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What we are after : the Gardner transition 
A transition in the vibrational properties of a glass 

« Glass and Jamming Transitions: From Exact Results to Finite-Dimensional Descriptions »  
Patrick Charbonneau, Jorge Kurchan, Giorgio Parisi, Pierfrancesco Urbani, and Francesco Zamponi.  

Annu. Rev. Cond. Matt. Phys. 2016. 8:1–29  
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Theoretical and numerical results 

•  Theoretically predicted in infinite dimension  Nature Comm 5, 3725 (2014) 
•  Numerically observed in a mean field glass former  PRE 92, 012316 (2015) 
•  Numerically observed in 3d and 2d hard spheres  PNAS 113, 8397-8401 (2016) 
 
Here : Evidence of the Gardner transition in a granular glass experiment 
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What shall we observe? 

Experimental evidences of the Gardner phase in a granular glass

A. Seguin1, 2 and O. Dauchot3

1SPHYNX/SPEC, CEA, CNRS, Université Paris-Saclay, F-91191, Gif-sur-Yvette, France

2Laboratoire FAST, Université Paris-Sud, CNRS, Université Paris-Saclay, F-91405, Orsay, France

3EC2M, UMR Gulliver 7083 CNRS, ESPCI ParisTech, PSL Research University, 10 rue Vauquelin, 75005 Paris, France

(Dated: May 3, 2016)

Analyzing the dynamics of a vibrated bi-dimensional packing of bidisperse granular discs below
jamming, we provide evidences of a Gardner phase deep into the glass phase. To do so we perform
several independent compression cycles within the same glass and show that the particles select
di↵erent average vibrational positions at each cycle, while the neighborhood structure remains un-
changed. We compute the mean square displacement as a function of the packing fraction and
compare it with the average separation between the cages obtained for di↵erent compression cycles.
Our results are fully compatible with recent numerical observations obtained for a mean field model
of glass as well as for hard spheres in finite dimension. We also characterize the distribution of the
cage order parameters. Here we note several di↵erences from the numerical results, which could be
attributed to activated processes and cage heterogeneities.

PACS numbers:

The constituent particles of a glass are caged by their
neighbors and thus cannot relax density fluctuations [1].
This is also true for hard particles under compres-
sion [2, 3]. The associated slowing down of the dynamics
is related to a complex free energy landscape with multi-
ple glass states [4, 5]. This picture is however too simple
to describe the complex aging properties of glasses [6, 7],
as well as the observation of dynamical heterogeneities in
low temperature glasses [8, 9]. Furthermore, when com-
pressing hard particles to infinite pressure, a geometric
transition takes place, the jamming transition, at which
the dynamics is fully arrested and the particles are me-
chanically equilibrated [10–13]. This transition exhibits
critical scalings, which characterize the marginal stability
of the glass on approaching jamming and are associated
with very soft, slow and delocalized excitation modes [14–
17]. Such features can also not be captured within the
above simple landscape picture.

It was recently shown theoretically that the hard sphere
glass in infinite dimension undergoes a Gardner transi-
tion [18], at which the glass basin breaks into a hierarchy
of marginally stable sub-basins (see fig. 1). The associ-
ated structure of the free energy landscape is necessary
to capture the critical scalings of the jamming transi-
tion [19]. Later, the Gardner transition was detected
numerically in a mean-field glass model [20]. The criti-
cal properties of jamming are independent of the spatial
dimension [21–23], and one expects that the above find-
ings apply in finite dimension. This was very recently
confirmed in simulations of 2d and 3d hard sphere (HS)
glasses [24]. Yet it remains to be observed experimen-
tally: in practice, finite-size and time e↵ects, activation
processes and aging could very well hinder the transition.

FIG. 1: The Gardner transition: Left: A glass meta basin
breaks into a hierarchy of marginally stable sub-basins (freely
inspired from [19]). In the glass phase (�g < � < �G) the
particle (in blue) is caged by its neighbors; those of which es-
tablish contact at jamming (�J) are not selected yet. In the
Gardner phase (� > �G), each of the sub-basin eventually cor-
responds to one structure of contact network (red neighbors).
Right-top : Experimental realization of this scenario in a
bi-disperse system of discs for two independent compression
up to �J within the same glass state. Right-bottom : In
the Gardner phase, below jamming (�G < � < �J), succes-
sive compressions starting from the same glass state, where
particles vibrate in a large (grey) cage, will lead to a di↵er-
ent caging location in a smaller cage (blue-red-yellow). While
�(�), the cage size, decreases with �, �AB , the typical dis-
tance between the cages obtained for di↵erent compression
plateaus at the cage size of the transitional packing fraction,
�G.

In this letter we bring the first direct experimental evi-
dences of the Gardner phase, taking advantage of a well
controlled granular experiment, which has already proven
to successfully probe the vicinity of the jamming transi-

Mean field HS model 

3D Hard Spheres 
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Horizontally shaken photo-elastic discs 

 Horizontal vibration (ω=10 Hz, a=1cm) 
 Bi-disperse : ds = 4mm  dl = 5mm 
 8000 discs in the system (1500 tracked) 
 Snapshots in phase with the vibration 
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Experimental protocol => A granular glass 
Increase packing fraction stepwise: 
  Allow for the slow relaxation of pressure 

 Then decrease packing fraction and record dynamics 
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=> A granular glass 
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Signature of jamming within contacts 
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Exploring the Gardner transition : Protocol 

Compress up to φ>φJ (i.e. equilibrating a.m.a.p) 

Decompress down to φJ, (lost of contact and P->0) 

Decompress further => φ0 (remaining in the same glass) 

Cycles of compressions towards φ (10 times each) 

 

 

 
φ φJ φ0 φ 10x φ 

1000 vibration periods at each φ
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Exploring the Gardner transition : Observables 

Direct access to ri(t) 

However below φJ , convection easily sets in 

 => Compute in the centers of mass of the neighbors 

 

Timescales 
  Finite tw = > ageing is expected 

  => t = 500 < tw 

  Average over a small time-window Δt = 200 vibration periods 

  Restrict the analysis to k’ = k+1 
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Analyzing the dynamics of a vibrated bi-dimensional packing of bidisperse granular discs below
jamming, we provide evidences of a Gardner phase deep into the glass phase. To do so we perform
several independent compression cycles within the same glass and show that the particles select
di↵erent average vibrational positions at each cycle, while the neighborhood structure remains un-
changed. We compute the mean square displacement as a function of the packing fraction and
compare it with the average separation between the cages obtained for di↵erent compression cycles.
Our results are fully compatible with recent numerical observations obtained for a mean field model
of glass as well as for hard spheres in finite dimension. We also characterize the distribution of the
cage order parameters. Here we note several di↵erences from the numerical results, which could be
attributed to activated processes and cage heterogeneities.

PACS numbers:

The constituent particles of a glass are caged by their
neighbors and thus cannot relax density fluctuations [1].
This is also true for hard particles under compres-
sion [2, 3]. The associated slowing down of the dynamics
is related to a complex free energy landscape with multi-
ple glass states [4, 5]. This picture is however too simple
to describe the complex aging properties of glasses [6, 7],
as well as the observation of dynamical heterogeneities in
low temperature glasses [8, 9]. Furthermore, when com-
pressing hard particles to infinite pressure, a geometric
transition takes place, the jamming transition, at which
the dynamics is fully arrested and the particles are me-
chanically equilibrated [10–13]. This transition exhibits
critical scalings, which characterize the marginal stability
of the glass on approaching jamming and are associated
with very soft, slow and delocalized excitation modes [14–
17]. Such features can also not be captured within the
above simple landscape picture.

It was recently shown theoretically that the hard sphere
glass in infinite dimension undergoes a Gardner transi-
tion [18], at which the glass basin breaks into a hierarchy
of marginally stable sub-basins (see fig. 1). The associ-
ated structure of the free energy landscape is necessary
to capture the critical scalings of the jamming transi-
tion [19]. Later, the Gardner transition was detected
numerically in a mean-field glass model [20]. The criti-
cal properties of jamming are independent of the spatial
dimension [21–23], and one expects that the above find-
ings apply in finite dimension. This was very recently
confirmed in simulations of 2d and 3d hard sphere (HS)
glasses [24]. Yet it remains to be observed experimen-
tally: in practice, finite-size and time e↵ects, activation
processes and aging could very well hinder the transition.

FIG. 1: The Gardner transition: Left: A glass meta basin
breaks into a hierarchy of marginally stable sub-basins (freely
inspired from [19]). In the glass phase (�g < � < �G) the
particle (in blue) is caged by its neighbors; those of which es-
tablish contact at jamming (�J) are not selected yet. In the
Gardner phase (� > �G), each of the sub-basin eventually cor-
responds to one structure of contact network (red neighbors).
Right-top : Experimental realization of this scenario in a
bi-disperse system of discs for two independent compression
up to �J within the same glass state. Right-bottom : In
the Gardner phase, below jamming (�G < � < �J), succes-
sive compressions starting from the same glass state, where
particles vibrate in a large (grey) cage, will lead to a di↵er-
ent caging location in a smaller cage (blue-red-yellow). While
�(�), the cage size, decreases with �, �AB , the typical dis-
tance between the cages obtained for di↵erent compression
plateaus at the cage size of the transitional packing fraction,
�G.

In this letter we bring the first direct experimental evi-
dences of the Gardner phase, taking advantage of a well
controlled granular experiment, which has already proven
to successfully probe the vicinity of the jamming transi-
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Direct evidence of Gardner transition 
3

FIG. 2: Cage order parameters. Mean square displace-
ment at long time �(⌧0) and mean square distance between
cages �AB averaged over 200 time steps and 10 compression
cycles from �0 = 0.8185 to � as a function of �.

cycles are rapid quenches separated by 1000 vibration
cycles. This number of cycles spent in each compressed
state has been chosen so that it is large enough to define
cages and small enough as compared to the relaxation
time of the instantaneous contact network, which was
found to be of the order of 5000 to 10000 cycles in past
studies [29, 34].

Vibrated granular matter is prone to develop convection
as soon as it un-jams [34]. This convection can be very
small, but it accumulates over time and removing it is al-
ways a challenge. In order to eliminate spurious e↵ects in
the measurements of the displacements, we analyze the
dynamics of each particles in the reference frame of the
center of mass of its neighbors. Because we are interested
in individual displacements – although they result from
collective e↵ects –, this technique has the advantage of
not subtracting an overall convection field, which, locally,
can be large as compared to the intrinsic displacement.
We thus redefine the particle position as ri → ri − r⌦i ,
where r⌦i = 1�ni∑j rj , where the sum runs over the neigh-
bors of particle i and ni is the number of them. We are
then in position to compute �k(t, ⌧) and �kk′(t) as de-
fined by equations (1) and (2). We average over compres-
sions and replace the average over samples by temporal
averaging to obtain �(⌧) and �AB . Doing so we assume
aging to be negligible on the 200 time steps time window
used here.

Figure 2 displays � = �(⌧0 = 500) and �AB as a func-
tion of �. It is the first and main experimental result of
the present study. The typical MSD within cages �(�)
steadily decreases with the packing fraction. By contrast,
�AB(�) first decreases like �(�), but then plateaus at
values of the order of 10−2 for � � 0.820. This unam-

FIG. 3: Statistics of � and �AB. Probability distribution
of �� < � > sampled over time and compression cycles (a)
or over time only (b); (inset : dynamical susceptibility asso-
ciated to the fluctuations of �k(t, ⌧0) over time). Temporal

evolution of �k,k′(t) for 10 di↵erent pairs of compression cy-
cles (color coded) for � = 0.8196 (c) and � = 0.8228 (d) as
compared to the temporal evolution of �k(t, ⌧0) (in black).
Probability distribution function of �AB sampled across com-
pression cycles.

biguously demonstrates that there is a regime at large
�, before jamming, in which several cage configurations
are separated by an average distance larger than the cage
size. Also, the fact that � present no sign of a transition
shows that the glass meta-basin is not suddenly broken in
sub-basins corresponding to a well defined smaller cage
size, but rather in a sub-basins with distributed cage sizes.
The system has entered the Gardner phase. We estimate
that the Gardner transition takes place at �G � 0.820.
Very remarkably, although the present system is fric-
tional and the jamming packing fractions are lower than
for thermal hard discs, our observations very well match
the numerical ones [20, 24]. Both the plateau value of
10−2, the ratio �G��J � 0.996 and 1�(�J − �G) � 3.102,
a naive estimation of the pressure, are in the correct
range. Extrapolating � to 10−1, the typical MSD values
reported for experimental and numerical glass transition,
we find �g = 0.815, in agreement with previously reported
values for the glass transition in 2d systems of bi-disperse
hard grains [35, 36].

We now turn to the analysis of the fluctuations of � and
�AB . Remember that we deal with a single glass sample.
Hence fluctuations have only too possible sources: tempo-
ral fluctuations inside each compression cycle and inter-
cycle fluctuations. The cage size fluctuations across time
and cycles, normalized by the mean cage size, (fig. 3-a)

Averaging over time and cycles 
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attributed to activated processes and cage heterogeneities.

PACS numbers:

The constituent particles of a glass are caged by their
neighbors and thus cannot relax density fluctuations [1].
This is also true for hard particles under compres-
sion [2, 3]. The associated slowing down of the dynamics
is related to a complex free energy landscape with multi-
ple glass states [4, 5]. This picture is however too simple
to describe the complex aging properties of glasses [6, 7],
as well as the observation of dynamical heterogeneities in
low temperature glasses [8, 9]. Furthermore, when com-
pressing hard particles to infinite pressure, a geometric
transition takes place, the jamming transition, at which
the dynamics is fully arrested and the particles are me-
chanically equilibrated [10–13]. This transition exhibits
critical scalings, which characterize the marginal stability
of the glass on approaching jamming and are associated
with very soft, slow and delocalized excitation modes [14–
17]. Such features can also not be captured within the
above simple landscape picture.

It was recently shown theoretically that the hard sphere
glass in infinite dimension undergoes a Gardner transi-
tion [18], at which the glass basin breaks into a hierarchy
of marginally stable sub-basins (see fig. 1). The associ-
ated structure of the free energy landscape is necessary
to capture the critical scalings of the jamming transi-
tion [19]. Later, the Gardner transition was detected
numerically in a mean-field glass model [20]. The criti-
cal properties of jamming are independent of the spatial
dimension [21–23], and one expects that the above find-
ings apply in finite dimension. This was very recently
confirmed in simulations of 2d and 3d hard sphere (HS)
glasses [24]. Yet it remains to be observed experimen-
tally: in practice, finite-size and time e↵ects, activation
processes and aging could very well hinder the transition.

FIG. 1: The Gardner transition: Left: A glass meta basin
breaks into a hierarchy of marginally stable sub-basins (freely
inspired from [19]). In the glass phase (�g < � < �G) the
particle (in blue) is caged by its neighbors; those of which es-
tablish contact at jamming (�J) are not selected yet. In the
Gardner phase (� > �G), each of the sub-basin eventually cor-
responds to one structure of contact network (red neighbors).
Right-top : Experimental realization of this scenario in a
bi-disperse system of discs for two independent compression
up to �J within the same glass state. Right-bottom : In
the Gardner phase, below jamming (�G < � < �J), succes-
sive compressions starting from the same glass state, where
particles vibrate in a large (grey) cage, will lead to a di↵er-
ent caging location in a smaller cage (blue-red-yellow). While
�(�), the cage size, decreases with �, �AB , the typical dis-
tance between the cages obtained for di↵erent compression
plateaus at the cage size of the transitional packing fraction,
�G.

In this letter we bring the first direct experimental evi-
dences of the Gardner phase, taking advantage of a well
controlled granular experiment, which has already proven
to successfully probe the vicinity of the jamming transi-

of the MK mean-field model [23]. In that case, the
distributions for Δ are Gaussian-like at all ϕ. Figure 3(b)
shows the distribution for the same quantity but sampled
separately within each cycle. They exhibit similar exponen-
tial tails, which account for both the aging drift and the
intrinsic temporal fluctuations of Δkðt0; twÞ. Such fluctua-
tions highlight the presence of dynamical heterogeneities
already reported for the same system [29,34] as well as in
numerical simulations of harmonic spheres [41]. Those
heterogeneities can be quantified by computing in each
cycle, and then averaging over the cycles, the associated
dynamical susceptibly χ4Δðt0Þ ¼ NVar½Δðt0; twÞ=σ%, where
σ is the standard deviation of the cage size for a single
particle. This intrastate dynamical susceptibility presents a
maximum around the Gardner transition [inset in Fig. 3(b)].
Although this susceptibility is not computed in Ref. [27], the
distributions of Δ, there also, present signs of non-
Gaussianity at ϕG. This remarkable feature, absent from
mean-field results, is an interesting target for future theo-
retical developments in finite dimension.
The fluctuations of ΔAB are better captured by following

the temporal evolution of Δk;k0ðtÞ for different pairs of
compression cycles [Figs. 3(c) and 3(d)]. When ϕ < ϕG,
Δk;k0ðtÞ fluctuates around the same value as Δkðt0; twÞ, and

the fluctuations overlap from one compression cycle to
another: the system explores the whole metabasin of the
glass. By contrast, when ϕ > ϕG, the distances between
different pairs of compressed states are very different and
much larger than the typical cage size. In the numerical
studies in Refs. [23,27], the authors report that the
distributions for ΔAB sampled over many samples, starting
from a Gaussian-like distribution for ϕ < ϕG, develop
exponential tails near ϕG, before broadening again at larger
ϕ. As a result, the skewness of the ΔAB distributions
exhibits a maximum around ϕG. This skewness is attributed
to sample to sample fluctuations, which are absent in the
present experimental study. We have access only to the
distributions of the reduced centered distribution of ΔAB
sampled over the pairs of cycles. Despite the strong lack of
statistics [Fig. 3(e)], a systematic positive skewness is
present here too.
Discussion and perspectives.—We have conducted the

first direct experimental observation of the Gardner phase,
deep into the glass phase, before jamming. Although it has
been obtained in a rather specific type of—granular—glass,
there is now much evidence that such glasses are good
models for hard potential thermal glass formers [42]. At the
level of the average order parameters of the transition, we
obtain an excellent agreementwith the results obtained in the
numerical studies of the MK model [23] and hard sphere
glasses [27].Weobserve somedifferences in the fluctuations
statistics of the cage size; in particular, our results suggest
that intrastate dynamical heterogeneities are maximal at the
Gardner transition. Further quantitative comparisons with
existing numerical simulations require significantly more
work, which are far beyond the scope of the present study,
from both the numerical and the experimental side. The
importance of aging, the role of activated processes, and the
finite size effects should be quantified precisely. To do so,
studying the dynamics of the caging processes is obviously
an important and promising next step.
The present study sheds new light on several results

obtained previously in the same experimental setup. In
particular, it would be very interesting to investigate how
the large dynamical heterogeneities observed just below
jamming [29,30,34,38] are related to the marginality of the
many glass states in the Gardner phase. Another striking
observation, which must contain a signature of the Gardner
phase, is the avalanche dynamics observed in the motion of
an intruder pulled through the glass, at constant force or
constant velocity [32,43]. Finally, the elasticity and dilatancy
softening, reported in Refs. [33,44,45], might have close
connections to the breakdown of classical elasticity reported
for an amorphous solid in the Gardner phase [46–49].

We thank Francesco Zamponi, Patrick Charboneau,
and Giulio Biroli for many interesting discussions related
to this work and Yuliang Jin for assisting us in defining
the compression protocols using preliminary simulations of
our system. We also thank Vincent Padilla and Cécile
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FIG. 3. Statistics of Δ and ΔAB. Probability distribution of
Δ=hΔi sampled (a) over time and compression cycles and (b) over
time only [inset: dynamical susceptibility associated to the
fluctuations of Δkðt0; twÞ over time]. Color code as in Fig. 2.
Temporal evolution of Δk;k0ðtÞ for ten different pairs of com-
pression cycles (color coded) for (c) ϕ ¼ 0.8196 and
(d) ϕ ¼ 0.8228, as compared to the temporal evolution of
Δkðt; τ0Þ (in black). Colors indicate different pairs of compres-
sion cycles. (e) Probability distribution function of ΔAB sampled
across compression cycles. Color code as in Fig. 2.
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Aging 
Aging in the Gardner phase, 
hierarchical structure of the bassins 
=> system always ages 

�g < � < �G

�G < � < �J
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Spatial heterogeneities of the vibrations 
 

Discussion I : Vibrational heterogeneities 

 Non Gaussian cage size   (also intra-state) 

 

 

 

  => Vibrational heterogeneities 

3

FIG. 2: Cage order parameters. Mean square displace-
ment at long time �(⌧0) and mean square distance between
cages �AB averaged over 200 time steps and 10 compression
cycles from �0 = 0.8185 to � as a function of �.

cycles are rapid quenches separated by 1000 vibration
cycles. This number of cycles spent in each compressed
state has been chosen so that it is large enough to define
cages and small enough as compared to the relaxation
time of the instantaneous contact network, which was
found to be of the order of 5000 to 10000 cycles in past
studies [29, 34].

Vibrated granular matter is prone to develop convection
as soon as it un-jams [34]. This convection can be very
small, but it accumulates over time and removing it is al-
ways a challenge. In order to eliminate spurious e↵ects in
the measurements of the displacements, we analyze the
dynamics of each particles in the reference frame of the
center of mass of its neighbors. Because we are interested
in individual displacements – although they result from
collective e↵ects –, this technique has the advantage of
not subtracting an overall convection field, which, locally,
can be large as compared to the intrinsic displacement.
We thus redefine the particle position as ri → ri − r⌦i ,
where r⌦i = 1�ni∑j rj , where the sum runs over the neigh-
bors of particle i and ni is the number of them. We are
then in position to compute �k(t, ⌧) and �kk′(t) as de-
fined by equations (1) and (2). We average over compres-
sions and replace the average over samples by temporal
averaging to obtain �(⌧) and �AB . Doing so we assume
aging to be negligible on the 200 time steps time window
used here.

Figure 2 displays � = �(⌧0 = 500) and �AB as a func-
tion of �. It is the first and main experimental result of
the present study. The typical MSD within cages �(�)
steadily decreases with the packing fraction. By contrast,
�AB(�) first decreases like �(�), but then plateaus at
values of the order of 10−2 for � � 0.820. This unam-

FIG. 3: Statistics of � and �AB. Probability distribution
of �� < � > sampled over time and compression cycles (a)
or over time only (b); (inset : dynamical susceptibility asso-
ciated to the fluctuations of �k(t, ⌧0) over time). Temporal

evolution of �k,k′(t) for 10 di↵erent pairs of compression cy-
cles (color coded) for � = 0.8196 (c) and � = 0.8228 (d) as
compared to the temporal evolution of �k(t, ⌧0) (in black).
Probability distribution function of �AB sampled across com-
pression cycles.

biguously demonstrates that there is a regime at large
�, before jamming, in which several cage configurations
are separated by an average distance larger than the cage
size. Also, the fact that � present no sign of a transition
shows that the glass meta-basin is not suddenly broken in
sub-basins corresponding to a well defined smaller cage
size, but rather in a sub-basins with distributed cage sizes.
The system has entered the Gardner phase. We estimate
that the Gardner transition takes place at �G � 0.820.
Very remarkably, although the present system is fric-
tional and the jamming packing fractions are lower than
for thermal hard discs, our observations very well match
the numerical ones [20, 24]. Both the plateau value of
10−2, the ratio �G��J � 0.996 and 1�(�J − �G) � 3.102,
a naive estimation of the pressure, are in the correct
range. Extrapolating � to 10−1, the typical MSD values
reported for experimental and numerical glass transition,
we find �g = 0.815, in agreement with previously reported
values for the glass transition in 2d systems of bi-disperse
hard grains [35, 36].

We now turn to the analysis of the fluctuations of � and
�AB . Remember that we deal with a single glass sample.
Hence fluctuations have only too possible sources: tempo-
ral fluctuations inside each compression cycle and inter-
cycle fluctuations. The cage size fluctuations across time
and cycles, normalized by the mean cage size, (fig. 3-a)
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Also in the contact dynamics Dynamics : the contact network relaxes heterogeneously
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For soft spheres, as well as in the present experiment,  

Discussion I : Vibrational heterogeneities 

12A507-8 Ikeda, Berthier, and Biroli J. Chem. Phys. 138, 12A507 (2013)

defined as

µ(t) = 1
N

N∑

i=1

|!ri(t)|2

⟨|!ri(t)|2⟩
− 1. (20)

Note that the thermal average in the denominator of Eq. (20)
does not include an average over particles, and thus particles
with larger displacements do not dominate the sum in the def-
inition of µ(t). This implies in particular that rattlers are not
dramatically affecting the numerical measurements of χ4(t).

While χ4(t) measures the total amplitude of spatial cor-
relations, direct access to a correlation length scale is pro-
vided by the spatially resolved correlator, which we study in
the Fourier space:

S4(q, t) = 1
N

N∑

j,k=1

⟨
∣∣µj (t)µk(t)eiq·rjk

∣∣⟩, (21)

where rjk = rj(0) − rk(0) is the separation between particles j
and k at t = 0 and µj(t) is the contribution of particle j to the
mobility, µj(t) = |!rj(t)|2/⟨|!rjt)|2⟩ − 1.

Two remarks before showing our results. First, we have
included all particles in the analysis of the dynamic het-
erogeneity, because the rattlers do not dominate the sum in
Eqs. (19) and (21), contrary to the MSD. We have numerically
checked that our results in this section are identical if we re-
move the rattlers. Second, our definition of χ4(t) does not ex-
plicitly involve a “probing” length scale as in other works.27, 39

In fact, using the mobility defined in Eq. (20) is equivalent to
selecting automatically the appropriate probing length at each
time.27

As shown in Fig. 5, we find that χ4(t) increases with t
at short times, but it does not display a clear maximum at in-
termediate times as is usually found in systems near a glass
transition,40 but saturates to a long-time limit discussed be-
low. Here we wish to characterize the spatially heterogeneous
dynamics relevant for !2

∞ and τ . We therefore concentrate on

FIG. 5. Time dependence of the four-point susceptibility, Eq. (19), for
T = 10−8, and various volume fractions across ϕJ. The filled squares indi-
cate the timescale t ⋆. Note that χ4(t) saturates at long times to a system size
dependent plateau.

FIG. 6. Diverging susceptibility and length scale near the jamming tran-
sition. Top: Volume fraction dependence of the dynamic susceptibility
χ4(t = t ⋆), Eq. (22), for various temperatures showing the emergence of “vi-
brational heterogeneity” at low enough T close to ϕJ (shown with the vertical
line). Bottom: Four-point correlator S4(q, t = t ⋆) at T = 10−8 and various
volume fractions exhibits a nonmonotonic density dependence (note the non-
monotonic evolution of the ϕ labels).

time scales of the order of t ⋆ discussed above, and we measure

χ4(ϕ, T ) ≡ χ4(t = t⋆), (22)

and the corresponding structure factor:

S4(q; ϕ, T ) ≡ S4(q, t = t⋆). (23)

Representative numerical results are shown in Fig. 6. As
for the adimensional quantities !2

∞ and τ in Fig. 4, χ4 also
shows a striking nonmonotonic density dependence across ϕJ,
which becomes more pronounced as T decreases, and would
seem to diverge on both sides of the jamming transition as T
→ 0. These results strongly suggest that the slowing down
and excess amplitude of thermal vibrations are the result of
collective, spatially correlated dynamics. Remark again that
χ4 acquires a strong nonmonotonic density dependence in the
close vicinity of ϕJ, but only for temperatures which are at
least below T ≈ 10−7, while it remains nearly constant and
rather insensitive to the underlying jamming transition every-
where else. Finally, remark that the critical behaviour of χ4

emerges in Fig. 6 without further analysis or normalization
by an elementary “correlation unit.”51 This makes it a very
relevant quantity to be measured experimentally, as it directly
reveals the dynamic criticality associated to the jamming
transition.
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Discussion II : Probing elasticity 
Prepare the system at large 
packing fraction under 
vibration 

Stop vibration 

Inflate an intruder in the 
center  

Measure stress and strain 

Decrease the packing fraction 
while vibrating 

iterate 
R0 - > R0 + a 
γ = a/R0 
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For each packing fraction and each a/R0 

  

δ=Tr(ε) γ=J2(ε) 

P=Tr(σ) τ=J2(σ) 
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FIG. 2: Maps of the strain and stress invariants. (color
online) Maps of dilation, ε ,(a), shear strain, γ, (b), pressure,
P , (c) and shear stress, τ , (d), for φ = 0.8294 and a∗ = 4.4×
10−2. The uncolored grains are the location of the pneumatic
tube connected to the intruder, which masks the field of view.

a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.
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FIG. 3: Constitutive laws. (color online) Pressure (△),
P (a), and shear stress (▽), τ (b), vs. shear strain, γ, for
21 packing fractions φ ∈ [0.8102 − 0.8343]. Each data point
result from a binning of the scatter plots P (r, θ) and τ(r, θ)
vs. γ(r, θ), where (r, θ) are the polar coordinates. The solid
lines are given by Eqs. (1-2). Color code spans from blue to
red with increasing packing fractions. (c) and (d): same data
as (a) and (b) rescaled by γc(φ), Pc(φ) and τc(φ). The solid
lines are given by the rescaled version of Eqs. (1-2) and the
dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)

τ = 2 [G0 +Gnl(∆φ, γ)] γ (2)

with ∆φ = φ − φJ , G0 = 6.0 ± 0.2 × 10−2, R0 = 1.2 ±
0.1× 101 and

Rnl(∆φ, γ) =

{
0 forφ < φJ

a∆φµγα−2 forφ > φJ
,

Gnl(∆φ, γ) =

{
0 forφ < φJ

b∆φνγβ−1 forφ > φJ
,

with µ = 1.7±0.1, α = 1.0±0.1, a = 8.1±0.3×10−2, ν =
1.0 ± 0.1, β = 0.4 ± 0.1, b = 7.5 ± 0.3 × 10−1. From the
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a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.
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tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by
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a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
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tions were qualitatively similar for all packing fractions.

10−3 10−2

10−4

10−3

10−2
P

γ

10−3 10−2

10−4

10−3

10−2

τ

γ

(a) (b)

10−2 10−1 100 101 10210−2

10−1

100

101

102

P

Pc

γ

γc

10−2 10−1 100 101 10210−2

10−1

100

101

102

τ

τc

γ

γc

(c) (d)

FIG. 3: Constitutive laws. (color online) Pressure (△),
P (a), and shear stress (▽), τ (b), vs. shear strain, γ, for
21 packing fractions φ ∈ [0.8102 − 0.8343]. Each data point
result from a binning of the scatter plots P (r, θ) and τ(r, θ)
vs. γ(r, θ), where (r, θ) are the polar coordinates. The solid
lines are given by Eqs. (1-2). Color code spans from blue to
red with increasing packing fractions. (c) and (d): same data
as (a) and (b) rescaled by γc(φ), Pc(φ) and τc(φ). The solid
lines are given by the rescaled version of Eqs. (1-2) and the
dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)

τ = 2 [G0 +Gnl(∆φ, γ)] γ (2)

with ∆φ = φ − φJ , G0 = 6.0 ± 0.2 × 10−2, R0 = 1.2 ±
0.1× 101 and

Rnl(∆φ, γ) =

{
0 forφ < φJ

a∆φµγα−2 forφ > φJ
,

Gnl(∆φ, γ) =

{
0 forφ < φJ

b∆φνγβ−1 forφ > φJ
,

with µ = 1.7±0.1, α = 1.0±0.1, a = 8.1±0.3×10−2, ν =
1.0 ± 0.1, β = 0.4 ± 0.1, b = 7.5 ± 0.3 × 10−1. From the

3

 

−0.04

−0.02

0

0.02

0.04  

0

0.004

0.008

0.012

0.016

0.02

(a) (b)

 

−0.02

−0.01

0

0.01

0.02  

0

0.002

0.004

0.006

0.008

0.01

(c) (d)

FIG. 2: Maps of the strain and stress invariants. (color
online) Maps of dilation, ε ,(a), shear strain, γ, (b), pressure,
P , (c) and shear stress, τ , (d), for φ = 0.8294 and a∗ = 4.4×
10−2. The uncolored grains are the location of the pneumatic
tube connected to the intruder, which masks the field of view.

a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.
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lines are given by Eqs. (1-2). Color code spans from blue to
red with increasing packing fractions. (c) and (d): same data
as (a) and (b) rescaled by γc(φ), Pc(φ) and τc(φ). The solid
lines are given by the rescaled version of Eqs. (1-2) and the
dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)

τ = 2 [G0 +Gnl(∆φ, γ)] γ (2)

with ∆φ = φ − φJ , G0 = 6.0 ± 0.2 × 10−2, R0 = 1.2 ±
0.1× 101 and

Rnl(∆φ, γ) =

{
0 forφ < φJ

a∆φµγα−2 forφ > φJ
,

Gnl(∆φ, γ) =

{
0 forφ < φJ

b∆φνγβ−1 forφ > φJ
,

with µ = 1.7±0.1, α = 1.0±0.1, a = 8.1±0.3×10−2, ν =
1.0 ± 0.1, β = 0.4 ± 0.1, b = 7.5 ± 0.3 × 10−1. From the
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tube connected to the intruder, which masks the field of view.

a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.
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as (a) and (b) rescaled by γc(φ), Pc(φ) and τc(φ). The solid
lines are given by the rescaled version of Eqs. (1-2) and the
dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)

τ = 2 [G0 +Gnl(∆φ, γ)] γ (2)

with ∆φ = φ − φJ , G0 = 6.0 ± 0.2 × 10−2, R0 = 1.2 ±
0.1× 101 and

Rnl(∆φ, γ) =
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0 forφ < φJ

a∆φµγα−2 forφ > φJ
,

Gnl(∆φ, γ) =
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b∆φνγβ−1 forφ > φJ
,

with µ = 1.7±0.1, α = 1.0±0.1, a = 8.1±0.3×10−2, ν =
1.0 ± 0.1, β = 0.4 ± 0.1, b = 7.5 ± 0.3 × 10−1. From the
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a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.
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lines are given by the rescaled version of Eqs. (1-2) and the
dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)
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a∗ = 4.4 × 10−2. Apart from the spatial fluctuations,
inherent to the local response of a disordered material,
one observes that the axisymmetry of the loading is con-
served in the response. Also the response intensity de-
creases with the distance from the intruder and we could
observe no sign of the lateral walls. In other words, the
hypothesis of an infinite cell is rather well verified (note
that the images shown here represent only one third in
length of the whole sample). As a first observation, one
notices that, apart from the very first shell around the
inflater, the dilation ε fluctuates around 0 (fig. 2 a) : the
material is essentially incompressible. This is confirmed
by a closer look at the profile (not shown here) : close
to the intruder a significant dilation occurs because of
the boundary condition geometrical mismatch; but the
rest of the packing compresses slightly and ensures the
conservation of the overall volume. From now on, we
shall remove the first shell around the intruder from the
analysis and assume the incompressibility, that is ε = 0.
The second significant observation is that the pressure
deviates significantly from the elastic response : there
are regions of intense pressure, which do not correspond
to any sort of intense compression. This pressure field is
thus induced by the shear; it is the signature of dilatancy
for an experiment conducted at constant volume, a well
known effect in granular media [28]. Finally whereas the
spatially averaged pressure varies linearly with a∗, the
spatially averaged shear strain increases faster than a∗.
This is a first indication of the nonlinear nature of the
material. We checked however that the shear work τγ
averaged over space scales with a∗2. The above observa-
tions were qualitatively similar for all packing fractions.

10−3 10−2

10−4

10−3

10−2
P

γ

10−3 10−2

10−4

10−3

10−2

τ

γ

(a) (b)

10−2 10−1 100 101 10210−2

10−1

100

101

102

P

Pc

γ

γc

10−2 10−1 100 101 10210−2

10−1

100

101

102

τ

τc

γ

γc

(c) (d)

FIG. 3: Constitutive laws. (color online) Pressure (△),
P (a), and shear stress (▽), τ (b), vs. shear strain, γ, for
21 packing fractions φ ∈ [0.8102 − 0.8343]. Each data point
result from a binning of the scatter plots P (r, θ) and τ(r, θ)
vs. γ(r, θ), where (r, θ) are the polar coordinates. The solid
lines are given by Eqs. (1-2). Color code spans from blue to
red with increasing packing fractions. (c) and (d): same data
as (a) and (b) rescaled by γc(φ), Pc(φ) and τc(φ). The solid
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dashed lines indicate the asymptotic regimes.

Constitutive laws — We now come to the quantita-
tive analysis of the constitutive laws τ(γ,φ) and P (γ,φ)
which were obtained from collecting all data points into
averages corresponding to binned values of γ. Fig 3(a)
and (b) display the shear stress τ and pressure P versus
the shear strain γ for all the packing fractions probed
here. Below jamming, both the shear stress τ and the
pressure P exhibit the simple expected dependence on
the shear strain: τ = 2G0γ, and P = R0γ2. Above jam-
ming non linearities take place in the form of a significant
shear softening of both the shear modulus and the dila-
tancy. We find that the best description of the data is
given by

P = [R0 +Rnl(∆φ, γ)] γ2 (1)

τ = 2 [G0 +Gnl(∆φ, γ)] γ (2)

with ∆φ = φ − φJ , G0 = 6.0 ± 0.2 × 10−2, R0 = 1.2 ±
0.1× 101 and

Rnl(∆φ, γ) =

{
0 forφ < φJ

a∆φµγα−2 forφ > φJ
,

Gnl(∆φ, γ) =

{
0 forφ < φJ

b∆φνγβ−1 forφ > φJ
,

with µ = 1.7±0.1, α = 1.0±0.1, a = 8.1±0.3×10−2, ν =
1.0 ± 0.1, β = 0.4 ± 0.1, b = 7.5 ± 0.3 × 10−1. From the 4

above relations, one obtains the rescaling shown in fig-
ure 3(c),(d) with γc ∼ ∆φζ , τc = 2G0γc and Pc = R0γ2

c .
Despite the fact that the couples of exponents (µ,α)
and (ν,β) have been obtained independently, we obtain
that ζ = µ/(2 − α) and ζ = ν/(1 − β) lead to the
same value ζ = 1.7 as it should be. The above equa-
tions and the related scaling are the key results of the
present study. To our knowledge, this is the first time
that non linear elasticity is quantified precisely approach-
ing the jamming transition of a granular packing. Note
that the ”linear” regime observed here should not be
confused with the linear response and should rather be
seen as a saturation of the nonlinearities. For very small
strain, (γ ≃ 10−6), such as those probed in numerical
studies [3, 36], and much smaller than the lowest strain
probed here (γ ≃ 10−3), one expects to recover a linear
response for all ∆φ > 0 [23]. For strains of experimental
relevance, very recent numerical studies have reported a
crossover from the linear response at small strains to a
shear softening regime, with a exponent β ≃ 0.5 [37, 38],
compatible with the present results.
Shear strain profiles — We finally proceed to a self-

consistency check by integrating the condition of mechan-
ical equilibrium ∇ · σ = 0, with the above constitutive
laws to derive the expected shear strain profiles and com-
pare them with those obtained experimentally. We intro-
duce here the reduced shear strain γ̃ = γ/γc. Axisym-
metry ensures that σ is diagonal in polar coordinate and
independent of the azimuthal coordinate θ. ∇ · σ = 0
thus reads:

Pc(αγ̃α−1 + 2γ̃) + τc(βγ̃β−1 + 1)

γ̃β + γ̃
dγ̃ = −2τc

dr

r
(3)

We integrate numerically Eq. 3 with the boundary con-
dition γ̃(r = rI) = a∗/γc and we obtain the profiles plot-
ted in figure 4(a), together with the experimental data.
The agreement is very satisfactory, given the absence of
any adjustable parameter and the fact that we have ne-
glected the confinement at large r. For intermediate val-
ues of ∆φ and a∗, the crossover of the constitutive law
translates into a spatial crossover with a characteristic
length rc between the saturated linear regime for r < rc,
close to the inflater, and the truly non linear regime for
r > rc. An estimate of rc can be derived by integrating
the above equation in the saturated linear regime and
selecting γ = γc (γ̃ = 1) :

rc
rI

=

(
a∗

γc

)1/2

exp

[
R0

2G0
a∗

(
1− γc

a∗

)]
. (4)

In the limit, γc → 0, approaching jamming, rc ∼ γ−1/2
c ∼

∆φ−0.85. One can indeed observe the emergence of this
singular behavior on figure 4(b), together with the expo-
nential regularization at large ∆φ.
Summary-Discussion — Our measurements provide a

quantitative characterization of the elastic response of
a bi-dimensional packing of grains to the local inflation
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FIG. 4: Shear strain profiles (color online) (a): Shear
strain profile for (◃) (φ = 0.8208; a∗ = 0.0374), (⋄) (φ =
0.8268; a∗ = 0.0314) and (▹) (φ = 0.8338; a∗ = 0.0306). The
symbols are experimental data and the solid lines come from
the integration of eq.(3). The green dashed line indicates the
crossover for the case (φ = 0.8268; a∗ = 0.0314) (b): Spa-
tial crossover rc(φ, a

∗)/rI (for a∗ = 0.0208 (green), 0.0440
(turquoise) and 0.0681 (blue) extracted from the experimen-
tal profiles (×) and obtained numerically from eq. (3) (dashed
lines). (Inset): same in log-log axis with the predicted scal-
ing rc ∼ ∆φ−0.85. In both figures, the gray zone is the region
occupied by the inflater.

of an intruder close to jamming. This specific geome-
try actually probes the response to an inhomogeneous
shear at constant volume. Our results highlight the effect
of dilatancy and unveil a nonlinear regime above jam-
ming where both the shear modulus and the dilatancy
coefficient soften. The importance of shear dilatancy in
marginal solids was recently emphasized in [39], where
it was shown that the Reynolds coefficient at constant
volume RV ∼ ∆φ−1/2. Here we also observe a singular
behavior, albeit of a different kind since the present ex-
periment probes the nonlinear softening of the dilatancy.
In a different context, Ren et al. [30] report a steep in-
crease of dilatancy under homogeneous shear as the den-
sity of an unjammed packing of grains is increased. The
dilatancy coefficient R0 reported here is indeed very large
(R0 ∼ 104 N/m) and could be seen as a saturation of the
divergence reported in [30].

Finally, the present study uncovers a length scale, rc,
which separates the nonlinear regime from the saturated
linear one. Its scaling with the distance to jamming does
not match any scaling reported before for length scales
of linear origin, such as ℓ∗ or ℓc. This suggests that rc
could encompass crucial information about the density
of the low energy non-linear excitations reported recently
for sphere packings [24]. Further insights in this mat-
ter could come from simulations of point-like response
of the kind reported in [7] albeit in the non linear regime.
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Is the transition from the shear softening regime to the saturated 
linear regime controled by the Gardner transition? 

is crucial and, above jamming, shear softening occurs at
moderate strain [Fig. 1(b)]. Elasticity is effectively recov-
ered only for strains larger than a critical strain, which
scales with the distance to jamming and eventually van-
ishes at ϕJ [Fig. 1(c)]. We compute the strain profiles from
the inferred constitutive laws and show that they match the
experimental profiles and display a spatial crossover
between the two regimes. The crossover length diverges
like Δϕ−0.85 when the system (un)jams.
Setup and protocol.—The setup is adapted from [16,31].

A bidisperse layer of 8166 photoelastic disks of diameter 4
and 5 mm is confined in a rectangular frame. Awall piston
allows us to precisely tune the packing fraction ϕ. The
grains lie on a glass plate which can be vibrated with an
amplitude of 1 cm at a frequency of 10 Hz perpendicularly
to the direction of the wall piston. The inflater is made of a
brass spacer, equipped with 9 radial pistons, is surrounded
by an O ring of diameter 2rI ¼ 26.3 mm and connected to
a pressure switch. When the pressure is increased inside the
spacer, the pistons push the O ring radially, ensuring a
uniform radial dilation, up to 2ðrI þ aÞ ¼ 28.5 mm. When
the pressure is switched off, the elasticity of the O ring
brings back the inflater to its initial diameter. The dilation
rate a% ¼ a=rI ∈ ½1–10'%.
Varying both the strain amplitude and packing fraction,

we record the stress response following a precise protocol.
First we introduce the inflater at the center of the packing
at low packing fractions. We then compress the packing
into a highly jammed state while vibrating the bottom plate
(see [31] for details). We stop the vibration and start
acquiring images while increasing the size of the intruder
using steps of 1.5%. At the end, we let the inflater recover
its initial size, turn on the vibration, stepwise decrease the
packing fraction, and start the next measurement loop. The
vibration steps homogenize the stresses between change
of packing fraction, while keeping the packing structure
identical [16,31].
The photoelastic grains are backlit with a large, uniform,

circularly polarized light source. Pictures are taken using a
high-resolution CCD camera. We record both photoelastic

and position information by alternating between cross-
polarized and direct pictures using a cross polarizer
mounted on a synchronized step motor (see [31] for
details). We process these images with standard segmenta-
tion, tracking, and tessellation techniques, to obtain the
displacement field and the force network [31]. We then
compute the strain tensor ϵ and the stress tensor σ fields at
the grain scale [28,33–36]. Having checked that these
tensors share the same eigenvectors [37], we restrict the
analysis to their first and second invariants: the dilatation
ε ¼ 1

2

P
kϵkk, the pressure P ¼ − 1

2

P
kσkk, the shear strain

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

P
i;jðϵij − εδijÞ2

q
and the shear stress τ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

P
i;jðσij þ PδijÞ2

q
, where δij is the Kronecker symbol.

In the following, P and τ are normalized by the contact
stiffness k ¼ 1 N=mm and the length unit is the diameter of
the small grains s ¼ 4 mm. The stress and strain tensors
are, respectively, measured with a resolution of 10−4

and 10−3.
Initial state.—For each packing fraction, before inflating

the intruder, the system is characterized by an initial state,
with force chains spanning the whole system. This com-
pressed state above jamming, which has been studied in
detail before [31], is statistically homogeneous. The aver-
age contact number z0 is essentially constant at low packing
fraction [see Fig. 2(a)]. At intermediate packing fraction, it
exhibits a kink from where it increases sublinearly. We
identify the location of the kink with the jamming transition
at packing fraction ϕJ ¼ 0.8251( 0.0009. One should
not be surprised to observe a finite z0 below jamming:
when the vibration is turned off, the structure is quenched
abruptly from a vibrational state where the averaged
number of contact need not be zero. The sublinear increase
of z0 with packing fraction is compatible with the one
obtained in simulations of frictional particles [17,38]. The
initial pressure P0 also increases above jamming from a
small residual value below jamming, again inherited from
the vibrational state [see Fig. 2(b)]. Since the packing
is compressed by moving only one lateral wall, the

(a) (b) (c)

FIG. 1 (color online). (a) Quadrant of combined raw photoelastic and direct light pictures. The intruder (pink) is inflated and induces
radial compression and orthoradial stretch (white arrows): the packing is sheared azimuthally. (b) Sketch of the shear modulus, G and
dilatancy coefficient R, vs shear strain γ. In the linear regime (LR, γ < γ%), not probed here, both are constant. For γ% < γ < γc both
decrease, this is a shear softening (SS) regime. For γ > γc, effective linear elasticity (SL) is recovered. (c) ϕ − γ parameter space with the
different regimes: both γ% and γc vanish at Jamming. The gray regions could not be accessed in the present experiment.
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FIG. 9: Three-dimensional ‘jamming phase diagram’ showing
the yield stress surface as a function of the thermodynamic
parameters temperatures and density, in a dimensionless rep-
resentation (particle softness kBT/ϵ, volume fraction ϕ, and
stress σa3/ϵ). The three lines represent the location of the
experimental systems discussed in Sec. III. Foams are mainly
sensitive to jamming physics, emulsions display an interest-
ing interplay between glass and jamming transitions, while
PNIPAM microgels undergo a colloidal glass transition.

tally, and solidity genuinely emerges at the jamming tran-
sition. This is the case for foams in Fig. 9 for which
the glass ‘wing’ has negligible effects. Note that PMMA
colloidal suspensions would appear at nearly the same
temperature/softness as foams in the jamming phase di-
agram of Fig. 9. However, with the particle size being
much smaller than for foams, the yield stress emerging
at the colloidal glass transition would easily be measured
experimentally, and the measurements would stop as the
jamming density is approached because the yield stress
would seem to diverge there.

As shown by the jamming phase diagram in Fig. 9,
our analysis is useful in organizing the physics of differ-
ent experimental systems. To confirm this, we have used
our additive rheological model to analyze various exper-
imental flow curves obtained for a variety of dense sus-
pensions. The systems we focussed on were PMMA col-
loids [41], aqueous foam [44], oil-in-water emulsions [47],
and PNIPAM microgels [21, 53]. We have also gathered
experimental data from other sources, in particular ultra-
soft particles composed of star polymers [62], and data for
emulsions with larger droplet sizes [49], but for brevity
the results of our analysis have not been presented in
Sec. III.

We showed that all the above experimental results can
be successfully analyzed using the additive model. It is
instructive to replot all data in a single figure using the
dimensional procedure adopted throughout this paper,
i.e. expressing stress and time scales in thermal units σT

and τT, see Eqs. (3, 5). These flow curves are collected
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FIG. 10: Superposition of experimental flow curves for dif-
ferent materials using thermal units. PMMA colloids with
a = 0.36µm, after Petekidis et al. [41]. Foam with a = 27µm,
after Herzhaft et al. [44]. Emulsion(a) with a = 0.5µm, after
Mason et al. [47]. PNIPAM(a) with a = 0.2µm, after Carrier
et al. [21]. PNIPAM(b) with a = 1.2µm, after Nordstrom et
al. [21]. Star polymers with a = 0.07µm, after Koumakis et
al. [62]. Emulsion(b) with a = 8µm, after Otsubo et al. [49].

in Fig. 10. In this representation, the flow curves for
PMMA colloids, star polymers, PNIPAM microgels lie in
the same sector, which corresponds to the thermal sec-
tor in our model; see Fig. 2. Therefore, the formation of
amorphous solids in these systems stems from the physics
of the colloidal glass transition. On the other hand, foams
lie outside this regime and are controlled, accordingly,
by the jamming transition. Interestingly, emulsions lie
somewhat in between and so are influenced by both types
of physics, as discussed in Sec. III D. Note in particular
that emulsions with larger droplet sizes, also shown in
Fig. 10, could be useful systems to fill the gap between
colloids and foams. While experimental studies of micro-
gel particles have been interpreted from the point of view
of the jamming transition [21], our analysis shows that
for these soft colloidal particles the physics of jamming
has, in fact, only a negligible effect. A similar conclu-
sion has recently been reached based on the analysis of
the short-time vibrational dynamics in the amorphous
phase [55].

Our conclusion that glass and jamming rheologies be-
long to different sectors and contribute linearly to the
shear stress is directly supported by the numerical flow
curves obtained for harmonic spheres, and by the analysis
of the oil-in-water emulsions in Sec. III D which clearly
showed the complex features also observed in the simu-
lations. We mentioned that similar indications are also
found for PMMA colloids, in particular at large Péclet
number and larger density, while microgel suspensions
appear less well suited for a detailed experimental in-
vestigations of the interplay between glass and jamming

depinning is taken into account, the analogy between these two
phenomena is fruitful and leads to a complete scaling de-
scription of the yielding transition. In particular, we find that
the Herschel–Bulkley exponent is related to avalanche exten-
sion and duration via Eq. 9 and that the avalanche statistics
may be expressed in terms of three independent exponents: θ,
df, and z, characterizing, respectively, the density of shear
transformations, the fractal dimension of the avalanches, and
their duration.

Definition of Exponents
Several studies (see Table 2) characterized the yielding transition
with several exponents, which we now recall.

Flow Curves.Rheological properties are singular near the yielding
transition. Herschel and Bulkley (38) noticed that for many yield
stress materials, Σ=Σc +A _γn, where _γ is the macroscopic strain
rate and Σ is the external shear stress. By analogy with depinning,
we instead introduce the exponent β = 1/n, such that

_γ∼ ðΣ−ΣcÞβ: [1]

In contrast to depinning, one finds β > 1 in the yielding tran-
sition, as we explain below. Our analysis below focuses on the
regime (Σ − Σc)/Σc # 1; effects not discussed here are expected to
affect the flow curves at larger stresses (39, 40).

Length Scales. Near the yielding transition, the dynamics become
more and more cooperative and are correlated on a length scale ξ:

ξ∼ jΣ−Σcj−ν: [2]

Avalanche Statistics. At threshold Σ = Σc, the dynamics occur by
avalanches whose size we define as S ≡ ΔγLd, where Δγ is the
plastic strain increment due to the avalanche and Ld is the vol-
ume of the system. The normalized avalanche distribution ρ(S)
follows a power law:

ρðSÞ∼ S−τ: [3]

In a finite system of size L, this distribution is cut off at some
value Sc, where the linear extension of the avalanche is of order
L, enabling definition of the fractal dimension df:

Sc ∼Ldf : [4]

A key exponent relates length and time scales; z characterizes
the duration T of an avalanche whose linear extension is l:

T ∼ l z: [5]

Density of Shear Transformations. If an amorphous solid is cut into
small blocks containing several particles, one can define how
much stress xi needs to be applied to the block i before an in-
stability occurs. The probability distribution P(x) is a measure of
how many putative shear transformations are present in the
sample (20). Near the depinning transition, a similar quantity can
be defined, and in that case it is well known that P(x) ∼ x0 (26).
We have argued (20) that it must be so when the interaction
kernel G is monotonic, i.e., its sign is constant in space. For an
elastic interface, this is the case, as a region that yields will always
destabilize other regions. This implies that locally, the distance
to instability xi always decreases with time until xi < 0, when the
block i rearranges. Thus, nothing in the dynamics allows the
block i to forecast an approaching instability, and no depletion or
accumulation is expected to occur near xi = 0. By contrast, for
the yielding transition, the sign of G varies in space. Thus locally,
xi jumps both forward and backward, performing some kind of
random walk. Because x = 0 acts as an absorbing boundary
condition (as the site is stabilized by a finite amount once it
yields), one expects that depletion may occur near x = 0 (20, 37,
41). In ref. 20, we argued that P(x) indeed must vanish at x = 0 if
the interaction is sufficiently long range (particularly if jGj ∼ 1/rd,
as is the case for the yielding transition); otherwise, the system
would be unstable: a small perturbation at the origin would
cause extensive rearrangements in the system. Thus, the yielding
transition is affected by an additional exponent θ that does not
enter the phenomenology of the depinning problem:

PðxÞ∼ xθ; [6]

with θ > 0. Using elasto-plastic models, we previously measured
θ ∼ 0.4 for d = 3 and θ ∼ 0.6 for d = 2 (20), as we confirm here
with improved statistics.

Fig. 1. (Left) Analogy between the yielding transition of a d-dimensional
amorphous solid and the depinning transition of an elastic interface of d
dimensions in a space of d + 1 dimensions, illustrated here for d = 2. The
height of the interface is the accumulated local plastic strain generated by
local plastic rearrangements; one example of the latter appears in the bot-
tom. (Right) the strain rate–stress (velocity–force) curves for the yielding
(depinning) transition with β > 1 (β < 1) in yielding (depinning) transition.

Table 1. The critical exponents and their expressions

Exponent Expression Relations 2d measured/prediction 3d measured/prediction

θ P(x) ∼ xθ 0.57 0.35
z T ∼ lz 0.57 0.65
df Sc ∼ Ldf 1.10 1.50
β _γ∼ ðΣ−ΣcÞβ β = 1 + z/(d − df) 1.52/1.62 1.38/1.41
τ ρ(S) ∼ S−τ τ=2− θ

θ+ 1
d
df

1.36/1.34 1.45/1.48
ν ξ ∼ (jΣ − Σcj)−ν ν = 1/(d − df) 1.16/1.11 0.72/0.67

The third column contains the three scaling relations we derive in the text. We compare values measured in
our elasto-plastic model, both in 2d and 3d, with the predictions from the scaling relations.
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Evidence of a fluidization transition 

Transition : % δx < 0 --> 0 



25 

Critical force : “thermal” yield stress 

u   

14

 0.56
 0.6

 0.64
 0.68

10
-10

10
-8

10
-6

10
-4

10
-10

10
-8

10
-6

10
-4

10
-2

k
BT/ε

φ

Foam

PNIPAM

Emulsion

G
la

ss

Jam

σ
a

3
/ε

FIG. 9: Three-dimensional ‘jamming phase diagram’ showing
the yield stress surface as a function of the thermodynamic
parameters temperatures and density, in a dimensionless rep-
resentation (particle softness kBT/ϵ, volume fraction ϕ, and
stress σa3/ϵ). The three lines represent the location of the
experimental systems discussed in Sec. III. Foams are mainly
sensitive to jamming physics, emulsions display an interest-
ing interplay between glass and jamming transitions, while
PNIPAM microgels undergo a colloidal glass transition.

tally, and solidity genuinely emerges at the jamming tran-
sition. This is the case for foams in Fig. 9 for which
the glass ‘wing’ has negligible effects. Note that PMMA
colloidal suspensions would appear at nearly the same
temperature/softness as foams in the jamming phase di-
agram of Fig. 9. However, with the particle size being
much smaller than for foams, the yield stress emerging
at the colloidal glass transition would easily be measured
experimentally, and the measurements would stop as the
jamming density is approached because the yield stress
would seem to diverge there.

As shown by the jamming phase diagram in Fig. 9,
our analysis is useful in organizing the physics of differ-
ent experimental systems. To confirm this, we have used
our additive rheological model to analyze various exper-
imental flow curves obtained for a variety of dense sus-
pensions. The systems we focussed on were PMMA col-
loids [41], aqueous foam [44], oil-in-water emulsions [47],
and PNIPAM microgels [21, 53]. We have also gathered
experimental data from other sources, in particular ultra-
soft particles composed of star polymers [62], and data for
emulsions with larger droplet sizes [49], but for brevity
the results of our analysis have not been presented in
Sec. III.

We showed that all the above experimental results can
be successfully analyzed using the additive model. It is
instructive to replot all data in a single figure using the
dimensional procedure adopted throughout this paper,
i.e. expressing stress and time scales in thermal units σT

and τT, see Eqs. (3, 5). These flow curves are collected
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FIG. 10: Superposition of experimental flow curves for dif-
ferent materials using thermal units. PMMA colloids with
a = 0.36µm, after Petekidis et al. [41]. Foam with a = 27µm,
after Herzhaft et al. [44]. Emulsion(a) with a = 0.5µm, after
Mason et al. [47]. PNIPAM(a) with a = 0.2µm, after Carrier
et al. [21]. PNIPAM(b) with a = 1.2µm, after Nordstrom et
al. [21]. Star polymers with a = 0.07µm, after Koumakis et
al. [62]. Emulsion(b) with a = 8µm, after Otsubo et al. [49].

in Fig. 10. In this representation, the flow curves for
PMMA colloids, star polymers, PNIPAM microgels lie in
the same sector, which corresponds to the thermal sec-
tor in our model; see Fig. 2. Therefore, the formation of
amorphous solids in these systems stems from the physics
of the colloidal glass transition. On the other hand, foams
lie outside this regime and are controlled, accordingly,
by the jamming transition. Interestingly, emulsions lie
somewhat in between and so are influenced by both types
of physics, as discussed in Sec. III D. Note in particular
that emulsions with larger droplet sizes, also shown in
Fig. 10, could be useful systems to fill the gap between
colloids and foams. While experimental studies of micro-
gel particles have been interpreted from the point of view
of the jamming transition [21], our analysis shows that
for these soft colloidal particles the physics of jamming
has, in fact, only a negligible effect. A similar conclu-
sion has recently been reached based on the analysis of
the short-time vibrational dynamics in the amorphous
phase [55].

Our conclusion that glass and jamming rheologies be-
long to different sectors and contribute linearly to the
shear stress is directly supported by the numerical flow
curves obtained for harmonic spheres, and by the analysis
of the oil-in-water emulsions in Sec. III D which clearly
showed the complex features also observed in the simu-
lations. We mentioned that similar indications are also
found for PMMA colloids, in particular at large Péclet
number and larger density, while microgel suspensions
appear less well suited for a detailed experimental in-
vestigations of the interplay between glass and jamming

Fc ~ 1/(ΦJ-Φ) 

X k = 7 N /mm 
X k = 110 N/mm 
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In the intermittent regime : avalanche dynamics 
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Conclusion 
A clear signature of the Gardner transition 

Further comparison with numerical results are needed to clarify 
  Finite time and aging dynamics 

  Effect of softness (crossover …) 

Need for better characterizing the Gardner phase : 
  Avalanche dynamics in local rheology ? 

  Non-linear elasticity ? 

 

Further readings :  

 

  Gardner : Phys Rev Lett 117 (22), 228001 (2016). 

Shear Softening : Phys Rev Lett 113 (19), 198001 (2014). 

  Yielding and Avalanches : Phys Rev Lett 103 12800 (2009). 

  Early vibrational heterogeneities : EPL, 83, 46003, (2008). 


