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Iron-based high-temperature superconductors 
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Nakamura et al, J. Phys. Soc. Jpn. 78, 083710 (2009) 

Exp:     metal                       insulator 

BEDT-TTF organic conductors 

LDA band structures 

Metallic in LDA! 

BEDT-TTF=bis(ethylenedithio)tetrathiafulvaene 





Zeolites 

Nakamura, Koretsune, and Arita, PRB80, 174420 (2009) 



Nakamura, Koretsune, and Arita, PRB80, 174420 (2009) 

Alkali-cluster-loaded sodalites 

Na-sodalite K-sodalite 
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One-band Hubbard model: 

The usual approach is 

to model the narrow band 

by a Hubbard Hamiltonian. 

Kotliar and Vollhardt, Physics Today 2004 

(A similar Hamiltonian was also 

introduced independently 

around the same time by 

Anderson, Gutzwiller, and Kanamori) 

The Hubbard model 

What is U? 
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U is the energy cost of moving an electron between two atoms. 

Herring’s definition of U 

U

Half filling 



U is the energy cost of moving an electron between two atoms. 
   
Example: 3d transition metal with configuration  
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Herring’s definition of U 
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The change in the number of localised 3d electrons is fully compensated  
by the change in the number of delocalised 4s electrons on the same atom. 

143 sd n

Ionisation energy Electron affinity 



Works on constrained LDA (cLDA) 

Seminal work: 
 

Dederichs, Blugel, Zeller, and Akai, PRL 53, 2512 (1984) 
Gunnarsson, Andersen,  Jepsen, and Zaanen, PRB 39, 1708 (1989) 

Anisimov and  Gunnarsson, PRB 43, 7570 (1991) 

 

Improvement on constrained LDA 
 

McMahan, Martin, and Satpathy, PRB 38, 6650 (1988) 
Hybertsen, Schluter, and Christensen, PRB 39, 9028 (1989) 
Cococcioni and  de Gironcoli, PRB 71, 035105 (2005) 



Constrained LDA (cLDA) 

Super cell 

Transition metal 
or rare earth atom 

The occupation 
number       is 
constrained by q 
at the chosen site 
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Cococcioni and de Gironcolo, PRB 71, 035105 (2005) 
Hybertsen, Schluter, and Christensen, PRB 39, 9028 (1989) 

 

Non-interacting 
Kohn-Sham energy 

 Lagrange multiplier 

dn



Kohn-Sham equation in constrained LDA (cLDA) 
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Change the 3d charge on the impurity, keeping the system neutral, 

do a self-consistent calculation and 

calculate the change in the 3d energy level  

Hopping from and to 

the 3d orbitals is cut off: 

Super Cell 

Transition metal or 

rare earth atom 

“impurity” 

(3d or 4f atom) 
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Constrained LDA (cut-off method) 

Anisimov and Gunnarsson, PRB 43, 7570 (1991) 
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Cut-off method 

Sc 
Ti 

V Cr Mn 
Fe Co Ni 

U for 3d transition metals from cLDA 

PRB 74, 125106 (2006) 

U from cLDA tends to be too large 



Some results from cLDA 
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        U (eV) 

Fe      2.2 

Ce      4.5 

FeO      4.3 

NiO      4.6 

Cococcioni and de Gironcolo, PRB 71, 035105 (2005) 

Smaller than normally used values 



Difficulties with cLDA 

cLDA is simple to apply but: 

 
The system is disturbed when we perform constrained calculations 

so that the localised orbitals are modified (relaxation, breathing) 

 Unclear whether the U so obtained corresponds to the U in the model. 
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Non-interacting 
Kohn-Sham energy 

Attempt to compensate for modification in KS orbitals: 

But it is not clear that the effects on the Kohn-Sham orbitals can be accounted for 

by simply subtracting the corresponding noninteracting expression. 

Cut-off method: 

 

When hopping from the localised orbitals is cut off,  

some screening channels are missed  too large U 





The Hubbard model  

Many-electron Hamiltonian is too complicated to be solved directly. 

J. Hubbard, Proc. Roy. Soc. A276, 238 (1963) 

How do we map the full Hamiltonian to the Hubbard model?  

 What is U and how do we calculate it? 

 Focus on the correlated  subspace (narrow band across the Fermi level) 
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In solids, the bare Coulomb interaction is strongly screened at low energy. 

Key  physical idea: 

The Hubbard U should be obtained as a screened interaction without screening from 

the electrons residing in the subspace that defines the Hubbard model. 
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Sneak preview 



SCREENING 
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The external perturbation is screened by the electrons. 

Proton Z 

Proton in an electron gas 

Screening charge  
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Example: 

External perturbation 
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SCREENED POTENTIAL 

In semiconductors or insulators the screening,  

due to the band gap, is not complete 
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SCREENING IN TERMS OF 

LINEAR RESPONSE FUNCTION 
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TIME-DEPENDENT HARTREE APPROXIMATION 

or RANDOM-PHASE APPROXIMATION (RPA) 



Basic assumption of RPA: 

The response of an interacting system to an external perturbation is assumed 

to be given by the response to the total field as if the system is non-interacting. 

Non-interacting 

response function 

Total field External field 

(Interacting) 

response function 
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To calculate the screened interaction W or the response function R 

within the RPA we need the non-interacting response function P 
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TIME-DEPENDENT PERTURBATION THEORY 

)()](ˆˆ[)( ttHt
t

i 





Interaction (Dirac) representation: )()(
ˆ

tet tHi

D 

,)()(ˆ)( ttt
t

i DDD 





)0()'(ˆ')0()(
0

DD

t

DD tdtit   

tHitHi

D etet
ˆˆ

)(ˆ)(ˆ  
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General, also true for interacting systems 



INTERACTION PICTURE 
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Non-interacting system 
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THE NON-INTERACTING LINEAR RESPONSE FUNCTION 

(RETARDED) 

Fourier transform 
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To reduce the Coulomb interaction 

the  spin-up electron moves to 

the excited state  polarisation. 

SCREENING PROCESS  

Screening or correlation amounts to 

lowering interaction energy 

Coulomb repulsion U 



The Kubo formula for the linear response R 
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Retarded linear response function 

(density-density correlation function) 

Compare with 



GREEN FUNCTION 
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Fourier transformation yields the Lehmann or spectral representation of the Green function: 
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From the Green function we can obtain the expectation value of 

any one-particle operator in the ground state. 
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GREEN FUNCTION IN THE INTERACTION PICTURE 
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and inserting a complete set of eigenstates of H in between 

the density fluctuation operators and Fourier transforming yields 

the Lehmann or spectral representation of the response function: 
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The poles of R give the exact excitation energies of the interacting 

N-electron system. 
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First-Principles Methods: 

Parameter-free but insufficient 

for strongly correlated systems 

Model Approaches: 

Good for strongly correlated systems 

but need parameters 

d subspace 

r subspace 

d subspace 
dU ,

U

DMFT

d
rdr

DMFT

d 

e.g., GW approximation 

Full one-particle 

Hilbert space 

•Local Density Approximation (LDA)  

•GW method 

•Dynamical Mean-Field Theory(DMFT) 

We insist that 

the parameters are 

determined from 

first-principles 

 PRL 102, 176402 (2009) 



Typical electronic structure of correlated materials: 

Partially filled narrow band (3d or 4f) crossing the Fermi level 

Slight change of parameters can induce large change in materials properties. 

E.g., by slight distortion or pressure the ratio of the effective Coulomb interaction U/bandwidth  

changes and the materials can undergo phase transitions (metal-insulator). 

competition between kinetic energy and U. 

The main action 

takes place here 

E (eV) 

many configurations  

    close in energy 

strong correlations 

one-particle description 

    can be problematic 

SrVO3 perovskite 

LDA DOS 



Related works on constrained RPA 

Random-Phase Approximation (RPA): 
M Springer and FA, PRB 57, 4364 (1998) 

T Kotani, J. Phys.: Condens. Matter 12, 2413 (2000) 

 

Constrained RPA (cRPA) 
PRB 70, 195104 (2004) 

PRB 80, 155134 (2009) for entangled bands  



Constrained RPA (cRPA): A method for calculating the Hubbard U 

 PRB  70, 195104 (2004) 
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vPWvW 

Fully screened interaction 

is interpreted as the Hubbard U 

vvPW 1)1( 

vvPvPvPW rr

11 )1)(1()1(  

vvPvPvP rdr

111 )1(])1(1[  

rW

vvPvPvP rr

111 )1()]1()1[(  
111)(   ABAB

vvPvPvPvP rdrr

111 )1()]1()1[(  

vvPW rr

1)1( 

rW

rdr WPWW 1)1( 

Derivation of cRPA formula for U 

UvPvU r
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Full system 

Correlated  

bands 
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dr PPP 

Basis independent, can use any bandstructure method. 
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The matrix elements of U evidently depend on the choice of the orbitals 



The Hubbard U is determined by two factors: 

 

• Screening 

•The choice of the orbitals 



A simple model 
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The bare interaction is v. 
Our aim is to calculate the effective interaction U in the d-subspace 
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A simple model 
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The Hubbard U 
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“Onsite U” 
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“Hund’s exchange J” 
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U and J 
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   In contrast to U,        is much less screened J
J is close to its atomic value 



• Full matrix U 

•Energy-dependent U 

•Onsite and offsite U 

•U(r,r’; is basis-independent for a given subspace: 

 Can use any band-structure method 

r
U



1
~ is long range,  

because metallic screening is absent when 

calculating U. 

Justification of RPA: 

U is determined mainly by long-range screening. 

Short-range screening is taken care of by the Hubbard model. 

cRPA is general, can go beyond RPA . 

Advantages of cRPA: 

1

For isolated d subspace 



Typical electronic structure of correlated materials: 

Partially filled narrow band (3d or 4f) crossing the Fermi level 

Slight change of parameters can induce large change in materials properties. 

E.g., by slight distortion or pressure the ratio of the effective Coulomb interaction U/bandwidth  

changes and the materials can undergo phase transitions (metal-insulator). 

competition between kinetic energy and U. 

The main action 

takes place here 

E (eV) 

many configurations  

    close in energy 

strong correlations 

one-particle description 

    can be problematic 

SrVO3 perovskite 

LDA DOS 



Vaugier, Jiang, and Biermann, 



Maximally localised Wannier orbitals 

By varying S, minimise the extent of the orbitals 

 )()( kSmnkm

w

kn 

LDA wave functions 

Marzari and Vanderbilt, PRB 56, 12847 (1997) 



gt2 pgg Oet  )( 2
model model 

xz orbital 

Wannier orbitals of SrVO3 



gg tt 22 

allt g 2

allt g 2

ggp etO ,22 

allt g 2

allO p 2

bare 

interaction 

Controlling the screening channels: 

U as a function of       (eliminated transitions) 

SrVO3 

U=3.5 eV 

gt2

ge

The O 2p plays a crucial role 

in determining U 

PRB 74, 125106 (2006) c.f. Solovyev PRB 2007 

dP



Vaugier, Jiang, and Biermann, 

Well separated 

from other bands 





Competition between 

localisation of orbitals 

and polarisation.  

Vaugier, Jiang, and Biermann, 
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Nakamura et al, J. Phys. Soc. Jpn. 78, 083710 (2009) 
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The dielectric constant is anisotropic.  

U is almost isotropic and long ranged. 

Nearest-neighbour U/onsite U ~0.45 Maximally localised Wannier orbitals of 

22 )()( NCSCuBEDTTF

Exp:     metal                       insulator 

BEDT-TTF organic conductors 

)5/(1~ rU
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Nakamura, Koretsune, and Arita, PRB80, 174420 (2009) 

Alkali-cluster-loaded sodalites 

Na-sodalite K-sodalite 



Sodium electrosodalite Potassium electrosodalite 

1/r 1/r 

Nakamura, Koretsune, and Arita, PRB80, 174420 (2009) 

)2.3/(1~ rU )3/(1~ rU



What happens when the bands are entangled? 

Cerium 

In many materials the correlated bands 

are entangled with other more extended bands. 



Clearly, energy window is not 

a good choice for determining U. 

3d 

4s 

nickel 



Choosing band indices 

is not a good choice either 



Minimise the extent of the orbitals 

 )()( kSmnkm

w

kn 

LDA wave functions 

Marzari and Vanderbilt, PRB 56, 12847 (1997) 

cRPA for entangled bands 

We first choose an energy window covering the 3d band and  

construct maximally localised Wannier orbitals 

3d 

4s 



cRPA for entangled bands 

Disentangled 3d band structure from 

maximally localised Wannier orbitals 

Paramagnetic nickel 

Miyake et al PRB 80, 155134 (2009), also Sasioglu, Friedrich, and Bluegel PRB 2011 

4s 

3d 

Approximation: The off-diagonal 

elements are set to zero 

Construct projection operator for the d subspace: 
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Present: PRB 80, 155134 (2009) 

The difference arises from the choice of  

the d-subspace forming the Hubbard model 

and the criteria for Pd.  

Hubbard U for the 3d series 

Fully screened interaction W of 

the 3d series 

Previous: Phys. Rev. B 77, 085122 (2008) 

disentangled 

Energy 

window 



Nearest-neighbour U and J 

J 
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Sasioglu, Friedrich, and Bluegel 

jiij ppw  Product of  probabilities of the electron residing  

in the d-subspace before and after the transition. 


d

idip 2||| 

Other methods dealing with entangled bands 



Application of disentanglement method to 

LaFeAsO and FeSe 

1111: LaFePO, LaFeAsO, … 

122: BaFe2As2, … 

111: LiFeAs, … 

11: FeSe, FeTe 

… 



 Fe 3d 

(Se 4p) 

(Fe 3d) 

 Se 4p 

 Fe 3d 

(As 4p) 

(Fe 3d) 

 As 4p 

 O 2p 



Effective interaction in the cRPA 

T.Miyake, K.Nakamura, R.Arita and M.Imada, JPSJ (2010) 

- strong family dependence in U 

  (the 11 family is substantially more correlated) 

- t = 0.3-0.4 eV in the d model 

- strongly orbital dependent in the d model, 

  due to the different extents of the Wannier orbitals 

d model 

FeSe is probably 

the most correlated 



U matrix in the d model (in eV) 

xy yz 3z2 - r2 xz x2-y2 

c.f.  K.Nakamura, R.Arita and M.Imada, J.Pys.Soc.Jpn.77, 093711(2008). 

      T.Miyake et al., J.Phys.Soc.Jpn.77 Suppl.C99(2008). 





U and J for the early lanthanides 



U and J for the early lanthanides 

Nilsson et al PRB 88, 125123 (2013) 



Band structures of Eu and Gd 



Disentangled band structures of Gd 



Frequency-dependent onsite and nearest-neighbour U 
of graphene and graphite 

Large nearest-neighbour U 





Heisenberg exchange parameters 

Intersite Coulomb 

interaction 

Exchange 

integral 

Nakamura, Koretsune, and Arita, PRB80, 174420 (2009) 



Major progress in solving the impurity problem with a dynamic U 

Continuous time Quantum Monte Carlo (CTQMC) algorithm: 

Werner and Millis (PRL 2007, 2010) 

Hybridisation expansion: strong-coupling approach 

Rubtsov (JETP 2004, PRB2005) 

Perturbation expansion: weak-coupling limit 

Approximate method: 

Casula, Rubtsov, Biermann PRB (2012) 

Bose Factor Ansatz (BFA), 

Dynamic Atomic Limit Approximation (DALA) 

Dynamic (frequency-dependent) U 



SrVO3 

Miyake  et al, unpublished 

ReU ImU 

Plasmon 

excitation 
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Energy dependence of U. 

U can vary significantly within the band width of the chosen subspace 

Gd 

Ce 



U and J of Ni as a function of frequency 

Difficult to screen  

a charge distribution 

without l=0 component 



J 
Onsite exchange J of Fe 

J from W 

J from U 

Screening effects on J are not negligible 

(About 15 %) 

Bare value 

 ~0.75 eV 



4f band 





Re and Im U of BaFe2As2 Spectral functions of BaFe2As2 

Werner et al, Nature Physics 8, 331 (2012) 



42CuOLa
Kozhevnikov, Eguiluz, Shulthess 



LDA+U with U determined by cRPA self-consistently 

Karlsson et al PRB 81, 245113 (2010)  



4f 

4f 

Majority Minority 
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The electronic structure of complex systems, Advanced Study Institute (1982) 

M. Springer and FA, PRB 57, 4364 (1998). 
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In cLDA, calculate 

i

i

n
U




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 with constrained hopping 

In cRPA, calculate  1 with constrained screening, i.e., removing 

screening channels already included in 

the model.  

Connection between cLDA and cRPA 



allt g 2 ggp etO ,22   U = 9.5 eV 

PRB 74, 125106 (2006) c.f. Solovyev PRB 2007 

Compare with cLDA U = 8.8 eV 

SrVO3 

cLDA (cut-off method): 

 

When hopping from the localised orbitals  

is cut off, some screening channels are 

missed  too large U 

To simulate cLDA, remove 



Modified cLDA 

(for comparison with cRPA) 

Fix the orbitals  d
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Full one-particle 

Hilbert space 

r subspace 

deffddd GggG 

1)(  deffdd Gh

Downfolded self-energy 

What are  

?, effU 
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Step 1:  The Green Functions 

S

ST
iG

ddd

ˆ

)]2(ˆ)1(ˆˆ[
)2,1(






S

ST
iG

drrd

ˆ

)]2(ˆ)1(ˆˆ[
)2,1(










  )3(ˆ)3(3expˆ diTS

rd

d r

rrdd cc  ˆˆˆˆˆ  

Describes the coupling 

between the d and r  

subspaces 



d

d

d

drd

d

d

t GGGhGi 
~

][
1

0
~

][
1

 d

r

drd

r

rd

t GGGhGi

)21()2,1()2,1(,)()()()2,1( 2121  


 rd

di

iid ttrr

)1(ˆ)]1(ˆ,ˆ[
1
 tiH 

Step 2:  The Equations of Motion for       and  
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A closed set of equations for the 

downfolded self-energy. 

“Energy-dependent Hubbard model” 
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Summary 

cRPA provides a systematic and precise first-principles scheme 

for determining U from realistic band structures. 

Open problems: 

 

- Entangled bands: not clear how to define the model. 

 

-What is the best way of downfolding the energy-dependence of U? 

  (How to construct a model with a static U) 



Previous works: LDA+U and LDA+DMFT 

Can treat systems with strong on-site correlations 













''

.

'',

'

.

'

''

'

.

'

'

'''',

)(
2

1

2

1

miim

correl

im

tingdoublecoun
miim

imim

correl

mim

i
mm

i
mm

imim

correl

imm

i
mm

miim

all

im

LDA
miim

ccH

nnJU

nnU

ccHH

























Ad-hoc 

double-counting 

term 

Adjustable U 

Anisimov et al, J. Phys. Condens. Matter 9, 7359 (1997) (LDA+U) 

Lichtenstein and Kastnelson, PRB 57, 6884 (1998) (LDA+DMFT) 



 

GW 

DMFT 

DMFT describes short-range local correlations. 

GW describes long-range correlations (electron-gas) 
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Biermann, FA, and Georges, PRL 90, 86402 (2003) 

Sun and Kotliar, PRB 66, 085120 (2002). 

Can be rigorously formulated by treating G and W as variables in the Luttinger-Ward functional  

(Almbladh, von Barth and van Leeuwen, Int. J. Mod. Phys. B 13, 535 (1999) 

R. Chitra and G.Kotliar, PRB 63, 115110 (2001)) 

Proposed solution: GW+DMFT 


