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Hypersurfaces in L""!

L"+1: (n 4 1)-dim. Lorentz-Minkowski space.
()= (dal 4o+ (da")? — (da™ )2,
U a compact set in R”, v = (u!,...,u") € U.

An immersion f : U — L™ is spacelike
<= g := f*(, ) is positive definite.

HY = {x=(z,... 2" e L™ (z,2) = -1, 2™ > 0}.

f: U — L a spacelike immersion.
v the unit normal v.f. along f. i.e.

v:U— H" orv:U — H" such that

(fuiX,v)=0 (VX eT,U), and (v,v)=-L1
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The first and second variation of the volume

f:U — L™ a spacelike imm., f; a variation of f,
v the unit normal v.f. on U along f,

H the mean curvature of f, dV the volume element of f.
The first variation of the volume of f

Vol(f,) = —n /U BHAV, Bi= <(ft)*%

d

dt

t=0

t=0

dt

Vol(f) = 0 for Vf; variation of f <= H = 0.
=0

The second variation of the volume of f

2
| vols) == [ 8848~ plaP)av
t=0 U
—— [ (w8 +514P) av
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Suppose that the first variation of f : U — L"*! vanishes for any

variation (i.e. H =0). f is stable if the socond variation of f is always
positive or always negative for any non-trivial variation.

Since (v,v) < 0 and the (n + 1) th component of v does not change, we
have the following.

f:U — L""! an spacelike imm. with H = 0. Then the second

variation of the volume of f is always negative. That is, f is stable and
has maximal volume.

A spacelike immersion with H = 0 is called the maximal hypersurfaces.
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Graph hypersurface Bernstein-type problem

. . _ 1 .
U a domain in R", u = (u’,...,u") €U, p: U = R. Theorem (E. Calabi, 1968)

The mean curvature H of the spacelike graph hypersurface ¢ satisfies.
The graph maximal surface ¢ defined on the entire R? must be a plane.

. Vo
eltf = || e || O <
1= [Vy| S
\ Without the assumption 2 + @12/ < 1, Jp nonlinear. For example,

v ©(x,y) = log cosh 2z — log cosh y.
div <—902> (IVel? < 1)
‘ AN 1=Vl . Theorem (Calabi 1968, Cheng-Yau 1976)
is called the maximal hypersurface equation. / The graph maximal hypersurface ¢ defined on the entire R™ must be a
yperplane J
When n = 2, set (u!,u?) = (x,y). Then the above eqn. is equivalent to Other global properties:
2 2 _ 2 2 e Complete maximal hypersurface must be a hyperplane (Calabi,
(1= ¢3) Poz + 2000ypey + (1 — 02) i =0, @3 +¢; <1 Cheng-Yan).
This eqn is called the maximal surface equation. e Anonorientable spacelike hypersurfaces.
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Maximal surfaces with singularities (before 2010)

Weierstrass-type representation

In the following, we assume n = 2.

[:U3 (z,y) = (fi(z,y), fa(z,y), f3(2,y)) € L? a maximal surface, e O. Kobayashi “conelike singularities” (1984).

(z,y) the isothermal coordinate of f. e F. J. M. Estudillo and A. Romero “generalized maximal surfaces”

Weierstrass-type representation (O. Kobayashi, 1983) (1992).
. N 2 e F. J. Lépez, R. Lopez and R. Souam “Riemann type maximal
i = Re/ (A+g). (=g, 20)m- surface” (2000).

The first f.f. ds? of f, and the second f.f. A of f are given e L. J. Alias, R. M. B. Chaves and P. Mira “Bjoérling problem”

) N2 1o (2003).

ds” = (1 ~ lgl ) [l A=2Re@, Q = ndg o I. Fernandez, F. J. Lépez and R. Souam “moduli space” (2005).

respectively. o I. Ferndndez and F. J. Lopez “periodic maximal surfaces” (2007).
v:U— Hi the unit normal v.f. on U along f, o T. Imaizumi and S. Kato “flux” (2008).

o:H? = D={z€C;|z| <1} the stereographic projection. Then,

e F. Martin, M. Umehara and K. Yamada “bounded maximal
surfaces” (2009).

g=0oov

Hence we call g the Gauss map of f.

S. Fujimori (Hiroshima U.) ZMC Surfaces II ICTS T/ 27 S. Fujimori (Hiroshima U.) ZMC Surfaces 1II




Maxfaces

Definition (Umehara-Yamada, 2006)

f: M — L3is a maxface <=

o JW C M (open dense) s.t. f|w a conformal maximal immersion,

e df, #0 (Yp € M).

For a maxface, (1+ \g|2)2 |n|? is always positive definite.
This the set of singular points of f is {p € M | |g(p)| = 1}.

Definition (Umehara-Yamada, 2006)

A maxface f: M — L3 is complete if 3C c M, Isymmetric (0, 2)
cp

tensor T € T'(T*M? @ T*M?) such that T =0 on M \ C and ds®> + T is
an complete Riemannian metric.
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Ossermn-type inequality

Theorem (Umehara-Yamada, 2006)

f: M — L3 a complete maxface, (g,n) the Weierstrass data of f.
Then da cpt Riem. surf. M, dp1,...,p, € M such that

o M =M\ {p1,...,pn} (biholomorphic).

e g, n extend meromorphically to M.

P1,...Dn are the ends of f ( Acompact maxface).

Theorem (Umehara-Yamada, 2006)

f:M=M\{p1,...,pn} — L3 a complete maxface,
(g,m) the Weierstrass data of f. Then

e 2degg > —x(M) + 2n.

“__»

° <= each end is properly embedded.
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Singularities

folu,v) = (u?,u3,v) (Cuspidal edge)
fs(u,v) = (Bu* +uv,2u? + uv,v) (Swallowtail)
= (

3
feor(u,v) = (u,v?,uv3)  (Cuspidal cross cap)

Two C*°-maps f; : (R2,p;) — R3 (j = 1,2) are right-left equivalent if
Jlocal diffeo’s ¢ : (R?, p1) — (R?, p2) and
®: (R?, fi(p1)) = (R?, fa(pz)) such that ® o f1 = fo 0 ¢,
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Criteria for singularities

Theorem (Umehara-Yamada, 2006)

f: U — L3 a maxface with Weierstrass data (g,7). We set
d d

o= Tg and § = g—a. Then
91 dg

e p € U is a singular point of f iff [g(p)| = 1.

o f is right-left equivalent to a cuspidal edge at p iff Re  # 0 and

Ima # 0.

o f is right-left equivalent to a swallowtail at p iff
a € R\ {0} and Reg # 0.

o (Fujimori-Saji-Umehara-Yamada, 2008)
f is right-left equivalent to a cuspidal cross cap at p iff
a € iR\ {0} and Im 8 # 0.

S. Fujimori (Hiroshima U.) ZMC Surfaces 1II

12 / 27




Generic singularities of maxfaces

U C C a simply connected domain,
h € O(U) := {holomorphic function on U}
endowed with the compact open C°°-topology.
fn: U — L3 a maxface with Weierstrass data (g,7) = (e”, dz).

Theorem (Fujimori-Saji-Umehara-Yamada, 2008)

K C U an arbitrary compact set,

singular points of f; are cuspidal edges, }

Sl = {h €oWw) swallowtails or cuspidal cross caps on K.

Then S(K) is an open and dense subset of O(U).
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Examples

U

Maximal catenoid Maximal helicoid
(cone-like singular points) (fold singular points)

Ex. (Fujimori-Rossman-Umehara-Yamada-Yang, 2009)

M = (CU{oo}) \ {1, -1},
(2= 1D(*+az+1)
S+ D (22 —az+1)

(P —az+1)(z2+az—1)

dz,

(z4+1)2(z—1)*
where a € (1,4) — {2}.

Rea =0

.-
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S \
Rea =0
singular set o
® cone-like singular set
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Kim-Yang catenoid
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Y. W. Kim and S.-D. Yang (2006) found a complete maxface of genus
1 with two embedded ends, whose Weierstrass data are:
M = {(z,w) € (CU{o0})? | w? = 2(2* = 1)} \ {(0,0), (00, 00)},

w z
g = c— (for some ¢ > 0), n = —.
z w
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The singular set

swallowtails

Ik

singular set singular set

2(20)

cuspidal cross caps
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Example (F.-Rossman-Umehara-Yamada-Yang, 2009)

My, = {(z,w) € (CU{o0})? | w*! = 2(2* — 1)¥}\ {(0,0), (00,00)}

VkeZy), g= c% (for some ¢ > 0), n = %

S. Fujimori (Hiroshima U.)

ZMC Surfaces II 19 / 27

Reduction for & = 2m case

Mom = {(z,w) € (CU{oo})? | w?™ = 2(2* —1)*"},
M, ={(Z,W) € (CU{oo})? | W2mtl = zm+1(7 _1)2m},
MQm:MQm\{(0,0),(O0,00)}, M;n :Mlm\{(ovo)a(oovoo)}
Then
@ : Moy, 3 (z,w) = (Z,W) = (22, 2w) € M,
is a double cover. Let

_w _ 4z
gl*CZ7 ’rIl*QZ

Then g = g1 ow and n = w*n hold, and hence (g1,71) are the
Weierstrass data for the maxface f; : M/}, — L3.
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Nonorientable maxface

@ M’ a nonorientable surface. f’: M’ — L2 is a nonorientable
maxface if 3a Riemann surface M, 3the double cover 7 : M — M’
such that f = f'om: M — L3 is a maxface.

Q f': M' — L3 is complete if f = f'om: M — L3 is complete.

(g,m) the Weierstrass data of f. I : M — M ther anti-holom. order 2
deck transf. associated to w. Then,

follp)=f(p) (Vpe M).
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Gauss map

f': M' — LL? a nonorientable maxface, 7 : M — M’ the double cover.
g: M — CU{oo} the Gauss map of f = f' o,
A:CU{o0} = CU{oo}, A(2) :=1/z.
po: CU{oo} — (CU{o0})/(A) the projection.
Then, J1the conformal map g : M’ — (CU {oco})/(A) such that
gom=pgog.

M —2—  Cu{cc}

" [

M —L (Cu{oc})/(A)

The above § is called the Gauss map of f': M’ — 3. \

Remark. If f/ is complete, we can define deg §. deg§ = degg.
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Degree of the Gauss map

Theorem (Fujimori-Lépez, 2010)

f': M’ — LL? a complete nonorientable maxface,
G: M — (CU{0})/(A) the Gauss map of f’.
—> deg g is even and greater than 2.

Lemma (Ross, 1992)

M a cpt Riem. surf., I : M — M anti-holom. invol. without fixed pt.
= 3h: M — CU {oo} such that ho I = —1/h.

4

(Proof of Thm) Define G : M — CU {00} by G(p) = g(p)h(p) (p € M).
Since Gol = (gh)oI = (goI)(holI)= (1/g)(~1/h) = —1/G, Meeks’
lemma yields y(M') = deg G (mod 2). Also, x(M') = degh (mod 2).
Since deg G = deg(gh) = deg h + deg g,

degh =degh +degg (mod 2). Hence deg g = even.
Moreover it is easy to verify that deg g cannot be 2. O]
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Mobius strip (deg g = 4)

Left: g is branched at the ends. Right: ¢ is not branched at the ends.

Theorem (Fujimori-Lopez, 2010)

Moébius strip with deg g = 4 are one of a 2-parameter family of RHS or
the LHS one.

Remark. For minimal Mdbius strip (deg g = 3), ¢ must be branched
at the ends (Meeks, 1981).
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Weierstrass data of Mobius strip (deg g

M =C\ {0}, I(z) = —1/2, M’ = M/{I) = RF*\ {x(0)},

szl (2—1)2
o(Left)g—zz_l,n—z = dz.
. (right)g:Z(rz—l)(sz—l)(tz—l)

rr)+8)(z+1)
2 )2 2
n:i(z—kr) (z+5s) (z+1) iz,
z
where r > 0, s,t € C\ {0}.
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One-ended Klein bottle (deg g = 4)

Theorem (Fujimori-Lopez 2010)

One-ended Klein bottle with deg g = 4 and a certain symmetry must
be one of them.

Remark. Jlone-ended minimal Klein bottle with deg § = 4 (Lépez,
1993).
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W-data of one-ended Klein bottle (deg g = 4)

rz—1
z+r

M = {(z,w) € (CU{oco})?; w? =

1 1 z+1
I = _— —— =
(Z7w) ( Z? w)? g wz_17

(Left) r ~ 0.17137, (Right) r ~ 0.691724.

n=1

} \ {(0,0), (0, 00)},

(r e R\ {0}),
(= - 1)?

22w
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