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Quick recap of the probabilistic formulation of data assimilation

Data assimilation is a state estimation problem

@ Dynamical model for the state vector z € X

dx _
S f(z) with x(0) =z

@ The solution denoted by x(t) = ®(x¢,t)

@ Given some noisy observations of the system at times
0 <t <ty <---<tn, we can consider three problems:

e Smoothing (Sn): Obtain a state estimate x4(t) for t < ty using all
the observations up to time ¢; In particular, determine z4(0)

o Filtering (F;): Obtain a state estimate x¢(¢;) using observations up to
time ¢;

o Prediction (Py): Obtain a state estimate x,(¢) for ¢ >ty (the time
horizon of prediction is important).
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Quick recap of the probabilistic formulation of data assimilation

Data assimilation is a state estimation problem

@ Dynamical model for the state vector x € X

d/ .
- f(z) with z(0) = zo
dt

@ The solution denoted by z(t) = ®(zo,t)
@ Given some noisy observations of the system at times
0 <ty <ty <---<tpn,wecan consider three problems:

Smoothing Filtering Prediction
~

A%

o] ty
— —\/—d_/

Observations taken over this period
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Quick recap of the probabilistic formulation of data assimilation

Or data assimilation = filtering = determination of
posterior distribution

Observations y; € Y at time t; depend on the state at that time.

yi = H(z(t:)) + me= H(®(xo, 1)) +mi, t=1,...,N
n; is observational noise on Y which is usually finite dimensional.
H : X =Y is the observation operator
H o @, is the observation operator from initial conditions x to
observation y; at time ;.

Probabilistic statement of Data assimilation problem: find the posterior
distribution of the state conditioned on the observations

o p(xz(t)|y1,y2,...,yn) for t < ty: smoothing
° p(x(tN)’ylv Y2y .- 7?JN): ﬁltering
o p(x(t)|y1,y2,...,yn) for t > ty: prediction
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Quick recap of the probabilistic formulation of data assimilation

Bayes rule gives the posterior

Assume a prior probability distribution ¢(xq) for z

@ The smoothing density for the initial condition is given by Bayes
theorem:

K
p(zoly1, y2, ..., yn) o (2o H (yr — H (®(z0, tx)))

o Filtering (and prediction) distribution can be obtained by pushing this
forward to the final observation time ty

@ We use Markov Chain Monte Carlo (MCMC) methods to sample this
density — only applicable in small model problems - e.g. ODE models
shown here, or 2D Navier-Stokes, etc.

@ Most deterministic methods can be related to finding the mode or the
mean of this posterior
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Quick recap of the probabilistic formulation of data assimilation

We will compare EnKF with the exact sampling

Recall the posterior density function

K
m(x0) o C(wo) [ [ (v — 1 (@ (w0, 1))

k=1

@ Metropolis-Hastings methods will be used to sample this density

@ The Enesmble Kalman Filter EnKF tries to sample this distribution
function (rather, its push forward) sequentially in time — exactly for
linear systems, approximately for nonlinear systems

Main objective: Comparison of the “exact distribution functions” given by
Metropolis-Hastings methods with the “EnKF distribution function”

@ Rationale: Difference between EnKF and exact distribution is ONLY
because of nonlinearities
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Quick recap of the probabilistic formulation of data assimilation

We will also compare the exact posterior with the “truth”

@ Compare the true values of the observed and unobserved variables
with the means of the exact and the EnKF distribution

@ Note: determining the initial conditions of long trajectories become
exceedingly difficult because
e The MCMC sampling method is a smoother, and
e The drifter dynamics is chaotic

@ A note about yesterday’s discussion:

o “Filter stability” refers to the situation when the filter estimate
approaches the true state of the system (which is not accessible except
through observations); Thus checking stability of filters in real life
situations is possible only by comparing with observations that have
not been assimilated

o Even if “forecast errors” (or ensemble spread) decreases, the filter may
not be stable (in fact, in many cases, too small an ensemble spread IS
the main cause of filter instability)
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What is Lagrangian data assimilation?

Lagrangian data assimilation (LaDA)

We have available with us the following
@ Observations from floats or drifters
e positions of the drifters
e prognostic variables such as
temperature and salinity of ocean at
the location of the drifter

Latitude

@ A model for the velocity field and the
other coupled dynamical variables
(temperature, salinity, etc.)

@ A model for the drifters (typically

Lagrangian)
We are mainly interested in
o Estimate of the prognostic variables i ¢
-40 -35 -30 I_-oznsg imd;zo -15 -10

@ the positions of the drifters
from M. Lankhorst, W. Zenk (2006) JPO, 36, p.43
o = - = =
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What is Lagrangian data assimilation?

Skew-product structure of the LaDA problem

An approach to assimilating the information about the observations of
positions of drifters is to combine

@ the prognostic variables (collectively denoted by x,) and

@ the positions of the drifters (denoted by ;)
into the state vector:

z = (zy,24)"

The model has a skew-product structure, & = f(z) = (my(x), mg(x))?, in
the case of passive drifters (which is what we will assume):

dx,
dt

dx
ditd - md(l'v, l'd) = V(xd7 xv) )

= my(wy),
where V' is the velocity of the fluid flow at the point z4.

Originated and studied extensively in the work of Ide, Jones, Kuznetsov, Salman, Spiller, ...
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What is Lagrangian data assimilation?

Observation operator is the projection on x; variables

@ If the only observations are drifter locations, then the observations at
time ¢ can be written as

y(t) = Hxz(t) +n

where x = (x,,x4), and thus H = [0 I] is just a projection; and 7 is
the observational noise.

@ Observation operator is linear in this case
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What is Lagrangian data assimilation?

Drifter model my is always nonlinear

Two main cases are the following:
@ When using discretized velocity field, z, = (..., v, vy,...); So
velocity V' at the position of drifter 24 € [p;, p;] is obtained by some
interpolation = at least quadratic non-linearity:

V(zg,zp) < (pr — zg)v; + (xq — pr)vr

X4 Drifter position
t t t t

- Pl Pr - = -Grid points

@ When using spectral methods, =, = (..., v1,v2,...) containing the
Fourier modes of velocity =

V(g xy) v eFITd 4 yoetketa

Later part of the talk will focus on the implications of:
@ The skew-product structure of the model and
@ the nonlinearity of the drifter model
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What is Lagrangian data assimilation?

Linear shallow water equations with Lagrangian data

For two dimensional velocity (u,v) and
height h fields:

ou oh
ot~ " dsy’
ov oh
ot~ " Osy’

@ ou ov
3t 881 882 ’

We seek periodic solutions on R? in u, h,
specifically, the following Fourier modes:

u(s1, $2,t) = —2nlsin(2wksy) cos(2mlsa)ug + cos(2mmsg)uq (t)
v(s1, s2,t) = 2wk cos(2mwksy) sin(2mlsy)ug + cos(2wmsa)vy (t)
h(s1,s2,t) = sin(27ksy) sin(27wls)ug + sin(2wmsa)hy (t)

] = DQAC
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What is Lagrangian data assimilation?

Linear shallow water equations with Lagrangian data
The amplitudes satisfy the following:

U:o = 0, dl = U1,
v = —uy  —2mmhy, hi =2mmu

The observations are the positions of the
drifters that satisfy:

s1(t) = u(s1(t), s2(t),1),  s2(t) = v(s1(t), sa(t), 1)~

© o1 02 03 04 05 08 07 08

@ Observations of drifter positions alone: Lagrangian data assimilation
@ Observations of height field along the Lagrangian path: en-route data
assimilation
@ Main points of interest: this flow has
o Nonlinear centre with shear (differential rotation) around it and
e The unstable fixed points have chaotic regions near the separatrices
o Velocity field is coupled to an additional variable (height)
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What is Lagrangian data assimilation?

Linear shallow water equations with Lagrangian data

A few more properties of the drifter
dynamics:

@ No attractor (the unperturbed flow is
Hamiltonian)

@ Some regions with regular trajectories
(periodic / quasi-periodic)

@ Some regions with chaotic trajectories

In the case of the model above, the velocity flow itself:
@ has no attractor or chaotic dynamics
@ is purely periodic
Thus, the nonlinearity is entirely in the drifter dynamics, which are the

observed variables.
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Data assimilation for skew-product systems

A linear(ized) discrete model for Lagrangian data
assimilation

We will use the following linear model to illustrate the implications of
skew-product structure for the forecast and update step of Kalman filter:

() ) 2) )
T k+1 Myxqy + Mgxqp M, Mg) \zqr

T
where 2z, = (24 1, Ta k)

o Observation operator is H = [0 I]T.

@ Prior at initial time is Gaussian, uncorrelated:

_ (B 0
Ty,0,Tq,0 ~ N (Zo, < 0@ Bd>>
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Data assimilation for skew-product systems

Forecast step leads to cross-correlations between
Lagrangian and Eulerian variables

@ Prior at the first time k=1 is

pi _ [ ABAT AB,MT _(prl P!
Vo \WM,B,AT My B ME + MyBaMT )\ pIT pC{

The forecast covariance has cross-correlations which are entirely
dependent on the covariance of the Eulerian variables B,,.

@ The forecast is

21 = (xp1,Taq,1) = (ATv,0, MyTyp + Myzqp)
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Data assimilation for skew-product systems

The cross-correlations lead to update of Eulerian variables

with observation of Lagrangian variables

Recall the observations are y;, = Hz + n with n ~ N (0, R) and
H = [0 I]. The Kalman update equations are:

w1 =al, + PLP{+ Ry —af)
Pt =P/ - P/(P] + R)"'PIT

w4y =ah, + (P + R~y —],)
P¢ =P/ - P{(P{+R)"'P]"

pe =Pl = PI(P[+ R)7PIT
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Data assimilation for skew-product systems

The skew-product leads to the following structure for the
Kalman filter

@ The update of the Lagrangian component is entirely independent of
the Eulerian component (as if the state vector consisted of 4
alone).

@ The update of the Eulerian component of course involves the
cross-correlations P .
@ Thus,

o the model creates the cross-correlations which
e update the Eulerian components
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Effects of nonlinearity

The drifter flow is highly nonlinear

Recall the velocity field [I will replace (s1, s2) by (z,y)]:

& =u(z,y,t) = —2nlsin(2rkx) cos(2nly)ug + cos(2wmy)uy (t)
g =v(x,y,t) = 2wk cos(2mkx) sin(27ly)ug + cos(2mmy)v (t)

In order to illustrate the effects of this
non-linearity, we will look at the time
evolution of a straight line of drifters in
following three cases: N
@ Unperturbed flow: u; =v; =0
@ Perturbations uy,v; of O(1)

@ An ensemble of perturbations uq, vy

drawn uniformly over [0, 1] /04 T
Centre X Saddle
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Effects of nonlinearity

Near the centre, the effect of perturbation is not significant

Positions of drifters up to ¢ = 0.05 (recall period of the flow = 1)

0.5 T T T T

Time indedependent flow ------ =
0.45 | Time dependent flow ------ =
' Ensemble of flows ------ >

04

0.35

03

> 025

02

0.15 |

0.1

0.05

0 L L L L L L L L
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Effects of nonlinearity

Near the saddle, the effect of perturbation is dramatic

Positions of drifters up to ¢ = 0.05 (recall period of the flow = 1)

0.5 — 7
RN P ;’{
[ ‘line’ of drifters ¢
L at step 3
04 | /
L L L
0.499 0.5 0.501
0.3 |
/\ Time independent ------ =
flow
A
> 02 0.495 0.5 0.505 0.51 0.515
Time dependent flow ------ >
0.1 |
Il Il Il Il Il
0.52 0.53 0.54 0.55 0.56 057
ok
Ensemble of flows ------ >
_01 Il Il Il Il Il Il Il Il
0.45 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9
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Effects of nonlinearity

The perturbations of course lead to chaos

Positions of drifters up to ¢ = 0.5 (recall period of the flow = 1)

1
Fate of a straight line A
of initial conditions ¢ T
L t=0.00 + o
08 t=0.05 ..
t=0.10 * o
L t=0.15 Ll Ry
06 t=0.20 e
t=0.25 - a T s Tooaty
t=0.30 . : [
04 - =035 - g K
t=0.40 B .
> t=0.45 v ¢
0.2 | t=0.50 - % o
0r ee e o koo
‘e, e v. : .
. ‘e v A vw
0.2 F ¢ s
04b oL e
0 0.2 0.4
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Effects of nonlinearity

Implications for data assimilation

@ Initial Gaussian distributions near the centre are distorted into
“annulus” shaped non-Gaussian distributions

@ Trajectories near the centre contain information mostly about the first
Fourier mode ug and much less about the other modes (e.g.
u1,v1, h)

@ Trajectories near the saddle do contain information about wy, vy, by

Two notes:
@ Such a priori conclusions about the model dynamics have implications
for “adaptive observations.”
e Dynamically important features affect the filter performance (e.g.
eddy separation point).
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Effects of nonlinearity

Two true trajectories used for this study

T 1
True trajectory
05 Infrequent observations ¢ | 09 b
& Frequent observations & -
Initial position
Final position 08
g POTCA SECTON
0.4 - "2 0.7 -
a :
0.6
03} osho LT
04 F. True trajectory
" Infrequent observations
02| 0.3 |. Frequent observations &
Initial position 0
L Poincare section .
02}
01t 01k
. . . . 0 L
0.1 0.2 0.3 0.4 0.5 -05 -04 -03 -02 -01

For each of the above trajectories, we chose
e frequent (Typs = 0.01) or infrequent (T,ps = 0.1) observations

@ prior distribution at ¢ = 0 with a broad covariance
(1.0,0.7,0.7,0.7,0.005,0.005) or peaked covariance
(0.1,0.07,0.07,0.07,0.005, 0.005) for the velocity variables
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Centre: broad posterior and infrequent observations

The prior and posterior at time of first observation

Magenta - EnKF Prior & .
P Blue - EnKF. posterior. . J Fpostenor_ <

| Bed Exact posterior .
1

:— >
[
-1
0 . . ) 1 2
Uo
X

Magenta - EnKF Prior .

Blue - E"Kgggggg::g: i @ “Annulus” shaped non-Gaussian
distribution for drifter position
leads to

@ “wrong"” posterior for velocity
variables
: @ The correlation between different
4 0 1 2 variables, leads to a narrow exact
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Centre: broad posterior and infrequent observations

The prior and posterior at time of second observation

Magenta - EnKF Prior
A Black - Exact pri 1
‘Blue - EnKF. posteritr
Red 0! ar
1
0
>
-1
0 1 2
Uo
3 ‘ ‘ S
. Magenta - EnKF Prior
.+ Black -’Exact prior X
Bluei+ EnKF. i
2 Exac
. @ The EnKF is unable to recover the
= “lost” information, and hence
0 continues to perform poorly.
. @ As noted earlier, there is very little
. ‘ ‘ information about u1, vy, hy
-1 0 1 2
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Centre: broad posterior and infrequent observations

Decreasing the prior covariance or time interval between
the observations fixes this problem

Two ways that the effects of nonlinearity can be made less pronounced:

@ Reduce the prior covariance at t = 0 from
(1.0,0.7,0.7,0.7,0.005,0.005) (previous figures) to
(0.1,0.07,0.07,0.07,0.005, 0.005) for the next few set of figures.

e Make more frequent observations: instead of T, = 0.1 (previous
figures) to Tpps = 0.01 (subsequent figures - the posterior will be
indistinguishable from the case of narrow prior covariance)
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Centre: Narrow prior

The prior and posterior at time of first observation

0.6 T T
Magenta - EnKF Prior
Blue - EnKF posterior
Red - Exact posterior
04 1
0.24 . . . -
- Magenta - EnKF Prior
E] Blue - EnKF posterior
0.2 1 Red - Exact posterior:
ol | 02t 1
>
0.5 0.75 1 1.25
Yo
0.16 1
Magenta - EnKF Prior
Blue - EnKF posterior
06 Red - Exact posterior 1 : : : *
. . . 0.16 0.2 0.24 0.28 0.32 0.36
X
0.4 1
= @ The effect of shear is mitigated by
02 the added information in the prior
covariance.
0 .
-0.2 0 0.2
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The prior and posterior at time

Centre: Narrow prior

of second observation

0.6

Uy

02 r

Magenta - EnKF Prior

Black - Exact prior
Blue - EnKF posterior
Red - Exact posterior

0.34

0.6

0.9 1
o

hy

. Magenta - EnKF Prior

Black - Exact prior
Blue - EnKF-posterior
.Red= Exact posterior

0.28

Magenta - EnKF Prior
Black - Exact prior
Blue - EnKF posterior
Red.- Exact posterior

0.26

-0.2 0

(Nonlinearity, stability of Lagrangi;h DA)
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0.28 0.3 0.32

@ The EnKF is able to capture the
exact posterior well.
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Centre: Frequent observations

The prior and posterior at time of first observation

Magenta - EnKF Prior '
Blue - EnKF posterior
ol Red - Exact posterior. ]
- 0.36 . — .
] Magenta - EnKF Prior
ol ] Blue - EnKF posterior
Red - Exact posterior
-2 . - > 032
-2 0 2 4
Uo
4 . — .
Magenta - EnKF Prior
Blue - EnKF posterior
Red - Exact posteri
0.28 . L L
21 1 0.2 0.24 0.28 0.32
X
=
or ] @ The effect of shear is also mitigated
by frequent observations.
2L 4
-2 0 2
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Centre: Infrequent observations, broad prior: stability

The prior and posterior at the time of 50th obs (¢t = 5.0)

2 —
B’\I/Iaac%(e-n ?xgigtn;ﬁ:slzng:_ . ‘ ‘Magema - EnKF Prior '
Blue - EnKF posterior- . Black - Exact posterior -
Red - Exact postei 0.32 | Blue - EnKF posterior - q
1t 1 Red - Exact posterior -
0.28 4
£l
0r 4 >
0.24 4
a4l ] 02 1
‘1 0.16 ) . ) ]
Uo 0.2 0.24 0.28 0.32
X
2 T T
Magenta - EnKF Prior
_Black - Exact posterior - . .
Blue - EnKF posterior " - @ The exact posterior in the case of
R Exactposterior'... - . .
al ' ] data from the trajectory near the
centre seems to converge to the
- true value.
0r 1
@ EnKF does not converge (as may
_ be expected because of the
i — : non-Gaussianity of priors at each

ctaccn)

~
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Centre: Infrequent observations, narrow prior: stability

The prior and posterior at the time of 50th obs (¢t = 5.0)

0.8 T ; T T
Magenta - EnKF Prior
Black - Exact prior
Blue - EnKF posterior
0.6 Red - Exact posterior |
0.192 . . . . —
Magenta - EnKF Prior
Black - Exact prior
- Blue - EnKF posterior
= 0.4 i Red - Exact posterior
0.189 1
02 . 1
: > 0.186 | 1
0 . . . .
0.96 0.97 0.98 0.99 1 1.01 0183 I 1
o
1.04 . . . —
Magenta - EnKF Prior 0.18 - . . . .
Black - Exact prior - 0212 0.216 0.22 0224 0.228 0.232 0.236
Blue - EnKF posterior . X
s Red - Exact posterior |
@ For the narrow prior, the exact
< 096 1 X
posterlor converges, but
092 1 1 @ EnKF seems to converge to a mean
away from the truth.
0.88 . . . .
0.36 0.4 0.44 0.48 0.52 0.56
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Centre: Frequent observations, broad prior: stability

The prior and posterior at the time of 500th obs (¢ = 5.0)

0.65 Magenta - EnKF Prior '
Blue - EnKF posterior
Red - Exact posterior
0.6 ] 0.1875 . . —
. Magenta - EnKF Prior
Blue - EnKF posterior
- ‘Red --Exact posterior
= 0.55 N oo
0.187 1
0.5 1
> 0.1865 1
0.45 L .
0.995 1 1.005 1.01 0186 | ]
Yo
Magenta - EnKF Prior . 0.1855 S S ‘
Blue - EnKF posterior - o . 0.2175 0.218 0.2185 0.219 0.2195
0.96 Red - Exact posterior - - c x
@ As earlier, the exact posterior
<
ooal - | converges to the true value.
@ EnKF converges as well, when the
observations are frequent.
0.92
0.43 0.435 0.44 0.445 0.45
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Saddle: broad posterior and infrequent observations

The prior and posterior at time of second observation:
observations near the saddle

Uy

@ The EnKF is unable to recover the
“lost” information, and hence
continues to perform poorly.

hy

@ As noted earlier, there is very little

infAarmmatinn AhAndk a0 o

! LA T L
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En-route data assimilation

Lagrangian instruments also collect other data

A cartoon of the path of a glider / float (such as ARGO float):

Communication to satellite (position measurements)

sea-surface

= Measurements of other variables
such as temperature / depth

@ Subsurface drifter path is unknown, except possibly depth (no
communication below surface)

@ The time at which the observations are collected is available
En-route data assimilation

Use of observations for which location information is unavailable
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En-route data assimilation

We need a new observation operator

Suppose the en-route data is temperature, and temperature is one of the
variables coupled to velocity.

@ Temperature observed at time ¢ at the
position of the drifter z4(t)

[
o Consider state vector x, consisting of, E);uh,——ﬂr.) (%), =T(p)
e.g., velocity and temperature at grid "X,
points. Let Ty, , Tu. iy, Tuis, Lo, bE the T,= T ()
components corresponding to H&Lﬂ@——m)
temperature at grid points surrounding Py s

the drifter, i.e.,

Loi; = T(p])a J=1,2,3,4
Linear interpolation of T'(p;) gives the temperature at drifter location,
thus giving us the required observation operator:

Tope = Tla) = Xgmq T (05) = Xy @i(@a)os; = H(zo, )

where «; depend on x4 as well as on p1, p2, p3, pa.
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En-route data assimilation

Example in the context of linear shallow water equations

@ Recall the state vector is © = (zy, z4) = (ug, u1, v1, h1, $1, $2)

@ We will consider the “subsurface” observations to be the height field
at the drifter location:

hobs = h(sl(t)v SZ(t)v t)
= sin(2mks (t)) sin(2mwlsa(t))uo(t) + sin(2wmsa(t))hi (t)
=: H(x)

@ In contrast with Lagrangian DA, the observation operator H is a
nonlinear function of the state z.
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En-route data assimilation

Identical twin experiments with en-route data

@ The efficacy of using the subsurface observations is assessed by

comparison with the case of only assimilating position information.

@ Four cases: only position information used = Lagrangian DA, 9
height observations between each “surfacing”, 99 height obs, 999
height obs

@ We use two assimilation methods:

e MCMC to sample the posterior (smoother)
e Particle filter (in this case, the subsurface observations are only
assimilated at the time when the drifter surfaces)

Communication to satellite (position measurements)

sea-surface

. Measurements of other variables
such as temperature / depth
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En-route data assimilation

Some trajectories used for these comparisons
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En-route data assimilation

Subsurface observations are highly informative

Uy

@ Prior = blue dots
@ Posteriors for K = 0, 9, 99, 999

@ “True” values: ug=1,u1 =
v = hl = 0.5,33 = 0.2,y =0.3

y drifter position

0.15 0.2 0.25 0.3
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En-route data assimilation

Quantifying the gain of information

Left: r(t) = det(2%(t))/ det(21)
Right: degree of freedom (DOF) for signal (Zupanski 2007):
du(t) = tr [T= 250 ()]

det(x?)/det(')

Some main advantages:
e Significant information about unobserved variables (velocity)
@ Accurate estimates of subsurface drifter paths - useful for planning
glider paths using “adaptive” controls
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En-route data assimilation

Summary

1. Two main aspects of nonlinearity
@ shear around a center and
@ “nonlinear” divergence around a saddle
strongly affect assimilation because
@ they lead to non-Gaussian distribution functions, which manifest
themselves in
e failures of “linear” assimilation methods (such as Kalman filter
variants) and can aid the search for
@ approximate methods such as Gaussian mixture models, etc.
The main factors that control the strength of these effects is
@ time between observations for development of nonlinearity, and
@ covariance of the prior.

2. Glider / subsurface observations can be highly informative for ocean
state estimation. (Caveat: we have not looked at happens in the case of
large model error, such as systematic bias.)
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