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1. The Calderdn problem and linearization
2. The CGO-method for reconstruction in 2D
3. The CGO-method for reconstruction in 3D
4. The Calderdn problem with partial data

Numerical methods for EIT



3. The CGO-method for reconstruction in 3D
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Mathematical model for EIT
Smooth bounded domain Q ¢ R3, conductivity coefficient

0<c<o<C<oo; o = 1 near 99.
Voltage potential u in Q2 generated by boundary voltage potential f

o0

V.oVu=0inQ,
Ulpq = f.

Current field: J = oVu.
Normal component of current field at 0Q:

g=v- J= U@VU’aQ.
Dirichlet to Neumann (voltage to current) map
No: Fr—g.
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Complex Geometrical Optics solutions and the
scattering transform

Let
q=0A0Ac"2/6"? & (A +q)0'/2 =0.

Complex Geometrical Optics (CGO) solutions ¥(x,(), (€ C", (- ¢ =0:

(—A+q)(x.()=0inR",
~ e*< for large |x| or |¢|.

b(x,

Q) =~
Scattering transform for (2 = (¢ +¢)? =
(&, Q) = <(/\g — AM)Y(x, O)loq, e/x.(z+g)>

B /Q e~ MO g(x)w(x, ¢)ax.
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Complex Geometrical Optics solutions and the
scattering transform

Let
qg=~Ac"2/6"2 & (-A+q)0'/?=0.

Complex Geometrical Optics (CGO) solutions ¥(x,(), (€ C", (- ¢ =0:

(—A+q)(x.()=0inR",
~ e*< for large |x| or |¢|.

b(x,

Q) =~
Scattering transform for (2 = (¢ +¢)? =
(&, Q) = <(/\g — AM)Y(x, O)loq, e/x.(z+g)>

- /Q &M g(x)(x, ) x.

Assume no exceptional points, i.e. t(¢, ¢) defined for all £, (.
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Choice of ¢

For fixed ¢ € R3 we need ¢ € C® such that

(- ¢=(C+8 - (C+&=0.
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Choice of ¢

For fixed ¢ € R3 we need ¢ € C® such that
C-¢=(C+8-(C+&=0.

Consequently

11/2k£ k, k* € R3:

<:—§+/€k+i(/£2+4)
E-k=¢- kt=k-kt=0.

2
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Choice of ¢

For fixed ¢ € R3 we need ¢ € C® such that

(- ¢=(C+8 - (C+&=0.

Consequently

1)1/2/&, k, kt e R3:

C=—§+/<ck+i(/42+4
E-k=¢- kt=k-kt=0.

2

e Works in 3 and more dimensions; not 2D

e Intheory: Kk — oo

e Numerically:
¢ Consistent with theory: take « large. Highly unstable.
e For stability reasons fix x = 0 : |¢[* = |¢[?/2.
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The CGO-method for reconstruction in 3D

Ao 25 1(E,C) 25 q(x) 25 o(x)
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The CGO-method for reconstruction in 3D
Ao =5 1(E,€) 25 q(x) = o(x)
1. Solve for 1|sq boundary integral equation

V4 Sc(Ny — M) = €%¢, x € 00
and compute scattering transform

t(§7 C) = <(/\a LAY )1/1()(’ C)‘BQ, eix‘(z+£)> )
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The CGO-method for reconstruction in 3D
Ao 5 4(E,C) 25 qx) 25 o(x)

1. Solve for ¥|sq boundary integral equation
V4 Sc(Ny — M) = €X¢, xR
and compute scattering transform

t(§7 C) = <(/\a LAY )1/1()(’ C)‘BQ, eix‘(z+£)> )

2. Compute q by the limit
lim t(¢,¢) = a(&)

[¢l—o0

and inverse Fourier transform.
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The CGO-method for reconstruction in 3D
Ao 5 4(E,C) 25 qx) 25 o(x)

1. Solve for ¥|sq boundary integral equation
V4 Sc(Ny — M) = €X¢, xR
and compute scattering transform

t(§7 C) = <(/\g LAY )1/1()(’ C)‘BQ, eix‘(z+£)> )

2. Compute q by the limit
lim t(¢,¢) = a(&)

[¢|—o00
and inverse Fourier transform.
3. Solve for o
(A +q@)0'?=0inQ, o'/?|sq=1.
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Regularization by spectral truncation

Noise model
N =N +E, |E|<e.

For fixed truncation R. define the regularized algorithm:
1. Solve the noisy boundary integral equation

VEX) + [Sc(A; = M)wEl(x) = €, x €09, [¢] < R./2,
and compute

OIS — AM)E](x) dS R.
ts(&c)_{(ffge [(AS = A1)eel(x) dS(x), EI;R@
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Regularization by spectral truncation

Noise model
N =N +E, |E|<e.

For fixed truncation R. define the regularized algorithm:
1. Solve the noisy boundary integral equation

PE(X) + [Sc(Ng — M)E](x) = ¢, x €09, [¢| < R./2,
and compute

. | Joq € EFONA — M)wE](x) dS(x), €] < R
rea0= {0?9 : 6> A

2. Define g° through g¢(¢&) = t=(¢, ¢).
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Regularization by spectral truncation

Noise model
N =N +E, |E|<e.

For fixed truncation R. define the regularized algorithm:
1. Solve the noisy boundary integral equation
WEX) + [Sc(A; = A)uel(x) = €%, x €09, ¢ < R./2,
and compute

~HEFON(AS — M)YE](x) dS R.
ts(&c)_{(ffge [(AS = A)ecl(x) dS(x), EI;R@

2. Define g° through g¢(¢&) = t=(¢, ¢).
3. Compute o¢ by solving
(~A+q)@)2=0 InQ  (69)/2=1 onoQ.

We define the regularized inversion operator I'g by 'g(A,) = o°.
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Regularization strategy

Theorem: [Delbary, Hansen, K. 2013]
I is a regularization strategy for A with admissible parameter choice rule
R = R(e) = C|loge]|.

Numerical methods for EIT



Regularization strategy

Theorem: [Delbary, Hansen, K. 2013]
I is a regularization strategy for A with admissible parameter choice rule
R = R(e) = C|loge]|.

Consequence:
For any fixed o

1. Reconstruction from exact data:

"J!;noo FR(/\U) = 0.

2. Reconstruction whene — 0:

imsup{[Fa(As + E) ~ o | | E| <<} =0,
e—
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Computation and representation of A,

Implementation in the case Q2 = B(0, 1).

Well-chosen grid points on the unit sphere
Xm.n = (SiN 0y, COS pp, SiN Oy, SiN pp, COS Opy) .

y

From grid values f(xm ) approximate [(A, — A1)f](Xmn) :

— matrix approximation of A, — Ay.

Obtained by solving the forward problem:
1. Moment Method (globally varying o) or
2. Boundary Element Method (piecewise constant o).
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The single layer potential
We need to solve on 9f2

¥+ Sc(N — M)y = %<,
with S, the single-layer potential with kernel G.
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The single layer potential
We need to solve on 9f2

Y+ SN — A =eXC,  xedn
with S, the single-layer potential with kernel G.

Note that
G¢(x) = Go(x) + Hc(x)
with
Go(x) = 1/(4|x])
So

¥+ (So + He) (Mo — M) = €%, x € 00
with Sy the single-layer potential.
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Numerical integration on the sphere
Quadrature points

Xmn = (SiN 0y, oS p, SiNfmsingn,cos8y), 0<M<INO<n<2N+1,
where

6m = arccos tm,
tm . increasing N + 1 zeros of Legendre polynomial of degree N + 1 Py, 1.
op=mn/(N+1)
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Numerical integration on the sphere
Quadrature points

Xmn = (SiN 0y, oS p, SiNfmsingn,cos8y), 0<M<INO<n<2N+1,
where

6m = arccos tm,
tm . increasing N + 1 zeros of Legendre polynomial of degree N + 1 Py, 1.

op=mn/(N+1)

Gauss-Legendre quadrature rule of order N+ 1 on [-1,1]

N 2N+1

~_T 0
| vds > amb(Xm) , ¥ € C°(09),
m=0 n=0
_ g2
Weigths: ax = 2(1 — )

(N +1)2[Pn(t)1?

Exact for spherical harmonics of degree less than or equal to 2N + 1.
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Hyperinterpolation
We wish to expand functions using the projection operator on L2(952)

N n
Tng =Y D> (6, YY)

n=0 m=—n

Inner product approximated by quadrature rule defines the
hyperinterpolation operator

n N 2N+1

LN¢_N+1ZZZZQK¢XKE "(xke) VY, ¢ € CO(09).

n=0 m=—nk=0 (=0

Well suited since singular part Sy Y, can be calculated explicitly:

1 ym 1
SoY7'(x) = 47T/{m |X”_(};/)| dS(y) = T YT(x), x € 9.
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Discrete equation

Approximate N ~ 1
Y+ SN =AY =eXC,  xedn
Discrete system

[/ + ScLn(As — Aq) LN = X<,
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Discrete equation

Approximate N ~ 1
Y+ SN =AY =eXC,  xedn
Discrete system

[/ + ScLn(As — Aq) LN = X<,

Convergence rates: For any s > 3/2

C ix.
9N — || pson) < WHGM Nlms(on)
where C may depend on s,(, o, .
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The scattering transform (radial profile)

Figure: Reconstructed scattering transforms and the Fourier transform. Upper
row: |¢| large and fixed, lower row || minimal. Left column no noise, right
column 0.1% noise.
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Reconstruction of radial profile

Figure: Reconstructions of radial conductivities. Upper row: |(| fixed, lower row
|¢| minimal. Left column no noise and truncation parameter K = 8, right column
0.1% noise and K = 6.
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Reconstruction from exact data, 2048 boundary points

Increasing regularization R
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Reconstruction from exact data, 2048 boundary points

Increasing regularization R
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Reconstruction from exact data, 2048 boundary points

Increasing regularization R

Conductivity

Conductivity

Conductivity
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Reconstruction from exact data,

Increasing regularization R

Conductivity

Conductivity

2048 boundary points
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Reconstruction from exact data, 2048 boundary points

Increasing regularization R
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Reconstruction from exact data, 2048 boundary points

Increasing regularization R
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Large vs. minimal (|

Conductivity Conductivity
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Figure: Cross sectional plot of reconstruction ¢. Upper row |(] large
(K =10,12); lower row |¢| small with (K = 12, 14).
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Linearization vs. CGO, R = 12, 2048 boundary points

Linearization o
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Noise (0.1%), R = 6, 968 boundary points

Linearization o<
Exact method o
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Conclusions

Numerical implementation by F. Delbary
CGO method works well

When is CGO method worth the effort?
Theory for |¢| minimal choice

Explicitly build in prior information?
Partial data?
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