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• Real life systems: Physical, engineering biological or social systems.

- Nonlinear and Stochastic.

• Linear framework: System behavior in terms of unique equilibrium state,

Linear superposition principle.

Modeling of Nonlinear System

• Capable of capturing both qualitative and quantitative aspects of complex 
systems.

• Boundaries between different fields of study have become fuzzy• Boundaries between different fields of study have become fuzzy

• Striking feature contributing to this is the emergence of fields:

� Synergetics(Haken),    Dissipative structures(Prigogine)

� Catastrophe theory(Thom),   Dynamical systems

� Bifurcation theory,   Chaos theory

� Advances in nonlinear-stochastic modeling and estimation

� Complexity theory

Within the framework of these development we are able to capture both 
qualitative and quantitative aspects of systems



Stochastic  Modeling

• INTRINSIC STOCHASTICITY

• ENVIRONMENTAL  STOCHASTICITY            (SDE with Multiplicative Noise)

INTRINSIC  STOCHASTICITY

• Arises due to discreteness of variables of the system     

• Master Equation Description

� Chapman-Kolmogorov Equation (Continuous Markov process)� Chapman-Kolmogorov Equation (Continuous Markov process)

• = Transition probability density per unit time.

•

• writing

( | ')w x x dx

0
0 0

( , | )
{ ( ', | ) ( | ') ( , | ) ( ' | )} '

p x t x
p x t x w x x p x t x w x x dx

t

∂
= −

∂ ∫
0( ,0) ( )p x x xδ= −

' ,x x x− = ∆ ( | ') ( ', )w x x W x x= ∆



• Kramers-Moyal Expansion

• Note

• Fokker-Planck Equation
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Intrinsic Stochasticity

• Relative Fluctuations of variables: O(N-1/2), N system size.

• Central limit theorem: Far from Critical Point

• Breakdown of CLT: At critical point

Thus for a large system, one may even adopt deterministic approach.

• Asymptotic results:

is a sequence of birth and death processes{ ( ), 1, 2,...}NX t N = is a sequence of birth and death processes

Converges in distribution to Ornstein-Uhlenbeck process as

System size Expansion:       (van Kampen) 

,  Far from Critical Point

, at Critical Point
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Environmental Stochasticity

• Environment in which system is embedded-endowed 

with a large number of degrees of freedom fluctuating 

randomly.

� Makes the parameters of the process themselves   

stochastic

Ecological Models:• Ecological Models: Parameters involved are subject to

random variables (e.g. fluctuations in temperature,

humidity, age composition, ecological factors…)

• For a realistic Modeling: One must incorporate into the

model “environmental stochasticity ” as well as “intrinsic

stochasticity”

� The two being conceptually different from one another



• Note: In contrast to the effects of intrinsic stochasticity, the 

effect of environmental stochasticity are generally 

independent of the size of the system.

• For systems of large size, it is the environment stochasticity which 

contributes to the observed fluctuations.

• Mathematical formulation

Consider a process where deterministic version is governed by Consider a process where deterministic version is governed by 

differential equation,

X: Variable of interest

γ(t) : parameter of the problem, liable to vary with the  

state of the environment
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• Random variation in the environment

( ) ( ) ( ) .t t tγγ γ γ= +

• is assumed to be stationary, Gaussian white noise, i.e. ( )tγγ

( ) ( ) ( ) ( )2

1 2 1 20 ,      t t t t tγ γ γ γγ γ γ σ δ= = −

• SDE         (with multiplicative noise)• SDE         (with multiplicative noise)

( , ) ( ) ( , )
dx

A x t t B x t
dt

γγ= +

SDE can be interpreted in two different ways : Ito sense and 

Stratonovich sense

Wong and Zakai(1965): The stratonovich prescription preferable for 

modeling physical process.



• Fokker-Planck Equation

• Boundary conditions: Reflecting Barriers
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Critical Phenomena in Social System

Social Systems

• Essentially nonlinear in nature

• Exhibit critical phenomena in the form of phase transformation as

qualitative changes

• Changes manifest as a result of bifurcation, hysteresis and multiple

equilibriaequilibria



•An Innovation is an idea, practice or object that is perceived as new by an

individual or other unit of adoption. This newness of an innovation may be

expressed in terms knowledge, persuasion or a decision to adopt (Rogers

1995).

•A phenomenon of considerable interest

•It has been studied across wide ranging disciplines to explain the

dissemination of new ideas, rumours, news, practices and new products

throughout a social system.throughout a social system.

S-shaped curve



The Generalized model (Bartholomew JMS (1976))

Size of the Homogeneously mixing population

Transmission intensity of the source

Propagation intensity through interpersonal       

contact

Mean duration of time for which a spreader 

α ≡

β ≡

1µ − ≡

N ≡

Mean duration of time for which a spreader 

remains active

� Deterministic Analysis

We have 

µ ≡
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1.Bass Model

0

0 (Absence of loss of interest)
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The case of Homogeneous Population

• Basic Innovation Diffusion Model is based on the Twin process:

– Mass mediated process

– Interpersonal contact-interactive process (non-linear)

• Model with Loss of interest (discontinuation)
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Stochastic Analysis : Hierarchy of Moment equation



Critical Behavior of Nonlinear Stochastic Models: Diffusion of Information
(Sharma, Pathria, and Karmeshu, Phy. Rev. A ,1982)
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Innovation diffusion model with multiple adoption levels:  

(Karmeshu, Sharma & Jain;JSIR,1992)

• It has been assumed that parameters remain constant

throughout the unfolding of the process.

• Esingwood, Mahajan and Muller have suggested that• Esingwood, Mahajan and Muller have suggested that

the time varying nature of the interaction parameter

• can be incorporated by specifying the internal influence

as varying with adoption level:
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Hysteresis Effect

• Multiply steady states

• The system’s behaviour is charaterized by 
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• Critical slowing down: The approach of the

system towards its steady state is slowed by a

factor N
-1/2

.

• This corresponds to lengthening of relaxation

timetime

• FPE can be written as
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Implications

To design control policies for

promoters of innovation in the form of

strategies requiring parameter

trajectories to remain outside or

within the cusp depending on the

level of adoption.

Increasing returns to adoption

Arthur: “Where there are multipleArthur: “Where there are multiple

equilibriua and a central authority

favors a particular one, it can of

course attempt to tilt the market

towards this outcome. Timing is crucial

here – there are only ‘narrow

windows’ in which the policy is

effective.



• As a result of random variations on the environment the 
parameters may not be regarded as deterministic, they 
rather assume form

( ) ( )
( ) ( )I II   

t tβ β γ= +

Role of Environmental Stochasticity
Noise Induced bistability in Innovation Diffusion

(Karmeshu)

(I)- Average state of the environment:

(II)-Represents the fluctuations from average state of the 
environment

• Customarily  γ(t) is supposed to be stationary, Gaussian, 
White noise process i.e.
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• The Stochastic differential equation is

• The stationary density function
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• Role of environmental stochasticity
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Random Differential Equation

Consider

Growth rate r is a random variable, such that,
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Growth rate r is a random variable, such that,
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Random Differential Equation

Transient Bimodality and Catastrophic Jumps in Innovation 

Diffusion (Karmeshu and Goswami,  IEEE Trans. SMC)

Behavioral characteristics of individuals :

Tastes, perceptions, preferences, demographic andTastes, perceptions, preferences, demographic and

environmental factors, etc.

Vary randomly



The modified Bass model is 
Nonlinear random differential equation



W



Parameter γ (Gamma distributed)





Multiplicative Noise and Non-extensive Statistical Mechanics

(Anteneodo & Tsallis , J.Math.Physics, 44, 5194 (2003))

• Boltzmann-Gibbs(BG) statistical mechanics

(these systems like equally to live everywhere in the phase space) - ergodic

• There are other systems- may prefer particular subspace – (a hierarchical or 
multifractal structure)

1 ( ) l n ( )S k p u p u d u= − ∫

multifractal structure)

• Non-extensive statistical mechanics

• Large family of models with multiplicative noise belongs to non extensive class
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Dynamical Foundation of Non-extensive Statistical Mechanics
(Beck, 2001, Phy. Rev.Lett.)

 = ( ),    >0         (1)u u L tγ σ γ+ɺ

L(t): Gaussian white noise 

γ

Linear Langevin eqation

2   = γβ
σ

Assume        or          or both fluctuate randomly in such a way             is         

distributed
γ σ 2=γβ

σ
2χ

/ 2

( / 2 ) 1

0 0

1
F( )=  exp

2 2

2

n

nn n

n

β
β β

β β
−   

−        Γ  
 

Define Random Variable



Probability density function

0

( /2) 1/2

20

( ) ( | ) ( )

1
(n+ )

12        = ,   .

( ) 1
2

n

p u p u f

u
n n

u
n

β β

β

β +

=

Γ
−∞ < < ∞

Π  Γ + 
 

∫

2χHence, SDE (1)  with             distributed                        generates 
2χ 2  = /β γ σ

2 1 / ( 1 )

0

1
( ) ~

1
[1 ( 1 ) ]

2

2 2
1 ,     =   

1 3 - q

q

p u

q u

q
n

β

β β

−+ −

= +
+

ɶ

ɶ



Motion of a particle in a velocity dependent random force
(Karmeshu, J. App. Prob., 1976)
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Stability of moment in a simple neutronic system with

stochastic parameter Nuclear science and engineering
( Karmeshu & Bansal, Nuclear Sci., Eng.(1975))
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The equations for one delayed group of reaction kinetics
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• Consider processes subject to additive and multiplicative noise

2

2

( ) ( ) ( ) ( ),

( )  and ( )  are uncorrelated and G aussian distributed w hite noises

Fokker P lanck Equation
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Nonlinear Fokker-Planck Equation

(L. Borland, Phy. Rev. Lett.,1998)

• Anomalous diffusion (Mean square displacement ∝ tθ)

(Super diffusive  θ>1, Sub diffusive θ<1)

• Self-gravitating systems

• Linear response theory• Linear response theory

• The explicit form of Nonlinear FPE
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K: drift coeffecient , : diffusion ,    are real numbers
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The Kinetic equation (SDE)
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  satifies nonlinear FPE
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w here  take care of norm alization

V (x) = K ( )       is the Potential 
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Probability distribution (3) m axim izes Tsallis entropy
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Pearson System of Distribution
(as stationary solution of diffusion process)

• Pearson(1895) introduced  four parameter unimodal pdf governed by 

differential equation
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The four parameter pdf is appealing Data fitting
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The nature of Pearson type is determined by parameter 
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Consider the class of first-order pdf W(x)

which satisfy pearson equation
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dx

Class of Markov process is constructed for which
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"Pearson family serves a natural role in briging the gap between 

first order statistical description characterized by W(x) and 

transitional properties represented by 
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Pearson Diffusion

(Forman and Sorensen (2008))
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• lu t io n

D if fu s io n  w i th  h e a v y -ta i le d•





Bhatnagar, Karmeshu and Mishra
(TOMACS, 2009)
































