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Theorem (Mostow-Prasad Rigidity) Let M; and M, be hyperbolic
3-manifolds. If f: My — M, is a homotopy equivalence then f is
homotopic to an isometry h: M; — M.

Corollary Isomorphic fundamental groups imply isometric manifold
l.e. Hyperbolic structure on a 3-manifold is unique.

Corollary Geometric invariants, (e.g. hyperbolic volume), are
topological invariants !
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Margulis's thick-thin decomposition of non-compact hyperbolic
3-manifold implies thin parts are cusps i.e. T2 x [0,00) with
metric ds(zxy by = e 2t(dx? + dy?) + dt°.
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A cross section tori of the cusps are quotients of horozpheres by Z?.

Corollary A non-compact hyperbolic 3-manifold is homeomorphic
to the interior of a compact 3-manifold with torus boundary.
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A knot K in S3 is hyperbolic if S> — K is a hyperbolic 3-manifold.

Theorem (Thurston) Every knot in S3 is either a torus knot, a
satellite knot or a hyperbolic knot.
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Torus knots Satellite knots Hyperbolic knots




Theorem (Menasco) Most prime alternating knot are hyperbolic
l.e. if K has a connected prime alternating knot diagram, except
the standard (2, g)-torus knot diagram, then K is hyperbolic.

(2, g)—torus knot diagrams:
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» M = compact oriented 3-manifolds with OM = LUT? # ¢

AN

» M = M with each component of 9M coned to a point

> M— cone points = M — OM = iptC M}

» 7 = A-complex structure of M such /t\hat M = AU...A,
and vertices of 7 are cone points of M.

» T is called ideal triangulation of M, and T —vertices

= M—8M=m+(\\/\)

Proposition In 7, the number of edges is equal to the number of
tetrahedra.
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Edge gluing equations:
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and angle sum equals 27 at every edge e;.
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Completeness equations:
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for meridian at every cusp Cj (and similar one for longitude)
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Hyperbolic knot census

Callahan-Dean-Weeks (1999) — < 6 tetrahedra — 72 knots
C-Kofman-Patterson (2004) — 7 tetrahedra — 129 knots
C-Kofman-Mullen (2013) — 8 tetrahedra — 301 knots



(4 Checkerboard polyhedva % E xamples

Let K be a knot with reduced, prime, alternating diagram, and
associated checkerboard surfaces B and R.

Cutting S3 — K along both B and R simultaneously decomposes it
into two identical (topological) ideal polyhedra.
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Computations

C & math.uic.edu/t3m/SnapPy/
: Apps [ Abhijit ™M Gmail 9 GMaps [P CSImail & CUNYFirst [ Blackboard @m COVID B NEWS () Forecast @ YouTube 33 Dropbox

SnapPy 2.8 documentation »

Table of Contents SnapPy

SnapPy

= What is SnapPy? .
- News What is SnapPy?
= Documentation
= Credits

SnapPy is a program for studying the topology and geometry of 3-manifolds, with a
Next topic focus on hyperbolic structures. It runs on Mac OS X, Linux, and Windows, and

Installing SnapPy combines a link editor and 3D-graphics for Dirichlet domains and cusp

: neighborhoods with a powerful command-line interface based on the Python

This Page programming language. You can see it in action, learn how to install it, and watch
Show Source the tutorial.

Quick search

News

« Version 2.8 (June 2020): New features include:




Screenshot of SnapPy
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Cusp meighborhood 40 of 14n12345

! SnapPy Ffile Info Tools View Help
| _Elip Cusp Position Volame

fh =y Hi. It's SnapPy. Cutclf: 0020000 [ Sl =330
f’ SnapPy is based on the SnapPea kernel, written by Jeff Weeks,
- Type "Manifold?™ to get started.

In [[]: M = ManifoldHP('14n12345")

In [ ]: M.volume()
Out[2]: 18.365361101610475343406449543135932244362357572554413389771507512

In []: M.plink()
Starting the link editor.
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Theorem(SMALL, 2017): The complement of a
prime fully alternating link in S x I is hyperbolic. (S
orientable and genus > 1).

(A link 1in S x I 1s fully alternating 1f it 1s alternating
and all faces of projection surface are disks.)
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