?AIY 54D 56
6?9 I5<9 6A<9 6; ;H65A4 5 <;89 :;<E@969 EA:6789 6?54 JAK94 A4 89BI 1 54D VY 29 :;<E589
2AD9G854JA4J D565 ;4 I;<9 1. @AL7ADI B8;< 6?9 P9@DI ;B J9;:?9<AI68F =@AL7AD IA@A:569I>Y
:;K5@946 I9<A:;4D7:6;8I =@AL7AD :?5@:;J94AD9I>Y <;@9:7@58 @AL7ADIY 54D <;@694 A;4A:
?FD8569IY I5@6I 54D ;MAD9IY 54D A4:@7DA4J 5@@ 6?9 IFI69<I 545@FI9D HF !J5A 54D _5<5<78;V3
$4@AC9 6?9 :5I9I A4 89B3 VY 6?9 E89I946 D565 I96 :;K98I 6?9 2?;@9 C4;24 B85JA@A6F 854J93 #?9
L7546A6A9I I67DA9D 589 6?9 I?958 KAI:;IA6A9I 54D 6?9 9M:9II ;B 6?9 @AL7AD 9468;EF ;K98 6?9
:8FI65@ 9468;EF <95I789D 56 6?9 I5<9 69<E9856789Y 54D 74:;889:69D A4 54F <544983 Q9
4;69 6?56 "9M A4 89B3 11 AI 4;6 6?9 I5<9 L7546A6F 5I A4 6?9 E89I946 2;8C3 06 89L7A89I
L7546A656AK9 C4;2@9DJ9 ;B 6?9 89IAD75@ 9468;EF 56 - R B;8 A6I 5II9II<9463 "@I;Y A4 89B3 1` 54
5669<E6 25I <5D9 6; I9E58569 ;76 KAH856A;45@ :;468AH76A;4I 6; 6?9 9468;EF ;B 6?9 @AL7AD
5H;K9 !J A4 ;8D98 6; ;H65A4 ": =B;8 7I9 A4 6?9 "D5<SaAHHI 9L756A;4 =9L756A;4 =,>> HF
7IA4J 5 B74:6A;4 P669D 6; 6?9 ?956 :5E5:A6F ;B 6?9 J@5II3 #?AI FA9@DI 5 L7546A6F 2?A:? AI
49A6?98 ": 4;8 "9M H9:57I9 6?9 E8;:9D789 D;9I 4;6 :;4IAD98 6?9 A468;D7:6A;4 ;B 492 @;2
B89L794:A9I 5H;K9 !JY 2?A:? AI :94685@ 6; ;78 :;4:@7IA;4I3
#?9 L75@A6F ;B D565 7I9D A4 6?AI I67DF AI K58A5H@9Y 854JA4J B8;< K98F ?AJ?Y A4 6?9 :5I9 ;B

5DA5H56A: :5@;8A<968F D565 ;4 <;@9:7@58 @AL7ADI =D565 :A69D A4 89B3 V> 54D I;<9 ?AJ?
69<E9856789 I7HI654:9I =^1)V>Y 6; <;D98569Y A4 6?9 :5I9 ;B ?AJ?G69<E9856789 DABB98946A5@
I:544A4J :5@;8A<9698 =\bc> 54D D8;E :5@;8A<968F D565 ;4 <A4985@I3 %9B9894:9 I;78:9I 589
5K5A@5H@9 B8;< 6?9 576?;8I3 ^;6? D565 I96I 589 E89I9469D =TAJI , 54D 1> 5I B74:6A;4I ;B
A4K98I9 69<E9856789 I:5@9D HF 6?9 :5@;8A<968A: ;4I96 !J B;8 6?9 I7HI654:9Y 5I <95I789D
D78A4J 7EI:54 56 ,- R<A4!, =5B698 E89KA;7I :;46A47;7I :;;@A4J 56 6?9 I5<9 8569>3 #?AI
:;889IE;4DI 6; I:5@A4J HF 6?9 69<E9856789 56 2?A:? 6?9 946?5@EF 89@5M56A;4 6A<9 AI
5EE8;MA<569@F 1-- I =89BI ,UY ,d>3

%9:9AK9D ,- !;K9<H98 1---] 5::9E69D 1e f54758F 1--,3

,3 "4J9@@Y c3 "3 %9@5M56A;4 A4 @AL7ADIY E;@F<98I 54D E@5I6A: :8FI65@I G I68;4JXB85JA@9 E566984I 54D

E8;H@9<I3 #$ %&'()*+,-$ "&./0, !"!#!""$ ,VSV, =,ee,>3

13 06;Y R3Y [;F4A?54Y c3 #3 g "4J9@@Y c3 "3 #?98<;DF45<A: D9698<A456A;4 ;B B85JA@A6F A4 @AL7ADI 54D 5

B85JA@9G6;GI68;4J @AL7AD 6854IA6A;4 A4 256983 %1-2*3 "%&$ +e1S+e. =,eee>3

V3 !J5AY R3 *3 g _5<5<78;Y )3 #?98<;DF45<A: B85JA@A6F 54D CA496A: B85JA@A6F A4 I7E98:;;@9D @AL7ADIh 5

<AIIA4J @A4C3 #$ )435$ 64+,$ !!!$ ,-+-VS,-+-` =,eee>3

+3 b5I68FY b3Y \9H949D966AY /3 a3 g b6A@@A4J98Y T3 i3 bAJ456789I ;B DAI6A4:6 DF45<A:5@ 89JA<9I A4 6?9 9498JF

@54DI:5E9 ;B 5 J@5IIB;8<A4J @AL7AD3 %1-2*3 "%"$ ..+S..U =,eed>3

.3 bE99DFY %3 f3 %9@56A;4I H962994 5 @AL7AD 54D A6I J@5II9I3 #$ 64+,$ )435$ 7 !'"$ +-`-S+-`. =,eee>3

`3 %;@54DY c3 [3Y b54654J9@;Y /3 a3 g !J5AY R3 *3 #?9 5EE@A:56A;4 ;B 6?9 9498JF @54DI:5E9 <;D9@ 6;

E;@F<98I3 #$ )435$ 64+,$ !!!$ ..eVS..ed =,eee>3

U3 bE99DFY %3 f3 #?9 ?58D IE?989 J@5II 6854IA6A;43 8&.$ 64+,$ %($ ,`eS,Ud =,eed>3

d3 b:A;86A4;Y T3Y R;HYQ3 g #5865J@A5Y /3 04?98946 I687:6789 9468;EF ;B I7E98:;;@9D @AL7ADI3 64+,$ 93:$ ;3--$

&"$ V1,+SV1,U =,eee>3

e3 ^79:?498Y b3 g i9798Y "3 #?9 E;6946A5@ 9498JF @54DI:5E9 ;B 5 <;D9@ J@5IIB;8<98h 6?98<;DF45<A:IY

54?58<;4A:A6A9IY 54D P4A69 IAj9 9BB9:6I3 64+,$ 93:$ < )'$ `.-US`.,d =,eee>3

,-3 c;@7jjAY ^3Y (988;::?A;Y /3Y[9j58DY[3 g /58AIAY a3 *94458DGf;49I HA458F <AM6789h 5 6?98<;DF45<A:5@

5EE8;5:? 6; J@5II 6854IA6A;43 #$ )435$ 64+,$ !!*$ 1eVVS1e++ =1--->3

,,3 b:5@5Y "3Y b6588Y T3Y *5 !5K9Y &3Y b:A;86A4;Y T3 g b654@9FY i3 &3 c;4PJ7856A;45@ 9468;EF 54D DABB7IA;4 ;B

I7E98:;;@9D 256983 %1-2*3 +')$ ,``S,`e =1--->3

,13 b5I68FY b3 *AL7AD @A<A6Ih 6?9 J@5II 6854IA6A;4 54D @AL7ADGJ5I IEA4;D5@ H;74D58A9I ;B <965I65H@9 @AL7ADI3

64+,$ 93:$ ;3--$ &($ .e-S.eV =1--->3

,V3 b5I68FY b3 #?9 89@56A;4I?AE H962994 B85JA@A6FY :;4PJ7856A;45@ 9468;EF 54D 6?9 E;6946A5@ 9498JF

@54DI:5E9 ;B J@5IIB;8<A4J @AL7ADI3 %1-2*3 +'%$ ,`+S,`U =1--,>3

,+3 %A:?96Y /3 (AI:;IA6F 54D :;4PJ7856A;45@ 9468;EF ;B IA@A:569 <9@6I3 =3&>4/5$ )&,5&>4/5$ ?>-1 +&$ +U,S

+dV =,ed+>3

,.3 %A:?96Y /3 g ^;66A4J5Y _3 a@5II 6854IA6A;4I 54D 6?98<;DF45<A: E8;E986A9I ;B 5<;8E?;7I bA)1Y

!5"@bA4)14k1 54D R"@bAV)d3 =3&>4/5$ )&,5&>4/5$ ?>-1 +&$ +.VS+U- =,ed+>3

,`3 "D5<Y a3 g aAHHIY f3 i3 )4 6?9 69<E9856789 D9E94D94:9 ;B :;;E9856AK9 89@5M56A;4 E8;E986A9I A4

J@5IIB;8<A4J @AL7ADI3 #$ )435$ 64+,$ +"$ ,VeS,+` =,e`.>3

,U3 "4J9@@Y c3 "3 &468;EF 54D B85JA@A6F A4 I7E98:;;@9D @AL7ADI3 #$ 93,$ %@"! !'*$ ,U,S,d. =,eeU>3

,d3 %A:?986Y %3 g "4J9@@Y c3 "3 \F45<A:I ;B J@5IIB;8<A4J @AL7ADI3 0(h )4 6?9 @A4C H962994 <;@9:7@58

DF45<A:I 54D :;4PJ7856A;45@ 9468;EF3 #$ )435$ 64+,$ !'&$ e-,`Se-1` =,eed>3

,e3 a;@DI69A4Y [3 (AI:;7I @AL7ADI 54D 6?9 J@5II 6854IA6A;4h 5 E;6946A5@ 9498JF H588A98 EA:67893 #$ )435$

64+,$ (!$ VU1dSVU1e =,e`e>3

1-3 b6A@@A4J98Y T3 i3 g Q9H98Y #3 "3 /5:CA4J I687:6789I 54D 6854IA6A;4I A4 @AL7ADI 54D I;@ADI3 ">/3'>3 **($

edVSede =,ed+>3

1,3 a;@DI69A4Y [3 (AI:;7I @AL7ADI 54D 6?9 J@5II 6854IA6A;4h I;78:9I ;B 6?9 9M:9II ?956 :5E5:A6F3 #$ )435$

64+,$ )+$ +U`US+UUV =,eU`>3

113 f;?58AY a3 /3 c;468AH76A;4I 6; 6?9 9468;EF ;B 5 J@5II 54D @AL7ADY 54D 6?9 DA9@9:68A: 89@5M56A;4 6A<93

#$ )435$ 64+,$ !!*$ U.,dSU.1V =1--->3

1V3 a8996Y %3 f3 g #784H7@@Y \3 #9I6 ;B "D5<GaAHHI @AL7AD KAI:;IA6F <;D9@ 2A6? &G698E?94F@ IE9:AP:G?956

D5653 #$ )435$ 64+,$ +,$ 1,d.S1,e- =,e`U>3

1+3 [5JA@@Y f3 i3 /?FIA:5@ E8;E986A9I ;B 58;<56A: ?FD8;:58H;4I3 0003 " 69I6 ;B 6?9 "D5<GaAHHI 89@5M56A;4

<;D9@ B;8 J@5II B;8<98I H5I9D ;4 6?9 ?956G:5E5:A6F D565 ;B ,YVY.G68AG"G45E?6?F@H94j9493 #$ )435$

64+,$ +,$ 1d-1S1d-U =,e`U>3

1.3 #5C5?585Y b3Y _5<5<78;Y )3 g b7J5Y i3 i956 :5E5:A6A9I 54D J@5II 6854IA6A;4I ;B ,GE8;E54;@ 54D

VG<96?F@ E946549h 492 9KAD94:9 B;8 6?9 9468;EF 6?9;8F3 #$ %&'()*+,-$ "&./0, !,!$ 1.eS1U- =,ee+>3

1`3 #5C5?585Y b3Y _5<5<78;Y )3 g [56I7;Y #3 c5@;8A<968A: I67DF ;B VGH8;<;E946549l:;889@56A;4

H962994 I687:6785@ 89@5M56A;4 6A<9 54D :;4PJ7856A;45@ 9468;EF3 #$ 64+,$ )435$ %%$ e.d-Se.e1 =,ee.>3

1U3 "4J9@@Y c3 "3 *AL7AD @54DI:5E9I3 %1-2*3 "%"$ .1,S.11 =,eed>3

1d3 b6588Y T3 Q3 3- 1.$ #?98<;DF45<A: 54D I687:6785@ 5IE9:6I ;B 6?9 E;6946A5@ 9498JF I78B5:9 ;B IA<7@569D

256983 64+,$ 93:$ <$ =A4 6?9 E89II>] 5@I; E89E8A46 58mAKh:;4DG<56X---U+dU ;4 !MMM3@54@3J;K" =1--->3
1e3 /?A@@AEIY Q3 "3Y ^7:?9457Y $3Y !7n:C98Y !3Y \A54;7Y "3 f3 g /968FY Q3 \F45<A:I ;B J@5IIF 54D @AL7AD

I9@94A7<3 64+,$ 93:$ ;3--$ )"$ 1Vd,S1Vd+ =,ede>3

V-3 QAI:?492ICAY "3Y ^7:?9457Y $3Y \A54;7MY "3 f3Y R5<A65C5?585Y Q3 "3 g o589I6CFY f3 *3 !9768;4

I:56698A4J 545@FIAI ;B @;2GB89L794:F <;D9I A4 IA@A:53 64/.$ 81A$ 7 ,,$ .UeS.de =,eed>3

V,3 R;HY Q3Y b:A;86A4;Y T3 g #5865J@A5Y /3 "JA4J 5I DF45<A:I A4 :;4PJ7856A;4 IE5:93 <2*&B4+,$ ;3--$ +%$

.e-S.e` =1--->3

!"#$%&'()*(+($,-

Q9 6?54C b3 b5I68FY %3 bE99DF 54D T3 b:A;86A4; B;8 :;<<946I 54D :8A6A:AI<I3 #?AI 2;8C 25I
I7EE;869D HF 6?9 !bTY \AKAIA;4 ;B [5698A5@I %9I958:?Y b;@AD b6569 c?9<AI68F E8;J85<3

c;889IE;4D94:9 54D 89L79I6I B;8 <5698A5@I I?;7@D H9 5DD89II9D 6; c3"3"3
=9G<5A@h :55p5I739D7>3

33333333333333333333333333333333333333333333333333333333333333333
!"#$%&'##$"# (')*+,-#'+" .+/
'" 0'),+1*-)#', ($2+%&-#'+"
3456-%&$" 3'78$*qr9 :*$))-"(%+ ;$)1'7"-"'q9 <#$2-"+ =-11$%'s9
>$?%+@&$ A$'))t B >$-"5C+D$%# E%-))+!

q!43 ?C02, "1.15 @'-3*'1-/&'1. )3'-*3 D&* !43&*3-/>1. 64+,/>,E 6F 7&G HIJE
KLMNN !*/3,-3E @-1.+
rO3B1*-153'- 03 PQR,/>1 P&'153'-1.E P1>2.-1- 03 PQR,/>1E
S'/:3*,/-1- 03 71*>3.&'1E ?:$ O/1A&'1. JLTE NINUI 71*>3.&'1E "B1/'
s @%P8E S'/:3*,/-1V WW;1 "1B/3'X1YYE 6$ .3 ?$ 8&*& UE NNMIH 9&51E @-1.+
t ;==<()%9"E HL *23 8&./3R*3E 76 ZJE KILNU "- 81*-/' 0Y[3R*3, )303GE P*1'>3
! ;=@!E 76 HK\E KINLM =*3'&C.3 )303G ZE P*1'>3

----------------------------------------------------------------------------------------------------------------------------------------------

./0 123456783924 :0;5<=8925> ?4<006@ 5; 4<A398772>0 =890<2873
B>:0< 45>398>9 39<033 2>157103 9/0 =5925> 5; 8 78<C0 >B=D0< 5;
2>90<8492>C :237548925>3!- E>87A92487 =09/5:3 8>: 356/23924890:
F:237548925> :A>8=243G 32=B78925>3 /810 6<510: 10<A 0;;049210 2>
9/0 39B:A 5; :237548925> 68990<>2>C$ 8>: /810 70: 95 =84<5345624
45>3929B9210 78H3 5; 6783924 :0;5<=8925>*I%- J09$ 8 39892392487 8>8#
7A323 5; 9/0 :A>8=243 5; 8> 8330=D7A 5; 2>90<8492>C :237548925>3
/83 >59 /29/0<95 D00> 60<;5<=0:- K0<0 H0 <065<9 845B3924 0=23#
325> =083B<0=0>93 5> 39<0330: 240 32>C70 4<A39873$ 9/0 <03B793 5;
H/24/ 2>:24890 9/89 :237548925>3 =510 2> 8 34870#;<00 2>90<=2990>9
;83/25>- ./23 <03B79 23 45>L<=0: DA >B=0<2487 32=B78925>3 5; 8
=5:07 5; 2>90<8492>C :237548925>3 9/89 3B44033;B77A <06<5:B403 9/0
=82> ;089B<03 5; 9/0 0M60<2=0>9- N0 L>: 9/89 :237548925>3 C0>#
0<890 8 375H7A 015712>C 45>LCB<8925> 78>:34860 H/24/ 450M2393
H29/ <862: 4577049210 <08<<8>C0=0>93- ./030 <08<<8>C0=0>93
2>15710 8 45=68<892107A 3=877 ;<84925> 5; 9/0 :237548925>3 8>:
708: 95 8> 2>90<=2990>9 D0/8125B< 5; 9/0 >09 6783924 <0365>30- ./23
D8324 :A>8=2487 6249B<0 86608<3 95 D0 8 C0>0<24 ;089B<0 2> 9/0
:0;5<=8925> 5; =8>A 59/0< =890<2873!'I!*- O5<0510<$ 29 3/5B7:
6<512:0 8 ;<8=0H5<P ;5< :234B332>C ;B>:8=0>987 8360493 5;
678392429A 9/89 C503 D0A5>: 398>:8<: =08>#L07: 866<584/03 9/89
300 6783924 :0;5<=8925> 83 8 3=559/ 78=2>8< Q5H-
Q?949K98 DAI@;:56A;4 J@AD9 AI 6?9 D;<A4546 E@5I6A: D9B;8<56A;4

<9:?54AI< A4 5 :8FI65@@A49 <5698A5@Y 29 ;HI98K9 5 :;4I6546 I685A4G
8569 89JA<9 7I75@@F D9I:8AH9D HF )8;254OI 89@56A;4 !"! #<C:3 i989Y
6?9 E@5I6A: I685A4G8569 ;B 6?9 <5698A5@ !" AI IA<E@F 89@569D 6; 5K985J9
L7546A6A9I I7:? 5I #<Y 6?9 D94IA6F ;B <;HA@9 DAI@;:56A;4IY 54D :Y 6?9A8

© 2001 Macmillan Magazines Ltd

yield point = critical point

exponent equality and is easily derived from the fact that
<S>(T)!"<V>(t, T)dt!"T b V(t/T)dt ~ T b#1, and the scaling 
relation <S>(T) ~ T 1/$%z. 

Notice that our model and the experiment have different shapes
for V. The other two models from Fig. 9 also give much more 
symmetrical forms for V than the experiment does94. How do we
react to this? Our models are falsified if any of the predictions are
shown to be wrong asymptotically on long scales of length and time.
If duplication of this measurement by other groups continues to
show this asymmetry, then our theory is obviously incomplete. 
Even if later experiments in other systems agree with our predictions,
it would seem that this particular system is described by an 
undiscovered universality class. Incorporating insights from 
careful experiments to refine the theoretical models has always been
crucial in the broad field of critical phenomena. The message we
emphasize here is that scaling functions can provide a sharper tool 
for discriminating between different universality classes than 
critical exponents. 

In broad terms, most common properties that involve large scales
of length and time have scaling forms. Using self-similarity, we can
write functions of N variables in terms of scaling functions of N&1
variables: F(x, y, z)!z&'F(x/z(, y/z)). In the inset to Fig. 2, we show
the scaling collapse for the avalanche size distribution:
D(S,R)!S&(*#$(+)D((R&Rc)/S&$). (This example illustrates that
scaling works not only at Rc but also near Rc; the maroon unstable
manifold in Fig. 4 governs the behaviour for systems near the critical
manifold C.)

Many other kinds of properties beyond critical exponents and
scaling functions can be predicted from these theories. Figure 10
shows the spatial structure of a large avalanche in our model: notice
that not only is it fractal (rugged on all scales), but also that it is longer
than it is wide96, and that it is topologically interesting97. (It has 
tunnels, and sometimes during the avalanche it forms a tunnel and
later winds itself through it, forming a knot. It is interesting that the
topology of the interfaces in the three-dimensional Ising model have

applications in quantum gravity97.) In other systems, the statistics of
all of these properties have been shown to be universal on long scales
of  length and time.

Continuing challenges
Despite recent developments, our understanding of crackling noise is
far from complete. There are only a few systems28,32,48,49,53,54,78–80 where
the renormalization-group framework has substantially explained
even the behaviour of the numerical models. There are several other
approaches63,64,87,98–100 that have been developed to study crackling
noise, many of which share our view of developing effective descrip-
tions on long scales of length and time. But the successes remain
dwarfed by the bewildering variety of systems that crackle. Achieving
a global perspective on the universality classes for crackling noise
remains an open challenge.

An even more important challenge is to make quantitative 
comparison between the theoretical models and experimental 
systems. We believe that going beyond power laws will be crucial in
this endeavour. The past focus on critical exponents has sometimes
been frustrating: it is too easy to find power laws over limited scaling
ranges101, and too easy to find models which roughly fit them. It also
seems unfulfilling, summarizing a complex morphology into a single
critical exponent. We believe that measuring a power law is almost
never definitive by itself: a power law in conjunction with evidence
that the morphology is scale invariant (for example, a scaling 
collapse) is crucial. By aggressively pursuing quantitative 
comparisons of other, richer measures of morphology such as the
universal scaling functions, we will be better able both to 
discriminate among theories and to ensure that a measured power
law corresponds to a genuine scaling behaviour.

Another challenge is to start thinking about the key ways that
these complex spatiotemporal systems differ from the phase transi-
tions we understand from equilibrium critical behaviour. (The
renormalization-group tools developed by our predecessors are
seductively illuminating, and it is always easy to focus where the light
is good.) For example, in several of these systems there are collective,
dynamical ‘memory’ effects15,102–105 that may even have practical
applications106. The quest for a scaling theory of crackling phenome-
na needs to be viewed as part of the larger process of understanding
the dynamics of these nonlinear, non-equilibrium systems.

A final challenge is to make the study of crackling noise profitable.
Less noise from candy wrappers11–13 in cinemas and theatres is not the
most pressing of global concerns. Making money from fluctuations
in stock prices is already big business58,59. Predicting earthquakes over
the short term probably will not be feasible using these approaches107,
but longer-term prediction of impending large earthquakes may be
both possible86 and useful (for example, for guiding local building
codes). Understanding that the large-scale behaviour relies on only a
few emergent material parameters (disorder and external field for
our model of magnetism) will lead to the study of how these 
parameters depend on the microphysics. We might dream, for 
example, of learning eventually how to shift an active earthquake
fault into a harmless, continuously sliding regime by adding 
lubricants to the fault gouge. In the meantime, crackling noise is basic
research at its elegant, fundamental best. ■■
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Figure 10 Fractal spatial structure of an avalanche74. Fractal structures, as well as
power laws, are characteristic of systems at their critical point. This moderate-sized
avalanche involved the flipping of 282,785 domains in our simulation. The colours
represent time: the first domains to flip are coloured blue, and the last pink. So far,
there have not been many experiments showing the spatial structure of avalanches125.
When experiments become available, there are a wealth of predictions of the 
scaling theories that we could test. Other systems28,55,126 display a qualitatively
different kind of avalanche spatial structure, where the avalanche is made up of 
many small disconnected pieces, which trigger one another through the waves
emitted as they flip.
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Fig. 1 (Color online) Schematic
representation of the deformation
due to a shear stress. The amount
of deformation is measured by
the angle γ which is proportional
to the shear stress σ . The
proportionality constant is the
inverse of the elastic shear
modulus G

elastic shear modulus. This deformation leads to an increase in the free energy of the system
that according to elasticity theory is given by: Ld σ 2

2GP
. This implies that the deformed solid

has a free energy extensively higher than the one of the equilibrium undeformed state and,
as a result, that the deformed solid is metastable and has a finite life-time, except if the free
energy barrier to escape from this metastable equilibrium is infinite—which is not the case,
as we shall show in the following.

The introduction of a ‘static’ modulus begs an explanation, since we shall argue in what
follows that even perfect solids flow under finite stress. We shall show that under the effect
of a stress, the system responds in two time-steps: a rapid one corresponding to the elastic
response inside the metastable deformed state, followed by a slow flow on large timescales.
The value GP (t) we use here is defined as the elastic shear modulus obtained at times long
compared to the elastic deformation, but short compared with the stress-dependent nucle-
ation time.3 The two-timescale response of course applies (by definition) to viscoelastic
systems, but we shall argue here that it holds also for true solids at long enough timescales:
the difference with viscoelasticity being that for a solid the long-time flow rate vanishes
faster than σ at small stresses, thus implying an infinite viscosity in the limit of zero stress.

Let us now introduce our main argument by focusing on a cavity of radius R inside
the deformed solid. Imagine reshuffling all particles inside the cavity from the deformed
to the undeformed configuration. For example, in the crystal case this is shown in Fig. 2.
Then, while still maintaining the applied shear stress σ , we let the solid evolve dynamically
from this configuration. After a short equilibration time the system reaches a metastable
equilibrium. The free energy difference between this state and that without cavity reads:

#F(R) = Rd−1$(σ ) − Rd σ 2

2GP

(1)

where the first term corresponds to the free energy cost one has to pay due to the mismatch
at the surface of the cavity between deformed and undeformed state. $(σ ) is like a surface
tension and can in principle depend on σ . For small σ , the limit we are interested in, the
dependence on σ matters only if $(σ ) does not go to a constant and vanishes.4 We will see
that this is indeed what happens for crystals.

#F(R) first increases as a function of R, has a maximum at R∗ = 2 d−1
d

GP $(σ )

σ 2 and then
decreases for R > R∗. This implies that the nucleation of a droplet of the undeformed solid

3This is in strict analogy with the susceptibility in a ferromagnet: a small field applied against the magneti-
zation will induce a linear response at intermediate times, but will eventually destabilize the phase.
4We consider particles interacting with a short range non singular potential, therefore it is sure that $(σ ) has
to be bound by a finite positive constant for σ → 0.

Do Solids Flow? 721

Fig. 2 Defects structure around a relaxed cavity embedded in a sheared system. The gedanken experiment
discussed in the main text consists in reshuffling all particles inside the cavity from the deformed to the un-
deformed configuration. Here we show the case of a two-dimensional hexagonal crystal for a strain γ = 0.4.
The interaction between particles is of hard core type with a radius 0.35a, where a is the lattice spacing.
Particles are plotted as disks with radius a/2. White (empty) particles have six neighbours and thus satisfy the
hexagonal order, whereas red and blue ones correspond respectively to particles having seven and five neigh-
bours, which are elementary topological defects called disclinations. Note that a 5–7 dipole of disclinations
corresponds to a dislocation, the Burgers vector of which is perpendicular to the dipole axis. Here, the cavity
has a radius bigger than R∗ , the critical radius of a relaxed nucleus in a such system, see text

of size R is unfavorable for radii less than the critical value R∗. In contrast nuclei larger
than the critical one of size R∗ will grow since they are free-energetically favored [10].
Thus, the free-energy barrier for nucleation via a spherical droplet is given by "F(R∗) =

σ 2

2GP (d−1)
(R∗)d , and this is clearly an upper bound. It is necessarily finite for any finite σ ,

although it diverges for σ → 0, as is usual in metastability problems (here σ plays the
role of the external field inducing metastability). Depending on the value of σ and system
parameters, either different nuclei are already present in the system with a density ρn ≃
1/(R∗)d exp(−"F(R∗)/kBT ) and grow with a finite speed or there are none and one has to
wait a time of the order τ0 exp("F(R∗)/kBT ) to nucleate one that then will grow and invade
the system. In both cases, for very small σ , the characteristic timescale for destabilizing the
metastable deformed solid is given by τ ∗ = τ0 exp("F(R∗)/kBT ) where τ0 is a microscopic
timescale that will be discussed later.

As a consequence, after a time of the order τ ∗, the deformed solid goes back to the
undeformed state. If, however, the external shear stress σ is continuously applied, the solid
deforms again and the entire process repeats. Although a more refined analysis of the flow
process is needed (see below for a first attempt), these simple arguments already suggest

Sausset, Biroli, Kurchan, J. Stat Phys 140, 718 (2010)

rearrange atoms, relieve 
stress, introduce defects at 
surface to fit the patch →

� = 0

A DROPLET CALCULATION

⌧⇤ = ⌧0 exp
⇣
c
⇣�y

�

⌘2d�2⌘

• No yield point !

• essential singularity at � = 0

• no singularity for � > 0.

�F(R) = Rd�1⌦(�)�Rd �2

2GP

similar calculation in 2d by  
Bruinsma, Halperin, Zeppelius (1982) 
gives a power law with, in general, 
non-universal exponents.
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R0

Ri

ri

r0

(0, 0)

�
LOCAL NON-AFFINITY

Ganguly,SS,Sollich,Rao PRE (2013)

Particle positions ri
Reference positions Ri

Displacements ui = ri �Ri

�0 = min
D

P
i[�i � D(Ri �R0)]2

D = closest locally a�ne deformation

Rearrange {�i} ! vector �, similarly D ! vector e:

e = Q�,� = (P�)2 = �TPTP� = �TP�

Non-a�ne projector P, a�ne projector Q, both calculated from the {Ri}

�i = ui � u0
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volume uni-axial shear rotation



NON AFFINE FLUCTUATION 
MODES?

• � = �

TP� = TrP��

TP so, h�i = TrPCP

• C = h��

Ti correlation matrix of displacement fluctuations

• Non-a�ne modes: eigenvectors of PCP

• h�i =
P

µ �µ,�µ = eigenvalues

• Soft modes: large �µ, small ��1
µ

• Full statistics of � i.e. single and many particle probability distributions

can be worked out analytically for simple interactions.

Ganguly,SS,Sollich,Rao PRE (2013)
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where �µ are the eigenvalues of PCP.
similarly eµ are the eigenvectors.

Ganguly, Sengupta, Sollich Soft Matter (2015)
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Figure 2. (a) Coarse graining volume Ω of the PHC lattice, marked in green.The central basis atoms (orange, labelled 1 and 2) possess 12 neighbors (blue)within this domain. The nearest neighbor bonds are indicated by bold lineswhile the next nearest neighbor bonds for one of the central basis particles areshown by dotted lines. (b) Phonon dispersion curves ω(q) for κ = 1.0 and 0.4,respectively. The inset defines the high symmetry directions Γ, M and K in theBrillouin zone. Note that all the modes soften as κ decreases. As κ → 0, theshear modulus vanishes and the transverse acoustic branch becomes unstable(ω(q) < 0) at small q.

Brenner [27] and Tersoff [28] potentials. Similar potentials are also used to model water[12]. In colloidal solids, one requires patchy interactions, i.e. heterogeneities on the surfaceof the colloid particles that produce angle dependent forces [13, 14, 26]. Here, in order toobtain results that are sufficiently generic, we use a PHC network of particles connected byharmonic bonds, noting that all interactions are harmonic in the limit of small fluctuations.Accordingly, we assume the following general Hamiltonian,

Hharm =
N∑

i

p2
i

2m
+ 1

2

N∑

i̸=j

Kij(ui − uj)2, (1)
where pi and ui are the momentum and displacement (from the ideal reference) of particlei, m is the particle mass and Kij is the stiffness of the harmonic bond between particlesi and j. It is well known that a PHC lattice with only NN interactions is unstable [29].To make the lattice mechanically stable, we need to add either NNN bonds between theparticles or include an energy for bond bending. In this work, we choose the former pathalthough we have checked that the two methods give qualitatively the same results. Wetherefore set Kij = K1 = 1 if i, j form a NN pair and Kij = K2 = κ if they are nextnearest neighbours. All other Kij are set to zero. If we call l the lattice parameter, i.e. thelength of a NN bond in the reference configuration, then l, 1

2K1l2 and
√

m/K1 set theunits for length, energy and time. We therefore set them to unity in the following.For the coarse-graining analysis it will be useful to have the interaction energy writtenin a more generic form that makes it easy to switch to a representation in terms of Fouriermodes. Looking at figure 2(a), which shows a portion of the PHC lattice, the structuremay be constructed by inserting a basis of two atoms separated by a distance l on atriangular primitive lattice. From now on we therefore label each particle by the pair(i, α), where i refers to the specific basis or unit cell, and α = 1, 2 identifies the particlewithin the two-atom basis for the lattice. We call the particle displacements uiα and theircartesian components un
iα with n = x, y.
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Figure 3. Log–log plot of the non-trivial eigenvalues of PCP. Note that the
eigenvalues spectrum bunches together into band-like structures. The curves
corresponding to the largest 3 eigenvalues are labelled by numbers. On the right,
we show the eigen-displacements (red points and lines) corresponding to these
eigenvalues. The reference lattice positions are shown in blue. A Stone–Wales
defect will result from the precursor mode 2 if anharmonic interactions (neglected
in this work) makes the NNN bonds a–b and c–d strong while breaking the NN
bonds a–d and b–c as a consequence of this deformation.

precursor fluctuations that must precede nucleation of SW defects. Our calculations show
that such precursor fluctuations are the most prominent (and softest) non-affine distortions
that tend to change the lattice topology.

3.1. Probability distribution functions

To obtain the probability distribution of χ, P (χ), we begin with the characteristic
function [8],

φ(k) =
∫

dχP (χ)eikχ = ⟨eikχ⟩ =
∫

e− 1
2∆T(C−1−2ikP)∆d∆

∫
e− 1

2∆TC−1∆d∆
. (13)

Here, k is the variable conjugate to χ. By carrying out the Gaussian integrals, we obtain

φ(k) = |I − 2ikPCP|−1/2 . (14)

The PCP matrix above is Hermitian and can be diagonalized by a unitary transformation.
Hence, writing the determinant in terms of products of its eigenvalues we can also write

φ(k) =
∏

j

φ
− 1

2
j where φj = 1 − 2ikσj (15)

A numerical inverse Fourier transform of φ(k) then gives P (χ). At a more intuitive level,
one observes from the form of (15) that P (χ) is the distribution of the sum of the squares
of uncorrelated Gaussian random variables with variances σj.

To determine the probability distribution of the SW mode we proceed similarly. Let ρ
be the projection of any ∆ in Ω along the SW eigenmode, i.e. ρ = bT

SW∆ where bSW is the
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defect will result from the precursor mode 2 if anharmonic interactions (neglected
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bonds a–d and b–c as a consequence of this deformation.

precursor fluctuations that must precede nucleation of SW defects. Our calculations show
that such precursor fluctuations are the most prominent (and softest) non-affine distortions
that tend to change the lattice topology.

3.1. Probability distribution functions

To obtain the probability distribution of χ, P (χ), we begin with the characteristic
function [8],

φ(k) =
∫

dχP (χ)eikχ = ⟨eikχ⟩ =
∫

e− 1
2∆T(C−1−2ikP)∆d∆

∫
e− 1

2∆TC−1∆d∆
. (13)

Here, k is the variable conjugate to χ. By carrying out the Gaussian integrals, we obtain

φ(k) = |I − 2ikPCP|−1/2 . (14)

The PCP matrix above is Hermitian and can be diagonalized by a unitary transformation.
Hence, writing the determinant in terms of products of its eigenvalues we can also write

φ(k) =
∏

j

φ
− 1

2
j where φj = 1 − 2ikσj (15)

A numerical inverse Fourier transform of φ(k) then gives P (χ). At a more intuitive level,
one observes from the form of (15) that P (χ) is the distribution of the sum of the squares
of uncorrelated Gaussian random variables with variances σj.

To determine the probability distribution of the SW mode we proceed similarly. Let ρ
be the projection of any ∆ in Ω along the SW eigenmode, i.e. ρ = bT

SW∆ where bSW is the

doi:10.1088/1742-5468/2015/06/P06025 9

S. Ganguly et al. Soft Matter, 11, 4517 (2015); A. Mitra, et al. J. Stat. Mech. P06025, (2015)

• Soft non-a�ne modes remain associated with defect precursors

• Separated by a gap from other modes

(Stone-Wales defect in planar honeycomb)
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THE “FICTITIOUS” FIELD
• Define global non-a�nity X = N�1

P
i �i

• P (X) is a Gaussian entered at h�i with width ⇠ 1/
p
N

• Add bias term �NhXX to the Hamiltonian, hX non-a�ne field

NhXX = hX

X

i

X

j,k2⌦

(uj � ui)
TPj�i,k�i(uk � ui)

• Two-body interactions between next nearest neighbours

• No coupling to a�ne deformations - those couple to stress

• Interaction P.,. in bias term involves particle reference position {Ri}

• Note: translational symmetry, ui ! ui + constant, is preserved.
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SMALL FIELDS: FLUCTUATION RESPONSE
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X(hX) = X(0) + h��2i
P

R C�(R, 0) where C�(R, 0) is the equal time, spatial

correlation of �.

S. Ganguly et al. Soft Matter, 11, 4517 (2015)
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THE STORY

hX

"
M: Meissner crystal

N : normal crystal

observable yield point

equilibrium transition

mean-field stability limit of the 
N phase.

h X
=

0

At the yield point the N phase becomes unstable 

w.r.t. non-affine displacement fluctuations



THE EQUILIBRIUM TRANSITION

hX

"
M: Meissner crystal

N : normal crystal
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T=0 PHASE DIAGRAM

• For any strain " > 0 crystal N has stress � = G".

• Stress in crystal M is always 0.

• Crystal N is metastable for all hX > 0.

• For hX < 0: possibility of a phase transition.

• Stress relaxation by Ns slip planes GNsa/L.

• compare ⇠ 1
2G"2 to ⇠ hX |"|�s.

• phase boundary hX = �G|"|/2�s
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• N particles with Lennard Jones interactions in 2d plus non-a�ne field.

• constant N,V (shape), T , ensemble.

• cut-o↵ at 2.5 times particle diameter, truncated and shifted, T ⇤
= 0.8, ⇢ = 2/

p
3.

• Large energy barriers between N and M crystals.

• Sequential umbrella sampling Monte Carlo (SUS-MC) technique needed.

• accurate calculation of P (X) at the transition.

• transition point obtained by histogram reweighting.

T>0
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COMMENTS
• two minima of equal weight in the e↵ective Hamiltonian F(X ) = � lnP(X )

• singularity at X = XL ⇡ .02.

• a proto- dislocation dipole / stacking fault forms at XL

• large coexistence region between crystals N and M

• novel solid-solid interface between N and M defined by local stress

• stress is eliminated from M crystal by slip
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·ŝ

|~s|

XL

0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
X

0

200

400

�
ln

P
(X

)

�
m

ap

�
m

ap

�10 0 10
x

0

10

20

�
ce

ll
(x

)

0 10 20 30

|s|

0.0

0.5

1.0

�u
·s

X
3.98e-02

�
10.1155

-3

-2

-1

0

1

2

3

�
(⇥

10
)

-5

-3

-2

0

1

ln
(�

)

�(x)

distance along x

�

 4

 5

 6

 7

 8

 9

 10

 11

 12

 13

 0  0.02  0.04  0.06  0.08  0.1  0.12

X

percolation

• two minima of equal weight in the e↵ective Hamiltonian F(X ) = � lnP(X )

• singularity at X = XL ⇡ .02.

• a proto- dislocation dipole / stacking fault forms at XL

• large coexistence region between crystals N and M

• novel solid-solid interface between N and M defined by local stress

• stress is eliminated from M crystal by slip



FINITE SIZE EFFECTS

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

0

200

400

600

P
(X

)

N = 576 (hX = -4.918 rw from hX = -4.91481)

N = 900 (hX = -4.536 rw from hX = -5.0)

N = 1024 (hX = -5.089)

N = 1600 (hX = -5.246 rw from hX = -5.1415)

N = 2500 (hX = -5.514796 rw from hX = -5.387665)

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
X

0

50

100

150

�
ln

P
(X

)

0.000 0.005 0.010 0.015 0.020 0.025

X (peak1)

0

200

400

600

P
(X

)

0.040 0.045 0.050 0.055 0.060 0.065 0.070 0.075 0.080

X (peak2)

0

100

200

300

P
(X

)

lin

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.25

0.50

0.75

1.00



Jump in X, � and hcoex

X scales as Ld=2 = N
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An unconventional solid-solid interface with absolutely normal finite size scaling

property.
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N�1/4
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XL

• XL is the limiting value of X, an intensive quantity,
upto which the crystal is stable.

• Hypothesis: XL is given by the intersection of the
quadratic minimum and the flat region in �lnP (X).

• Curvature of first minimum ⇠ N and height of
interfacial contribution ⇠

p
N .

• This gives (XL �X1) =
q

�
↵N

�1/4.

• so, XL ! X1 as N ! 1.

• for large N non-flat interfaces and droplets become possible.

SCALING OF XL 
XL

N↵(X �X1)2

p
N�

flat interface

quadratic
minimum
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hX

?

finite size effect: cannot have less than one slip band !



THE CONNECTION TO YIELDING: 
a mean field  transition at finite strain rate

hX

"
M: Meissner crystal

N : normal crystal

observable yield point



IF OUR SCENARIO IS CORRECT…

• a single value of X = XS should determine yielding for any hX and ".

• when X reaches XS the barrier is small enough so that thermal fluctua-

tions are able to overcome this within the timescale of the experiment.

• at T = 0 this is the spinodal point (w.r.t non-a�nity).

• since X / hX and X / "2, the stability line is a parabola for small hX .



MD SIMULATIONS OF LJ SOLID

• N = 128⇥ 128 = 16384 particles

• a = 1.0, T ⇤
= 1.0

• MD time step �t = 0.001, = .0001 near yielding.

• Berendsen thermostat

• equilibration for t = 1500

• strain rate "̇ = 3.33⇥ 10

�5
till yielding

• results averaged over 4 independent runs.

• fast GPU based in-house parallel code - checked against LAMMPS wher-

ever possible.



hX

Note: Elastic properties are unchanged

⇢⇤ = 2/
p
3, T ⇤ = 1.0



hX

hXi
XL

"1"2

hX"

"hX
i

hX

• N phase becomes unstable when barrier ! 0 or << kBT .

• implies hXi ! XS - a limiting value ( 6= XL).

• since X is positive definite instability must lie in the hX > 0 quadrant at
" = 0.

• can calculate hX(hX , ")i from L.R.T. at hX = 0. Only inputs are �
correlations at hX = 0 and " > 0.

• stability limit from LRT (open symbols) hXi = XS ⇡ 0.019 compared
with yield points from MD (filled symbols).
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Single number may be used to predict the yield point for 2d-LJ 
solids at any temperature at fixed strain rate. 



SCHEMATIC SUMMARY � ⇠

 = �bare

⇠ . 0.3 < 1p
2

hX

"1

st
order

boundary

M: Meissner crystal

N : normal crystal

observable yield point

spinodal

instability

Type I ??



CAN THESE BE CHECKED?



CREATE hX USING A “FEEDBACK LOOP”

get particle  
coordinates 
using video 
microscopy

calculate forces using 
positions of neighbors

construct displaced traps 
to apply calculated forces

repeat at frequency 
larger than typical 
inverse colloid 
diffusion times



EXPLICIT “TAKE AWAYS”

➤ A free energy landscape view for plasticity of solids.  

➤ Recover Sausset, Biroli, Kurchan - except surface free energies should 
be obtained at coexistence! 

➤ Contact with finite size, mean field, finite strain rate yielding studies - 
yielding as an approach to a mean field spinodal like instability. 
Quantitative prediction of the yield point. 

➤ Conventional yield point can be understood without explicit reference 
to dislocation motion.  

➤ Can serve as a language for yielding in solids where dislocations 
cannot be defined (glasses?). 

➤ “Technological” by-product (!) - means to control yielding without 
changing elastic properties in colloidal crystals using dynamic laser 
traps.
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