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In this talk, we shall discuss the simplified Ericksen—Leslie
model for nematic liquid crystals in three dimensional
bounded Lipschitz domains. Applying a semilinear approach,
we shall discuss the proof of local and global well-posedness
(assuming a smallness condition on the initial data) in critical
spaces for initial data in L3 for the fluid and W3 for the
director field. The analysis of such models, so far, has been
restricted to domains with smooth boundaries.




Nematic Liquid
Crystals in Lipschitz
domains

In this talk, we shall discuss the simplified Ericksen—Leslie
model for nematic liquid crystals in three dimensional
bounded Lipschitz domains. Applying a semilinear approach,
we shall discuss the proof of local and global well-posedness
(assuming a smallness condition on the initial data) in critical
spaces for initial data in L3 for the fluid and W3 for the
director field. The analysis of such models, so far, has been
restricted to domains with smooth boundaries.

Austria

Based on a joint work with Amru Hussein and Patrick
Tolksdorf

Reference:
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» The mandatory statement: Liquid crystals are intermediate
phases between solids and liquids.
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» The mandatory statement: Liquid crystals are intermediate
phases between solids and liquids.

» Such materials possess mechanical and symmetric properties
of both the solid and liquid states at the same time.
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» The mandatory statement: Liquid crystals are intermediate
phases between solids and liquids. At

» Such materials possess mechanical and symmetric properties
of both the solid and liquid states at the same time.

» The most important reason why we want such materials to
exist: LCD screens, a possible NOBLE prize (1991,
Pierre-Gilles de Gennes).
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» The mandatory statement: Liquid crystals are intermediate
phases between solids and liquids. At

» Such materials possess mechanical and symmetric properties
of both the solid and liquid states at the same time.

» The most important reason why we want such materials to
exist: LCD screens, a possible NOBLE prize (1991,
Pierre-Gilles de Gennes).

At the molecular level:

Crystals- Groups of molecules are regularly stacked. Molecular
order is present, that is, certain pattern repeats.

Isotropic liquids- Properties independent of directions in which
they are measured. Molecular patterns are not present.

Liquid crystals- Order exists at least in one-direction in space
combined with anisotropy.
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Three phases of liquid crystals:

» Nematic phase: No positional order present but a long-range
translational order. Thus, it differs from isotropic liquids in
which molecules are arbitrarily oriented. Preferred direction
varies throughout the medium.

Austria

» Smectic phase: Set of two-dimensional liquid layers on top of
each other. Preferred direction within each layer but the
preference varies over layers.

» Cholesteric phase: Two-dimensionally ordered systems in
three dimensions following a helical structure. As in the
smectic phase, no positional ordering within layers but a
preferred direction in each layer.

In this talk, we shall focus on a simplified model for nematic liquid
crystals.
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Ref: http://www.qgsstudy.com/chemistry/liquid-crystals
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Definition (Lipschitz boundary)

The boundary 02 of a bounded domain  C R” is said to be
Lipschitz if for each point x € 0f, there exist r > 0 and a
Lipschitz continuous mapping v : R™! — R such that, upon
rotating and relabeling the coordinate axes if necessary, we have

Qn Q(X’ r) = {yh/(.yla 7_)/n71) < yn} N Q(Xa f'),

where
Q(X7r) ::{y|\y,-—x,-|<r,i=1,--- 7”}-

In other words, near each point x € 9%, the boundary is the
graph of a Lipschitz continuous function.




Nematic Liquid

The isothermal simplified Ericksen-Leslie model Cystls i Lipshit

Let Q C R” be a bounded domain with Lipschitz boundary 09.
The isothermal simplified Ericksen-Leslie model is given by

O+ (u-V)u —vAu+ Vi = —Mdiv([Vd] Vd) in (0, T) x Q,
Ord + (u-V)d = y(Ad + |Vd|*d) in (0, T) x £,
divu=0in(0,T) x Q,
(u,d)|  =(a,b)in Q.
t=0

> u:(0,00) x Q2 — R" denotes the velocity field,

7 (0,00) x Q — R denotes the pressure.
> d:(0,00) x Q — R” denotes the molecular orientation of the

liquid crystal at the macroscopic level (we shall also refer to
this as the director field ). This physical interpretation of d
further imposes the condition

d]=1in (0,T) x Q.

> Without loss of generality, we shall also assume that
v=y=A=1
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Ref: Wikipedia

» The notation n corresponds to d in the pde.
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> Ericksen-Leslie theory for nematic liquid crystals was
developed in 1960's.
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Ref: Wikipedia

» The notation n corresponds to d in the pde.

> Ericksen-Leslie theory for nematic liquid crystals was
developed in 1960's.

» Earliest mathematical analysis of nematic liquid models can
be dated back to Lin-Liu (1995).




Boundary conditions: Ry
u=00n(0,T) x 09, domains
0,d =0o0n (0, T) x 9Q (Neumann boundary condition) or Chruihu
d =d on (0, T) x dQ (Dirichlet boundary condition).

In case of Dirichlet boundary conditions, we shall also assume that site

|d(t,x)] =1on (0, T) x Q.
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u=00n(0,T) x 09,
0,d =0o0n (0, T) x 9Q (Neumann boundary condition) or
d =d on (0, T) x dQ (Dirichlet boundary condition).
In case of Dirichlet boundary conditions, we shall also assume that
|d(t,x)| =1 on (0, T) x 9.

Two types of approach: Fluid-type approach (couple equation for
d with Navier-stokes), Geometric approach (fluid equation coupled
with theory of harmonic maps on spheres).
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u=00n(0,T) x 09, comane
0,d =0o0n (0, T) x 9Q (Neumann boundary condition) or
d =d on (0, T) x dQ (Dirichlet boundary condition).
In case of Dirichlet boundary conditions, we shall also assume that
|d(t,x)] =1on (0, T) x Q.

Two types of approach: Fluid-type approach (couple equation for
d with Navier-stokes), Geometric approach (fluid equation coupled
with theory of harmonic maps on spheres).

> In the case of smooth domains and with Neumann boundary
conditions, a complete dynamic theory is known by analyzing
the system as a quasilinear parabolic evolution equation: work
of Hieber-Nesensohn-Pruss-Schade(2016).

» A semilinear approach to study the system with Neumann
boundary data was followed in Li-Wang (2012) but their
proof contained some crucial errors.

> It was observed in Choudhury-Hieber-Hussein (unpublished
note) that the quasilinear approach, as in the Neumann
boundary data case, can be adapted when the Dirichlet
boundary data for the director field is a constant vector e.
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Applying the Helmholtz projection P, one considers the space

X = LL(Q) x LI(Q)?,
Linz, Austria

and obtains the equivalent equation without pressure.

Then omitting the condition |d| = 1 one obtains

deu+Au = —Pu-Vu—Pdiv [(Vd)"(Vd)], inQx
0d+Bd =—u-Vd—|Vd|’d, in Q x (

with initial conditions u(0) = a and d(0) = b.

The operators A, B are defined as

A:=—-PA, B:=—-Apng,.
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» Define for any b € L1(Q2) the average and the complementary Anupam Pal
mean-value free part :

b= ﬁ /Q bdw  and  bs:=b—b, (2)
where the subscript in by refers to stable, since for the

Cauchy problem defined by the Neumann Laplacian it
corresponds to the exponentially stable part.
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» Define for any b € L}(Q) the average and the complementary
mean-value free part

b= ﬁ/ bdw  and  bs:=b—b, (2)
Q

where the subscript in by refers to stable, since for the
Cauchy problem defined by the Neumann Laplacian it
corresponds to the exponentially stable part.

> Note that (2) define bounded projections in all LP spaces,
p € [1,00],

P.d=d  and Psd = d;.
Now, using (2) one defines the variables
x=d—-b and y=d,,

where x(0) = 0 and y(0) = bs.
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We, therefore, obtain the following reformulation of (1)

Linz, Austria

O+ Au = —Pu-Vu—"Pdiv [(Vy)"(Vy)], inQx(0,T),
Oy +By =—u-Vy— P|Vy[(x +y+b) in Qx (0, 7),
dex = —Pc|Vy|*(x +y + b), inQx(0,T)

©)

which defines a system in the space

L2(Q) x LI(Q)* x R®.
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The non-linear terms are comprised using the representation
u-Vu=divu® u for divu = 0 by the notation

Fulu, Vy) = ~Pdiv (4@ u+ (Vy) (V)|
F}’(U’Vyvyvxvg) = —u- Vy_ PS‘Vylz(X+y+E)7
FX(Vy,y,X,E) = —PC\Vy|2(X +y+ E)
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The non-linear terms are comprised using the representation
u-Vu=divu® u for divu = 0 by the notation
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Fu(u,Vy) = —Pdiv (u ®u+ (Vy)T(Vy)> ,

F}’(U’Vyvyvxvg) = —u- Vy_ PS‘Vylz(X+y+E)7
FX(Vy,y,X,E) = —PC\Vy|2(X +y +E)

Starting with the mild formulation of the problem one can define
now the iteration scheme as follows.
t
u = e Pa, uj1 = uo+ / e I, (ui(s), Vy;(s))ds,
Jo
Yo 1= e b,

t
Yot = yo + / e~ IPE, (u(s), Vi(5), i(5), x5(s), B)ds,
0

t
% =0, %1 ;:/ F(Vy,(), vi(5), x5(5), B)ds.
0
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Theorem
Let Q C R? be a bounded Lipschitz domain. Then there exists ¢ > 0
such that,

(a) there exists w > 0 and a constant C > 0 such that for Ling, Austria

%—5<p§q<3+aandt>0,

3(1_ 1
HeitAfHL‘;(n) < Ce ™'t 2(,; q) 1fll5 ) f € LE(R),
—tAm q: —wt _%_%<%_%> P 3x3
lle” " Pdiv Fll;gq) < Ce™*"t 1Flleyexs, F € LP(Q)7,

(b) there exists w > 0 and a constant C > 0 such that for all
l<p<g<oowithp<ooandt >0,

3(1_1
HeithHLq(QP < Ce 't 2(p q>|\f||u>(n)37 feLh(Q)’.

Moreover, forall%—s<p§q<3+5 and for t > 0,

3(1_1
Ve ® gy < Cott 30 [T, £ € 130 WH?,
—tB —wt 7%7%<%7%) P 3
HVe fHLq(Q)3><3 < Ce t ||fHLp(Q)3, fe LO(Q) .



For 0 < T < oo and 3 < p < g, the class of solutions considered is Nematic Liquid
defined using Crystals in Flpschltz

domains

N\w

G- 1 lgem < o},

SUT) = {u € C((0, T); L(Q)) | sup eTs
0<s<T

3/1 1
ST = {d e C((0, T); Wh9(Q)) | sup_e E2 52( >||vd(s)||Lq(Q)3Xs

where w > 0 is the minimum of the corresponding constants appearing

earlier.

Theorem

Let Q C R? be a bounded Lipschitz domain, then there exists € > 0

such that given initial conditions a € LE(Q) and

be WP(Q)* N L=(Q)? where 3 < p < 3 +¢, the following hold true

for g € (p,3+¢).

(a) There exists T > 0 depending on the initial data such that
equation (1) has a local mild solution (u, d) satisfying

u € SUT)NBC([0, T); LA(Q)), d € BC([0, T); R?),
d, € S2(T)n BC([0, T); WP(Q)*) N BC([0, T); L=()*),

where in the limit s — 0+, one has

lu(s) = all iz @) — 0, 1d(s) = bllie(ap = 0, [V1d() = bl l1s(ays — ¢
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(b) In the limit s — 0+, the solutions satisfy
3/1 1 3/1 1

55(5’5) lu(s)llig) — O and 55(5’5> IV d(s)l| aysxs — O.

(c) If a and Vb are sufficiently small, then the solution exists globally
in the class

u € 5,(00) N BC([0, 00); Lo (),
ds € S¢(00) N BC([0,00); WHP(Q)*) N BC([0, 0); L*(Q)°),
d € BC([0,); R?).
(d) The solution is unique in the class given in (a) provided p > 3, and

in the case p = 3, it is unique in the subset of this class satisfying
in addition the limit conditions (b).

(e) Equation (1) subject to Neumann boundary conditions preserves
the condition |d| =1 if |d(0)| = |b| = 1.
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The smallness condition in the previous theorem can be made
precise in the sense that there exists a constant C > 0 depending
only on p, g, and Q such that if

Linz, Austria

max (i, K} (1 + ||l () < C. where & == [alliz @ + VBl

then the solution exists globally.

Theorem

For every s € (1,2), the solution has the following additional regularity
properties

we W0, T; Wy E (@) N L (0, T Wy (),
d',Byd € L°(0, T; LE(Q)°).
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3
ki'(T) := su 6“5/255(%7%)@-(5)”
=5, Do

v /2 %<l_l>
wSs
ki?(T) == sup_e*"s*\P 9/[|Vy;(s)l| a0z ‘
0<s<T Linz, Austria

sup [1y;(s)lleoe(yss K (T) = sup [Ixi(s)lles-
0<s<T 0<s<T

k(T):

J

> Let us introduce the notations
ki =K'+ k', K=k + k.
> Next, let us denote
Wj(t) := uja(t) — (1), Z(t) = Vyja(t) — Vy(t),
Yi(t) := yira(t) = yi(8), Xi(t) == x41(t) — x(t),
and the corresponding quantities

§<1_1>
5(T) = sup e**s2\P " a)||Wi(s)] 15 q,
0<s<T 7

v ) §(171>
5j y(T) ‘= sup e*?s2 P a HZJ(5)||Lq(n)37
0<s<T

<2

—
\'

-
I

sup_[|Yj(s)lleoe (s 65 (T) := sup_[IX;(s)llgs-
0<s<T 0<s<T
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Now, one estimates for 3 < p < qg<3+e,
£ (T) < K(T) + CLrlk!(T)? + K7 (Y],
KT < kg (T)
+ CCur [k (T (T) 4+ K7 (TY (K (T) + K/ (T) + [1BI) |,
k' 1 (T) < kg (T)

+ CCor [k (T) + K7 (TY (K (T) + K (T) + 1B
() < CG k™ (TY (K (T) + K/ (T) + [[B]).
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Now, one estimates for 3 < p < qg<3+e,
£ (T) < K(T) + CLrlk!(T)? + K7 (Y],
KT < kg (T)
+ CCur [k (T (T) 4+ K7 (TY (K (T) + K/ (T) + [1BI) |,
k' 1 (T) < kg (T)

+ CCor [k (T) + K7 (TY (K (T) + K (T) + 1B
() < CG k™ (TY (K (T) + K/ (T) + [[B]).

> Let CT = max{C;L,n C2,T, C3,T}. We note that limr_9 CT =0
and if T = 400, Cr is a constant independent of T.
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U119 () < lwoll 9 (g +| /0 e Pdiv (4 ® uj) + e Ediv ([Vy] | Vy; dsHLg(Q) P
< u
< luoll g (g
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_1_3
o AP R (PP

.
il q/2( )+ 11¥y] VyjHLq/z(Q)3><3)d5
. 1.3 11
- 1-2 —si-1)
< lu +C/et“)t75 27295 b
< looll g gy + € [T =9
sw 3(1_1, sw 3(1_1, s
(3B D )+ (A Doy g n0)?) o
. 1 3 1 1
e [t o3 E —ud-h)
tw _ 27 2q P q 2 _Vy 2
< ol g gy + (e [T~ s as) k()% + k7Y (T12)
wt i(l l)
which implies, multiplying by the factor e 2 ¢2 P 4 and taking supg< ¢ T that
wt 3(L_1) ¢ _1.3 _y1_1
KM < km+c( s _e 3027 g /(rfs) 272,579
J 0<t<T 0

u 2 Vy 2
as) k(T + k7Y (T2
Since3 < p < q < 3+ &, it follows that % -3

(4)
1 1 1 3
Zzo1-33-1)>0 1 -2 >0 andhence
wt 3(L_1y _1_3 _31_1
sup e 2 t2(P ’7)/ (t—s) 2 245 <P ‘7)(15
0<t<T

13
P q’’ 2 2q7°
_wt 1_ 3
where B(x, y) denotes the beta function for x, y > 0. Therefore, setting C; 7 := SUPQ<t< T € 2 t2 2p,
equation (4) turns into

K1 (T) < KE(T) + ccy Tk (T)2 +I<Vy(T) l. (5)
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Similarly for the differences we can write
5(T) < CCr 3 a(TIK(T) + Ko (7)) + 52U THKIT) + ko (T))],
67(T) < CCr [§a(TIK(T) + KLy (T)oT4(T)
+ (E2UTIKIT) + KL (TEZUTN (K (T) + k7 (T) + |[B])
+ K (TY 54 (T) + 8, (T)]
6/(T) < CCr [ 1 (TIK(T) + KLy (T)O4(T)
+ (O (MK (T) + KLy (T2 (M) (K (T) + k7 (T) + [1B])
+ KL (TP A(T) + 8,(T))].
67 (T) < CCr [(51-'1y1(T)kﬁ(T) + kL (T2 (T (K (T) + k(T)

+1BI) + Ko (T 1(T) + 8,(T))].
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> Let us denote §;(T) :=6¢(T) + 5jvy(7—) +6/(T) +6;(T).
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> Let us denote §;(T) :=6¢(T) + 5jvy(7—) +6/(T) +6;(T).

> Then if i
144CCrK(1+ [|b e (ape) < 1, (6)

where K = max{kJ(T), k{(T)?}, we have a contraction in terms Linz, Austria
of §;, which gives us the existence.
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> Let us denote &;(T) := 6/(T) + 6j.vy(T) +6/(T) +67(T).
» Then if B
144CCTK(1 4+ ||bl| oo )2) < 1, (6)
where K = max{kJ(T), k{(T)?}, we have a contraction in terms Austia
of §;, which gives us the existence.

We give a short summary of the conditions that provide the validity
of (6).

(a) Inthe case T = +oo, if [|al| ;5 (q) + Vbl 1p()3x3 is small enough,
the validity of (6) can be inferred. This implies eventually the
global existence under a suitable smallness condition on the initial
data a and Vb.

(b) If p > 3, then (6) follows from the fact that limr_ Cr = 0. This
will imply local existence of solutions without any smallness
assumptions on the initial data.

(c) If p=3, then (6) follows for small times T using a similar

argument to that of p > 3. Again this will imply local existence of
solutions without any smallness assumption on the initial data.
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» The above estimates are not enough because we cannot take
g = p. Therefore, using the estimates we need to extend our
consideration to L® with time weight o’ = 3(% — 1) where

3§max{p,g}§s§q<3+e.
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» The above estimates are not enough because we cannot take
g = p. Therefore, using the estimates we need to extend our

consideration to L° with time weight o’ = 3(2 — 1) where
p B

3§max{p,g}§s§q<3+e.

» Using similar strategy we can prove that the solutions are BC
with respect to time.
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» The above estimates are not enough because we cannot take

g = p. Therefore, using the estimates we need to extend our
consideration to L® with time weight o’ = 3(% — 1) where

3§max{p,g}§s§q<3+e.

» Using similar strategy we can prove that the solutions are BC
with respect to time.

» For uniqueness, we first consider the difference in L9 and
prove that it's zero. Then we majorise the L* norm by the L9
norm which is already proved to be zero.
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» Let u and d be mild solutions to our problem such that the
initial conditions satisfy a € L2(Q) and b € W1P(Q; C3) with
|[b| =1in Q for some 3 < p<3+e.

> Assume further, that for every p < g <3+¢

t e t2G=3y(t) € BC([0, T); LI(RQ)),
t — t2G-3)Vd(t) € BC([0, T); LE(Q)),
d € BC([0, T); L>=(Q; C3)).

> Then for all ¥ € Wh(P/2'(Q; C3),
/dt(t)ﬁder/w(t).de: —/(u(t)-V)d(t)ﬁdx
Q Q Q

+ / |Vd(t)[d(t) - 9 dx.
(7)
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Retrieving the condition |d| =1 SO
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» Define
@ = |d]? - 1.

» Note that by assumption p(t) € L°>°(Q2) for every t € (0, T)
and that

Oup(t) = 2d(2) - Dd(t) € L7(Q), x(t) = 2d(t) - de(t) € L7*(9).
(8)
> It follows from (8) that for almost every t € (0, T) we have
o(t) € Whr(Q) ¢ Wh(P/2(Q).

> Therefore, @ itself is an admissible test function and we can
deduce

/apgp dx+/|Vg0|2 dx:f/ u- Voo dx+2/|Vd|2<,o2 dx.
Q Q Q Q
(9)
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» Then for any t < T we find that

%/Qqﬁ(t)Q dx—&—/ot/Q|V¢(s)|2 d ds:2/0t/Q|Vd(s)|2qS(s)2 d ds.

» We shall now show that Gronwall's inequality can be applied
and we can infer that ¢ = 0.
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» Then for any t < T we find that

%/qu(t)Q dx—&—/ot/Q|V¢(s)|2 d ds:2/0t/Q|Vd(s)|2qS(s)2 d ds.

» We shall now show that Gronwall's inequality can be applied
and we can infer that ¢ = 0.

» For 0 < < t to be chosen appropriately, we write

/Ot/Q\Vd(SNZQb(S)2 dx ds—/OE/Q|Vd(S)2¢(s)2 dx ds

A t I (10)
+/E /Q|Vd(s)| 6(s)? dx ds.

1
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Retrieving the condition |d| =1 s in i
We estimate the integral // in the following way. pogacles

/Et/Q|w(s)|2¢(s)z dx dsg/ftnwd( )l s llo(s)ll gy ds

t
= [ Ivd(e)elloe) % g o
2q ds

< [Pl )HW
P G(s) s

Linz, Austria

interpolation

w m\$

¢ 1) 704 (11)
<c [[T D ot o
Young's [Cs_3 ¢ Hd)(s)Hz(l & ]% H¢(5)H%
< !
t l—a @

t
< [ a-acr=E P60 s o] o)l ds
f

+a [ 7o) ds
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To estimate the integral / we choose an approximating sequence
{b;} (of smooth functions) to b in W1 and proceed as follows.
We write

/t/ Vd(s)2o(s)? dx ds < c/t/ Vd(s) — Vb[26(s)? dx ds
0 Q 0’~ Q
+ C/ / |Vb — Vb [*¢(s)? dx ds
0 Q

f
+ C/ / |Vb;*¢(s)? dx ds.
0 Q
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Retrieving the condition |d| =1 SR

domains

To estimate the integral / we choose an approximating sequence s

{b;} (of smooth functions) to b in W1 and proceed as follows.
We write

3 f
/ / Vd(s)2o(s)? dx ds < c/ / Vd(s) — Vb[26(s)? dx ds
0 Q 0 Q
3
+ C/ / |Vb — Vb [*¢(s)? dx ds
0 Q
f
+ C/ / |Vb;*¢(s)? dx ds.
0 Q
Now choosing j such that [|[V(b — bj)||z < /€, we can write
3
C/ / |Vb — Vb[*¢(s)? dx ds
0 Q
3
< ¢ 196 )bl ds (12)
0

< Ce / I6(s)|2% ds + Ce / IV6(s)|2 ds.




Retrieving the condition |d| =1

Similarly if f is chosen small enough, we have
f i
C/ /|Vd(s) — Vb|?¢(s)* dx ds < Ce/ l¢(s)|I72 ds
0 Q 0

f
+ Ce/ IVe(s)|2 ds.
0

Nematic Liquid
Crystals in Lipschitz
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Pal

(13)
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Similarly if f is chosen small enough, we have m Pal

C/o /Q|Vd(s) — VbPe(s)? dx ds < ce/0 16(5) (%2 ds "

f
+ Ce/ IVe(s)|2 ds.
0

Again
c [ [1wbPo axas < ¢ [19n1iloe)s, o
<c / 16(5) 12 6(s)|125 ds
...0 ~
< / (1—a)CT5[|g(s)[% ds + a / 16(5) |20 ds
< [[1—ayc 2, d
< [ [a-oem= +o] ot ¢

+a/0 V()| ds. »
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Combining (12)-(14) with (11) we can write
AZI+11

t 1.3 (1_1, 1 )
g/ (- a)ceE PG fat (- a)cPs + c o(s)]: ds
0

constant function and therefore continuous

+(Ce+a) /Ot||v¢(s)||i2 ds.
(15)
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Combining (12)-(14) with (11) we can write
AZI+11

t 1.3 (1_1, 1 )
g/ (- a)ceE PG fat (- a)cPs + c o(s)]: ds
0

constant function and therefore continuous

t
+(Ce+a)/ IVe(s)|2 ds.
0
(15)
Let € be such that Ce + o < 1 and we choose t such that
[Vd(s) — Vbl < v, s €(0,1).
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Combining (12)-(14) with (11) we can write
AZI+11

t 1.3 (1_1, 1 )
g/ (- a)ceE PG fat (- a)cPs + c o(s)]: ds
0

constant function and therefore continuous

t
+(Ce+a)/ IV6(s)|% ds.
’ (15)
Let € be such that Ce + a < 1 and we choose t such that
[Vd(s) — Vbl < v, s €(0,1).
Using the estimate (15), we can then apply Gronwall's inequality
to infer the result.
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> Let [L(’;’(Q)]* — LP(2) denote the canonical isomorphism
between [L’;I(Q)]* and LY (), and recall the duality pairing

(C])_lu)(v) = <¢_1U, V>[Lg/]*,L‘;/ = (Ll, V>Lﬁ,Lg/ :LU'VdX.

We regard @~ also as the canonical inclusion of L% () into
W;(Q) by

(1, v) u e LB(Q), v e WrP (Q).

W,;Lp»Wol’p/ = (U, V>L’;,Lg/’
In this sense, we define the weak Stokes operator A, in W, P(Q)
by dom(A,) := &~ W;P(RQ) and

Ap : dom(A,) € W, HP(Q) — W, HP(Q),

WI—>|:V?—>/V¢W~WdXi|. (16)
Q
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> Let [L(’;’(Q)]* — LP(2) denote the canonical isomorphism
between [L’;I(Q)]* and LY (), and recall the duality pairing

(q)_lu)(v) = <¢_1U, V>[Lg/]*,L‘;/ = (Ll, V>L§,Lf,/ = L u-vdx. Linz, Austria

We regard @~ also as the canonical inclusion of L% () into
W;(Q) by

(1, v) u e LB(Q), v e WrP (Q).

W,;Lp»Wol’p/ = (U, V>L’;,Lg/’
In this sense, we define the weak Stokes operator A, in W, P(Q)
by dom(A,) := &~ W;P(RQ) and

Ap : dom(A,) € W, HP(Q) — W, HP(Q),

WI—>|:V?—>/V¢W~WdXi|. (16)
Q

» The proof of regularity follows by interpreting the integral
equations as linear equations with a known right-hand side and
using the maximal regularity properties of the weak Stokes and
Neumann operators.




The case of Dirichlet boundary data
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> In the case of Lipschitz domains, the global existence and
uniqueness (under suitable smallness assumptions) can be
studied using the semilinear approach.
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> In the case of Lipschitz domains, the global existence and
uniqueness (under suitable smallness assumptions) can be

studied using the semilinear approach.
> Let us denote 6 = d — e. Then we can rewrite the system as

deu+ (u-V)u — Au+ Vr = —div([V3] V) in (0, T) x Q,
9:0 + (u- V)3 = A5 + |VO)?6 + [V’ in (0, T) x Q,
divu=0in(0,T) x Q,
(u,6) =(0,0) on (0, T) x 0K,
(u,9) o (a,b) in Q,
_ (17)
where b= b — e.

» We would like to note that the above system (17) in (u, )
has homogeneous Dirichlet boundary conditions.
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Theorem

Let Q C R® be a bounded Lipschitz domain, then there exists € > 0
such that given initial conditions a € L% () and

be WHP(Q)* N L>=(Q)® with b= e on dQ for some e € S? where
3 < p < 3+e¢, the following hold true for g € (p,3 +¢).

(a) There exists T > 0 depending on the initial data such that
equation (17) with Dirichlet boundary conditions has a local mild
solution (u, §) satisfying

u € S4(T) N BC([0, T); L7(2)),
§ € S3(T)n BC([0, T); Wy ?(2)°) N BC([0, T); L¥(R)°),
where in the limit s — 0+, one has
lu(s) — allz@) — 0, [10(s) — EHLOO(Q)3 — 0,[|V[d(s) — E]HLP(Q)3><3 —0

(b) In the limit s — 0+, the solutions satisfy

3(171) §(171)
s2\p 4 ||u(s)||Lg(Q)—>0 and s2\P 4 HVé(s)HLq(Q)sxa%O.
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(c) If a and Vb are sufficiently small, then the solution exists globally
in the class

u € S5(00) N BC([0, 00); L5 (2)),
§ € SJ(00) N BC([0, 0); Wy P(2)*) N BC([0, o0); L=()?).
(d) The solution is unique in the class given in (a) provided p > 3, and

in the case p = 3, it is unique in the subset of this class satisfying
in addition the limit conditions (b).

(e) The condition |d| =1 is preserved if |d(0)| = |b| = 1.
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(c) If a and Vb are sufficiently small, then the solution exists globally
in the class

u € S5(00) N BC([0, 00); L5 (2)),
§ € SJ(00) N BC([0, 0); Wy P(2)*) N BC([0, o0); L=()?).
(d) The solution is unique in the class given in (a) provided p > 3, and

in the case p = 3, it is unique in the subset of this class satisfying
in addition the limit conditions (b).

(e) The condition |d| =1 is preserved if |d(0)| = |b| = 1.

Theorem

For every s € (1,2), the solution has the following additional regularity
properties

we W0, T; Wy E (@) N L (0, T Wy (),
5. € Wh(0, T; L% ()°) N L*(0, T; dom(By)).
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Existence:
> In this case, we do not need to split the director field as the
homogeneous Dirichlet boundary conditions ensure Pt
exponential decay.
» The proof then follows, as in the previous case, by considering
the integral formulations for u,d and V4.
Retrieving the unit modulus condition for the director field:
» Once we have proved the existence of §, we can go back to
the original variable d which satisfies the same regularity.

» We can then proceed as in the proof in the previous case.
The only point to notice is that we can use ¢ := |d|> —1 as a
test function and this vanishes on the boundary.

» The discussion on regularity remains the same.
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» In the case of a smooth domain Q our approach yields similar
results as has been obtained by Hieber et al. using quasilinear
techniques.
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Concluding remarks ol n Ui

» In the case of a smooth domain Q our approach yields similar
results as has been obtained by Hieber et al. using quasilinear
techniques.

Linz, Austria

More concretely, their approach requires initial data in Besov
spaces

a€ B2/P(Q)° N LA(Q),
b e B22/P(Q), i<l 3ty <ps<l,
using the fact that the embedding B2 ~%/P(Q) — C1(Q)

holds. These initial data are much more regular than the ones
assumed by us.
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> Note that there are also other versions of the simplified
Ericksen—Leslie model.

Austria

For instance, some authors drop the assumption |d| = 1 and
replace the dynamical equation for the director field d by

Ord — Ad + (u-V)d = —~f(d), >0,

for a bounded vector valued penalty function f.

The method we presented here can be adapted for this
setting as well.
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The complete Ericksen-Leslie model

Oru+ (u-V)u=DivoindxQ,
divu=0inJ xQ,

. OWOF(d,Vd), WO (d,Vd) .
d><(g—|—D/v( avd) ) — 94 )_O|nJ><Q,
|[d|=1inJxQ,
(u,d) = (uo, db) in Q.
t=o0

» u velocity, o stress, d director field
» The Oseen-Frank density

wor = %[kl(div d)? 4 kold x (V x d)* + ks|d - (V x d)|?
+ (ks + ka)(tr(Vd)* — (div d)?)

where ki, --- , ks C R are elasticity coefficients.
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» The stress is defined as

OWOF(d, Vd)

"vd
ovd } Vd+ou,

o= —7ld —

where

o1 =aq[dd” : D]dd" + axdNT + asNd” + 4D + asd[Dd]"
+ ag[Dd]d T,
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> In the case of the simplified model, Giga's iteration technique
seems to work fine if we want to use a semilinear approach.
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seems to work fine if we want to use a semilinear approach.

» The major question is if the semilinear approach might be
suitable for more complex models even in smooth domains.

» How do we deal with them in the Lipschitz domains?
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In the case of the simplified model, Giga's iteration technique
seems to work fine if we want to use a semilinear approach.

The major question is if the semilinear approach might be
suitable for more complex models even in smooth domains.

How do we deal with them in the Lipschitz domains?

Existence of time-periodic solutions in the presence of a
periodic forcing.

Results in non-isothermal setting: The LP theory for the
simplified case has recently been studied by Hieber-Pruess.

Compressible models in Lipschitz domains.
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