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Mitotic spindle assembly during cell division 

•  Lower left: divides 

•  Upper right: no division 

•  DNA: red 

•  Microtubules: green 

 

Video by Michael Davidson, FSU 
http://www.youtube.com/watch?v=P7m3WfzgZdI 



The Xenopus mitotic spindle 

•  Diameter of microtubule (MT): 

•  Mean length of MT in Xenopus 
spindle: 

•  Volume of single MT: 

•  Number of MTs in Xenopus spindle: 

•  Volume occupied by MTs: 

•  Spindle volume: 

•  Volume fraction of MTs in spindle: 

•  Critical volume fraction for onset of 
nematic order (Onsager criterion):  

Image courtesy of Dan Needleman, Harvard 

D = 25 nm = 0.025 µm

N ⇠ 105

L ⇠ 10 µm

V0 = Nv0 ⇠ 500 µm3

v0 = �D2L/4 ⇠ 0.005 µm3

V ⇠ 104 µm3

� = V0/V ⇠ 5%

�c ⇡ 4D/L = 1%

An active liquid crystal? 



Fission yeast cell division 

Fission yeast growth movie: Hironori Niki, National Institute of Genetics, Japan 
https://www.youtube.com/watch?v=ofxDIS7fbCE 

•  Cell 

 
•  Nucleus 
 

2-3 µm 



Cellular length scales 

How do nm-scale molecules organize micron-scale cells? 

https://en.wikipedia.org/wiki/File:Biological_and_technological_scales_compared-en.svg 



Self-organization 



Brownian motion 
•  Protein size: nanometers 

 

•  Time to diffuse one diameter: 

  

•  Statistical mechanics 

•  But thermal diffusion may be only marginally relevant to 
much of transport in cells 

•  Living organisms clearly use motor and filament activity 
to maintain ordered states and (less clearly) to enhance 
stochasticity (e.g., effective diffusivity) 

6 nm 

D =
kBT

6⇡⌘r
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Nonequilibrium statistical mechanics 

•  Thermal equilibrium = death 

•  Food g lower internal entropy 

•  Living systems maintain themselves far from equilibrium 

•  New physics: far from equilibrium statistical mechanics 

•  Novel states of self organization are found in systems 
driven far from equilibrium by dissipation of energy 



Flocking state of self-propelled hard rods 

L/D = 10
� = 0.3

Pe = 80

•  Brownian 
dynamics 
simulation of 
2d hard rods 

•  Color shows 
particle 
orientation 

Kuan et al. Physical Review E 2015.  

•  Rods are driven into a low-entropy, highly inhomogeneous flocking state 

Hui-Shun Kuan 



Simulation model 
•  Self-propelled (nearly) hard rods (spherocylinders) in 

two dimensions 

•  Self-propulsion: constant driving force along long axis 

•  Thermal fluctuations: translational and rotational 
Brownian motion 

•  Three dimensionless parameters: 
–  Aspect ratio: 

–  Packing fraction: 

–  Peclet number: 

•  Unit of simulation time: 
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Flock identification 

contact number: 
 
 
polar order parameter:  
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i 6=j

e�↵r2ij
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blue: flock interior particles (                               ) 
green: flock boundary particles (                               ) 
red: gaseous particles (               ) 

ci > 0.5, pi > 0.5
ci  0.5, pi > 0.5

pi  0.5

joint probability distribution 
P(ci, pi)



Flock size distributions 

� = 0.05

0  Pe  80

•  The flocking state is a type of algebraic dynamical phase, with a power-
law distribution of flock sizes (exponent                ) 

•  Power-law structural relaxation is also observed 
•  The flocking state may be described as a sort of moving glass state 

↵ ⇡ �2



Brownian dynamics simulation of self-propelled 
semiflexible filaments 

Simulations may result in spools containing 
multiple filaments…  

Jeff Moore 

L/D = 50, Lp/D = 1000, fD2/(kBT ) = 12,� = 0.075



Brownian dynamics simulation of self-propelled 
semiflexible filaments 

… or loops of single filaments 

L/D = 50, Lp/D = 1000, fD2/(kBT ) = 16,� = 0.075



Brownian dynamics simulation of self-propelled 
semiflexible filaments 

In some cases, every filament will form a spool 

L/D = 50, Lp/D = 10, fD2/(kBT ) = 16,� = 0.075



Single spool stability 

metastable spool 

finite lifetime 



Gliding motility assays 



“Active matter systems with simple ingredients can indeed 
undergo a transition into an absorbing state.” 

Ring state in f-actin/HMM motility assays in presence of fascin 

Schaller et al. PNAS 2011 



2d active nematics 

•  Microtubule (MT)/motor protein assemblies at oil/water interfaces 
•  Stabilized (but highly polydisperse) MTs 
•  MT bundling induced by depletion interactions 
•  Complex extensile flows observed in presence of ATP 

T. Sanchez et al. Nature 2012 

Video courtesy of Zvonomir Dogic, Brandeis 



Modeling active filament networks 

•  Filaments are represented as (nearly) 
hard spherocylinders 
–  Random thermal motion of filaments 

modeled by Brownian dynamics 

•  Filaments are in diffusive contact with 
a reservoir of crosslinking motors 
–  Motors modeled as harmonic springs 
–  Motor binding/unbinding modeled by 

kinetic Monte Carlo 

•  Motor endpoints move toward + ends 
of filaments (translocation) 
–  Motors unbind immediately upon reaching 

the + end of either filament 
–  Motor head motion governed by a linear 

force-velocity relationship ‘Extreme coarse graining’ 

Robert Blackwell 



Motor-mediated interactions 

•  Antiparallel sliding driven by motor translocation moves 
filaments towards their minus ends 

•  The strength of motor-mediated interactions depends 
on motor concentration 

•  Motor activity depends on translocation velocity 

+!

+!- +!-

+!- +!-
+!- +!-

+! - +! -
Antiparallel sliding (polar sorting) 

Attractive interaction, depletion-like 



Model parameters 

[kBT/(KD2)]1/2

•  Aspect ratio: 
•  Volume fraction: 

•  Range of crosslink-mediated interaction: 

•  Crosslink concentration: 

•  Crosslink run length: 

•  Crosslink stall force: 

•  Ratio of translocation and diffusion rates: 

L/D

�

crosslink spring constant 
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active isotropic 

active nematic 

isotropic 

nematic 

color denotes 
filament orientation 

L/D = 10
� = 0.415

L/D = 10
� = 0.539



Polar order and extensile stress 

•  Motor activity induces local 
polar order in isotropic and 
nematic states 

•  In some regimes, we 
observe activity-induced 
long-range polar order 

•  Motor activity also 
generates persistent 
extensile stress in the 
active nematic state 

•  Active stresses generate 
extensile flows 

active polar state 

L/D = 20, � = 0.462

Gao et al. Phys Rev Lett 2015; Gao et al. Phys Rev E 2015; Blackwell et al. Soft Matter 2016  



“If you’re playing tennis down by Boulder Creek, 
all of the balls eventually end up in the creek.” 
 

Noel Clark 

Kinetics dominates in far-from-equilibrium systems 



Theoretical approaches 

Mike Stefferson 



Questions 

Image from NCBI, NIH; Hagan and Yanagida Nature 1992 

•  How does a cell assemble 
a mitotic spindle? 

•  How is the spindle’s 
bipolar structure 
produced? 

•  How can spindle assembly 
and establishment of 
bipolarity go wrong? 

Spindle pole 1 

Spindle pole 2 



Building a model of  
spindle assembly 

•  Excluded volume interactions between MTs should be 
included 
–  Likely to be important in the spindle 

•  We should recover the correct equilibrium behavior in the 
absence of motor/filament activity 
–  Detailed balance for motor protein/MAP binding/unbinding kinetics 
–  Provides a sanity check 
–  Enables comparison of equilibrium and non-equilibrium  

self-organization 

•  It should be possible to make direct contact with in vivo 
and in vitro experiments 
–  Because there’s no other way 
–  Most useful models are semi-empirical 

Design constraints: Chris Edelmaier Robert Blackwell Meredith Betterton 



Liquid behavior of crosslinked actin bundles 

•  Actin filaments 
stabilized with 
capping protein 

•  Filamen crosslinkers 

•  Crosslinkers 
condense actin into 
spindle-shaped 
droplets (tactoids) 
with internal nematic 
order 

Weirich et al., PNAS 2017 

Tactoid shape is governed by nematic orientational elasticity 
and surface tension anisotropy 



Tactoid shape varies with crosslink concentration 

Weirich et al., PNAS 2017 



Eric Larson 

Tactoid shape is governed by competition between entropy 
and crosslink-mediated attraction 

•  Brownian 
dynamics/hybrid 
Monte Carlo 
simulation 

•  Exponentially 
polydisperse 
actin filaments 

•  Filamen 
crosslinkers 

Modeling actin condensation 



Previous spindle modeling 

•  Extensive prior work 
•  Specific problems 

–  Microtubule bundling and sliding 
–  Formation of antiparallel microtubule 

overlaps 
–  Chromosome capture and movements 
–  Spindle elongation 
–  Spindle length and shape 
–  Spindle positioning 
–  Spindle assembly 

•  Previous models have assumed 
bipolar structure or separated 
spindle poles 

Mogilner and Craig J Cell Sci 2010; Civelekoglu-Scholey and Cimini J Int Focus 2014 

Loughlin et al. J Cell Biology 2010 

microtubule lengths were 10 !m long, and the unloaded dynein
head speed was 5 !m!sec!1, the mean traversal time for an
unloaded dynein motor was "1 sec. We would expect then that
the minimum time to form a spindle would be on the order of
1 sec. Indeed this formation happens, because Fig. 3 shows an ndr
value of 1,650 per sec. However, Fig. 3 also shows that such a
rapid introduction of dynein motors puts severe strains on the
kinesin anchors on the chromatin column. A previously unde-
scribed instability, due to the force competition between the plus
and minus motors, develops. This instability puts an upper limit
on the dynein rate values to form a spindle pattern. This result
leads to the important conclusion that by changing the dynein
production rate one can stop spindle formation completely. Fig.
1 shows how such forces imbalances can be generated.

The ndr parameter controls how quickly minus-directed mo-
tors are added to the system. For a large range of other

biophysical parameter values, there is a band of ndr values above
which an instability occurs and below which it does not. As the
processivity increases, this band narrows. For example, Fig. 3
shows two identical systems that differed only in their ndr values
by 5% but that lead to entirely different resulting morphologies.
The stability boundary depends also on rdk, the ratio of dynein
and kinesin stall forces. An experimental value for rdk is not yet
precisely known (22, 29, 30). When rdk is large, the boundary
occurs for relatively low values of the new dynein rate. When rdk
is 2, as we have used here, the boundary is found at a substantially
higher ndr value. Note that the boundary still exists when the
dynein and kinesin stall forces are equal but only for high ndr
values and, consequently, for a large number of active dynein
motors.

In the in vitro experiments of Heald et al. (9), as well as in
actual eukaryotic cells, spindle formation time is on the order of
10 min rather than 1 sec. Thus, there may be another rate-
limiting mechanism, such as a lower ndr or dynein head speed
that we have not yet included in our model. We have varied
dynein head speeds in the range 1–10 !m!sec and found that
spindle formation time varies but morphology does not. Simi-
larly, lower ndr slows spindle formation but does not prevent its
formation.

The simulation results shown in Figs. 2 and 3 involve sets of
microtubules that are all of the same length that do not vary
during the course of the simulations. This restriction is greatly at
variance with the dynamic instability displayed in natural spindle
formation, where each microtubule passes through a series of
catastrophes and rescues states. Whether a particular microtu-
bule grows or shrinks over the entire course of the spindle
formation depends on the detailed balance between catastrophe
and rescue. This balance is not known specifically for the Heald
et al. (9) experiments, so we did not include full dynamic
instability in the model, which also would have made it more
computationally involved. Further, trying to include dynamic
instability in the model would have critically depended on
parameters that have not yet been measured. Instead, we allowed
the microtubules to have a distribution of fixed lengths. To see
why we think this is a good first modeling step, it is convenient
to closely look at dynamic instability modeling.

Consider an ensemble of a system containing microtubules,
which each at any given time are either growing or shrinking. The
probability density at time t to have growing microtubules with
length x is p# (x, t). Similarly, p! (x, t) will be the probability
density at time t of shrinking microtubules that have length x.
Then the integral N(t) $ %0

& dx{p# (x, t) # p! (x, t), gives the
ensemble averaged mean number N(t) of microtubules. A mi-
crotubule is assumed to grow at a rate v# and to shrinks at a rate
v!. A growing microtubule has a probability rate f#! of con-
verting to a shrinking microtubule, and a shrinking microtubule
has a probability rate f!# of converting to a growing microtu-
bule. The time evolution of the probability distributions is
governed by the balance equations "tp# $ !"x(v#p#) ! f#!p#

# f!#p! and "tp! $ "x(v!p!) # f#!p# # f!#p!. These equations
were first applied to microtubules by Dogterom and Leibler (10).
Shrinking microtubules that are very short will disappear com-
pletely before having a chance to convert to growing microtu-
bules. Very short growing microtubules have to come from
nucleation, and the equation in the limit of extremely small
microtubules becomes "tN $ (p#v# ! p!v!)"x30, where N is the
total number of microtubules. The distance between spindle
poles during mitosis is found experimentally to change only very
slowly, despite the rapid changes of length changes of individual
microtubules. For this reason we look for stationary solutions to
this system of equations. As a first approximation, we can assume
that the four parameters in the equations are constant. Although
these assumptions are unlikely to be true in a real biological
system (10), the results from this simple case shows some of the

Fig. 3. Attaching dynein motors to microtubules too fast causes a monaster
formation. Results are from two simulation runs in which the only difference
is a 5% variation in the new dynein microtubule attachment rate. Processivity
is high (0.985). (a–d) The new dynein rate is 1,650 per sec. (e–h) The new dynein
rate is 1,700 per sec. t $ 0 (a and e), 0.833 (b and f ), 1.667 (c and g), and 2.5
(d and h) sec.

Schaffner and José PNAS " July 25, 2006 " vol. 103 " no. 30 " 11169
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Schaffner et al. PNAS 2006 

Burbank et al. Current Biology 2007 



Nuclear envelope and spindle-pole bodies in 
fission yeast 

•  Closed mitosis 
•  SPBs embedded in spherical 

nuclear envelope 
–  model: spherical caps 
–  confined to nuclear envelope 

•  Brownian dynamics 
•  Forces due to 

–  steric SPB-SPB repulsion 
–  MT tethering 



Microtubule → rigid hard spherocylinder 

•  Dynamic instability 
•  Brownian dynamics 
•  Forces on MTs due to: 

–  motor/crosslink-induced forces 
–  tethering to spindle pole bodies 
–  steric interactions with nuclear 

envelope, other MTs 
–  local drag from fluid 
–  random thermal kicks 



Motor proteins and crosslinkers 

•  Unbound: diffusion (Brownian dynamics) 
•  Binding/unbinding: kinetic Monte Carlo 

–  free motors/XLs can bind 
–  bound motors/XLs can crosslink 

•  Motors/XLs: harmonic springs 
–  Boltzmann statistics 
–  load-dependent unbinding 

•  Motor/XL endpoints walk or diffuse 
 along MTs 
–  linear force-velocity relationship 
–  stall force 
–  motors unbind at ends 



Kinesin-5 motors drive antiparallel MT sliding 
F 

F 

Hagan and Yanagida Nature 1992 

•  Crosslinking kinesin motor protein 
–  two motors, one on each end 
–  “walks” on both microtubules in a pair 
–  crosslinks and slides microtubules 
–  direction reversal dependent on binding 

•  Required for spindle bipolarity 



Kinesin-14 motors drive bundling and 
shorten spindle 

•  Crosslinking kinesin motor protein 
-  motor on one end 
-  “walks” on one microtubule in a pair  
-  passive MT binder on other end diffuses 
-  crosslinks and aligns microtubules 
-  promotes spindle shortening 

•  Spindle ‘force-balance’ model 
-  Kinesin 5s produce outward force 
-  Kinesin 14s (and chromosomes) produce inward force 

Saunders and Hoyt Cell 1992 

F 

F 



Passive crosslinkers bundle microtubules 

•  Passive crosslinker (Ase1/PRC1 family) 
-  Passively diffusing heads on both ends 
-  Crosslinks and aligns microtubules 
-  Favors binding to antiparallel microtubule overlaps 

Kapitein et al. Current Biology 2008 



Chromosomes? 

•  Not necessary for spindle assembly in 
fission yeast 

•  Can be removed from some other cell 
types without destroying spindle 

•  Not explicitly present in initial version of 
our model 

•  Stabilizing effects on microtubule 
dynamics implicitly included 

Hsu and Toda Current Biology 2008; Bucciarelli et al. J Cell Biol 2013 



MT dynamics stabilization by 
motors/crosslinkers 

•  MAPs and motors alter MT 
dynamics at plus ends 

•  Stabilization of crosslinked MTs by 
CLASP 

•  Motor/crosslinker bound near MT 
plus end → stabilize dynamics 
–  increase growth speed 
–  decrease shrinking speed 
–  decrease catastrophe frequency 
–  increase rescue frequency 

Bratman and Chang Dev Cell 2007 



Parameters 
•  62 numerical inputs 

needed for the model 
•  Disaster? 



Parameters 

•  62 numerical inputs needed 
for the model 

•  Direct measurement: 51 
–  thank you PomBase! 

•  Data give range: 11 
•  Poorly constrained 

parameters 
–  number of active 

molecules (3) 
–  unbinding load sensitivity (3) 
–  stabilization of dynamic 

instability (5) 

 



Use data to optimize parameters 

•  Initial guess parameters: 
63% of simulation runs 
assemble bipolar spindles 
–  spindle length and structure 

not always right 

•  Measure spindle length by 
optical microscopy 

•  Compare length 
distributions to those from 
model 



Electron tomography data 

•  Measure spindle MT length, 
pairing length, and angle 
distributions from electron 
tomograms 

•  Optimize poorly known 
parameters 
–  optimization using particle 

swarm algorithm 
–  objective function: average 

Kolmogorov-Smirnov test 
p-values for length and 
structural comparison 

–  increase from 0.032 to 0.12 
–  83% of runs form spindles 



Model movie 

Blackwell et al. Science Advances 2017 

Note that the timescale of bipolar spindle formation is essentially correct  



Comparison to yeast genetics 

•  Genetic data: 
–  removing kinesin 5 or 

CLASP (stabilizer of 
MT dynamics) lethal 

–  removing kinesin 14 
or crosslinker not 
lethal 

•  Our model 
reproduces this! 

•  The fraction of 
interpolar MTs drops 
in ‘mutants’ 

Hagan and Yanagida Nature 1992; Bratman and Chang Dev Cell 2007 



Kinesin-5 motors in the spindle 
•  Tetramer of plus-end directed motors 
•  Crosslinks and slides antiparallel MTs apart 



Kinesin-5 oddities 

•  Spindle-pole 
localization 

•  Motors move in both 
directions on 
mammalian spindles 
–  direction of motion varies 

spatially 

•  Motors carried toward 
spindle poles by 
dynein-dynactin 

•  Single yeast motors move 
bidirectionally in vitro & 
on spindle 

•  Mutant with enhanced 
plus-end bias is lethal in 
budding yeast 

Gable et al., MBoC 2012; Gerson-Gurwitz et al., EMBO J 2011 



Kinesin-5 bidirectionality in model 

Roostalu et al. Science 2011; Gerson-Gurwitz et al. EMBO J 2011;  
Edamatsu Biochem Biophys Res Comm 2014; Britto et al. PNAS 2016 

•  Yeast kinesin-5 
motors change 
direction 

•  Minus end-
directed 
movement 
essential for 
spindle assembly 

+

+

+
+

+

+



Kinesin-5 bidirectionality 

•  Motors at MT plus ends → less productive attachments 

•  Motors at MT minus ends → productive attachments 



Crosslinker-only spindles 

•  Kinesin-5 motors = essential, except… 
•  Fission yeast survive without kinesin-5 and 

kinesin-14  
•  Model spindles with Ase1 crosslinkers only 

 

Pidoux, LeDizet, and Cande Mol Biol Cell 1996; Rincon et al. Nature Comm 2017  

Adam Lamson 



Bipolar spindle formation frequency as a 
function of crosslinker length 

•  Crosslinkers that are too long or too short may stabilize MT 
splay near the SPB and inhibit bipolar spindle formation 

•  This is a testable prediction 

Equilibrium length  
of Ase1 



Ongoing work: including chromosomes 

Chris Edelmaier 
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