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Iron-based high-temperature superconductors
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BEDT-TTF organic conductors
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BEDT-TTF=bis(ethylenedithio)tetrathiafulvaene

x—(BEDTTEF), x—(BEDTTF),
Cu(NCS), Cu,(CN),
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LDA band structures
Nakamura et al, J. Phys. Soc. Jpn. 78, 083710 (2009)




k-(BEDT-TTF),Cu[N(CN),|Cl
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FIG. 6: Temperature-dependence of the resistivity at different.
pressures. The data (eireles) are comparad to a DMFT-NRG
calenlation (diamonds), with a pressure dependence of the
bandwidth as Indicated. The measured residnal resistivity oo "
las Deen added to the theoretical carves. <
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Zeolites

b4
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Zeolites constitute a huge family of nonporous crystalline
aluminosilicates which have a wide variety of intriguing
properties.! Because of their capability of hosting various
ions, atoms, molecules, and clusters in their subnanometric
pores with rich possibilities of crystal structure, they have




Alkali-cluster-loaded sodalites

K-sodalite
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FIG. 3. (Color online) Calculated ab initio band structures (red
solid lines) of (a) sodium electrosodalite and (b) potassium elec-

trosodalite. The blue dotted dispersions are obtained by the #p-15
model, where f) and f» are nearest and next-nearest transfers, re-
spectively. For the values, see the text. The zero of energy is the
Fermi level.
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The Hubbard model

o[ e The usual approach 1s
e to model the narrow band
14 by a Hubbard Hamiltonian.
. b | UW =05
B ok One-band Hubbard model:
7
= O+
2 ! ol L +
: H =t i, +U S ngn,
Z 05 lower L% <ij> i
a Hubbard band Hubbard band
g _
1 n UW=2
u >
0'5_4‘ (A similar Hamiltonian was also
U E, , introduced independently

Er#—q

il : around the same time by
Anderson, Gutzwiller, and Kanamori) %

Ep-

BE

Kotliar and Vollhardt, Physics Today 2004
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What is U? :
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Herring’s definition of U

H=t> cic,+U> n,n

<ij> I

U is the energy cost of moving an electron between two atoms.

Half filling ) — ) &




Herring’s definition of U

U is the energy cost of moving an electron between two atoms.

Example: 3d transition metal with configuration 3d " 4s*

U =[E(Bd""4s?) —E(3d"4s")]+[E(3d""4s°) — E(3d"4s")]

\ ]| /
| |

Ionisation energy Electron affinity

— E(3d"'4s?) - 2E(3d"4s?) + E(3d "' 4s°)

The change in the number of localised 3d electrons is fully compensated
by the change in the number of delocalised 4s electrons on the same atom.

U — GZIE _ Osy4
on;  ong
: : oE
From Density Functional Theory £y =——

(Janak’s theorem) ony




Works on constrained LDA (cLDA)

Seminal work:

Dederichs, Blugel, Zeller, and Akai, PRL 53, 2512 (1984)
Gunnarsson, Andersen, Jepsen, and Zaanen, PRB 39, 1708 (1989)
Anisimov and Gunnarsson, PRB 43, 7570 (1991)

Improvement on constrained LDA

McMahan, Martin, and Satpathy, PRB 38, 6650 (1988)
Hybertsen, Schluter, and Christensen, PRB 39, 9028 (1989)
Cococcioni and de Gironcoli, PRB 71, 035105 (2005)




Constrained LDA (cLDA)

Super cell

Transition metal
or rare earth atoinm

The occupation _|
number n, is

constrained by g
at the chosen site

E[g] = min {ELDA[,O(F)] + a(nd — C]} ¢ = Lagrange multiplier
YoXXe4
Non-interactin
2 2= KS &
U = o El[q] . 0" E ""[9]«— Kkohn-Sham energy
oq9° oq°
Cococcioni and de Gironcolo, PRB 71, 035105 (2005)
Hybertsen, Schluter, and Christensen, PRB 39, 9028 (1989)




Kohn-Sham equation in constrained LDA (cLDA)

E[q] = min{E s,[o(N]+a(n, —q}

(_%Vz +Vei +Vy +V, + P, jl//kn = ¥

5

Additional non-local potential acting on the impurity site

Py = | Py ><§0d

Ng =D 1{@q W) I?
kn

occC

= %(wkn | P4 X Pa | W)




Constrained LDA (cut-off method)

Anisimov and Gunnarsson, PRB 43, 7570 (1991)

Super Cell
Transition metal or
rare earth atom
_, Hopping from and to
the 3d orbitals is cut off:
2 KS
ccimpurity”/ L a E 2[q]
(3d or 4f atom) aq

Change the 3d charge on the impurity, keeping the system neutral,

do a self-consistent calculation and O°E Osg,

calculate the change in the 3d energy level - U = on2 — on
d d




U for 3d transition metals from cLDA

T i Cut-off method
12 =
|>—
= n
: o m Eom -] Co
om® oo owmm fe
T1
A Sc

Ni

PRB 74, 125106 (2006)

U from cLDA tends to be too large




Some results from cLDA

u - 9°Eld]l _ 2*E*°[q]

oq° oq°
U (eV)
Fe 2.2
Ce 4.5
FeO 4.3
NiO 4.6

Smaller than normally used values

Cococcioni and de Gironcolo, PRB 71, 035105 (2005)




Difficulties with cLDA

cLDA is simple to apply but:

The system is disturbed when we perform constrained calculations
so that the localised orbitals are modified (relaxation, breathing)
—> Unclear whether the U so obtained corresponds to the U in the model.

Uy = [ drdr o, (Ne; (NU(r,re, (re (r')
Attempt to compensate for modification in KS orbitals:

O°E O’ EKS Non-interacting
U = aqEq] - o9 > Lal Kohn-Sham energy

But it is not clear that the effects on the Kohn-Sham orbitals can be accounted for
by simply subtracting the corresponding noninteracting expression.

Cut-off method:

When hopping from the localised orbitals is cut off,
some screening channels are missed = too large U




Electron correlations in narrow energy bands

By J. HuBBARD
Theoretical Physics Division, A.E.R.E., Harwell, Didcot, Berks

(Commumnacaled by B. H. Flowers, F.R.S.—Received 23 April 1963)

H=3Y3T,cl,ci\o+3 3 ni,n; _,
i, o i, 0

The most obvious approximation has been the neglect of all the interaction terms
in (6) other than the (i¢| 1/r |i2) term. For the sake of comparison one may note that
I has the order of magnitude 20 eV for 3d-electrons in transition metals. The largest
of the neglected terms are those of the type (ij| 1/r |¢j) where ¢ and j are nearest
neighbours. From (9) these integrals can be estimated to have the order of magnitude
(2/R)Ry ~6eV (R = interatomic spacing in Bohr units). Actually this figure
should be reduced appreciably to allow for the sereening of the interactions of

electrons on different atoms by the conduction electron gas. This screening effect
may be allowed for approximately by multiplying the above estimate by a factor
e*® where k is an appropriate screening constant. In the case of 3d transition
metals e=*® ~ % — 1, reducing the (#j| 1/r |4j) term to the order of magnitude 2 to
3eV. For the case in which ¢ and j are now nearest neighbours

@] 1/r |i) Ze R
) ri{1)) ~ it Y
ST IR =Ry

~y
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The Hubbard model
J. Hubbard, Proc. Roy. Soc. A276, 238 (1963)

Many-electron Hamiltonian is too complicated to be solved directly.

all 1 all
H o Z CRnhRn,R'n'CR'n' + 3 ZCRHCRn'Vnn',mm'CRmCRm'
Rn,R'n' R,nn',mm

- Focus on the correlated subspace (narrow band across the Fermi level)

correl. 1 correl.
+ +
Hubbard Z CRn hRn rn'Crn T Z CRnCRn'U nn',mm'CRmCRm'
Rn,R'n’ R,nn',mm

How do we map the full Hamiltonian to the Hubbard model?
What 1s U and how do we calculate it?




Key physical idea:
The Hubbard U should be obtained as a screened interaction without screening from
the electrons residing in the subspace that defines the Hubbard model.

Sneak preview

E -_\sz drdr'|p, (1) [ v(r —r') | @y (') '~ 25eV

UeV)

Il]:_ ]
o L U=[drdrip, (NP U(rr;e=0)| g, (") [P~ 3-5eV

10 15 20 25 30 35 40

w (eV)




SCREENING

External perturbation

!
Sp(r,t) —>dp(r,t) — oV, (r,t) = [drv(r—r)gp(r,t)

N1 (1, 1) = (1, 1) + 6V, (1, 1)

The external perturbation is screened by the electrons.

Example: Proton in an electron gas

op(r,t) =— z Screening charge
r

Proton Z




SCREENED POTENTIAL

A = screening length

In semiconductors or insulators the screening,
due to the band gap, 1s not complete

Z

cr




SCREENING IN TERMS OF
LINEAR RESPONSE FUNCTION

Linear response function  perturbing Key quantity

/ ie
oo (rt) = jdr'dt' R(rt, r't')épl(dr't') — R(rt,r't') = ;f((rr?)

Total field
N, (rt) = Sp(rt) + 6V, (rt), oV, (rt) = j dr'dt' v(r—r')st—t)sp(r't')

Nt =0 +Voo =[1+VR]op :5_15(0

1 oV
g7 = —&;t =[1+VR]
v(l—2) = 1 Can think of it as a Coulomb potential at 2
|, —1,| from apoint charge at 1

W =& v=v+VRv

W(1,2) 1s the screened Coulomb potential at 2 of a point charge located at 1
CANT



TIME-DEPENDENT HARTREE APPROXIMATION
or RANDOM-PHASE APPROXIMATION (RPA)

Basic assumption of RPA:
The response of an interacting system to an external perturbation is assumed
to be given by the response to the total field as if the system 1s non-interacting.

(Interacting) Non-interacting
response function | | response function

\ /
g = Rép=P(Sp + V)
\ /

| |

External field Total field




& =RSp = P(Sp +6V,,)
N, =V =VRop

Rop = P(op +VRYw) = P(A+ VR)op
Since O is arbitrary:
R=P1+VR) >R=P+PVR
R=[1-Pv]'P=¢"'P
W =v+VRv=v+VPv+VPvPv+...

W =v+vPW SELIeN

To calculate the screened interaction W or the response function R [

within the RPA we need the non-interacting response function P [/~
\CANMY 7




TIME-DEPENDENT PERTURBATION THEORY

i §|\P(t)> =[H +sp®)] ‘P ()
Interaction (Dirac) representation: |'¥p (1)) = ™| P (1))

| g W, (1) = Sy ()| P (1), 5 (1) =€ Sp(t)e ™

To first order in

‘ LIJD (t)> — ‘ LPD (O)> T II; dt’ 5¢2\D (tl) \PD (0)> the perturbation

General, also true for interacting systems




INTERACTION PICTURE | | W, (1)) =e'™| ¥ (t))

2w ) =[H + 5301 ¥(0)

(e o (1) =[H + 5p(t)]e ™ ¥, ()

e‘“t[H W () +i §| v (t)>j —[H + 831 W, (©)

; % P, (1) = e™Sgt)e W, (1)

2 %,0) = 5 O ¥o0), 50— ai0e
'Idt _‘T (t') = [ dtsg, () Wp (1)),

* Sy
o> 0
\

®

Wy (1) =| W (0)) —i [ dt' o (1) W5 (0)) e onteri P

the perturbation ) =

N




_ Y TS To first order in
o V) =[o (0)) IIO dt 5o ()] ¥o (0)) the perturbation

N
p(rt) =>"| g, (rt) Non-interacting system

o) <[ ) er 5 o

) =6 ) il e 50

?)

I8t

) =i dU> €M 0 g, | Sp(E ) | g )

g (r) =@, (N—if dt' >, (@, | 3E) g Je ' Dot —t)

ocC

Jp(rt)= | “dt[ dr{ 2 2 2 (e, (e (M, (e e 06 - t)}5¢(rt)
" + C.C. TN




THE NON-INTERACTING LINEAR RESPONSE FUNCTION
(RETARDED)

0CC

P(rt,r't)=—i 3 > o (Ng, (g, (M, (r)e 00t -t) +cc

Fourier transform

(1 1 ) = ZZV (N, (D@, (Mea(r) _ o, (N (N (M, (r')}

w—(&,—&)+10 w+(e,—&)+10




SCREENING PROCESS

@ £ @
T2 W

Do u H Lo Do JvL Eo
; ;; : Z To reduce the Coulomb interaction
Coulomb repulsion U the spin-up electron moves to

the excited state = polarisation.

Screening or correlation amounts to
lowering interaction energy




The Kubo formula for the linear response R

H = many-electron Hamiltonian

PO =1+ SFO1Y) 53() = [ drap(rp(rt)
Interaction (Dirac) representation [P, (1)) =™ (1))
2| W) =05 O P @), Sho(®) =e M Sp(t)e"
W, (1) =| W (0) —i [ dt (1) W, (1))
P (rt) = (P (1) | P (1) | ¥ (©)) — (P, (0) | o (r,0) | ¥, (0))

—i[ dt(W (0) [ [56s ('), £ (1)1 W (0))

= [ dt[ dr (=i){¥, (0) | [ (1), 2o (F't)] | ¥, (0)) Sp(r't’)




go(rt) = [ dt'[ dr' (=i){¥5 (0) | [P (rt). Ao (r't)]] ¥, (0)) Ot —t') Sp(r't)
Compare with 9o (rt) = _fdr'dt' R(rt,r'tYop(r't")

Retarded linear response function
(density-density correlation function)

R(t, 1't') = —i(¥, (0) | Ao (1), Ao ('] ¥, (0))0(E ~t')




GREEN FUNCTION

IG(rt, r't') =W, | T (rt)y (r't)]| W) =(¥o () (r't) |, )0 —t)
(%o [y (FO)y (rt) | ¥, )O(t 1)
W, is the exact N-electron ground state : HWY, = E, P,
The field operator is defined in the Heisenberg picture: 7 (rt) = e“:'tlp(r)e‘“:'t
Consider the case t >t w(r)= Z(ﬁn (r)c,
iG(rt,r't") = <TO ey (r)e™ ™ eyt (re ™™ | TO> n

L

Insert a complete set of eigenstates of H: Z‘ n><n ‘

Fourier transformation yields the Lehmann or spectral representation of the Green function:

G(r.r';w)=>_

n

fo(r)f, (r') B h, (Nh, (r")
o—E (N+1)+E,+16 w+E (N-1)-E,—-i1o

£.(1) = (¥ |9 (N [, (N+D), h,(r)=(¥, " ()| ¥,(N-1)




iG(rt,r't') = (¥, | T [y (rt)y " (r't')]| ¥,)

From the Green function we can obtain the expectation value of
any one-particle operator in the ground state.

In position representation A= Z A(r)

In occupation number rep. A | A (P ARG (1
(second quantisation) j v ( ) ( )W( )

ZOEDWA (L

pensity ()= p(r—F)

A(r) = [drig* (r)s(r = (r) =y (Ny(r)

pr) =y (Ny(r)=—G(rt, rt")




Kinetic energy T 1 ZV'Z

E

LA NG

/\_i . 2 14+
T _Elnmr.%rjdrv G(rt,r't")

Total energy (special case)

| .. . O "
E=T -5 Ilmr,%t,w jdr(l = ho(r)jG(rt, r't')




GREEN FUNCTION IN THE INTERACTION PICTURE

_ W, T[Sy Qy (D], A : .
iG(1,2) = < 0 ? 0> S=T exp[—lj‘ d3 @(3),0(3)] 1=rt,
SASIES
@ is an external perturbation
Y, is the exact ground state without the perturbation: HY, = E,\,

The field operator in the interaction picture is independent of @

y(rt) =e"yr(rye”

~

iHt

2) = 502 P@) |, @  (wIS1¥,) |
S e o ~
op(2) »=0 [ A )](0—0 A(2) (v )
Lhe B0 R12) = —if(w, ITLAM A1 )~ p)p(2)]
ormuia

— —i(W, | TIAA()AS(2)]] P, ) AP =p—p




vy (1)=Up (0,t)yp (1)U (1,0) lwp (1)) =U (t,0)|w (0))

U,t,)=T exp[—ij: dt, | dr, go(s)[)(s)J S =U (—o0, 0)
iGyor(1,2)
<G|T[{;’{m?ﬁ]ﬂ’(ﬂ?t1)ﬁp{1]U(tj 0)U(0,t2) 15 (2)U (t2,0)U (0, —0)[0 )

<[}|U{c:o? 0)U (0, —m)|[]>

_ (¥ (0)|T[¥r(1)¥%(2)][¥o(0))
(Wp(0)|Wp(0))

_ (Wo|T[wa(1)v5(2)][Wo)
(Ve |Va) |

To obtain the third line we have utilised the condition that the state at t = +—n0
13 the interacting state without the perturbing field ¢ so that

W5 (0)) =U(0,—<)|0), (¥p(0)]=(0]U(c0,0).




Using  Ap(rt) =e™Ap(r)e™"

and 1nserting a complete set of eigenstates of H in between
the density fluctuation operators and Fourier transforming yields
the Lehmann or spectral representation of the response function:

wo—E, +E,+16 wo+E,—E,—10

R ) =S {(% 1AAEY YN[ AB() [ W) (W, | AA(F) n)(n|AB()| q@}

N-electron system.




TIME-DEPENDENT HARTREE APPROXIMATION
(RANDOM-PHASE APPROXIMATION)

R(L2y - 2D Sl
op(2) op(2)
Gel-15LFc1,cT _0,L,EB__ & &
op op op

From the equation of motion

[ig—ho—CD—VH —Z}G =1->G™ :—[—i§+ho+gp+VH +2}1

—>

-1
G :_[1+é\/H 5%
Sp

1
R=_i _ic XL
op

G = —iG[1+ Ny &}G
op  op
Time-dependent Hartree 232 [1 +

- —=0—> R=-iG
(Random-Phase Approximation) oQp !




Ny (3)

R(12) =—-iG(12)G(21") —i j d3G(1,3) e G(31")
N B) _ rqayE—a) LD _[qavE—a)R(4.2
sp(2) ) INCD o oy = dE-HRA2)

P1L2)=—-1G@L2)G(21") Polarisation function 1 O 2

R(12) = P(1,2) +_fd3d4P(1,3)v(3—4)R(4,2)

@ D




p(r,r-;a,):_i_"da)G(r,r';a)+a)')G(r',r;60') 1©2

GO(r’rl;w):Z(Dn(r)@n(-r)_l_ (Dn(r)ggn(r)
T w—¢&,—10 mw—&, +10

PO(r 1 o) = Zz{co (N@w (N (M@0 () _ 9, (D@ (N (M), (r')}

w—&, +&,+10 w+&,—&,—10

PO (1" ) Z[ba(r)b;xr') _ b:;(r)ba(r')}

w—A, w+A,

(04

ba:¢:¢m’ Aa:gm_gn_in’ En =M, &, < U




First-Principles Methods: Model Approaches:
Parameter-free but insufficient Good for strongly correlated systems
for strongly correlated systems but need parameters

-Local Density Approximation (LDA) Dynamical Mean-Field Theory(DMFT)
*GW method

We 1nsist that

the parameters are
determined from
first-principles

Full one-partig
Hilbert spacg

r subspace

DACC

T=EJ" 4E +2,

g
Y

e.g., GW approximation

PRL 102. 176402 (2009)
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Typical electronic structure of correlated materials:

Partially filled narrow band (3d or 4f) crossing the Fermi level

| LDA DOS s

SrVO3 eroyskite

—>many configurations
close in energy
—>strong correlations

Density of States

The main action
takes place here

can be problematic

—>one-particle description

OZp

Fermi level

E (eV)

m
Slight change of parameters can induce large change in materials properties. £ <

E.g., by slight distortion or pressure the ratio of the effective Coulomb interaction U/bandwidth |«

changes and the materials can undergo phase transitions (metal-insulator).

&
BN

—>competition between kinetic energy and U. J
L P ARV B RPN A




Related works on constrained RPA

Random-Phase Approximation (RPA):
M Springer and FA, PRB 57, 4364 (1998)
T Kotani, J. Phys.: Condens. Matter 12, 2413 (2000)

Constrained RPA (cRPA)
—->PRB 70, 195104 (2004)
—>PRB 80, 155134 (2009) for entangled bands




Constrained RPA (cRPA): A method for calculating the Hubbard U

Polarisation: P=P, +P.

A

PRB 70, 195104 (2004)




Derivation of cRPA formula for U

Fully screened interaction

W =v+VvPW —>W =@0-VvP)'v

W=@1A-vP)'1-VvP)@-VvP) v
=[A-vR) " A-VvP)] " @1-VvR) v (AB)™ =B~A™

=[@-VR)@-VR —VP)I*A-VR) v

—[1-@-VR) VR ]*@-VR) v

\ J
\ Y J Y

W W

r r

W = (1_Wr I:)d )_1Wr

W, =(@A—VP) ™'V isinterpreted as the Hubbard U
U=v+VvPU




Polarisation function in RPA: vertex I' = 1 2 P=-1GG

occ  unoccy,. (r)w*(r)w*(r-)w (r.)
Full system  P(r,r'; w :E: z: ! J ' j
y' ( ) I ] CZ)__é;j'+_é;i:t:ié;

ocCC uUnNnocCaG

(N (Ny, (ryw . (r'
Correlated P, (r,r';a))zz Zl//.( )i (Ny; ( )_W,( )
bands icd jed a)—é‘J —|—(C,'i + |5

P=P—P,

U(r,r';ow)=v(r—r") +_[ drdr,v(r —r)P.(r,n;o)U(r,,r'; o)

Basis independent, can use any bandstructure method.

U (@) = [ drdr' o, (Ne; (NU(r,r; o)e, (re (r)

The matrix elements of U evidently depend on the choice of the orbitals




The Hubbard U 1s determined by two factors:

* Screening
*The choice of the orbitals




A simple model

®, &, } r-subspace
! &1 ‘
ﬂ ....... |_| ------------ u - d-subspace

The bare interaction is v.
Our aim is to calculate the effective interaction U in the d-subspace

Define




A simple model

®, &, } r-subspace

Z &1 ] bij — 49
.................................. u - d-subspace

¢O ﬂ |-| go — O _

by, (Db: (2) _ bma)lom(z)j+ 2( by, (D)by,(2) b02(1>b02(2)j

P(l2,w)=2 _ : : :
w—&+10 w+g —10 w—&,+10 w+&,—10

00, (1)b5: (2) bm(l)bm(z)j

P,(12;,w) = 2( : _
w—&+lo w+g—10

0, (Dby, (2) b02(1>b02(2>j

P12 a))=2( _ _
w—&,+10 w+&,—10




The Hubbard U

Pr (1’2’ C()) — 2( b02 (1)b02(2) _ b02 (1)b02 (2)j — boz(l) Pr (a))boz(z)
w—&,+10 w+é&,—10

Pr(a)):Z( L . - L . j
w—&,+10 w+&e,—10

U(L2) =v(L2)+ .' d3d4 v(1,3)P (3.4; w)U (4,2)

=V(1,2) + [ d3d 4 v(L,3)y, (3P, (w)by, (4)U (4,2)

Let us calculate (@@, |U | @,0,) =(bgo |U |byo) =Ugqe  “Onsite U”




U (1,2) =v(1,2) + [ d3d 4 v(L3)by, (3) P (@), (4)U (4.2)

Take expectation value <b00 ‘ b00> on both sides

Uoo,oo = Vo000 T VOO,OZPr (a))uoz,oo

Take expectation value <b02 ‘ ‘ b00> on both sides

Uoz,oo = Vo200 T V02,02Pr (w)uoz,oo

VOZ,OO

1_V02,02Pr ()

VOO,OZPr (a))Voz,oo
1- V02,02Pr (o)

U02,00 —

U 00,00 (w) = Voooo +




“Hund’s exchange [~

U (1,2) =v(1,2) + [ d3d 4 v(L3)by, (3) P (@), (4)U (4.2)

Take expectation value <b01 ‘ b01> on both sides
J =Ug101 =Voro1 +Vor02Pr (@)U 01

Take expectation value <b02 ‘ ‘ b, 1> on both sides

U02,01 = Vo201 T V02,02Pr (w)U 02,01

V02,01

1- V02,02 P. ()

VOl,OZPr (W)Voz,m
1- V02,02 P (o)

U02,01 —

J(w) = U01,01(a)) = Voro1 T




VOO,OZPr (a))Voz,oo
1- V02,02Pr (o)

U oo,oo(a)) = Voo00 T

V11,02Pr (a))Voz,ll
1_V02,02Pr ()

U11,11(a)) =Vin T

VOl,OZPr (a))Voz,m
1_V02,02Pr (o)

J(w) = U01,01(a)) = Voro1 Tt

VOZI.,OZ << VOO,OZ’ VO].,02 << V11,02

- Incontrastto U, J is much less screened

J is close to its atomic value




Advantages of cRPA:

* Full matrix U

*Energy-dependent U

*Onsite and offsite U

*U(r,r’;w)1s basis-independent for a given subspace:
Can use any band-structure method

Justification of RPA:
U 1s determined mainly by long-range screening.
Short-range screening 1s taken care of by the Hubbard model.
cRPA is general, can go beyond RPA .

For 1solated d subspace
U ~— islong range,
aor . L.
because metallic screening 1s absent when
o >1 calculating U.
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Typical electronic structure of correlated materials:

Partially filled narrow band (3d or 4f) crossing the Fermi level

| LDA DOS s

SrVO3 eroyskite

—>many configurations
close in energy
—>strong correlations

Density of States

The main action
takes place here

can be problematic

—>one-particle description

OZp

Fermi level

E (eV)

m
Slight change of parameters can induce large change in materials properties. £ <

E.g., by slight distortion or pressure the ratio of the effective Coulomb interaction U/bandwidth |«

changes and the materials can undergo phase transitions (metal-insulator).

&
BN

—>competition between kinetic energy and U. J
L P ARV B RPN A
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Maximally localised Wannier orbitals

V _ w
|:r;‘lnR} — (2?1")3 /d3kE kR|“L'{ })

Vi) = 2 Vi) S (K)
x\

LDA wave functions

By varying S, minimise the extent of the orbitals

(2= Z({{TQHEJTEFPHD) o |<:fﬂnﬂ|r|{l'9nﬂ>|2)

Marzari and Vanderbilt, PRB 56, 12847 (1997)




Wannier orbitals of SrVO3

QP
o0 °

xz orbital
t,, model (tzg;J +e,) + O, model

Fig. 4: Contour plot of the maximally localized Wannier function (MLWF) of SrVOs. If we
take the x axis to be the horizontal direction and the z axis to be the vertical direction, the
Wannier function corresponds to xz. The red (blue) represents the positive (negative) contour:
The Wannier function is centered at the vanadium site, which is located at the center of the
cube. The green spheres at the corners are strontium atoms, and white spheres at the centers
of the faces are oxygen atoms. The MLWF' is optimized in the t,, model which consists of three
to,-like states. We note that the Wannier function has tails on the oxygen sites.
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LDA Density of States of 803
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20

SrVO3

Controlling the screening channels:
U as a function of Py (eliminated transitions)

The O 2p plays a crucial role
in determining U

U=3.5eV
PRB 74, 125106 (2006)

c.f. Solovyev PRB 2007

bare

interaction

N/ 'S
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Well separated
from other bands




LOIG VAUGIER, HONG JIANG, AND SILKE BIERMANN
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FIG. 2. (Color online) Electronic band structures (top) and projected density of states (bottom) of StMO; (M = Nb, Mo, Tc from left
to right), obtained from DFT-LDA paramagnetic calculations. The 44 t,, states are highlighted in red (dashed line). the 44 e, states in blue
(dashed-dotted line), and the oxygen p states in maroon (solid line).
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Alkali-cluster-loaded sodalites

K-sodalite
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FIG. 3. (Color online) Calculated ab initio band structures (red
solid lines) of (a) sodium electrosodalite and (b) potassium elec-

trosodalite. The blue dotted dispersions are obtained by the #p-15
model, where f) and f» are nearest and next-nearest transfers, re-
spectively. For the values, see the text. The zero of energy is the
Fermi level.
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What happens when the bands are entangled?

Cerium

PHYSICAL REVIEW B 74, 125106 (2006)

TABLE 1. U of yCe and «Ce as a function of energy

window.
yCe a Ce

Energy window (eV) U (eV) Energy window (eV) U (eV)
(-2.0.1.5) 1.9 (—2.0,1.7) 6.6
(-1.5.1.5) 1.6 (-1.5.1.7) 5.4
(—1.0,1.5) 5.7 (—1.0.1.7) 43
(-0.5.1.5) 33 (—0.7.1.7) 3.2
(-0.5.1.0) 2.9 (—0.7.2.0) 33
(-0.5.1.7) 33 (—0.7.3.0) 34

E (eV)

FIG. 4. Partial density of states of aCe and yCe.

In many materials the correlated bands
are entangled with other more extended bands.
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Clearly, energy window is not
ﬂndl-—]l_lﬁ.k i] Partial density of states of vanadium, paramagnetic iron, a goo d ChOiCC fOI' de termining U

TABLE II. U of V, paramagnetic Fe and Ni as a function of energy window.

V Fe Ni
Energy window (eV) U (eV) Energy window (eV) U (eV) Energy window (eV) U (eV)
(-2.0,.4.0) 3.7 (-3.0,1.2) 4.0 (—5.0.0.5) 3.7
(—3.0.4.0) 6.3 (—4.0,1.2) 4.8 (—5.0,1.0) 3.7
(—4.0,4.0) 7.0 (-5.0,1.2) 5.0 (—5.0,2.0) 6.3
(—2.0,5.0) 18 (-3.0,2.0) 4.3 (—6.0,0.5) 3.7




PHYSICAL REVIEW B 74, 125106 (2006)

(=) Bands 2 1o & are eliminated

L {aV)
Is
|

B¢

FIG. 6. (Color online) The Hubbard U for the 34 series obtained
by eliminating transitions among the 3d bands. The empty circles
correspond to the case where the 34 bands are defined to be band 2
to 6 and the filled circles to the case where the 3d bands are defined
to be band number 2 up to bands below an energy cut off above the
Fermi level comresponding to a sharp drop in the 3d density of
states, as described in the text. The filled circles are what we define
to be the Hubbard U/,

Choosing band indices
is not a good choice either




cRPA for entangled bands

We first choose an energy window covering the 3d band and
construct maximally localised Wannier orbitals

20 ,

Marzari and Vanderbilt, PRB 56, 12847 (1997)
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yo  Paramagnetic nickel cRPA for entangled bands

T | |
: ] | |
15 ; N\ | | | Construct projection operator for the d subspace:
10 L BN | |
— | | | | —
> st N i P—Z‘CDmRX(DmR‘
= AN A med
_ | | | 3] Define the r subspace:
=5 L | X ] r _
: . | - As ‘Wkn>_(1_ P)‘Wkn>
-10 | | | i
r X W L r K
2 — _ (d space 0
: % (b =
15F | ( & 0 I space
: A N
10} N !
> < ; | ) Approximation: The off-diagonal
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Ot + _ Disentangled 3d band structure from /%
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sb A=A O T maximally localised Wannier orbitals M
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Miyake et al PRB 80, 155134 (2009), also Sasioglu, Friedrich, and Bluegel PRB 2011 IR



(a) 1
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- *Iun.  a j"Ni ] Fully screened interaction W of
SLOF se TN : the 3d series
= Ty o "% co

0.5 I Mn Fe

i dlsentangled R (5)
LA ;“0’ ol Hubbard U for the 3d series
" Energy b N A N ]
; 31 Wll’ldi Cr Fe L‘M‘ ] . . .
S Y Mn g I The difference arises from the choice of
SE R Ti Ni 1 the d-subspace forming the Hubbard model
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[ i
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Previous: Phys. Rev. B 77, 085122 (2008)
Present: PRB 80, 155134 (2009)
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Other methods dealing with entangled bands

Projection approach:
. gee ugocys, (N (N (ry; (')
P(r.ri;o)y=> > ’ J

icd  jed wx A

v, =;|¢d><¢d |W|>

Weighting approach:

Pd(r’r'iw)=§ Z (DY Dy (FMy ()

W+ A !

P; :Zd:|<§0d |Wi>|2

Sasioglu, Friedrich, and Bluegel PHYSICAL REVIEW B 83, 121101(R) (2011)




Application of disentanglement method to
LaFeAsO and FeSe

1111: LaFePO, LaFeAsO, ...
122: BaFe,As,, ...

111: LiFeAs, ...

11: FeSe, FeTe
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Effective interaction in the cRPA

T.Miyake, K.Nakamura, R.Arita and M.Imada, JPSJ (2010)

- strong family dependence in U

(the 11 family 1s substantially more correlated)
-t=0.3-0.4 ¢V 1n the d model
- strongly orbital dependent in the d model,

due to the different extents of the Wannier orbitals

4 L _
d model
= | _ FeSe 1s probably
|:3J“ 2 L i the most correlate
=~ = | € ,;q" -
- - ; L w
212 2] 2] (2] |2
LHE B2 |2 - ]| =
0 .




U matrix in the d model (in eV)

c.f. K.Nakamura, R.Arita and M.Imada, J.Pys.Soc.Jpn.77, 093711(2008).
T.Miyake et al., J.Phys.Soc.Jpn.77 Suppl.C99(2008).

LaFeAs(Q

Xy ¥I i —r Ix -y
xy 3.03 1.80 1.78 1.80 1.91
¥z 1.80 2.43 1.97 1.62 1.52
3 — 1.78 1.97 2.84 1.97 1.51
X 1.80 1.62 1.97 243 1.52

r—y 1.91 1.52 1.51 152 1.91




week ending

PRL 109, 146401 (2012) PHYSICAL REVIEW LETTERS 5 OCTOBER 2012

Strength of the Effective Coulomb Interaction at Metal and Insulator Surfaces

Ersoy Sasioglu,* Christoph Friedrich, and Stefan Bliigel

Peter Griinberg Institut and Institute for Advanced Simulation, Forschungszentrum Jilich and JARA, 52425 Jilich, Germany
(Received 29 May 2012; published 1 October 2012)

The effective on-site Coulomb interaction (Hubbard U') between localized electrons at crystal surfaces
15 expected to be enhanced due to the reduced coordination number and reduced subsequent screening. By
means of first panciples calculations employing the constrained random-phase approximation we show
that this is indeed the case for simple metals and insulators but not necessarily for transition metals and
insulators that exhibit pronounced surface states. In the latter case, the screening contribution from surface
states as well as the influence of the band narrowing increases the electron polanzation to such an extent as
to overcompensate the decrease resulting from the reduced effective screening volume. The Hubbard If
parameter is thus substantially reduced in some cases, e.g., by around 30% for the ( 100) surface of boe Cr.

|__|D_D|II:|H:I|

TABLE I. Bulk and surface Hubbard I/ and J wvalues for 6.0 [
simple metals and insulators. The corresponding orbitals for o 30 '_I—_' :l]?k
which the IV and J are calculated are given in parentheses. W 4.0 - !
=% 3.0
Bulk 100 Surface 110 Surface = 20l
m L
Ug Jg Us Is Us Ts T
Na [3s] 1.39 1.50 1.47 o
Al [3p] 2.18 0.36 2.46 0.39 2.36 0.38 — ﬂ_'"]
MgO [O-2p]  7.10 0.63 7.23 0.62 638 059 i kY
NaCl [Cl-3p] 7.13 0.55 7.60 0.54 753 0.55 = 06
SrTi0; [Ti-3d] 3.34 0.37 3.62 0.39 T 0.9 \
SrTiO; [0-2p] 4.42 (.56 4.79 0.55 S Rl 100/ 1 |mll"- .
15Fes 110 © (b) 1t e 110 4 (dr A

R 2 s:'-»,g'x*w‘-‘é" I wél‘»c'?*é* Y aﬂ'—»,;'\"»‘é* & ,;} o>



U and ] for the early lanthanides

Periodic Table

©  Group numbering is based on the new IUPAC system.

6.941 4
Lithium © Atomic weights are based on'’C = 12 and conform to the 1995 IUPAC
in()ind the isotope of | half-life.

b

reported values. N

\ ¢ et
22.989770 24 ' 26.9%153%
Sodium Aluminum

e
509415 54938049

39.09%3
Vanadium Manganese

Potassium

31 v 45
Rh il A Nh Te Rh
i*‘ D {F Sr v [ e Ic Rh
BEI67S 87.62 N8.M58S 9 9%) 10290550
Rubidium Strontium Yetrium Nioblum f vbder Technetium Rhodium

56 & 78

[ ] 3 5 Y - )4

! 2 4} 4 5! , N il‘ B

7 183,84 186,207 195,078

137.327
Platinum

Barium Tungsten Rhenium

Lanthanides

&
Actinides

237 244) 243 24
Neprunium Plutonium Americium Berketium

227
Actinium

Hlustrated by Masahiko Suenaga
http://www1.bbiq.jp/zzzfelis/
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U and ] for the early lanthanides

12-_.'9_11"'-’”' " bare interaction v
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Nilsson ef al PRB 88, 125123 (2013)




Band structures of Eu and Gd
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Disentangled band structures of Gd

: Gd: window width 2.2 eV 1 —Gd: window width 3 gV
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Frequency-dependent onsite and nearest-neighbour U

of graphene and graphite

week endin
PRL 106, 236805 (2011) PHYSICAL REVIEW LETTERS 10 JUNE 2011

Strength of Effective Coulomb Interactions in Graphene and Graphite

T.O. Wehling,' E. Sasioglu,” C. Friedrich,” A. L. Lichtenstein,' M. 1. Katsnelson,” and S. Bliigel’
14

graphite = graphene

Uim) (eV)

Large nearest-neighbour U

w (eV)

FIG. 3 (color online). Frequency dependence of the on-site and
nearest-neighbor interaction obtained from cRPA for graphene
(h = 21.2 A) and graphite. For graphite Uy(w)= Ui (w) is
shown, which is virtually the same as Uf,(w). |Uj (@) —
UB ()| <0.15 eV for @ < 20 eV.




TABLE 1. On-site (U4,. US), nearest-neighbor (Up;), next-
nearest-neighbor (UZ,, Uf), and third-nearest-neighbor (U;)
(intralayer) Coulomb interaction parameters for freestanding
graphene and graphite. In graphene Uj, = UE, and U}, = UE,
due to the sublattice symmetry. The bare and partially screened
(cRPA) parameters are given. The cRPA parameters should be
used in the effective Hamiltoman (1).

Graphene Graphite
Bare cRPA Bare cRPA
U8 (eV) 17.0 9.3 17.5, 17.7 8.0, 8.1
Uy (V) 8.5 3.5 8.6 39
U8 (eV) 5.4 4.1 54,54 24,24

Up (eV) 4.7 3.6 4.7 1.9




Heisenberg exchange parameters

TABLE II. List of parameters of the Heisenberg model in Eq. (9). where 7} and 77 are the nearest and
next-nearest exchange couplings. The theoretical values with the bare, cRPA, and full RPA are compared with

the expenimental results obtained in Sec. III. The unit is K.

Sodium electrosodalite Potassium electrosodalite
Bare cRPA RPA Expt. Bare cRPA RPA Expt.
T —-37.9 Q.3 574.5 26 —67.8 13.8 5929 48
NE —16.8 0.4 173.9 8 —15.1 1.8 121.1 20

T = Exch
J.;=K;—J,; — Exchange

integral
Her=22, J;S: - S;.
== f ;
K. = 21,1 _ > Intersite Coulomb
LU=V interaction

Nakamura, Koretsune, and Arita, PRB80, 174420 (2009)




Dynamic (frequency-dependent) U

‘ Major progress in solving the impurity problem with a dynamic U

Continuous time Quantum Monte Carlo (CTQMC) algorithm:

Werner and Millis (PRL 2007, 2010)
Hybridisation expansion: strong-coupling approach

Rubtsov (JETP 2004, PRB2005)
Perturbation expansion: weak-coupling limit

Approximate method:
Casula, Rubtsov, Biermann PRB (2012)
Bose Factor Ansatz (BFA),

Dynamic Atomic Limit Approximation (DALA)
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(a) Frequency dependence of the bulk
and surface Hubbard [V parameter for bce Cr. In the inset we

expand the low frequency region. (b) The same for fcc Ni.




Re and Im U of BaFe2As2 Spectral functions of BaFe2As2
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Fig. 1. ({color online) Eigen-values of the "downfolded™ Hamiltonian in

Wannier functions basis (dashed red) plotted on top of the original band
structure (solid black) for LaoCu(dy for three different sets of Wannier
functions: one Wannier function of d_a_ 2 character (top panel), three
Wannier functions of d_s_ 2, p, and p, character (middle panel} and 17
Wanmier functions of Cu-d. O-p character (bottom panel). Fermi level is
denoted by dashed horizontal line.
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Fig. 2.

{color onling) Real and imaginary pant of the screened frequency-

dependent U parameter for the =7 — y” orbital for three different basis sets:

one-band (black), three-band (red) and seventeen-band (blue).




LDA+U with U determined by cRPA self-consistently
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Karlsson et al PRB 81, 245113 (2010)




PHYSICAL REVIEW B 81, 245113 (2010)
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FIG. 1. (Color online) Gadolinium spin-up bands using the self-
consistent determined parameters: U=124 eV and J=1.0 eV.
Fermi energy at 0 eV and the directions displayed are 1/2(1,1,1)
—I'—(1.,0.0). The corresponding total density of states (DOS)
and f partial DOS are also displayed.




Connection between cLDA and cRPA

62E oE; 1
— L — - (D V + f . . fXC — _—  XC
non an. (po e (v+ 1) 00;) 5

_ Os
on,

In cLDA, calculate U with constrained hopping

In cRPA, calculate et

with constrained screening, 1.e., removing
screening channels already included in

the model.

U. von Barth,

The electronic structure of complex systems, Advanced Study Institute (1982)
M. Springer and FA, PRB 57, 4364 (1998).




SrVO3
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Sry 03
Density of States

sb - cLDA (cut-off method):

ol vas B When hopping from the localised orbitals
02 | is cut off, some screening channels are
missed = too large U

l J

1]
-10 -5 Q
Fermi level

To simulate cLDA, remove

t,, »all O,, —>t,,,¢ 2>U=9.5¢eV

29 g

Compare with cLDA U= 8.8 eV

PRB 74, 125106 (2006) c.f. Solovyev PRB 2007




Modified cLDA
{  (for comparison with cRPA)

30

360 s soreenimg only
25 |- = 4= u._'n-:-c;'ninbl wwitheul de=-z=3c
Bl Bare v

A DA (mocdified)

20—

1Tu :Agd z<§Do| | AV |§0d>
AN ANy

Ll ey

T o

Fix the orbitals Py

FIG. B. (Color online) The effect of orbital contraction across
the 34 series. Since the 34 orbital in nickel is most localized the
bare Coulomb integral (filled square) is the largest. The bare Cou-
lomb interaction is substantially reduced by the 4s screening (empty
circle, the same as the empty circles in Fig. 7). The effect of 45 to
3d screening is illustrated by the filled circles. The effect, repre-
sented by the difference between the filled circles and the empty
circles, is slightly more important in the early than in the late ele-
ments, due to the decreasing number of empty 34 states as we go
from early to late elements.
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FIG. 7. (Color online) The Hubbard U’ for the 34 transition
metal series calculated using the CRPA (filled circle, the same as the
filled circles in Fig. 6) and CLDA (filled square). Empty circles
correspond to the CRPA result excluding all transitions from the 3d,
i.e., only transitions from the 4s band are allowed. This should be
compared with the modified CLDA result (empty square), as de-
scribed in the text. For comparison, the fully screened interaction W
is also plotted.




Downfolded self-energy

r subspace
Full one-particle

Hilbert space What are

U ) Z:eff ?

C

d subspace

(a)—hdd _zeff )Gd :1

One-particle /d

hamiltonian G =g ¢+ g I G




Step 1: The Green Functions

l/}ZZZdéd +2Zrér :!/}d +Wr
d r

(T [Sva vz (2)])
S)
<T [§ l/}r Dy 4 (2)]> Describes the coupling

between the d and r

< S" > subspaces

iGY(1,2) =

iG™(1,2) =

/N

ST exp[—ij d3¢(3),e(3)}




Step 2: The Equations of Motion for G® and G™

[H,y@O]=i6, ¥ @)

i0, G’ —Ah[G™ +G]-AZG* = A,

i0,G™ —A NG +G"]-A,2G’ =0

As@02) =Y 4 A (H)SE-1), A 1L2)+A,1L2) =51-2)

Detinition of i




Step 3: Eliminate G 'fo obtain an effective equation for G*

[0—h—= (0)]G® =1

> =% +hg'[h+]

P ——

Step 4: Construct the equation for  |> :The non-trivial part

e 5(; ~ d _ : é(; Vzgpext_I_VH
ZG—IWW — 26 _IWW G=GA,
- rd d
St —iw| L X == +2")G
oV oV

P~

> =>"G(GY) ™ +iwg % +iwg=GTr?




After some algebra ...

A closed set of equations for the :
downfolded self-energy Decouple the Conventional
) ‘ d and r subspaces—>
“Energy-dependent Hubbard model” Hubbard model
seff _sd | srd | sdrd D seff _ sd

W, =v+VvPW,_,| B =P-F,

Gd _ gd +gdZefde

The equations are valid for a given W

Furnishes a formal expression for U.

PRL 102, 176402 (2009)




cRPA provides a systematic and precise first-principles scheme
for determining U from realistic band structures.

Open problems:
- Entangled bands: not clear how to define the model.

-What is the best way of downfolding the energy-dependence of U?
(How to construct a model with a static U)




Previous works: LDA+U and LDA+DMFT
Can treat systems with strong on-site correlations

all
H = ZHlanDlAm |+maci'm'a

Imo
correl
ZU NimoNim'—o Adjustable U
|mma

1 correl.

_|__

Z(U 'Jrlnm')nimo-nim'a

correl.

doublecouring
ZHlmlm CImO'CI'm'O'
Imo

Ad-hoc
double-counting

</<

Q R <&
Anisimov et al, J. Phys. Condens. Matter 9, 7359 (1997) (LDA+U]) \\\ )
Lichtenstein and Kastnelson, PRB 57, 6884 (1998) (LDA+DMHF;




Proposed solution: GW+DMFT

Biermann, FA, and Georges, PRL 90, 86402 (2003)
Sun and Kotliar, PRB 66, 085120 (2002).

DMFT
Zoo(w) =250 ()

Sor (@) =25y (@)

DMFT describes short-range local correlations.
GW describes long-range correlations (electron-gas)

Can be rigorously formulated by treating G and W as variables in the Luttinger-Ward functional
(Almbladh, von Barth and van Leeuwen, Int. J. Mod. Phys. B 13, 535 (1999)
R. Chitra and G.Kotliar, PRB 63, 115110 (2001))

[MNGW]=trinG-tr[G/G, —1]—%tr InW +%tr[\N IV -1]+Y¥Y




