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What are topological 
phases?

Topological phases are characterised by quantised 
physical  quantities,  e.g., charge polarisation (defined by 
winding numbers), Hall conductance (defined by Chern 
numbers), etc

Typically, topologically non-trivial phases have edge 
states - the bands touch each other at some points in the 
Brillouin zone, whereas trivial phases are gapped



Classification of  phases

Phases classified by symmetry, dimension, etc

For non-interacting fermions in presence of internal 
symmetries, periodic table has been found

Further extensions in the presence of crystalline 
symmetries, extension of K-theory classification



Topological phase 
transitions

Can  go between  phases in different topological classes 
only when a gap closes somewhere in the Brillouin zone 
i.e. change in the number of edge states

Change parameters of the theory for topological phase 
transitions - e.g., as a function of the magnetic field in 
the quantum Hall effect

As parameters are tuned,  bulk gap closes and reopens 
signalling phase transition



Motivation
To understand topological phase transitions using ideas 
familiar from Landau theory of phase transitions, even 
though there is no order parameter

Topological phase transitions implies discrete changes  
in an integer topological invariant - it  signals gap closing 
in single particle or many-body spectrum

Can we classify phase transitions by scaling behaviour of 
appropriate correlation functions near the transition?



Introduction to curvature 
function renormalisation group

First define an appropriate curvature function

Function in the space of the Brillouin zone and M 
which is the set of all the tuning parameters in the 
Hamiltonian

Integral of F over the Brillouin zone gives topological 
invariant

F (k,M)
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Examples 

In 1D, winding number is given by

2D system with broken time-reversal symmetry, 
quantum Hall system

Time-reversal invariant topological insulators 

! =

I
dk

2⇡
A(k)
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Point is that there is some function                  containing 
global geometric information about the band structure 
which is integrated over the Brillouin zone

Idea is that close to the phase transition, as                      
the curvature function diverges at the gap closing 
momentum       denoting a critical point where the 
topological invariant changes

Tuning parameter M can be magnetic field, chemical 
potential, hopping parameters in the Hamiltonion, etc

F (k,M)
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Idea of   the renormalisation  
group approach

Scaling procedure renormalises the curvature function keeping 
the topological quantum number invariant

Analogy of messy string - integrate to find number of knots or 
stretch it out until knots become obvious

Analogy with knots in a string

Knots in a messy string become obvious, if it is stretched enough

Figure: W. Chen, M. Sigrist, Advanced Topological Insulators, 239-280

W. Chen Journal of Physics: Condensed Matter 28 055601 (2016).

W. Chen et. al Journal of Physics: Condensed Matter 28, 365501 (2016).

W. Chen et. al Physical Review B 95, 075116 (2017).

W. Chen, Physical Review B 97 115130 (2018).

W. Chen, M. Sigrist, Advanced Topological Insulators, 239-280



Scaling mechanism and 
flow equation

Idea is that as                 , the curvature function 
develops a divergence at some high symmetry points 
(HSP) where the gap closing takes place and then the 
curvature function changes sign 

Will consider gap closing at non-HSP later

M ! Mc
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Peak divergence scenario

Function gradually peaks as function of k, as we 
approach         and changes sign at the phase transition

P. Molignini et al.

cally driven, weakly and strongly interacting systems. We

mainly focus on one (1D) and two-dimensional (2D) Dirac

models, although higher dimensional cases and more ex-

otic topology have also been discussed [20–28].

Fig. 1: Schematics of the divergence of the curvature function
at the critical point Mc in 1D (top) and 2D (bottom) systems.
The height and width of the Lorentzian peak are F (k0,M) and
1/⇠, repectively, and have critical exponents � and ⌫.

Correlation functions, critical exponents, and

universality classes. – We consider a topological sys-

tem whose topology is determined by a set of tunable pa-

rameters M = (M1,M2, ...) in the Hamiltonian. Di↵erent

topological phases correspond to di↵erent quantized values

of a topological invariant C constructed from integrating a

curvature function F (k,M) over the Brillouin zone (BZ)

C =

Z
d
D
k F (k,M) . (1)

The curvature function in the vicinity of a high symmetry

point (HSP) k0 typically displays a Lorentzian shape

F (k0 + �k,M) =
F (k0,M)

1 + ⇠2�k2
, (2)

that reflects the evenness of the curvature function F (k0+

�k,M) = F (k0 � �k,M) around the HSP, where 1/⇠ de-

fines the width of the multidimensional peak. Approach-

ing the critical point M ! Mc the peak gradually di-

verges, flipping sign across the transition [22–24]

lim
M!M+

c

F (k0,M) = � lim
M!M�

c

F (k0,M) = ±1 ,

lim
M!Mc

⇠ = 1 , (3)

This is represented schematically in Fig. 1.

This divergence helps us introduce the critical expo-

nents �, ⌫ of the TPT:

|F (k0,M)| / |M�Mc|��
, ⇠ / |M�Mc|�⌫

, (4)

The conservation of the topological invariant C = const.

as the transition is approached from one side or the other,

C = F (k0,M)

 
DY

i=1

Z ⇠�1

�⇠�1

dki

1 + ⇠2k
2

i

!
/ F (k0,M)

⇠D
, (5)

yields a scaling law that constraints the exponents [22–24]

� = D⌫ , (6)

where D is the dimensionality of the problem. These ex-

ponents serve to classify TPTs into di↵erent universality

classes, regardless of the details of the system, as we will

demonstrate in the following sections.

Analogous to the Landau formalism, we can introduce a

correlation function that characterizes the TPT. First, we

calculate the Fourier transform of the curvature function

F̃ (R) =

Z
d
D
k

(2⇡)D
e
ik·R

F (k,M) . (7)

and define the Wannier state

|Rni = 1

N

X

k

e
ik·(r̂�R)|unki , (8)

where |unki is the single-particle Bloch state or many-

body state from which topology is defined. With the Wan-

nier wave function Wn(r�R) = hr|Rni centered at the

home cellR, Eq. (7) indicates that the correlation function

F̃ (R) = hR|R̂|0i is a measure of the overlap of Wannier

functions centered at two home cells that are distance R

apart [22–24]. Combining the Lorentzian form in Eq. (2)

with the Fourier transform in Eq. (7), we see that the cor-

relation function decays with correlation length ⇠. The

divergence of ⇠ described by Eq. (3) then indicates that,

near the TPT, the Wannier functions become relatively

extended and have large overlaps. This phenomenon can

in turn be interpreted as the equivalence of scale invariance

at the critical point seen in standard phase transitions.

The curvature renormalization group approach.

– The divergent behavior of the curvature function sug-

gests the construction of an iterative procedure to search

for the trajectory in the parameter space (RG flow) along

which the divergence is mitigated but the topology re-

mains unchanged [20–22]. Under this procedure, the sys-

tem will gradually move away from the critical points of

the flow. By mapping out these critical points, the topo-

logical phase diagram can thus be identified. The iterative

procedure demands that at a given parameter set M, one

searches for a new parameter M
0
that satisfies

F (k0,M
0
) = F (k0 + �k,M), (9)

where k0 is a HSP and �k is a small deviation away from

it. The divergence of F (k0,M) is gradually reduced under

this procedure, as can be rigorously proved by analyzing it

in Fourier space [20]. Because it renormalizes the profile of

the curvature function, this method has been referred to

as the curvature renormalization group (CRG) approach.

Writing dMi = M
0
i �Mi and �k

2

j ⌘ dl, and expanding

Eq. (9) to leading order yields the generic RG equation

dMi

dl
=

1

2

@
2

kF (k,M)
��
k=k0

@MiF (k0,M)
, (10)

p-2

Mc
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1D as function of
single parameter M

<latexit sha1_base64="tN/DLHKEs873SwMkFvD9EyguS+I=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCswl0aLYNa2AgRzAfkjrC3N5cs2ds9dveEcOR32PhXbCwUsRMb/417SQpNHBh4vDfDm3lhypk2rvvtrKyurW9slrbK2zu7e/uVg8O2lpmi0KKSS9UNiQbOBLQMMxy6qQKShBw64eiq0DsPoDST4t6MUwgSMhAsZpQYS/Urni8kExEIg71rTDSOM0ELCcsY+z7WTAw44JQokoABhW/7lapbc6eFl4E3B1U0r2a/8ulHkmaJ9aCcaN3z3NQEOVGGUQ6Tsp9pSAkdkQH0LBTWSAf59LUJPrVMhGOpbNsbp+zvjZwkWo+T0E4mxAz1olaQ/2m9zMQXQc5EmhkQdGYUZxwbiYuccMQUUMPHFhCqmL0V06FNgdoQdNmG4C2+vAza9Zrn1ry7erVxOY+jhI7RCTpDHjpHDXSDmqiFKHpEz+gVvTlPzovz7nzMRlec+c4R+lPO1w/WnKAa</latexit><latexit sha1_base64="tN/DLHKEs873SwMkFvD9EyguS+I=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCswl0aLYNa2AgRzAfkjrC3N5cs2ds9dveEcOR32PhXbCwUsRMb/417SQpNHBh4vDfDm3lhypk2rvvtrKyurW9slrbK2zu7e/uVg8O2lpmi0KKSS9UNiQbOBLQMMxy6qQKShBw64eiq0DsPoDST4t6MUwgSMhAsZpQYS/Urni8kExEIg71rTDSOM0ELCcsY+z7WTAw44JQokoABhW/7lapbc6eFl4E3B1U0r2a/8ulHkmaJ9aCcaN3z3NQEOVGGUQ6Tsp9pSAkdkQH0LBTWSAf59LUJPrVMhGOpbNsbp+zvjZwkWo+T0E4mxAz1olaQ/2m9zMQXQc5EmhkQdGYUZxwbiYuccMQUUMPHFhCqmL0V06FNgdoQdNmG4C2+vAza9Zrn1ry7erVxOY+jhI7RCTpDHjpHDXSDmqiFKHpEz+gVvTlPzovz7nzMRlec+c4R+lPO1w/WnKAa</latexit><latexit sha1_base64="tN/DLHKEs873SwMkFvD9EyguS+I=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCswl0aLYNa2AgRzAfkjrC3N5cs2ds9dveEcOR32PhXbCwUsRMb/417SQpNHBh4vDfDm3lhypk2rvvtrKyurW9slrbK2zu7e/uVg8O2lpmi0KKSS9UNiQbOBLQMMxy6qQKShBw64eiq0DsPoDST4t6MUwgSMhAsZpQYS/Urni8kExEIg71rTDSOM0ELCcsY+z7WTAw44JQokoABhW/7lapbc6eFl4E3B1U0r2a/8ulHkmaJ9aCcaN3z3NQEOVGGUQ6Tsp9pSAkdkQH0LBTWSAf59LUJPrVMhGOpbNsbp+zvjZwkWo+T0E4mxAz1olaQ/2m9zMQXQc5EmhkQdGYUZxwbiYuccMQUUMPHFhCqmL0V06FNgdoQdNmG4C2+vAza9Zrn1ry7erVxOY+jhI7RCTpDHjpHDXSDmqiFKHpEz+gVvTlPzovz7nzMRlec+c4R+lPO1w/WnKAa</latexit><latexit sha1_base64="tN/DLHKEs873SwMkFvD9EyguS+I=">AAACGnicbVA9SwNBEN3zM8avqKXNYhCswl0aLYNa2AgRzAfkjrC3N5cs2ds9dveEcOR32PhXbCwUsRMb/417SQpNHBh4vDfDm3lhypk2rvvtrKyurW9slrbK2zu7e/uVg8O2lpmi0KKSS9UNiQbOBLQMMxy6qQKShBw64eiq0DsPoDST4t6MUwgSMhAsZpQYS/Urni8kExEIg71rTDSOM0ELCcsY+z7WTAw44JQokoABhW/7lapbc6eFl4E3B1U0r2a/8ulHkmaJ9aCcaN3z3NQEOVGGUQ6Tsp9pSAkdkQH0LBTWSAf59LUJPrVMhGOpbNsbp+zvjZwkWo+T0E4mxAz1olaQ/2m9zMQXQc5EmhkQdGYUZxwbiYuccMQUUMPHFhCqmL0V06FNgdoQdNmG4C2+vAza9Zrn1ry7erVxOY+jhI7RCTpDHjpHDXSDmqiFKHpEz+gVvTlPzovz7nzMRlec+c4R+lPO1w/WnKAa</latexit>

2D<latexit sha1_base64="3bWJ8xBOeo05/UuzfobrfvhqCtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDKohWUU8wHJEfY2e8mSvb1jd04IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHmq3g3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2rem7Vu69VGtd5HEU4g3O4BA+uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5Awe2jQI=</latexit><latexit sha1_base64="3bWJ8xBOeo05/UuzfobrfvhqCtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDKohWUU8wHJEfY2e8mSvb1jd04IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHmq3g3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2rem7Vu69VGtd5HEU4g3O4BA+uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5Awe2jQI=</latexit><latexit sha1_base64="3bWJ8xBOeo05/UuzfobrfvhqCtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDKohWUU8wHJEfY2e8mSvb1jd04IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHmq3g3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2rem7Vu69VGtd5HEU4g3O4BA+uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5Awe2jQI=</latexit><latexit sha1_base64="3bWJ8xBOeo05/UuzfobrfvhqCtQ=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDKohWUU8wHJEfY2e8mSvb1jd04IR/6BjYUitv4jO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3Mz9zhPXRsTqEacJ9yM6UiIUjKKVHmq3g3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxaXzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxrPuZUEmKXLHlojCVBGMyf5sMheYM5dQSyrSwtxI2ppoytOGUbAje6svrpF2rem7Vu69VGtd5HEU4g3O4BA+uoAF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5Awe2jQI=</latexit>



Flow equations 

Essential idea, change 
parameters in the theory and 
reduce divergence - repeat - 
flow stops at some point

Scaling mechanism and flow equation

I The basic idea is to find the quantum critical
point (Mc) of topological transitions.

I Mc is found by iterative search through the
proposed equation :

F (k0,M
0) = F (k0 + �k,M) (1)

I Eq. (1) is recast in infinitesimal form as the
following:

dM
dl

=
1
2
@2

kF (k0,M)|k=k0

@MF (k0,M)
(2)

where M 0 = M + �M and dl = (dk)2.

F (k 0 ,M ')

F (k 0 +δk ,M )
=

k 0

k 0 +δk

-π 0 π

0.0

0.5

1.0

1.5

k

F
(k

,M
)

I critical point:

Mc :
dM
dl

! 1

I fixed point(Mf ):

Mf :
dM
dl

! 0

F (k0,M
0) = F (k0 + �k,M)
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Close to the TPT, 

At the fixed point 

limM!M+
c
F (k0,M) = �limM!M�

c
F (k0,M) = ±1

<latexit sha1_base64="1WGdAjJZSYo4AQjoWImp7f27Nag="></latexit><latexit sha1_base64="1WGdAjJZSYo4AQjoWImp7f27Nag="></latexit><latexit sha1_base64="1WGdAjJZSYo4AQjoWImp7f27Nag="></latexit><latexit sha1_base64="1WGdAjJZSYo4AQjoWImp7f27Nag="></latexit>

F (k0 + �k,M0) = F (k0,M0)
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Same equation can be written as a differential equation - 
the RG equation in parameter space

dM

dl
=

1

2

@2
k(F (k,M)|k=k0

@MF (k0,M)
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Unifying topological phase transitions in noninteracting, interacting, and periodically driven systems

from which the RG flow can be obtained. The RG flow

contains both critical and fixed points [27]:

Critical point :

����
dM

dl

���� ! 1,

Fixed point :

����
dM

dl

���� ! 0.

In non-interacting systems, obtaining analytic expres-

sions for the critical points is often easy. However, to see

the full flow pattern, one resorts to numerics. For this

purpose, one can implement Eq. (10) on a discrete mesh:

dMi

dl
=

�Mi

(�k)2

F (k0 +�k,M)� F (k0,M)

F (k0,M+�MiM̂i)� F (k0,M)
, (11)

where �k is the grid spacing in the momentum space,

and �Mi is the spacing in parameter space along the

unit vector M̂i. Eq. (11) indicates that at a given M,

we only require the knowledge of the curvature func-

tion at three points: F (k0 + �k,M), F (k0,M), and

F (k0,M + �MiM̂i) to obtain the RG flow dMi/dl in

Eq. (11) without the need for the explicit integration in

Eq. (1). Hence, the CRG approach is a very e�cient way

to determine the TPTs circumventing the direct calcula-

tion of topological invariants in a multi-dimensional pa-

rameter space. We now demonstrate these statements in

concrete systems.

Noninteracting systems. – We first discuss nonin-

teracting, static systems. The generic form of the Hamil-

tonian under consideration is of a Dirac Hamiltonian

H(k) = d(k) · � , (12)

where the matrices �
a
satisfy

�
�
a
,�

b
 
= 2�ab. The low-

energy dispersion is assumed to be

E±(k) = ±|d(k)| = ±
�
k
2n

+M
2
�1/2

, (13)

where M is the gap and the integer n is the order of band

crossing at the TPT (a.k.a. the dynamic exponent [2]).

From the dispersion we infer the only characteristic length

scale of the problem ⇠ ⇠ k
�1 ⇠ |M |1/n, which immediately

implies that the critical exponent in Eq. (4) is ⌫ = 1/n,

and � = D/n according to the scaling law in Eq. (6). In

other words, the order of band crossing n determines the

universality class of the TPT [24].

In a majority of 1D systems, the topological invariant

in Eq. (1) is the integration of the Berry connection

F (k,M) = huk|i@k|uki , (14)

where |uki refers to the periodic part of the Bloch state

of the valence band. The Berry connection takes the

Lorentzian shape of Eq. (2) in the appropriate gauge and

its Fourier transform yields a Wannier state correlation

function [29–32]

F̃1D(R) = h0|r̂|Ri , (15)

that decays exponentially with the correlation length ⇠.

1D Dirac models with linear band crossing n = 1, such as

the Su-Schrie↵er-Heeger (SSH) model [33] and the Kitaev

chain [34], host TPTs with critical exponents � = ⌫ = 1

In the case of the Kitaev chain, the Berry connection in

Eq. (14) is formulated in the Majorana basis, and hence

the correlation function in Eq. (15) measures the overlap

of Majorana-Wannier functions separated by a distance R.

For 2D time-reversal breaking systems, the topological

invariant is the dimensionless Hall conductance calculated

from integrating the gauge-invariant Berry curvature

F (k,M) = @kxhuk|i@ky |uki � @ky huk|i@kx |uki

=
1

2d3
d · @kxd⇥ @kyd =

1

2
d̂ · @kx d̂⇥ @ky d̂ , (16)

which simply counts the skyrmion number in k� space as-

sociated with the d̂-vector in Eq. (12). The corresponding

Wannier state correlation function takes the form [30–32]

F̃2D(R) = �ihR|(R⇥ r̂)z|0i, (17)

and due to the Lorentzian shape in Eq. (2), decays with

correlation length ⇠ for systems such as 2D Chern insula-

tors [35] with linear band crossings n = 1. The order of

band crossing n in 2D is found to be closely related to non-

spatial and crystalline symmetries of the material [24]. For

instance, higher order band crossings n > 1 can be stabi-

lized by a discrete rotational symmetry [36,37]. The crit-

ical exponents ⌫ = 1/n and � = 2/n thus imply that the

universality class is intimately associated with the crys-

talline symmetry, akin to the relationship between sym-

metries and universality classes in the Landau paradigm.

We remark that for the cases where the topological in-

variant is given by the Pfa�an of the time reversal op-

erator [21, 23], higher order band crossings n > 1 and

higher dimensions [24], the curvature function might dis-

play divergences with more complex structures. Neverthe-

less, critical exponents and scaling laws can still be defined

and calculated exactly within the CRG formalism.

Periodically driven systems. – Periodic driving is

an important tool to realize topological order in phases

with no inherent topology, e.g.in Floquet topological in-

sulators [38–43], Floquet topological superconductors [25,

44–51], or Floquet semimetals [52–57]. Tuning parameters

in these driven systems results in nonequilibrium TPTs

which can also be characterized by the simple CRG.

For a general time-periodic system described by the

Hamiltonian H(t) = H(t + T ), the full dynamics of the

system is governed by the time evolution operator

U(t) = T
⇢
exp


�i

Z t

0

dt
0
H(t

0
)

��
, (18)

where T signifies time-ordering. The operator U(t) ac-

counts for the full time dynamics, including the micromo-

tion between periods. When t ! T , it is usually called

Floquet operator and it induces a discrete quantum map

p-3

dl = dk2
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Ring divergence scenario

Function has a ring shape whose radius reduces and 
magnitude increases as 

What happens at a topological transition?
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k0 is the high symmetry
point in 1BZ.
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   -dimensional hypercubic BZ, these are  
(

. . .
)
 , where 

each    is either    or π . The curvature function is generally an even func-
tion around the HSP    , satisfying

 
(

δ
) (

− δ
)
  (7.2)

due to certain symmetry, for instance, inversion or time-reversal symme-
try. While the topological invariant    remains constant within a topologi-
cal phase in the parameter space of  , the profile of  

( )
  varies with 

changing  , which is key to our analysis of topological phase transitions, 
as will be introduced in Sec. 1.1.3.

Since the topology is defined through the Bloch state  ⟩  in momen-
tum space, it seems pointless to picture topological order in real 
space. Nevertheless, we will demonstrate that the topological invari-
ant calculated in each scheme is intimately related to properties of the  
Wannier states  ⟩ 

 
⟩
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Figure 7.1 Schematic graph of the evolution of the topological invariant    and the 
curvature function near the topological phase transition    in the one-dimensional 
parameter space of the tuning parameter  . The curvature function  

( )
  near the 

HSP is shown schematically for both close to and far away from the critical point    . In 
the peak-divergence scenario (above  -axis), the  

( )
  displays a Lorentzian peak 

that becomes sharper as  →   , and changes sign across    . In contrast, in the 
ring-divergence scenario (below  -axis) the  

( )
  has a ring shape, whose radius 

reduces and magnitude increases as  →   . The extremum of the ring changes sign 
across    . Within the same topological phase, despite the profile of  

( )
  changes 

with  , the volume underneath  
( )

  is the topological invariant and hence 
remains unchanged, leading to the scaling laws.
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In this case,  the divergence has a ring shape, whose 
radius reduces and magnitude increases as 

Extremum of ring changes sign across 

Turns out to be an unstable fixed point                  
solution of the RG equation

So points where                diverges and unstable fixed 
points denote topological phase transitions(TPT)
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Length scales and  critical 
exponents  

Curvature function in the vicinity of a high symmetry 
point (HSP) typically has Lorentzian form

Divergence of the curvature function at quantum 
critical point introduces exponents 

F (k0 + �k,M) =
F (k0,M)

1± ⇠2k0
�k2
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<latexit sha1_base64="CDnmuxP1jwO9a2kIQblTV92iWRA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjxWsLXYhDLZbtqlu5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRWiLJDxRnQg15UzSlmGG006qKIqI04dodDP1H56o0iyR92ac0lDgQLKYETRWegwGKASeBTLrVWte3ZvBXSZ+QWpQoNmrfgX9hGSCSkM4at31vdSEOSrDCKeTSpBpmiIZ4YB2LZUoqA7z2cUT98QqfTdOlC1p3Jn6eyJHofVYRLZToBnqRW8q/ud1MxNfhTmTaWaoJPNFccZdk7jT990+U5QYPrYEiWL2VpcMUSExNqSKDcFffHmZtM/rvlf37y5qjesijjIcwTGcgg+X0IBbaEILCEh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/TC6QqA==</latexit><latexit sha1_base64="CDnmuxP1jwO9a2kIQblTV92iWRA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjxWsLXYhDLZbtqlu5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRWiLJDxRnQg15UzSlmGG006qKIqI04dodDP1H56o0iyR92ac0lDgQLKYETRWegwGKASeBTLrVWte3ZvBXSZ+QWpQoNmrfgX9hGSCSkM4at31vdSEOSrDCKeTSpBpmiIZ4YB2LZUoqA7z2cUT98QqfTdOlC1p3Jn6eyJHofVYRLZToBnqRW8q/ud1MxNfhTmTaWaoJPNFccZdk7jT990+U5QYPrYEiWL2VpcMUSExNqSKDcFffHmZtM/rvlf37y5qjesijjIcwTGcgg+X0IBbaEILCEh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/TC6QqA==</latexit><latexit sha1_base64="CDnmuxP1jwO9a2kIQblTV92iWRA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjxWsLXYhDLZbtqlu5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRWiLJDxRnQg15UzSlmGG006qKIqI04dodDP1H56o0iyR92ac0lDgQLKYETRWegwGKASeBTLrVWte3ZvBXSZ+QWpQoNmrfgX9hGSCSkM4at31vdSEOSrDCKeTSpBpmiIZ4YB2LZUoqA7z2cUT98QqfTdOlC1p3Jn6eyJHofVYRLZToBnqRW8q/ud1MxNfhTmTaWaoJPNFccZdk7jT990+U5QYPrYEiWL2VpcMUSExNqSKDcFffHmZtM/rvlf37y5qjesijjIcwTGcgg+X0IBbaEILCEh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/TC6QqA==</latexit><latexit sha1_base64="CDnmuxP1jwO9a2kIQblTV92iWRA=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgQUoigh6LXjxWsLXYhDLZbtqlu5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzopQzbTzv2ymtrK6tb5Q3K1vbO7t71f2Dtk4yRWiLJDxRnQg15UzSlmGG006qKIqI04dodDP1H56o0iyR92ac0lDgQLKYETRWegwGKASeBTLrVWte3ZvBXSZ+QWpQoNmrfgX9hGSCSkM4at31vdSEOSrDCKeTSpBpmiIZ4YB2LZUoqA7z2cUT98QqfTdOlC1p3Jn6eyJHofVYRLZToBnqRW8q/ud1MxNfhTmTaWaoJPNFccZdk7jT990+U5QYPrYEiWL2VpcMUSExNqSKDcFffHmZtM/rvlf37y5qjesijjIcwTGcgg+X0IBbaEILCEh4hld4c7Tz4rw7H/PWklPMHMIfOJ8/TC6QqA==</latexit>



Conservation of the topological invariant implies                      

yields scaling law 

C =

Z
dDkF (k,M) / F (k0,M)

⇠D
<latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="JxE/+/OUmiWqR7K4mgruR/Gf/Js=">AAACIHicbZBLSwMxFIXv+Ky16ujWTbAIFaTMuNGNILaIG6GCfUBnWjJppg3NPEgyYhnm/7jxr7jQhQ/8MaYPRFsPBA7nJOTez4s5k8qyPoyl5ZXVtfXcRn6zsLW9Y+4WGjJKBKF1EvFItDwsKWchrSumOG3FguLA47TpDSvjvnlPhWRReKdGMXUD3A+ZzwhWOuqal5Vzh4UK9TrVIboqpY7no2F2fHOEkBOLKFaRNr7ABKU/bdfSfYZQ6jywTjXrmkWrbE2EFo09M0WYqdY1X5xeRJKAhopwLGXbtmLlplgoRjjN8k4iaYzJEPdpW9sQB1S66WTXDB3qpIf8SOij556kv1+kOJByFHj6ZoDVQM534/C/rp0o/8xNWRgnioZk+pGfcKQJjMGhHhOUKD7SBhPB9KyIDLAmozTevIZgz6+8aBonZdsq27cW5GAfDqAENpzCBVxDDepA4BGe4Q3ejSfj1fic4loyZtz24I+Mr29SZKMl</latexit><latexit sha1_base64="JxE/+/OUmiWqR7K4mgruR/Gf/Js=">AAACIHicbZBLSwMxFIXv+Ky16ujWTbAIFaTMuNGNILaIG6GCfUBnWjJppg3NPEgyYhnm/7jxr7jQhQ/8MaYPRFsPBA7nJOTez4s5k8qyPoyl5ZXVtfXcRn6zsLW9Y+4WGjJKBKF1EvFItDwsKWchrSumOG3FguLA47TpDSvjvnlPhWRReKdGMXUD3A+ZzwhWOuqal5Vzh4UK9TrVIboqpY7no2F2fHOEkBOLKFaRNr7ABKU/bdfSfYZQ6jywTjXrmkWrbE2EFo09M0WYqdY1X5xeRJKAhopwLGXbtmLlplgoRjjN8k4iaYzJEPdpW9sQB1S66WTXDB3qpIf8SOij556kv1+kOJByFHj6ZoDVQM534/C/rp0o/8xNWRgnioZk+pGfcKQJjMGhHhOUKD7SBhPB9KyIDLAmozTevIZgz6+8aBonZdsq27cW5GAfDqAENpzCBVxDDepA4BGe4Q3ejSfj1fic4loyZtz24I+Mr29SZKMl</latexit><latexit sha1_base64="NqKaVqm9D9xhgNy6pthkNR9yZuA="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit><latexit sha1_base64="hZonYk1N7pOytej5ByrgI/8Z12k="></latexit>

� = ⌫D
<latexit sha1_base64="gkmoUCXyguhdUtJz+dGURgCrGqc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIE9eAxgnlAdg29k0kyZGZ2mZlVQsh/ePGgiFf/xZt/4+Rx0MSChqKqm+6uOBXcWN//9paWV1bX1nMb+c2t7Z3dwt5+zSSZpqxKE5HoRoyGCa5Y1XIrWCPVDGUsWD3uX4/9+iPThifq3g5SFknsKt7hFK2THsIuSonkkoQqIzetQtEv+ROQRRLMSBFmqLQKX2E7oZlkylKBxjQDP7XRELXlVLBRPswMS5H2scuajiqUzETDydUjcuyUNukk2pWyZKL+nhiiNGYgY9cp0fbMvDcW//Oame1cREOu0swyRaeLOpkgNiHjCEiba0atGDiCVHN3K6E91EitCyrvQgjmX14ktdNS4JeCu7Ni+WoWRw4O4QhOIIBzKMMtVKAKFDQ8wyu8eU/ei/fufUxbl7zZzAH8gff5AwEIkYU=</latexit><latexit sha1_base64="gkmoUCXyguhdUtJz+dGURgCrGqc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIE9eAxgnlAdg29k0kyZGZ2mZlVQsh/ePGgiFf/xZt/4+Rx0MSChqKqm+6uOBXcWN//9paWV1bX1nMb+c2t7Z3dwt5+zSSZpqxKE5HoRoyGCa5Y1XIrWCPVDGUsWD3uX4/9+iPThifq3g5SFknsKt7hFK2THsIuSonkkoQqIzetQtEv+ROQRRLMSBFmqLQKX2E7oZlkylKBxjQDP7XRELXlVLBRPswMS5H2scuajiqUzETDydUjcuyUNukk2pWyZKL+nhiiNGYgY9cp0fbMvDcW//Oame1cREOu0swyRaeLOpkgNiHjCEiba0atGDiCVHN3K6E91EitCyrvQgjmX14ktdNS4JeCu7Ni+WoWRw4O4QhOIIBzKMMtVKAKFDQ8wyu8eU/ei/fufUxbl7zZzAH8gff5AwEIkYU=</latexit><latexit sha1_base64="gkmoUCXyguhdUtJz+dGURgCrGqc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIE9eAxgnlAdg29k0kyZGZ2mZlVQsh/ePGgiFf/xZt/4+Rx0MSChqKqm+6uOBXcWN//9paWV1bX1nMb+c2t7Z3dwt5+zSSZpqxKE5HoRoyGCa5Y1XIrWCPVDGUsWD3uX4/9+iPThifq3g5SFknsKt7hFK2THsIuSonkkoQqIzetQtEv+ROQRRLMSBFmqLQKX2E7oZlkylKBxjQDP7XRELXlVLBRPswMS5H2scuajiqUzETDydUjcuyUNukk2pWyZKL+nhiiNGYgY9cp0fbMvDcW//Oame1cREOu0swyRaeLOpkgNiHjCEiba0atGDiCVHN3K6E91EitCyrvQgjmX14ktdNS4JeCu7Ni+WoWRw4O4QhOIIBzKMMtVKAKFDQ8wyu8eU/ei/fufUxbl7zZzAH8gff5AwEIkYU=</latexit><latexit sha1_base64="gkmoUCXyguhdUtJz+dGURgCrGqc=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIE9eAxgnlAdg29k0kyZGZ2mZlVQsh/ePGgiFf/xZt/4+Rx0MSChqKqm+6uOBXcWN//9paWV1bX1nMb+c2t7Z3dwt5+zSSZpqxKE5HoRoyGCa5Y1XIrWCPVDGUsWD3uX4/9+iPThifq3g5SFknsKt7hFK2THsIuSonkkoQqIzetQtEv+ROQRRLMSBFmqLQKX2E7oZlkylKBxjQDP7XRELXlVLBRPswMS5H2scuajiqUzETDydUjcuyUNukk2pWyZKL+nhiiNGYgY9cp0fbMvDcW//Oame1cREOu0swyRaeLOpkgNiHjCEiba0atGDiCVHN3K6E91EitCyrvQgjmX14ktdNS4JeCu7Ni+WoWRw4O4QhOIIBzKMMtVKAKFDQ8wyu8eU/ei/fufUxbl7zZzAH8gff5AwEIkYU=</latexit>



Correlation function 
characterising the TPT

Can introduce a correlation function that decays with 
correlation length 

In terms of Wannier state 

Fourier transform of curvature function  denotes 
overlap of Wannier functions a distance R apart

⇠
<latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit>

|R,n >=
1

N

X

k

eik(r�R)unk

<latexit sha1_base64="E17lc9nfwZ4rDr1nnRYTioFHd/s=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DIjgm6UohtXUot9QFuHTJppw2QyQ5IRSpy/cOOvuHGhiFvd+Temj4W2HrhwOOde7r3HixmVyra/rczc/MLiUnY5t7K6tr6R39yqyygRmNRwxCLR9JAkjHJSU1Qx0owFQaHHSMMLLod+454ISSN+qwYx6YSox6lPMVJGcvOlh+oBP4dnsO0LhLWT6usUtmUSujpIIbnTNCiKw+p+mriaB6mbL9glewQ4S5wJKYAJKm7+q92NcBISrjBDUrYcO1YdjYSimJE0104kiREOUI+0DOUoJLKjR3+lcM8oXehHwhRXcKT+ntAolHIQeqYzRKovp72h+J/XSpR/2tGUx4kiHI8X+QmDKoLDkGCXCoIVGxiCsKDmVoj7yASkTJQ5E4Iz/fIsqR+VHLvk3BwXyheTOLJgB+yCInDACSiDK1ABNYDBI3gGr+DNerJerHfrY9yasSYz2+APrM8f6IifKg==</latexit><latexit sha1_base64="E17lc9nfwZ4rDr1nnRYTioFHd/s=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DIjgm6UohtXUot9QFuHTJppw2QyQ5IRSpy/cOOvuHGhiFvd+Temj4W2HrhwOOde7r3HixmVyra/rczc/MLiUnY5t7K6tr6R39yqyygRmNRwxCLR9JAkjHJSU1Qx0owFQaHHSMMLLod+454ISSN+qwYx6YSox6lPMVJGcvOlh+oBP4dnsO0LhLWT6usUtmUSujpIIbnTNCiKw+p+mriaB6mbL9glewQ4S5wJKYAJKm7+q92NcBISrjBDUrYcO1YdjYSimJE0104kiREOUI+0DOUoJLKjR3+lcM8oXehHwhRXcKT+ntAolHIQeqYzRKovp72h+J/XSpR/2tGUx4kiHI8X+QmDKoLDkGCXCoIVGxiCsKDmVoj7yASkTJQ5E4Iz/fIsqR+VHLvk3BwXyheTOLJgB+yCInDACSiDK1ABNYDBI3gGr+DNerJerHfrY9yasSYz2+APrM8f6IifKg==</latexit><latexit sha1_base64="E17lc9nfwZ4rDr1nnRYTioFHd/s=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DIjgm6UohtXUot9QFuHTJppw2QyQ5IRSpy/cOOvuHGhiFvd+Temj4W2HrhwOOde7r3HixmVyra/rczc/MLiUnY5t7K6tr6R39yqyygRmNRwxCLR9JAkjHJSU1Qx0owFQaHHSMMLLod+454ISSN+qwYx6YSox6lPMVJGcvOlh+oBP4dnsO0LhLWT6usUtmUSujpIIbnTNCiKw+p+mriaB6mbL9glewQ4S5wJKYAJKm7+q92NcBISrjBDUrYcO1YdjYSimJE0104kiREOUI+0DOUoJLKjR3+lcM8oXehHwhRXcKT+ntAolHIQeqYzRKovp72h+J/XSpR/2tGUx4kiHI8X+QmDKoLDkGCXCoIVGxiCsKDmVoj7yASkTJQ5E4Iz/fIsqR+VHLvk3BwXyheTOLJgB+yCInDACSiDK1ABNYDBI3gGr+DNerJerHfrY9yasSYz2+APrM8f6IifKg==</latexit><latexit sha1_base64="E17lc9nfwZ4rDr1nnRYTioFHd/s=">AAACF3icbVDLSgMxFM3UV62vqks3wSJU0DIjgm6UohtXUot9QFuHTJppw2QyQ5IRSpy/cOOvuHGhiFvd+Temj4W2HrhwOOde7r3HixmVyra/rczc/MLiUnY5t7K6tr6R39yqyygRmNRwxCLR9JAkjHJSU1Qx0owFQaHHSMMLLod+454ISSN+qwYx6YSox6lPMVJGcvOlh+oBP4dnsO0LhLWT6usUtmUSujpIIbnTNCiKw+p+mriaB6mbL9glewQ4S5wJKYAJKm7+q92NcBISrjBDUrYcO1YdjYSimJE0104kiREOUI+0DOUoJLKjR3+lcM8oXehHwhRXcKT+ntAolHIQeqYzRKovp72h+J/XSpR/2tGUx4kiHI8X+QmDKoLDkGCXCoIVGxiCsKDmVoj7yASkTJQ5E4Iz/fIsqR+VHLvk3BwXyheTOLJgB+yCInDACSiDK1ABNYDBI3gGr+DNerJerHfrY9yasSYz2+APrM8f6IifKg==</latexit>

�R =

Z
dkeikRF (k,M) =

X

n

< R,n|r|0, n >
<latexit sha1_base64="djuaclWfkJ38SaVviIXdkenGBgk="></latexit><latexit sha1_base64="djuaclWfkJ38SaVviIXdkenGBgk="></latexit><latexit sha1_base64="djuaclWfkJ38SaVviIXdkenGBgk="></latexit><latexit sha1_base64="djuaclWfkJ38SaVviIXdkenGBgk="></latexit>



      - is precisely the topological invariant

      -  is expected to be related to the correlation length 

So close to the TPT, Wannier functions become 
extended and have overlaps over large regions

⇠
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the RG equations,  could be much more efficient
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i.e., it does not tell us whether the fixed point is topo-
logically trivial or nontrivial, which may nevertheless be
clarified by direct calculation of Eq. (3) at Γf or at any Γ
that flows to the Γf . Secondly, Γmay increase or decrease
along the RG flow, but the notion of relevant, irrelevant,
or marginal coupling constants39 does not seem to apply
to Γ, since the topological phase transitions are judged
by the sign change of the RG equation in Eq. (6) which
is not directly related to how Γ changes under the scaling
procedure.

FIG. 1: (a)The proposed scaling process, Eq. (1), applied
to the topologically nontrivial phase of the SSH model with
the choice k0 = π. Given an initial δt and the corresponding
Berry connection ∂kϕk(δt) (red line), we find a new δt′ by de-
manding ∂kϕk(δt) at k0 + δk to be equal to that of ∂kϕk(δt

′)
(orange line) at k0, as indicated by the dash line. This proce-
dure reduces the deviation away from and leads to the fixed
point configuration ∂kϕk(δtf ) (blue line). The ϕk expressed
as a vector field in the complex space for each configuration
is indicated by colored arrows. (b) The length scale ξ defined
in Eq. (7) as a function of δt. (c) The RG flow of δt. When
joining the ϕk arrows in (a) at a particular δt head to tail
in sequence to form a string, this scaling procedure resem-
bles stretching the string to reveal whether it has a knot, as
indicated by color arrows.

III. APPLICATIONS

A. Su-Schrieffer-Heeger (SSH) model

To demonstrate the scaling scheme in d = 1, we start
from the spinless SSH model14 with periodic boundary
condition (PBC), described by the Hamiltonian

H =
∑

i

(t+ δt)c†AicBi + (t− δt)c†Ai+1cBi + h.c. (8)

The topology of this model is judged by the winding
number C of the operator hk(δt) = (t + δt) + (t −
δt)e−ik = |hk(δt)|e−iϕk(δt) in the complex space when
one goes through the entire Brillouin zone (BZ). Defin-
ing qk = hk/|hk| = e−iϕk(δt), the winding number is cal-
culated from the curvature function which is the Berry

connection34 ∂kϕk(δt) in this case,

C =
i

2π

∮

dk
(

q−1
k ∂kqk

)

=
1

2π

∮

dk ∂kϕk(δt) . (9)

We now search for a new δt′ by applying Eq. (1)

∂kϕk(δt
′)|k=k0

= ∂kϕk(δt)|k=k0+δk (10)

Writing δt′ − δt = dδt, (δk)2 = dl, and using ∂kϕk(δt) =
∂k arctan (Imh∗

k/Reh
∗
k) one obtains the RG equation at

the leading order

dδt

dl
=

δt

4

(

1−
δt2

t2

)

if k0 = 0 ,

dδt

dl
=

t2

4δt

(

1−
δt2

t2

)

if k0 = π , (11)

both reproduce the correct critical points at δtc = 0 and
fixed points at δtf = ±t, as indicated by the RG flow
in Fig. 1. Through directly calculating the winding num-
ber, the δtf = t fixed point is topologically trivial and the
δtf = −t fixed point is nontrivial. The example shown in
Fig. 1 (a) (red line) clearly demonstrates the deviation-
reduction mechanism of Eq. (5), where the initial value
Γ = δt gives Fv(k0,Γ) > 0 and ∂kFv(k,Γ)|k=k0+δk < 0
such that Fv(k0,Γ) is gradually reduced to zero under the
operation of Eq. (1). The choice of different k0 means dif-
ferent Fv(k0,Γ) to start with, hence the speed of converg-
ing to the fixed point configuration is also different, as
reflected in the two equations in Eq. (11). Note that the
phase transition occurs when the gap at k0 = π closes,
but the scaling scheme works in this model even if one
chooses k0 = 0 that is not the gap-closing point.
Alternatively, one can introduce the ratio γ = (t −

δt)/(t + δt) and discuss the topological phase transition
upon tuning γ. Using Eq. (1) with k0 = 0 leads to

dγ

dl
= β(γ) =

γ

2

(

γ − 1

γ + 1

)

(12)

which well reproduces the two critical points at γ = ±1.
Thus the proposed scaling scheme is valid whether the
system is parametrized by δt or γ.
From Eq. (7) we obtain the ξ deduced from the gap-

closing point k0 = π

ξ =

∣

∣

∣

∣

t

4δt

(

1 +
t

δt

)
∣

∣

∣

∣

1/2

, (13)

As shown in Fig. 1, ξ = ∞ at the critical point δt = 0, and
ξ = 0 at the topologically nontrivial fixed point δt = −t,
both signature the scale invariance40. We emphasize that
the scaling scheme here is a procedure akin to knot-tying,
and scale-invariance means that the curvature function
converges to a configuration analogous to a string with
all its knots tight (curvature function at gap-closing point
stops changing), as indicated in Fig. 1 (c), both have
different meaning than those in Kadanoff’s scaling the-
ory. The topologically trivial fixed point δt = t has
ξ = 1/

√
2, meaning that while the amplitude of ∂kϕk(δt)

is approaching zero everywhere, its functional form is ap-
proaching the first harmonic cos k.
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i.e., it does not tell us whether the fixed point is topo-
logically trivial or nontrivial, which may nevertheless be
clarified by direct calculation of Eq. (3) at Γf or at any Γ
that flows to the Γf . Secondly, Γmay increase or decrease
along the RG flow, but the notion of relevant, irrelevant,
or marginal coupling constants39 does not seem to apply
to Γ, since the topological phase transitions are judged
by the sign change of the RG equation in Eq. (6) which
is not directly related to how Γ changes under the scaling
procedure.

FIG. 1: (a)The proposed scaling process, Eq. (1), applied
to the topologically nontrivial phase of the SSH model with
the choice k0 = π. Given an initial δt and the corresponding
Berry connection ∂kϕk(δt) (red line), we find a new δt′ by de-
manding ∂kϕk(δt) at k0 + δk to be equal to that of ∂kϕk(δt

′)
(orange line) at k0, as indicated by the dash line. This proce-
dure reduces the deviation away from and leads to the fixed
point configuration ∂kϕk(δtf ) (blue line). The ϕk expressed
as a vector field in the complex space for each configuration
is indicated by colored arrows. (b) The length scale ξ defined
in Eq. (7) as a function of δt. (c) The RG flow of δt. When
joining the ϕk arrows in (a) at a particular δt head to tail
in sequence to form a string, this scaling procedure resem-
bles stretching the string to reveal whether it has a knot, as
indicated by color arrows.

III. APPLICATIONS

A. Su-Schrieffer-Heeger (SSH) model

To demonstrate the scaling scheme in d = 1, we start
from the spinless SSH model14 with periodic boundary
condition (PBC), described by the Hamiltonian

H =
∑

i

(t+ δt)c†AicBi + (t− δt)c†Ai+1cBi + h.c. (8)

The topology of this model is judged by the winding
number C of the operator hk(δt) = (t + δt) + (t −
δt)e−ik = |hk(δt)|e−iϕk(δt) in the complex space when
one goes through the entire Brillouin zone (BZ). Defin-
ing qk = hk/|hk| = e−iϕk(δt), the winding number is cal-
culated from the curvature function which is the Berry

connection34 ∂kϕk(δt) in this case,

C =
i

2π

∮

dk
(

q−1
k ∂kqk

)

=
1

2π

∮

dk ∂kϕk(δt) . (9)

We now search for a new δt′ by applying Eq. (1)

∂kϕk(δt
′)|k=k0

= ∂kϕk(δt)|k=k0+δk (10)

Writing δt′ − δt = dδt, (δk)2 = dl, and using ∂kϕk(δt) =
∂k arctan (Imh∗

k/Reh
∗
k) one obtains the RG equation at

the leading order

dδt

dl
=

δt

4

(

1−
δt2

t2

)

if k0 = 0 ,

dδt

dl
=

t2

4δt

(

1−
δt2

t2

)

if k0 = π , (11)

both reproduce the correct critical points at δtc = 0 and
fixed points at δtf = ±t, as indicated by the RG flow
in Fig. 1. Through directly calculating the winding num-
ber, the δtf = t fixed point is topologically trivial and the
δtf = −t fixed point is nontrivial. The example shown in
Fig. 1 (a) (red line) clearly demonstrates the deviation-
reduction mechanism of Eq. (5), where the initial value
Γ = δt gives Fv(k0,Γ) > 0 and ∂kFv(k,Γ)|k=k0+δk < 0
such that Fv(k0,Γ) is gradually reduced to zero under the
operation of Eq. (1). The choice of different k0 means dif-
ferent Fv(k0,Γ) to start with, hence the speed of converg-
ing to the fixed point configuration is also different, as
reflected in the two equations in Eq. (11). Note that the
phase transition occurs when the gap at k0 = π closes,
but the scaling scheme works in this model even if one
chooses k0 = 0 that is not the gap-closing point.
Alternatively, one can introduce the ratio γ = (t −

δt)/(t + δt) and discuss the topological phase transition
upon tuning γ. Using Eq. (1) with k0 = 0 leads to

dγ

dl
= β(γ) =

γ

2

(

γ − 1

γ + 1

)

(12)

which well reproduces the two critical points at γ = ±1.
Thus the proposed scaling scheme is valid whether the
system is parametrized by δt or γ.
From Eq. (7) we obtain the ξ deduced from the gap-

closing point k0 = π

ξ =

∣

∣

∣

∣

t

4δt

(

1 +
t

δt

)
∣

∣

∣

∣

1/2

, (13)

As shown in Fig. 1, ξ = ∞ at the critical point δt = 0, and
ξ = 0 at the topologically nontrivial fixed point δt = −t,
both signature the scale invariance40. We emphasize that
the scaling scheme here is a procedure akin to knot-tying,
and scale-invariance means that the curvature function
converges to a configuration analogous to a string with
all its knots tight (curvature function at gap-closing point
stops changing), as indicated in Fig. 1 (c), both have
different meaning than those in Kadanoff’s scaling the-
ory. The topologically trivial fixed point δt = t has
ξ = 1/

√
2, meaning that while the amplitude of ∂kϕk(δt)

is approaching zero everywhere, its functional form is ap-
proaching the first harmonic cos k.
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�t = ±t
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Exact solution shows that gap closes in the BZ at        

Winding number =      for                and     for                  .

Here, we know that there is only one phase transition  
at                and we need to compute the winding 
number only at  the fixed points

Easy to check that winding number at             is     and    
at                is   

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="C3ciTuue+b5c2wfKqTmvMG3yLmo=">AAAB2XicbZBLSwMxFIXv1Fcdq9a1m2ARXJUZN7oU3LisYB/QDiWT3mljM5khuSOUob/AjQvF/+XOf2P6WGjrgcDHOQm598S5kpaC4Nur7Ozu7R9UD/2j2vHJad2vdWxWGIFtkanM9GJuUUmNbZKksJcb5GmssBtP7xd59wWNlZl+olmOUcrHWiZScHLWYzCsN4JmsBTbhnANDVirNax/DUaZKFLUJBS3th8GOUUlNySFwrk/KCzmXEz5GPsONU/RRuVy0Dm7dM6IJZlxRxNbur9flDy1dpbG7mbKaWI3s4X5X9YvKLmNSqnzglCL1UdJoRhlbLE1G0mDgtTMARdGulmZmHDDBblufFdCuLnyNnSum2HQDKEK53ABVxDCDdzBA7SgDQIQXuEdPrxn721VVcVbd3YGf+R9/gAI+4o+</latexit><latexit sha1_base64="C3ciTuue+b5c2wfKqTmvMG3yLmo=">AAAB2XicbZBLSwMxFIXv1Fcdq9a1m2ARXJUZN7oU3LisYB/QDiWT3mljM5khuSOUob/AjQvF/+XOf2P6WGjrgcDHOQm598S5kpaC4Nur7Ozu7R9UD/2j2vHJad2vdWxWGIFtkanM9GJuUUmNbZKksJcb5GmssBtP7xd59wWNlZl+olmOUcrHWiZScHLWYzCsN4JmsBTbhnANDVirNax/DUaZKFLUJBS3th8GOUUlNySFwrk/KCzmXEz5GPsONU/RRuVy0Dm7dM6IJZlxRxNbur9flDy1dpbG7mbKaWI3s4X5X9YvKLmNSqnzglCL1UdJoRhlbLE1G0mDgtTMARdGulmZmHDDBblufFdCuLnyNnSum2HQDKEK53ABVxDCDdzBA7SgDQIQXuEdPrxn721VVcVbd3YGf+R9/gAI+4o+</latexit><latexit sha1_base64="v1cws5H6QQCp+GuP2+MEnVVJKN8=">AAAB5HicbVA9SwNBEJ3zM55f0dZmMQhW4c5Gy6CNZQTzAckR9jZzyZrdvWN3TwhHfoGNhWLrb7Lz37hJrtDEBwOP92aYmRdnghsbBN/exubW9s5uZc/fPzg8Oq76J22T5pphi6Ui1d2YGhRcYctyK7CbaaQyFtiJJ3dzv/OM2vBUPdpphpGkI8UTzqh10kMwqNaCerAAWSdhSWpQojmofvWHKcslKssENaYXBpmNCqotZwJnfj83mFE2oSPsOaqoRBMVi0Nn5MIpQ5Kk2pWyZKH+niioNGYqY9cpqR2bVW8u/uf1cpvcRAVXWW5RseWiJBfEpmT+NRlyjcyKqSOUae5uJWxMNWXWZeO7EMLVl9dJ+6oeBvWw1rgtw6jAGZzDJYRwDQ24hya0gAHCC7zBu/fkvXofy8YNr5w4hT/wPn8ADtOLig==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

�t > 0
<latexit sha1_base64="IHfeYGaU5M3sy6/NP0HAOR1QoLw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0JMUvXisYD+gCWWzmbRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkwKg6777ZTW1jc2t8rblZ3dvf2D6uFR26S55tDiqUx1N2QGpFDQQoESupkGloQSOuHobuZ3nkAbkapHHGcQJGygRCw4Qyv5fgQSGUV6Q91+tebW3TnoKvEKUiMFmv3qlx+lPE9AIZfMmJ7nZhhMmEbBJUwrfm4gY3zEBtCzVLEETDCZ3zylZ1aJaJxqWwrpXP09MWGJMeMktJ0Jw6FZ9mbif14vx/g6mAiV5QiKLxbFuaSY0lkANBIaOMqxJYxrYW+lfMg042hjqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRTjLyTF7Jm5M7L86787FoLTnFzDH5A+fzB2lDkJo=</latexit><latexit sha1_base64="IHfeYGaU5M3sy6/NP0HAOR1QoLw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0JMUvXisYD+gCWWzmbRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkwKg6777ZTW1jc2t8rblZ3dvf2D6uFR26S55tDiqUx1N2QGpFDQQoESupkGloQSOuHobuZ3nkAbkapHHGcQJGygRCw4Qyv5fgQSGUV6Q91+tebW3TnoKvEKUiMFmv3qlx+lPE9AIZfMmJ7nZhhMmEbBJUwrfm4gY3zEBtCzVLEETDCZ3zylZ1aJaJxqWwrpXP09MWGJMeMktJ0Jw6FZ9mbif14vx/g6mAiV5QiKLxbFuaSY0lkANBIaOMqxJYxrYW+lfMg042hjqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRTjLyTF7Jm5M7L86787FoLTnFzDH5A+fzB2lDkJo=</latexit><latexit sha1_base64="IHfeYGaU5M3sy6/NP0HAOR1QoLw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0JMUvXisYD+gCWWzmbRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkwKg6777ZTW1jc2t8rblZ3dvf2D6uFR26S55tDiqUx1N2QGpFDQQoESupkGloQSOuHobuZ3nkAbkapHHGcQJGygRCw4Qyv5fgQSGUV6Q91+tebW3TnoKvEKUiMFmv3qlx+lPE9AIZfMmJ7nZhhMmEbBJUwrfm4gY3zEBtCzVLEETDCZ3zylZ1aJaJxqWwrpXP09MWGJMeMktJ0Jw6FZ9mbif14vx/g6mAiV5QiKLxbFuaSY0lkANBIaOMqxJYxrYW+lfMg042hjqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRTjLyTF7Jm5M7L86787FoLTnFzDH5A+fzB2lDkJo=</latexit><latexit sha1_base64="IHfeYGaU5M3sy6/NP0HAOR1QoLw=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0JMUvXisYD+gCWWzmbRLN5uwOxFK6d/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkwKg6777ZTW1jc2t8rblZ3dvf2D6uFR26S55tDiqUx1N2QGpFDQQoESupkGloQSOuHobuZ3nkAbkapHHGcQJGygRCw4Qyv5fgQSGUV6Q91+tebW3TnoKvEKUiMFmv3qlx+lPE9AIZfMmJ7nZhhMmEbBJUwrfm4gY3zEBtCzVLEETDCZ3zylZ1aJaJxqWwrpXP09MWGJMeMktJ0Jw6FZ9mbif14vx/g6mAiV5QiKLxbFuaSY0lkANBIaOMqxJYxrYW+lfMg042hjqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRTjLyTF7Jm5M7L86787FoLTnFzDH5A+fzB2lDkJo=</latexit>

1
<latexit sha1_base64="XwzxA8KpsGR5XzMzJ50WdeFwOCs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwSd9t+rVvDnIKvELUoUCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdSxWNuQny+aVTcmaVAYkSbUshmau/J3IaGzOJQ9sZUxyZZW8m/ud1M4yug1yoNEOu2GJRlEmCCZm9TQZCc4ZyYgllWthbCRtRTRnacCo2BH/55VXSuqj5Xs2/v6zWb4o4ynACp3AOPlxBHe6gAU1gEMEzvMKbM3ZenHfnY9FacoqZY/gD5/MH0DKM3w==</latexit><latexit sha1_base64="XwzxA8KpsGR5XzMzJ50WdeFwOCs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwSd9t+rVvDnIKvELUoUCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdSxWNuQny+aVTcmaVAYkSbUshmau/J3IaGzOJQ9sZUxyZZW8m/ud1M4yug1yoNEOu2GJRlEmCCZm9TQZCc4ZyYgllWthbCRtRTRnacCo2BH/55VXSuqj5Xs2/v6zWb4o4ynACp3AOPlxBHe6gAU1gEMEzvMKbM3ZenHfnY9FacoqZY/gD5/MH0DKM3w==</latexit><latexit sha1_base64="XwzxA8KpsGR5XzMzJ50WdeFwOCs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwSd9t+rVvDnIKvELUoUCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdSxWNuQny+aVTcmaVAYkSbUshmau/J3IaGzOJQ9sZUxyZZW8m/ud1M4yug1yoNEOu2GJRlEmCCZm9TQZCc4ZyYgllWthbCRtRTRnacCo2BH/55VXSuqj5Xs2/v6zWb4o4ynACp3AOPlxBHe6gAU1gEMEzvMKbM3ZenHfnY9FacoqZY/gD5/MH0DKM3w==</latexit><latexit sha1_base64="XwzxA8KpsGR5XzMzJ50WdeFwOCs=">AAAB6XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6HnfTmltfWNzq7xd2dnd2z9wD49aJsk0402WyER3Qmq4FIo3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrpwSd9t+rVvDnIKvELUoUCjb771RskLIu5QiapMV3fSzHIqUbBJJ9WepnhKWVjOuRdSxWNuQny+aVTcmaVAYkSbUshmau/J3IaGzOJQ9sZUxyZZW8m/ud1M4yug1yoNEOu2GJRlEmCCZm9TQZCc4ZyYgllWthbCRtRTRnacCo2BH/55VXSuqj5Xs2/v6zWb4o4ynACp3AOPlxBHe6gAU1gEMEzvMKbM3ZenHfnY9FacoqZY/gD5/MH0DKM3w==</latexit>

�t < 0
<latexit sha1_base64="TYqucUA583EKf7q7trgN03KBNkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0IOHohePFewHtKFsNpN26WYTdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQicY3838zhNoIxL1iJMU/JgNlYgEZ2ilXj8EiYwivXEH1Zpbd+egq8QrSI0UaA6qX/0w4VkMCrlkxvQ8N0U/ZxoFlzCt9DMDKeNjNoSepYrFYPx8fvKUnlklpFGibSmkc/X3RM5iYyZxYDtjhiOz7M3E/7xehtG1nwuVZgiKLxZFmaSY0Nn/NBQaOMqJJYxrYW+lfMQ042hTqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRThLyTF7Jm4POi/PufCxaS04xc0z+wPn8AQ1JkG4=</latexit><latexit sha1_base64="TYqucUA583EKf7q7trgN03KBNkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0IOHohePFewHtKFsNpN26WYTdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQicY3838zhNoIxL1iJMU/JgNlYgEZ2ilXj8EiYwivXEH1Zpbd+egq8QrSI0UaA6qX/0w4VkMCrlkxvQ8N0U/ZxoFlzCt9DMDKeNjNoSepYrFYPx8fvKUnlklpFGibSmkc/X3RM5iYyZxYDtjhiOz7M3E/7xehtG1nwuVZgiKLxZFmaSY0Nn/NBQaOMqJJYxrYW+lfMQ042hTqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRThLyTF7Jm4POi/PufCxaS04xc0z+wPn8AQ1JkG4=</latexit><latexit sha1_base64="TYqucUA583EKf7q7trgN03KBNkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0IOHohePFewHtKFsNpN26WYTdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQicY3838zhNoIxL1iJMU/JgNlYgEZ2ilXj8EiYwivXEH1Zpbd+egq8QrSI0UaA6qX/0w4VkMCrlkxvQ8N0U/ZxoFlzCt9DMDKeNjNoSepYrFYPx8fvKUnlklpFGibSmkc/X3RM5iYyZxYDtjhiOz7M3E/7xehtG1nwuVZgiKLxZFmaSY0Nn/NBQaOMqJJYxrYW+lfMQ042hTqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRThLyTF7Jm4POi/PufCxaS04xc0z+wPn8AQ1JkG4=</latexit><latexit sha1_base64="TYqucUA583EKf7q7trgN03KBNkc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0IOHohePFewHtKFsNpN26WYTdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpBKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk0xxaPJGJ7gbMgBQKWihQQjfVwOJAQicY3838zhNoIxL1iJMU/JgNlYgEZ2ilXj8EiYwivXEH1Zpbd+egq8QrSI0UaA6qX/0w4VkMCrlkxvQ8N0U/ZxoFlzCt9DMDKeNjNoSepYrFYPx8fvKUnlklpFGibSmkc/X3RM5iYyZxYDtjhiOz7M3E/7xehtG1nwuVZgiKLxZFmaSY0Nn/NBQaOMqJJYxrYW+lfMQ042hTqtgQvOWXV0n7ou65de/hsta4LeIokxNySs6JR65Ig9yTJmkRThLyTF7Jm4POi/PufCxaS04xc0z+wPn8AQ1JkG4=</latexit>

k = ⇡
<latexit sha1_base64="yudetbL2+PlmF9a6Uwn6AjyBhe0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSY3hNOqnolsp+xZ+BLJMgJ2XIUeuWvjo9zbKEK2SSWtsO/BTDMTUomOSTYiezPKVsSPu87aiiCbfheHbthJw6pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mr5OeMJyhHDlCmRHuVsIG1FCGLqCiCyFYfHmZNM4rgV8J7i/K1Zs8jgIcwwmcQQCXUIU7qEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A/EVjrM=</latexit><latexit sha1_base64="yudetbL2+PlmF9a6Uwn6AjyBhe0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSY3hNOqnolsp+xZ+BLJMgJ2XIUeuWvjo9zbKEK2SSWtsO/BTDMTUomOSTYiezPKVsSPu87aiiCbfheHbthJw6pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mr5OeMJyhHDlCmRHuVsIG1FCGLqCiCyFYfHmZNM4rgV8J7i/K1Zs8jgIcwwmcQQCXUIU7qEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A/EVjrM=</latexit><latexit sha1_base64="yudetbL2+PlmF9a6Uwn6AjyBhe0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSY3hNOqnolsp+xZ+BLJMgJ2XIUeuWvjo9zbKEK2SSWtsO/BTDMTUomOSTYiezPKVsSPu87aiiCbfheHbthJw6pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mr5OeMJyhHDlCmRHuVsIG1FCGLqCiCyFYfHmZNM4rgV8J7i/K1Zs8jgIcwwmcQQCXUIU7qEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A/EVjrM=</latexit><latexit sha1_base64="yudetbL2+PlmF9a6Uwn6AjyBhe0=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmZ1ZZnqFEPIPXjwo4tX/8ebfOEn2oIkFDUVVN91dUSqFRd//9lZW19Y3Ngtbxe2d3b390sFhw+rMMF5nWmrTiqjlUiheR4GSt1LDaRJJ3oyGt1O/+cSNFVo94CjlYUL7SsSCUXRSY3hNOqnolsp+xZ+BLJMgJ2XIUeuWvjo9zbKEK2SSWtsO/BTDMTUomOSTYiezPKVsSPu87aiiCbfheHbthJw6pUdibVwpJDP198SYJtaOksh1JhQHdtGbiv957Qzjq3AsVJohV2y+KM4kQU2mr5OeMJyhHDlCmRHuVsIG1FCGLqCiCyFYfHmZNM4rgV8J7i/K1Zs8jgIcwwmcQQCXUIU7qEEdGDzCM7zCm6e9F+/d+5i3rnj5zBH8gff5A/EVjrM=</latexit>

�t = 0
<latexit sha1_base64="Jmi0m4nnwx45dQZIjkzFnChDo4M=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtIu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmkOLJzLR3YAZkEJBCwVK6KYaWBxI6ATju5nfeQJtRKIecZKCH7OhEpHgDK3U64cgkVGkN+6gWnPr7hx0lXgFqZECzUH1qx8mPItBIZfMmJ7npujnTKPgEqaVfmYgZXzMhtCzVLEYjJ/PT57SM6uENEq0LYV0rv6eyFlszCQObGfMcGSWvZn4n9fLMLr2c6HSDEHxxaIokxQTOvufhkIDRzmxhHEt7K2Uj5hmHG1KFRuCt/zyKmlf1D237j1c1hq3RRxlckJOyTnxyBVpkHvSJC3CSUKeySt5c9B5cd6dj0VrySlmjskfOJ8/Ds6Qbw==</latexit><latexit sha1_base64="Jmi0m4nnwx45dQZIjkzFnChDo4M=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtIu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmkOLJzLR3YAZkEJBCwVK6KYaWBxI6ATju5nfeQJtRKIecZKCH7OhEpHgDK3U64cgkVGkN+6gWnPr7hx0lXgFqZECzUH1qx8mPItBIZfMmJ7npujnTKPgEqaVfmYgZXzMhtCzVLEYjJ/PT57SM6uENEq0LYV0rv6eyFlszCQObGfMcGSWvZn4n9fLMLr2c6HSDEHxxaIokxQTOvufhkIDRzmxhHEt7K2Uj5hmHG1KFRuCt/zyKmlf1D237j1c1hq3RRxlckJOyTnxyBVpkHvSJC3CSUKeySt5c9B5cd6dj0VrySlmjskfOJ8/Ds6Qbw==</latexit><latexit sha1_base64="Jmi0m4nnwx45dQZIjkzFnChDo4M=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtIu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmkOLJzLR3YAZkEJBCwVK6KYaWBxI6ATju5nfeQJtRKIecZKCH7OhEpHgDK3U64cgkVGkN+6gWnPr7hx0lXgFqZECzUH1qx8mPItBIZfMmJ7npujnTKPgEqaVfmYgZXzMhtCzVLEYjJ/PT57SM6uENEq0LYV0rv6eyFlszCQObGfMcGSWvZn4n9fLMLr2c6HSDEHxxaIokxQTOvufhkIDRzmxhHEt7K2Uj5hmHG1KFRuCt/zyKmlf1D237j1c1hq3RRxlckJOyTnxyBVpkHvSJC3CSUKeySt5c9B5cd6dj0VrySlmjskfOJ8/Ds6Qbw==</latexit><latexit sha1_base64="Jmi0m4nnwx45dQZIjkzFnChDo4M=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtIu3WzC7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMC1IpDLrut1NaW9/Y3CpvV3Z29/YPqodHbZNkmkOLJzLR3YAZkEJBCwVK6KYaWBxI6ATju5nfeQJtRKIecZKCH7OhEpHgDK3U64cgkVGkN+6gWnPr7hx0lXgFqZECzUH1qx8mPItBIZfMmJ7npujnTKPgEqaVfmYgZXzMhtCzVLEYjJ/PT57SM6uENEq0LYV0rv6eyFlszCQObGfMcGSWvZn4n9fLMLr2c6HSDEHxxaIokxQTOvufhkIDRzmxhHEt7K2Uj5hmHG1KFRuCt/zyKmlf1D237j1c1hq3RRxlckJOyTnxyBVpkHvSJC3CSUKeySt5c9B5cd6dj0VrySlmjskfOJ8/Ds6Qbw==</latexit>

�t = t and �t = �t
<latexit sha1_base64="+hxUgFJIOSrFu7MRlPn0X3uVKN0=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4sSQi6EUoevFYwX5AE8pms22XbjZhdyKU0P4CL/4VLx4U8erVm//GbZtDbX0w8Hhvhpl5QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCPo3479xiNTmsfyAQYJ8yPSlbzDKQEjte0TL2QCCAZ8bWqUeSrCRIbDEZ4xzqBtl5yyMwFeJG5OSihHtW1/e2FM04hJoIJo3XKdBPyMKOBUsGHRSzVLCO2TLmsZKknEtJ9N/hniY6OEuBMrUxLwRJ2dyEik9SAKTGdEoKfnvbH4n9dKoXPlZ1wmKTBJp4s6qcAQ43E4OOSKURADQwhV3NyKaY8oQsFEWDQhuPMvL5L6edl1yu79Ralyk8dRQIfoCJ0iF12iCrpDVVRDFD2hF/SG3q1n69X6sD6nrUtWPnOA/sD6+gVUP5rs</latexit><latexit sha1_base64="+hxUgFJIOSrFu7MRlPn0X3uVKN0=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4sSQi6EUoevFYwX5AE8pms22XbjZhdyKU0P4CL/4VLx4U8erVm//GbZtDbX0w8Hhvhpl5QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCPo3479xiNTmsfyAQYJ8yPSlbzDKQEjte0TL2QCCAZ8bWqUeSrCRIbDEZ4xzqBtl5yyMwFeJG5OSihHtW1/e2FM04hJoIJo3XKdBPyMKOBUsGHRSzVLCO2TLmsZKknEtJ9N/hniY6OEuBMrUxLwRJ2dyEik9SAKTGdEoKfnvbH4n9dKoXPlZ1wmKTBJp4s6qcAQ43E4OOSKURADQwhV3NyKaY8oQsFEWDQhuPMvL5L6edl1yu79Ralyk8dRQIfoCJ0iF12iCrpDVVRDFD2hF/SG3q1n69X6sD6nrUtWPnOA/sD6+gVUP5rs</latexit><latexit sha1_base64="+hxUgFJIOSrFu7MRlPn0X3uVKN0=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4sSQi6EUoevFYwX5AE8pms22XbjZhdyKU0P4CL/4VLx4U8erVm//GbZtDbX0w8Hhvhpl5QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCPo3479xiNTmsfyAQYJ8yPSlbzDKQEjte0TL2QCCAZ8bWqUeSrCRIbDEZ4xzqBtl5yyMwFeJG5OSihHtW1/e2FM04hJoIJo3XKdBPyMKOBUsGHRSzVLCO2TLmsZKknEtJ9N/hniY6OEuBMrUxLwRJ2dyEik9SAKTGdEoKfnvbH4n9dKoXPlZ1wmKTBJp4s6qcAQ43E4OOSKURADQwhV3NyKaY8oQsFEWDQhuPMvL5L6edl1yu79Ralyk8dRQIfoCJ0iF12iCrpDVVRDFD2hF/SG3q1n69X6sD6nrUtWPnOA/sD6+gVUP5rs</latexit><latexit sha1_base64="+hxUgFJIOSrFu7MRlPn0X3uVKN0=">AAACD3icbVBNS8NAEN34WetX1KOXxaJ4sSQi6EUoevFYwX5AE8pms22XbjZhdyKU0P4CL/4VLx4U8erVm//GbZtDbX0w8Hhvhpl5QSK4Bsf5sZaWV1bX1gsbxc2t7Z1de2+/ruNUUVajsYhVMyCaCS5ZDTgI1kwUI1EgWCPo3479xiNTmsfyAQYJ8yPSlbzDKQEjte0TL2QCCAZ8bWqUeSrCRIbDEZ4xzqBtl5yyMwFeJG5OSihHtW1/e2FM04hJoIJo3XKdBPyMKOBUsGHRSzVLCO2TLmsZKknEtJ9N/hniY6OEuBMrUxLwRJ2dyEik9SAKTGdEoKfnvbH4n9dKoXPlZ1wmKTBJp4s6qcAQ43E4OOSKURADQwhV3NyKaY8oQsFEWDQhuPMvL5L6edl1yu79Ralyk8dRQIfoCJ0iF12iCrpDVVRDFD2hF/SG3q1n69X6sD6nrUtWPnOA/sD6+gVUP5rs</latexit>

�t = t
<latexit sha1_base64="XHXLQrzCoIQmK277E24infqtIWc=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3Wzi7qRQSn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PmibJNOMNlshEtwNquBSKN1Cg5O1UcxoHkreC4d3Mb424NiJRjzhOuR/TvhKRYBSt5HdDLpESJDe2euWKW3XnIKvEy0kFctR75a9umLAs5gqZpMZ0PDdFf0I1Cib5tNTNDE8pG9I+71iqaMyNP5kfPSVnVglJlGhbCslc/T0xobEx4ziwnTHFgVn2ZuJ/XifD6NqfCJVmyBVbLIoySTAhswRIKDRnKMeWUKaFvZWwAdWUoc2pZEPwll9eJc2LqudWvYfLSu02j6MIJ3AK5+DBFdTgHurQAAZP8Ayv8OaMnBfn3flYtBacfOYY/sD5/AEoQZEH</latexit><latexit sha1_base64="XHXLQrzCoIQmK277E24infqtIWc=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3Wzi7qRQSn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PmibJNOMNlshEtwNquBSKN1Cg5O1UcxoHkreC4d3Mb424NiJRjzhOuR/TvhKRYBSt5HdDLpESJDe2euWKW3XnIKvEy0kFctR75a9umLAs5gqZpMZ0PDdFf0I1Cib5tNTNDE8pG9I+71iqaMyNP5kfPSVnVglJlGhbCslc/T0xobEx4ziwnTHFgVn2ZuJ/XifD6NqfCJVmyBVbLIoySTAhswRIKDRnKMeWUKaFvZWwAdWUoc2pZEPwll9eJc2LqudWvYfLSu02j6MIJ3AK5+DBFdTgHurQAAZP8Ayv8OaMnBfn3flYtBacfOYY/sD5/AEoQZEH</latexit><latexit sha1_base64="XHXLQrzCoIQmK277E24infqtIWc=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3Wzi7qRQSn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PmibJNOMNlshEtwNquBSKN1Cg5O1UcxoHkreC4d3Mb424NiJRjzhOuR/TvhKRYBSt5HdDLpESJDe2euWKW3XnIKvEy0kFctR75a9umLAs5gqZpMZ0PDdFf0I1Cib5tNTNDE8pG9I+71iqaMyNP5kfPSVnVglJlGhbCslc/T0xobEx4ziwnTHFgVn2ZuJ/XifD6NqfCJVmyBVbLIoySTAhswRIKDRnKMeWUKaFvZWwAdWUoc2pZEPwll9eJc2LqudWvYfLSu02j6MIJ3AK5+DBFdTgHurQAAZP8Ayv8OaMnBfn3flYtBacfOYY/sD5/AEoQZEH</latexit><latexit sha1_base64="XHXLQrzCoIQmK277E24infqtIWc=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTNZtMu3Wzi7qRQSn+HFw+KePXHePPfuG1z0NYHA4/3ZpiZF6RSGHTdb6ewtr6xuVXcLu3s7u0flA+PmibJNOMNlshEtwNquBSKN1Cg5O1UcxoHkreC4d3Mb424NiJRjzhOuR/TvhKRYBSt5HdDLpESJDe2euWKW3XnIKvEy0kFctR75a9umLAs5gqZpMZ0PDdFf0I1Cib5tNTNDE8pG9I+71iqaMyNP5kfPSVnVglJlGhbCslc/T0xobEx4ziwnTHFgVn2ZuJ/XifD6NqfCJVmyBVbLIoySTAhswRIKDRnKMeWUKaFvZWwAdWUoc2pZEPwll9eJc2LqudWvYfLSu02j6MIJ3AK5+DBFdTgHurQAAZP8Ayv8OaMnBfn3flYtBacfOYY/sD5/AEoQZEH</latexit>

�t = �t
<latexit sha1_base64="zYoGtIRvRap5uC66fskTzGM4MWw=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6EUoevFYwX5AG8tms2mXbjZhd6KU0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBakUBl3321laXlldWy9sFDe3tnd2S3v7DZNkmvE6S2SiWwE1XArF6yhQ8laqOY0DyZvB4GbiNx+5NiJR9zhMuR/TnhKRYBSt9NAJuURKkFyRUyTdUtmtuFOQReLlpAw5at3SVydMWBZzhUxSY9qem6I/ohoFk3xc7GSGp5QNaI+3LVU05sYfTa8ek2OrhCRKtC2FZKr+nhjR2JhhHNjOmGLfzHsT8T+vnWF06Y+ESjPkis0WRZkkmJBJBCQUmjOUQ0so08LeSlifasrQBlW0IXjzLy+SxlnFcyve3Xm5ep3HUYBDOIIT8OACqnALNagDAw3P8ApvzpPz4rw7H7PWJSefOYA/cD5/AJVCkT4=</latexit><latexit sha1_base64="zYoGtIRvRap5uC66fskTzGM4MWw=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6EUoevFYwX5AG8tms2mXbjZhd6KU0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBakUBl3321laXlldWy9sFDe3tnd2S3v7DZNkmvE6S2SiWwE1XArF6yhQ8laqOY0DyZvB4GbiNx+5NiJR9zhMuR/TnhKRYBSt9NAJuURKkFyRUyTdUtmtuFOQReLlpAw5at3SVydMWBZzhUxSY9qem6I/ohoFk3xc7GSGp5QNaI+3LVU05sYfTa8ek2OrhCRKtC2FZKr+nhjR2JhhHNjOmGLfzHsT8T+vnWF06Y+ESjPkis0WRZkkmJBJBCQUmjOUQ0so08LeSlifasrQBlW0IXjzLy+SxlnFcyve3Xm5ep3HUYBDOIIT8OACqnALNagDAw3P8ApvzpPz4rw7H7PWJSefOYA/cD5/AJVCkT4=</latexit><latexit sha1_base64="zYoGtIRvRap5uC66fskTzGM4MWw=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6EUoevFYwX5AG8tms2mXbjZhd6KU0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBakUBl3321laXlldWy9sFDe3tnd2S3v7DZNkmvE6S2SiWwE1XArF6yhQ8laqOY0DyZvB4GbiNx+5NiJR9zhMuR/TnhKRYBSt9NAJuURKkFyRUyTdUtmtuFOQReLlpAw5at3SVydMWBZzhUxSY9qem6I/ohoFk3xc7GSGp5QNaI+3LVU05sYfTa8ek2OrhCRKtC2FZKr+nhjR2JhhHNjOmGLfzHsT8T+vnWF06Y+ESjPkis0WRZkkmJBJBCQUmjOUQ0so08LeSlifasrQBlW0IXjzLy+SxlnFcyve3Xm5ep3HUYBDOIIT8OACqnALNagDAw3P8ApvzpPz4rw7H7PWJSefOYA/cD5/AJVCkT4=</latexit><latexit sha1_base64="zYoGtIRvRap5uC66fskTzGM4MWw=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6EUoevFYwX5AG8tms2mXbjZhd6KU0v/hxYMiXv0v3vw3btsctPXBwOO9GWbmBakUBl3321laXlldWy9sFDe3tnd2S3v7DZNkmvE6S2SiWwE1XArF6yhQ8laqOY0DyZvB4GbiNx+5NiJR9zhMuR/TnhKRYBSt9NAJuURKkFyRUyTdUtmtuFOQReLlpAw5at3SVydMWBZzhUxSY9qem6I/ohoFk3xc7GSGp5QNaI+3LVU05sYfTa8ek2OrhCRKtC2FZKr+nhjR2JhhHNjOmGLfzHsT8T+vnWF06Y+ESjPkis0WRZkkmJBJBCQUmjOUQ0so08LeSlifasrQBlW0IXjzLy+SxlnFcyve3Xm5ep3HUYBDOIIT8OACqnALNagDAw3P8ApvzpPz4rw7H7PWJSefOYA/cD5/AJVCkT4=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

1
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Other examples

Many other examples, 1D and 2D models, periodically 
driven models, weakly interacting models 
W. Chen Journal of Physics: Condensed Matter 28 055601 (2016).
W. Chen, M. Sigrist and A. P. Schnyder, Journal of Physics:
Condensed Matter 28, 365501 (2016).
W. Chen et. al Physical Review B 95, 075116 (2017).
W. Chen, Physical Review B 97 115130 (2018).
W. Chen, M. Sigrist, Advanced Topological Insulators, 239-280
P.Molignini, W. Chen and R. Chitra, Physical Review B98, 125129
P.Molignini, W. Chen and R. Chitra, 1906.10695
P.Molignini, R. Chitra and W. Chen, 1912.008819
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Our work

Motivation - explore this idea for more complex models 

Main results - find unstable fixed points (critical points) 
where the gap closes at non HSP

 Find 2 different length scales 

Find multi-critical points where three topological phases 
meet at a point

⇠0 and ⇠⇡
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The Model 
Extended Kitaev model in one dimension
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hoppings : t1, t2 pairings : �1,�2 chemical potential : g
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Phase diagram from exact 
computation of  gap closings

For fixed    
3

The curvature function has an Ornstein-Zernike form
near the critical point as evident from Fig.1 and therefore
can be written in the following way:

F (k0 + �k,M) =
F (k0,M)

1 + ⇠2k0
�k2 . (4)

where ⇠k0 is the length scale associated with the diver-
gence of the curvature function at the transition15. This
can also be identified with the decay length scale �R of
the Wannier state correlation function, which is the esti-
mation of the overlap between two Wannier states which
are at a distance R from each other. In one dimensional
systems, �R scales as �R ⇠ e�R/⇠k0 .

From the divergence and the associated behavior de-
scribed above, a scaling form can be attributed to the
curvature function near the critical point. Therefore one
can write, |F (k0,M)| ⇠ |M � Mc|�� . Similarly using
Eq.4, the scaling form of correlation length is written as
⇠i ⇠ |M�Mc|�⌫i . The exponents � and ⌫i are the criti-
cal exponents associated with this topological transition.
In 1D systems they are simply related by the expression:
� = ⌫i.

So far, we have discussed a scenario known as the peak
divergence scenario. Here the curvature function devel-
ops a peak at one of the high symmetry points as we
approach the transition. There is another case known as
the shell divergence scenario. Here, as we move towards
the critical point in the parameter space, the curvature
function peaks in the forms of a D � 1 dimensional shell
around the HSP. The RG formalism in this case is dis-
cussed in Refs.20 and 22.

As explained in this section, the CRG procedure is an
iterative method to search for the trajectory in the pa-
rameter space wherein the maximum of the curvature
function reduces. In this way, we obtain the flow equa-
tions corresponding to transition at a particular HSP in
Eq.3. Once the HSPs of a system are identified, which are
usually a few, one can carry out this analysis to obtain
the complete flow diagram in the parameter space. As
we demonstrate later in the paper, the flow diagram in
the parameter space divides it into different topological
regions. This removes the need to compute the topo-
logical invariant at each point in the parameter space.
Therefore, CRG is an efficient method when the number
of couplings are large. The invariant needs to be calcu-
lated only for a few points, which are from topologically
different regions in this space.

III. THE KITAEV CHAIN WITH EXTENDED
COUPLINGS

The model we consider in this paper is the 1D Kitaev
p-wave superconducting chain? with both nearest and
next-nearest coupling terms.24. The Hamiltonian is given
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where g is the chemical potential, t1,2 are the
nearest(NN) and next-nearest-neighbour(NNN) hopping
terms and �1,2 represent NN and NNN superconductor
pairing terms respectively. This model was studied in
Ref.24 for �1 = �2 and t1 = t2 where the different topo-
logical phases of this system were analyzed. In our pa-
per we remove this constraint to extend our parameter
space. The Fourier transformed Hamiltonian in momen-
tum space has the following form:

H(k) = d2(k)�2 + d3(k)�3, (6)

where d2(k) = (�2�1 sin k � 2�2 sin 2k),d3(k) = (2g �
2t1 cos k � 2t2 cos 2k) and �i are the Pauli matrices.The
energy eigenvalues are given by

Ek = ±
p

(�1 sin k + �2 sin 2k)2 + (g � t1 cos k � t2 cos 2k)2.
(7)

Before going to the curvature RG (CRG) scheme, we
review the different topological properties of this model
based on band gap closure. We can see from Eq.7 that the
gap closes when both the square terms vanish together
for some k i.e.,

�1 sin k+�2 sin 2k = 0, g� t1 cos k� t2 cos 2k = 0. (8)

The first equation here is trivially satisfied at the two
HSPs k0 = 0 and k0 = ⇡, for all �1 and �2. The second
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The renormalisation group 
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(b) RG flows for k0 = ⇡. The critical line is

at gc = �0.1.
(c) Full fixed point curve with non HSP

FIG. 4. The flow diagrams for k0 = 0,⇡: The dotted line are the flow lines with arrows pointing in the direction of flow. The

magenta curve in both the plots denotes the line of fixed points. The vertical line at g = 1.9 and g = �0.1 for Figs.4a and 4b

are the critical lines where the band gap closes.

diagrams, we note that the flows are towards the points
g ! ±1,� = ±2 or they fall on the curved magenta line
or curved blue line in Figs.4a and 4b. In fact, the fixed
point curve is obtained by setting the right side of the
flow equation to zero, i.e. �(g, t,�,�2) = 0. The profile
of the curvature function F (k,M0) as a function of k is
flat (close to k = 0 or k = ⇡) on the fixed point curve
since it remains invariant under further renormalisation.
However, surprisingly, we find that the curved line fixed
points in the k = 0 flow diagram and the k = ⇡ flow
diagram have a considerable overlap with the non-HSP
critical line, where, in fact, the curvature function di-
verges at a non- high symmetry k point. This surprising
overlap is shown in Fig.4c.

From Fig.4a, (relevant for k0 = 0), one can observe
that the � = �2 line is also a special one. This line,
along with the critical line divides the diagram in to
four quadrants. To understand this, let us examine
the curvature function at k0 = 0. It has the form
F (k0 = 0,M) ⇠ (�+2)/(g�1.9) for the parameters used
in this paper. This function goes to zero throughout the
� = �2 line. When � = �2 and g = 1.9, the curvature
function is indeterminate. We will analyze this point fur-
ther later in this section. The direction of the flow lines
are in the opposite direction above and below the � = �2
line. Consider a region in the flow diagram where the
flow lines are almost horizontal, where the variation of g
is very small, say g = �4 near � ⇡ �2. From Eq.13, one
can write d�

dg ⇠ � �+2
g�1.9 ⇠ (� + 2). In the second quad-

rant, when � ' �2, we get d� = dg. which implies that
� decreases as g flows to smaller values. Similarly, if we
were in the third quadrant, .ie. where � / �2, the above
equation takes the form d� = �dg which illustrates the
decrease in � with increasing g. A similar analysis can be

FIG. 5. Flow diagram for k = 0 near the intersection of fixed

and critical points.write about the features of this diagram

here.

carried out in the other quadrant too which demonstrate
the change in the flow direction on crossing � = �2 line.

The fixed point curve is obtained by setting the right
side of the flow equation to zero, i.e. �(g, t,�,�2) = 0.
The profile of the curvature function F (k,M0) as a func-
tion of k is flat on the fixed point curve since it remains
invariant under further renormalisation. In both Figs.4a
and 4b, the magenta and blue curves denotes the line of
fixed points.

Using Fig.4a, we analyze the fixed point curve and crit- ical line for k0 = 0. Here, one can observe that the

RG equations derived
by setting k0 = 0
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Red dashed line and
part of mauve line denoting
unstable fixed point signify
critical lines with TPT
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Flow diagram at HSP k0 = ⇡
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(a) RG flows for k0 = 0. The critical line is at

gc = 1.9.
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(b) RG flows for k0 = ⇡. The critical line is
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(c) Full fixed point curve with non HSP

FIG. 4. The flow diagrams for k0 = 0,⇡: The dotted line are the flow lines with arrows pointing in the direction of flow. The

magenta curve in both the plots denotes the line of fixed points. The vertical line at g = 1.9 and g = �0.1 for Figs.4a and 4b

are the critical lines where the band gap closes.

diagrams, we note that the flows are towards the points
g ! ±1,� = ±2 or they fall on the curved magenta line
or curved blue line in Figs.4a and 4b. In fact, the fixed
point curve is obtained by setting the right side of the
flow equation to zero, i.e. �(g, t,�,�2) = 0. The profile
of the curvature function F (k,M0) as a function of k is
flat (close to k = 0 or k = ⇡) on the fixed point curve
since it remains invariant under further renormalisation.
However, surprisingly, we find that the curved line fixed
points in the k = 0 flow diagram and the k = ⇡ flow
diagram have a considerable overlap with the non-HSP
critical line, where, in fact, the curvature function di-
verges at a non- high symmetry k point. This surprising
overlap is shown in Fig.4c.

From Fig.4a, (relevant for k0 = 0), one can observe
that the � = �2 line is also a special one. This line,
along with the critical line divides the diagram in to
four quadrants. To understand this, let us examine
the curvature function at k0 = 0. It has the form
F (k0 = 0,M) ⇠ (�+2)/(g�1.9) for the parameters used
in this paper. This function goes to zero throughout the
� = �2 line. When � = �2 and g = 1.9, the curvature
function is indeterminate. We will analyze this point fur-
ther later in this section. The direction of the flow lines
are in the opposite direction above and below the � = �2
line. Consider a region in the flow diagram where the
flow lines are almost horizontal, where the variation of g
is very small, say g = �4 near � ⇡ �2. From Eq.13, one
can write d�

dg ⇠ � �+2
g�1.9 ⇠ (� + 2). In the second quad-

rant, when � ' �2, we get d� = dg. which implies that
� decreases as g flows to smaller values. Similarly, if we
were in the third quadrant, .ie. where � / �2, the above
equation takes the form d� = �dg which illustrates the
decrease in � with increasing g. A similar analysis can be

FIG. 5. Flow diagram for k = 0 near the intersection of fixed

and critical points.write about the features of this diagram

here.

carried out in the other quadrant too which demonstrate
the change in the flow direction on crossing � = �2 line.

The fixed point curve is obtained by setting the right
side of the flow equation to zero, i.e. �(g, t,�,�2) = 0.
The profile of the curvature function F (k,M0) as a func-
tion of k is flat on the fixed point curve since it remains
invariant under further renormalisation. In both Figs.4a
and 4b, the magenta and blue curves denotes the line of
fixed points.

Using Fig.4a, we analyze the fixed point curve and crit- ical line for k0 = 0. Here, one can observe that the

RG equations derived
by setting k0 = ⇡
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Brown dashed line and
part of cyan line denoting
unstable fixed point signify
critical lines with TPT
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Surprising Overlap with 
exact solution5

(a) RG flows for k0 = 0. The critical line is at

gc = 1.9.
(b) RG flows for k0 = ⇡. The critical line is

at gc = �0.1.
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FIG. 4. The flow diagrams for k0 = 0,⇡: The dotted line are the flow lines with arrows pointing in the direction of flow. The

magenta curve in both the plots denotes the line of fixed points. The vertical line at g = 1.9 and g = �0.1 for Figs.4a and 4b

are the critical lines where the band gap closes.

diagrams, we note that the flows are towards the points
g ! ±1,� = ±2 or they fall on the curved magenta line
or curved blue line in Figs.4a and 4b. In fact, the fixed
point curve is obtained by setting the right side of the
flow equation to zero, i.e. �(g, t,�,�2) = 0. The profile
of the curvature function F (k,M0) as a function of k is
flat (close to k = 0 or k = ⇡) on the fixed point curve
since it remains invariant under further renormalisation.
However, surprisingly, we find that the curved line fixed
points in the k = 0 flow diagram and the k = ⇡ flow
diagram have a considerable overlap with the non-HSP
critical line, where, in fact, the curvature function di-
verges at a non- high symmetry k point. This surprising
overlap is shown in Fig.4c.

From Fig.4a, (relevant for k0 = 0), one can observe
that the � = �2 line is also a special one. This line,
along with the critical line divides the diagram in to
four quadrants. To understand this, let us examine
the curvature function at k0 = 0. It has the form
F (k0 = 0,M) ⇠ (�+2)/(g�1.9) for the parameters used
in this paper. This function goes to zero throughout the
� = �2 line. When � = �2 and g = 1.9, the curvature
function is indeterminate. We will analyze this point fur-
ther later in this section. The direction of the flow lines
are in the opposite direction above and below the � = �2
line. Consider a region in the flow diagram where the
flow lines are almost horizontal, where the variation of g
is very small, say g = �4 near � ⇡ �2. From Eq.13, one
can write d�

dg ⇠ � �+2
g�1.9 ⇠ (� + 2). In the second quad-

rant, when � ' �2, we get d� = dg. which implies that
� decreases as g flows to smaller values. Similarly, if we
were in the third quadrant, .ie. where � / �2, the above
equation takes the form d� = �dg which illustrates the
decrease in � with increasing g. A similar analysis can be

FIG. 5. Flow diagram for k = 0 near the intersection of fixed

and critical points.write about the features of this diagram

here.

carried out in the other quadrant too which demonstrate
the change in the flow direction on crossing � = �2 line.

The fixed point curve is obtained by setting the right
side of the flow equation to zero, i.e. �(g, t,�,�2) = 0.
The profile of the curvature function F (k,M0) as a func-
tion of k is flat on the fixed point curve since it remains
invariant under further renormalisation. In both Figs.4a
and 4b, the magenta and blue curves denotes the line of
fixed points.

Using Fig.4a, we analyze the fixed point curve and crit- ical line for k0 = 0. Here, one can observe that the

Almost entire non

HSP critical line has

been obtained
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Also change of winding number

of 2 across non-HSP critical line

can be predicted because of ring

divergence which implies 2 flips

of sign at TPT point
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Tricritical point where three 
phases meet

Point where red dashed one and 
black dash-dot line meet has three 
different phases with 

Precisely at this point, the curvature 
function is indeterminate

Expect criticality to be different at 
this point 

C=0, C=-1 and C=1
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FIG. 7. Top panel shows the plot of curvature function with (g,�) taken from l1, l2 and l3 respectively. For all pair of (g,�)

on a particular line li, value of the peak at HSP k0 = 0 remain same, but as approaching the crossing point, the peak becomes

narrower and surprisingly there is no divergence. There is a little difference between the region above and below the fixed

point curve ( right branch), because, in going from l2 to l3, maxima becomes a minima with a sign change. In bottom panel,

same kind of plots are considered but now lines l
0
1, l

0
2 and l

0
3 are approaching (1.9, -5). Now curvature function diverging as

approaching the critical point.
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⇥ �(g, t,�,�2)
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/
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���g � t⌥ 1
���
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, (20)

with exponents � = ⌫ = 1. In the above upper sign
is for k0 = 0 and lower sign for k0 = ⇡. In general
critical exponent may be different for different gap
closing momenta k0. In that case the system will have



Approach to criticality for a multi 
critical point (from trivial side)
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FIG. 7. Top panel shows the plot of curvature function with (g,�) taken from l1, l2 and l3 respectively. For all pair of (g,�)

on a particular line li, value of the peak at HSP k0 = 0 remain same, but as approaching the crossing point, the peak becomes

narrower and surprisingly there is no divergence. There is a little difference between the region above and below the fixed

point curve ( right branch), because, in going from l2 to l3, maxima becomes a minima with a sign change. In bottom panel,

same kind of plots are considered but now lines l
0
1, l

0
2 and l

0
3 are approaching (1.9, -5). Now curvature function diverging as

approaching the critical point.
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with exponents � = ⌫ = 1. In the above upper sign
is for k0 = 0 and lower sign for k0 = ⇡. In general
critical exponent may be different for different gap
closing momenta k0. In that case the system will have



Approach to criticality for  a multicritical 
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FIG. 7. Top panel shows the plot of curvature function with (g,�) taken from l1, l2 and l3 respectively. For all pair of (g,�)

on a particular line li, value of the peak at HSP k0 = 0 remain same, but as approaching the crossing point, the peak becomes

narrower and surprisingly there is no divergence. There is a little difference between the region above and below the fixed

point curve ( right branch), because, in going from l2 to l3, maxima becomes a minima with a sign change. In bottom panel,

same kind of plots are considered but now lines l
0
1, l

0
2 and l

0
3 are approaching (1.9, -5). Now curvature function diverging as

approaching the critical point.
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with exponents � = ⌫ = 1. In the above upper sign
is for k0 = 0 and lower sign for k0 = ⇡. In general
critical exponent may be different for different gap
closing momenta k0. In that case the system will have
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FIG. 7. Top panel shows the plot of curvature function with (g,�) taken from l1, l2 and l3 respectively. For all pair of (g,�)

on a particular line li, value of the peak at HSP k0 = 0 remain same, but as approaching the crossing point, the peak becomes

narrower and surprisingly there is no divergence. There is a little difference between the region above and below the fixed

point curve ( right branch), because, in going from l2 to l3, maxima becomes a minima with a sign change. In bottom panel,

same kind of plots are considered but now lines l
0
1, l

0
2 and l

0
3 are approaching (1.9, -5). Now curvature function diverging as

approaching the critical point.
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with exponents � = ⌫ = 1. In the above upper sign
is for k0 = 0 and lower sign for k0 = ⇡. In general
critical exponent may be different for different gap
closing momenta k0. In that case the system will have



Universal features

For critical point, as expected, function diverges as you 
approach the critical line and is path independent

For the tricritical point, function does not diverge as we 
approach the critical point. In fact, approaches a path 
independent peak value, which can be obtained from 
the equations



Computation of  critical exponents

Easy to check that                             diverges with the 
exponent 

Also,           diverges with exponent           and              as 
expected 

F (k0 = 0/⇡,M)
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⌫ = 1
<latexit sha1_base64="MZkayDwu/WmVNN2GZA0gFCzRJkw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Ns8keNLGgoajqprsrSjgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj29xvP1FtmJIPdpLQUOChZDEj2Dqp1ZPpdVDuV6p+zZ8BLZOgIFUo0OhXvnoDRVJBpSUcG9MN/MSGGdaWEU6n5V5qaILJGA9p11GJBTVhNrt2ik6dMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18FWZMJqmlkswXxSlHVqH8dTRgmhLLJ45gopm7FZER1phYF1AeQrD48jJpndcCvxbcX1TrN0UcJTiGEziDAC6hDnfQgCYQeIRneIU3T3kv3rv3MW9d8YqZI/gD7/MHh/iObQ==</latexit><latexit sha1_base64="MZkayDwu/WmVNN2GZA0gFCzRJkw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Ns8keNLGgoajqprsrSjgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj29xvP1FtmJIPdpLQUOChZDEj2Dqp1ZPpdVDuV6p+zZ8BLZOgIFUo0OhXvnoDRVJBpSUcG9MN/MSGGdaWEU6n5V5qaILJGA9p11GJBTVhNrt2ik6dMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18FWZMJqmlkswXxSlHVqH8dTRgmhLLJ45gopm7FZER1phYF1AeQrD48jJpndcCvxbcX1TrN0UcJTiGEziDAC6hDnfQgCYQeIRneIU3T3kv3rv3MW9d8YqZI/gD7/MHh/iObQ==</latexit><latexit sha1_base64="MZkayDwu/WmVNN2GZA0gFCzRJkw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Ns8keNLGgoajqprsrSjgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj29xvP1FtmJIPdpLQUOChZDEj2Dqp1ZPpdVDuV6p+zZ8BLZOgIFUo0OhXvnoDRVJBpSUcG9MN/MSGGdaWEU6n5V5qaILJGA9p11GJBTVhNrt2ik6dMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18FWZMJqmlkswXxSlHVqH8dTRgmhLLJ45gopm7FZER1phYF1AeQrD48jJpndcCvxbcX1TrN0UcJTiGEziDAC6hDnfQgCYQeIRneIU3T3kv3rv3MW9d8YqZI/gD7/MHh/iObQ==</latexit><latexit sha1_base64="MZkayDwu/WmVNN2GZA0gFCzRJkw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXiMYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Ns8keNLGgoajqprsrSjgz1ve/vZXVtfWNzdJWeXtnd2+/cnDYMirVhDaJ4kp3ImwoZ5I2LbOcdhJNsYg4bUfj29xvP1FtmJIPdpLQUOChZDEj2Dqp1ZPpdVDuV6p+zZ8BLZOgIFUo0OhXvnoDRVJBpSUcG9MN/MSGGdaWEU6n5V5qaILJGA9p11GJBTVhNrt2ik6dMkCx0q6kRTP190SGhTETEblOge3ILHq5+J/XTW18FWZMJqmlkswXxSlHVqH8dTRgmhLLJ45gopm7FZER1phYF1AeQrD48jJpndcCvxbcX1TrN0UcJTiGEziDAC6hDnfQgCYQeIRneIU3T3kv3rv3MW9d8YqZI/gD7/MHh/iObQ==</latexit>

⌫ = �
<latexit sha1_base64="eBrQ+3DQbnglclV6UnFx724Pu4c=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB+QhDKZTtqh8wgzE6GEfoYbF4q49Wvc+TdO2iy09cCFwzn3cu89ccqoNp737VTW1jc2t6rbtZ3dvf2D+uFRV8tMYdLBkknVj5EmjArSMdQw0k8VQTxmpBdP7gq/90SUplI8mmlKIo5GgiYUI2OlIBTZTThCnKPaoN7wmt4c7irxS9KAEu1B/SscSpxxIgxmSOvA91IT5UgZihmZ1cJMkxThCRqRwFKBONFRPj955p5ZZegmUtkSxp2rvydyxLWe8th2cmTGetkrxP+8IDPJdZRTkWaGCLxYlGTMNdIt/neHVBFs2NQShBW1t7p4jBTCxqZUhOAvv7xKuhdN32v6D5eN1m0ZRxVO4BTOwYcraME9tKEDGCQ8wyu8OcZ5cd6dj0VrxSlnjuEPnM8fnhKQzQ==</latexit><latexit sha1_base64="eBrQ+3DQbnglclV6UnFx724Pu4c=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB+QhDKZTtqh8wgzE6GEfoYbF4q49Wvc+TdO2iy09cCFwzn3cu89ccqoNp737VTW1jc2t6rbtZ3dvf2D+uFRV8tMYdLBkknVj5EmjArSMdQw0k8VQTxmpBdP7gq/90SUplI8mmlKIo5GgiYUI2OlIBTZTThCnKPaoN7wmt4c7irxS9KAEu1B/SscSpxxIgxmSOvA91IT5UgZihmZ1cJMkxThCRqRwFKBONFRPj955p5ZZegmUtkSxp2rvydyxLWe8th2cmTGetkrxP+8IDPJdZRTkWaGCLxYlGTMNdIt/neHVBFs2NQShBW1t7p4jBTCxqZUhOAvv7xKuhdN32v6D5eN1m0ZRxVO4BTOwYcraME9tKEDGCQ8wyu8OcZ5cd6dj0VrxSlnjuEPnM8fnhKQzQ==</latexit><latexit sha1_base64="eBrQ+3DQbnglclV6UnFx724Pu4c=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB+QhDKZTtqh8wgzE6GEfoYbF4q49Wvc+TdO2iy09cCFwzn3cu89ccqoNp737VTW1jc2t6rbtZ3dvf2D+uFRV8tMYdLBkknVj5EmjArSMdQw0k8VQTxmpBdP7gq/90SUplI8mmlKIo5GgiYUI2OlIBTZTThCnKPaoN7wmt4c7irxS9KAEu1B/SscSpxxIgxmSOvA91IT5UgZihmZ1cJMkxThCRqRwFKBONFRPj955p5ZZegmUtkSxp2rvydyxLWe8th2cmTGetkrxP+8IDPJdZRTkWaGCLxYlGTMNdIt/neHVBFs2NQShBW1t7p4jBTCxqZUhOAvv7xKuhdN32v6D5eN1m0ZRxVO4BTOwYcraME9tKEDGCQ8wyu8OcZ5cd6dj0VrxSlnjuEPnM8fnhKQzQ==</latexit><latexit sha1_base64="eBrQ+3DQbnglclV6UnFx724Pu4c=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdCMU3bisYB+QhDKZTtqh8wgzE6GEfoYbF4q49Wvc+TdO2iy09cCFwzn3cu89ccqoNp737VTW1jc2t6rbtZ3dvf2D+uFRV8tMYdLBkknVj5EmjArSMdQw0k8VQTxmpBdP7gq/90SUplI8mmlKIo5GgiYUI2OlIBTZTThCnKPaoN7wmt4c7irxS9KAEu1B/SscSpxxIgxmSOvA91IT5UgZihmZ1cJMkxThCRqRwFKBONFRPj955p5ZZegmUtkSxp2rvydyxLWe8th2cmTGetkrxP+8IDPJdZRTkWaGCLxYlGTMNdIt/neHVBFs2NQShBW1t7p4jBTCxqZUhOAvv7xKuhdN32v6D5eN1m0ZRxVO4BTOwYcraME9tKEDGCQ8wyu8OcZ5cd6dj0VrxSlnjuEPnM8fnhKQzQ==</latexit>



Correlation length   and  
Correlation function         

Can compute the correlation function        as the Fourier 
transform of the curvature function

Model has divergences at HSP and non-HSP. However, 
divergences at HSP seem to capture all the phase 
transitions 

Choose to  fit curvature function to Lorentzians at the 
HSP               and                  and compute 

⇠
<latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit><latexit sha1_base64="1wGnoUZRraZ2SlTvRPCWqUe0y5M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+96T6JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVc+teneXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifP1vljdU=</latexit>

�R
<latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit>

k0 = 0
<latexit sha1_base64="WUB6BsVwC014LMevbLT5nUFONIc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0ItQ9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6ZSGEvINyqtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0Jx3woreSfVnMah5O1wfDfz209cG5GoRztJeRDToRKRYNQ6yR/3yQ3pV2ukTubAq8QrSA0KNPvVr94gYVnMlWWSGtP1SGqDnGormOTTSi8zPKVsTIe866iiMTdBPj92is+cMsBRol0pi+fq74mcxsZM4tB1xtSOzLI3E//zupmNroNcqDSzXLHFoiiT2CZ49jkeCM2ZlRNHKNPC3YrZiGrKrMun4kLwll9eJa2Lukfq3sNlrXFbxFGGEziFc/DgChpwD03wgYGAZ3iFN6TQC3pHH4vWEipmjuEP0OcP55WOEw==</latexit><latexit sha1_base64="WUB6BsVwC014LMevbLT5nUFONIc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0ItQ9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6ZSGEvINyqtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0Jx3woreSfVnMah5O1wfDfz209cG5GoRztJeRDToRKRYNQ6yR/3yQ3pV2ukTubAq8QrSA0KNPvVr94gYVnMlWWSGtP1SGqDnGormOTTSi8zPKVsTIe866iiMTdBPj92is+cMsBRol0pi+fq74mcxsZM4tB1xtSOzLI3E//zupmNroNcqDSzXLHFoiiT2CZ49jkeCM2ZlRNHKNPC3YrZiGrKrMun4kLwll9eJa2Lukfq3sNlrXFbxFGGEziFc/DgChpwD03wgYGAZ3iFN6TQC3pHH4vWEipmjuEP0OcP55WOEw==</latexit><latexit sha1_base64="WUB6BsVwC014LMevbLT5nUFONIc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0ItQ9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6ZSGEvINyqtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0Jx3woreSfVnMah5O1wfDfz209cG5GoRztJeRDToRKRYNQ6yR/3yQ3pV2ukTubAq8QrSA0KNPvVr94gYVnMlWWSGtP1SGqDnGormOTTSi8zPKVsTIe866iiMTdBPj92is+cMsBRol0pi+fq74mcxsZM4tB1xtSOzLI3E//zupmNroNcqDSzXLHFoiiT2CZ49jkeCM2ZlRNHKNPC3YrZiGrKrMun4kLwll9eJa2Lukfq3sNlrXFbxFGGEziFc/DgChpwD03wgYGAZ3iFN6TQC3pHH4vWEipmjuEP0OcP55WOEw==</latexit><latexit sha1_base64="WUB6BsVwC014LMevbLT5nUFONIc=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqWRF0ItQ9OKxgtsW2qVk02wbms0uSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZF6ZSGEvINyqtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0Jx3woreSfVnMah5O1wfDfz209cG5GoRztJeRDToRKRYNQ6yR/3yQ3pV2ukTubAq8QrSA0KNPvVr94gYVnMlWWSGtP1SGqDnGormOTTSi8zPKVsTIe866iiMTdBPj92is+cMsBRol0pi+fq74mcxsZM4tB1xtSOzLI3E//zupmNroNcqDSzXLHFoiiT2CZ49jkeCM2ZlRNHKNPC3YrZiGrKrMun4kLwll9eJa2Lukfq3sNlrXFbxFGGEziFc/DgChpwD03wgYGAZ3iFN6TQC3pHH4vWEipmjuEP0OcP55WOEw==</latexit>

k0 = ±⇡
<latexit sha1_base64="sMRH71Da6GQaL76bHTvqHrsKmK0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDdpeSTbNtaJINSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMSxRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZPlmtAWyXimuwk2lDNJW5ZZTrtKUywSTjvJ6G7md56oNiyTj3asaCzwQLKUEWydFI56/k2kBIoU61Vrft2fA62SoCA1KNDsVb+ifkZyQaUlHBsTBr6y8QRrywin00qUG6owGeEBDR2VWFATT+YnT9GZU/oozbQradFc/T0xwcKYsUhcp8B2aJa9mfifF+Y2vY4nTKrcUkkWi9KcI5uh2f+ozzQllo8dwUQzdysiQ6wxsS6ligshWH55lbQv6oFfDx4ua43bIo4ynMApnEMAV9CAe2hCCwhk8Ayv8OZZ78V79z4WrSWvmDmGP/A+fwBq3JCt</latexit><latexit sha1_base64="sMRH71Da6GQaL76bHTvqHrsKmK0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDdpeSTbNtaJINSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMSxRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZPlmtAWyXimuwk2lDNJW5ZZTrtKUywSTjvJ6G7md56oNiyTj3asaCzwQLKUEWydFI56/k2kBIoU61Vrft2fA62SoCA1KNDsVb+ifkZyQaUlHBsTBr6y8QRrywin00qUG6owGeEBDR2VWFATT+YnT9GZU/oozbQradFc/T0xwcKYsUhcp8B2aJa9mfifF+Y2vY4nTKrcUkkWi9KcI5uh2f+ozzQllo8dwUQzdysiQ6wxsS6ligshWH55lbQv6oFfDx4ua43bIo4ynMApnEMAV9CAe2hCCwhk8Ayv8OZZ78V79z4WrSWvmDmGP/A+fwBq3JCt</latexit><latexit sha1_base64="sMRH71Da6GQaL76bHTvqHrsKmK0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDdpeSTbNtaJINSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMSxRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZPlmtAWyXimuwk2lDNJW5ZZTrtKUywSTjvJ6G7md56oNiyTj3asaCzwQLKUEWydFI56/k2kBIoU61Vrft2fA62SoCA1KNDsVb+ifkZyQaUlHBsTBr6y8QRrywin00qUG6owGeEBDR2VWFATT+YnT9GZU/oozbQradFc/T0xwcKYsUhcp8B2aJa9mfifF+Y2vY4nTKrcUkkWi9KcI5uh2f+ozzQllo8dwUQzdysiQ6wxsS6ligshWH55lbQv6oFfDx4ua43bIo4ynMApnEMAV9CAe2hCCwhk8Ayv8OZZ78V79z4WrSWvmDmGP/A+fwBq3JCt</latexit><latexit sha1_base64="sMRH71Da6GQaL76bHTvqHrsKmK0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQS9C0YvHCvYDdpeSTbNtaJINSVYopT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMSxRnxvr+t1daW9/Y3CpvV3Z29/YPqodHbZPlmtAWyXimuwk2lDNJW5ZZTrtKUywSTjvJ6G7md56oNiyTj3asaCzwQLKUEWydFI56/k2kBIoU61Vrft2fA62SoCA1KNDsVb+ifkZyQaUlHBsTBr6y8QRrywin00qUG6owGeEBDR2VWFATT+YnT9GZU/oozbQradFc/T0xwcKYsUhcp8B2aJa9mfifF+Y2vY4nTKrcUkkWi9KcI5uh2f+ozzQllo8dwUQzdysiQ6wxsS6ligshWH55lbQv6oFfDx4ua43bIo4ynMApnEMAV9CAe2hCCwhk8Ayv8OZZ78V79z4WrSWvmDmGP/A+fwBq3JCt</latexit>

�R
<latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit>

�R
<latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit><latexit sha1_base64="p4r1CSnIQkXvLYGarI55o0ORMQI=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbK20Q8lkMm1oHkOSEcrQr3DjQhG3fo47/8a0nYW2HggczjmX3HuilDNjff/bK62srq1vlDcrW9s7u3vV/YO2UZkmtEUUV7oTYUM5k7RlmeW0k2qKRcTpQzS6nvoPT1QbpuS9Hac0FHggWcIItk567HEXjXH/rl+t+XV/BrRMgoLUoECzX/3qxYpkgkpLODamG/ipDXOsLSOcTiq9zNAUkxEe0K6jEgtqwny28ASdOCVGidLuSYtm6u+JHAtjxiJySYHt0Cx6U/E/r5vZ5DLMmUwzSyWZf5RkHFmFptejmGlKLB87golmbldEhlhjYl1HFVdCsHjyMmmf1QO/Htye1xpXRR1lOIJjOIUALqABN9CEFhAQ8Ayv8OZp78V79z7m0ZJXzBzCH3ifP5jTkEI=</latexit>



�R =

Z

BZ

dkeikRF (k,M)

<latexit sha1_base64="fKISN0wNfB4jHb1qGC6vPilVweA="></latexit><latexit sha1_base64="fKISN0wNfB4jHb1qGC6vPilVweA="></latexit><latexit sha1_base64="fKISN0wNfB4jHb1qGC6vPilVweA="></latexit><latexit sha1_base64="fKISN0wNfB4jHb1qGC6vPilVweA="></latexit>

�R =

1Z
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dkeikRF (k,M)

= 2⇡
F (⇡,M)

⇠⇡(M)
⇥ cos(⇡R)⇥ exp
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�
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�
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<latexit sha1_base64="7lugtoPbyLkyGyRzBYKKD1DUGuQ="></latexit><latexit sha1_base64="7lugtoPbyLkyGyRzBYKKD1DUGuQ="></latexit><latexit sha1_base64="7lugtoPbyLkyGyRzBYKKD1DUGuQ="></latexit><latexit sha1_base64="7lugtoPbyLkyGyRzBYKKD1DUGuQ="></latexit>

�0 = topological invariant
<latexit sha1_base64="OZRGBAt/s9p6QovsHtvyviZjAe0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUQE3QhFNy4r2Ae0IdxMJu3QySTMTAol1E9w46+4caGIW3fu/BunbRbaemDgcM653LknSDlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSSThDZJwhPZCUBRzgRtaqY57aSSQhxw2g6GN1O/PaJSsUTc63FKvRj6gkWMgDaSb1d73IRD8B18hfOejLFOUjPVNwmOH5gYgWQg9MS3K07NmQEvE7cgFVSg4dtfvTAhWUyFJhyU6rpOqr0cpGaE00m5lymaAhlCn3YNFRBT5eWziyb41CghjhJpntB4pv6eyCFWahwHJhmDHqhFbyr+53UzHV16ORNppqkg80VRxs3VeFoPDpmkRPOxIUAkM3/FZAASiDYllk0J7uLJy6R1VnOdmnt3XqlfF3WU0DE6QVXkogtUR7eogZqIoEf0jF7Rm/VkvVjv1sc8umIVM0foD6zPH1uknV4=</latexit><latexit sha1_base64="OZRGBAt/s9p6QovsHtvyviZjAe0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUQE3QhFNy4r2Ae0IdxMJu3QySTMTAol1E9w46+4caGIW3fu/BunbRbaemDgcM653LknSDlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSSThDZJwhPZCUBRzgRtaqY57aSSQhxw2g6GN1O/PaJSsUTc63FKvRj6gkWMgDaSb1d73IRD8B18hfOejLFOUjPVNwmOH5gYgWQg9MS3K07NmQEvE7cgFVSg4dtfvTAhWUyFJhyU6rpOqr0cpGaE00m5lymaAhlCn3YNFRBT5eWziyb41CghjhJpntB4pv6eyCFWahwHJhmDHqhFbyr+53UzHV16ORNppqkg80VRxs3VeFoPDpmkRPOxIUAkM3/FZAASiDYllk0J7uLJy6R1VnOdmnt3XqlfF3WU0DE6QVXkogtUR7eogZqIoEf0jF7Rm/VkvVjv1sc8umIVM0foD6zPH1uknV4=</latexit><latexit sha1_base64="OZRGBAt/s9p6QovsHtvyviZjAe0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUQE3QhFNy4r2Ae0IdxMJu3QySTMTAol1E9w46+4caGIW3fu/BunbRbaemDgcM653LknSDlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSSThDZJwhPZCUBRzgRtaqY57aSSQhxw2g6GN1O/PaJSsUTc63FKvRj6gkWMgDaSb1d73IRD8B18hfOejLFOUjPVNwmOH5gYgWQg9MS3K07NmQEvE7cgFVSg4dtfvTAhWUyFJhyU6rpOqr0cpGaE00m5lymaAhlCn3YNFRBT5eWziyb41CghjhJpntB4pv6eyCFWahwHJhmDHqhFbyr+53UzHV16ORNppqkg80VRxs3VeFoPDpmkRPOxIUAkM3/FZAASiDYllk0J7uLJy6R1VnOdmnt3XqlfF3WU0DE6QVXkogtUR7eogZqIoEf0jF7Rm/VkvVjv1sc8umIVM0foD6zPH1uknV4=</latexit><latexit sha1_base64="OZRGBAt/s9p6QovsHtvyviZjAe0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlUQE3QhFNy4r2Ae0IdxMJu3QySTMTAol1E9w46+4caGIW3fu/BunbRbaemDgcM653LknSDlT2nG+rZXVtfWNzdJWeXtnd2/fPjhsqSSThDZJwhPZCUBRzgRtaqY57aSSQhxw2g6GN1O/PaJSsUTc63FKvRj6gkWMgDaSb1d73IRD8B18hfOejLFOUjPVNwmOH5gYgWQg9MS3K07NmQEvE7cgFVSg4dtfvTAhWUyFJhyU6rpOqr0cpGaE00m5lymaAhlCn3YNFRBT5eWziyb41CghjhJpntB4pv6eyCFWahwHJhmDHqhFbyr+53UzHV16ORNppqkg80VRxs3VeFoPDpmkRPOxIUAkM3/FZAASiDYllk0J7uLJy6R1VnOdmnt3XqlfF3WU0DE6QVXkogtUR7eogZqIoEf0jF7Rm/VkvVjv1sc8umIVM0foD6zPH1uknV4=</latexit>



Can show that when                  close to the critical point 
where the gap closes at              , the envelope of the 
oscillatory decay falls off slowly and the amplitude of 
the  oscillations falls of quickly 

When                 close to the critical point where  the 
gap closes at            ,  the envelope of the  oscillations 
falls of quickly but the  amplitude of the oscillations 
continue and  falls off  slowly

M ! Mc
<latexit sha1_base64="v4XVU6t12I0KAIxGqshiSdmTKWM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04qVQwX5AG8Jmu2mXbnbD7sRSYn+KFw+KePWXePPfmLQ5aOuDgcd7M8zMC2LBDTjOt7W2vrG5tV3aKe/u7R8c2pWjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBOMb3O/88i04Uo+wDRmXkSGkoecEsgk3640+poPR0C0VhPc8GnZt6tOzZkDrxK3IFVUoOnbX/2BoknEJFBBjOm5TgxeSjRwKtis3E8MiwkdkyHrZVSSiBkvnZ8+w2eZMsCh0llJwHP190RKImOmUZB1RgRGZtnLxf+8XgLhtZdyGSfAJF0sChOBQeE8BzzgmlEQ04wQqnl2K6YjogmFLK08BHf55VXSvqi5Ts29v6zWb4o4SugEnaJz5KIrVEd3qIlaiKIJekav6M16sl6sd+tj0bpmFTPH6A+szx+GgZOA</latexit><latexit sha1_base64="v4XVU6t12I0KAIxGqshiSdmTKWM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04qVQwX5AG8Jmu2mXbnbD7sRSYn+KFw+KePWXePPfmLQ5aOuDgcd7M8zMC2LBDTjOt7W2vrG5tV3aKe/u7R8c2pWjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBOMb3O/88i04Uo+wDRmXkSGkoecEsgk3640+poPR0C0VhPc8GnZt6tOzZkDrxK3IFVUoOnbX/2BoknEJFBBjOm5TgxeSjRwKtis3E8MiwkdkyHrZVSSiBkvnZ8+w2eZMsCh0llJwHP190RKImOmUZB1RgRGZtnLxf+8XgLhtZdyGSfAJF0sChOBQeE8BzzgmlEQ04wQqnl2K6YjogmFLK08BHf55VXSvqi5Ts29v6zWb4o4SugEnaJz5KIrVEd3qIlaiKIJekav6M16sl6sd+tj0bpmFTPH6A+szx+GgZOA</latexit><latexit sha1_base64="v4XVU6t12I0KAIxGqshiSdmTKWM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04qVQwX5AG8Jmu2mXbnbD7sRSYn+KFw+KePWXePPfmLQ5aOuDgcd7M8zMC2LBDTjOt7W2vrG5tV3aKe/u7R8c2pWjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBOMb3O/88i04Uo+wDRmXkSGkoecEsgk3640+poPR0C0VhPc8GnZt6tOzZkDrxK3IFVUoOnbX/2BoknEJFBBjOm5TgxeSjRwKtis3E8MiwkdkyHrZVSSiBkvnZ8+w2eZMsCh0llJwHP190RKImOmUZB1RgRGZtnLxf+8XgLhtZdyGSfAJF0sChOBQeE8BzzgmlEQ04wQqnl2K6YjogmFLK08BHf55VXSvqi5Ts29v6zWb4o4SugEnaJz5KIrVEd3qIlaiKIJekav6M16sl6sd+tj0bpmFTPH6A+szx+GgZOA</latexit><latexit sha1_base64="v4XVU6t12I0KAIxGqshiSdmTKWM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIR9Fj04qVQwX5AG8Jmu2mXbnbD7sRSYn+KFw+KePWXePPfmLQ5aOuDgcd7M8zMC2LBDTjOt7W2vrG5tV3aKe/u7R8c2pWjtlGJpqxFlVC6GxDDBJesBRwE68aakSgQrBOMb3O/88i04Uo+wDRmXkSGkoecEsgk3640+poPR0C0VhPc8GnZt6tOzZkDrxK3IFVUoOnbX/2BoknEJFBBjOm5TgxeSjRwKtis3E8MiwkdkyHrZVSSiBkvnZ8+w2eZMsCh0llJwHP190RKImOmUZB1RgRGZtnLxf+8XgLhtZdyGSfAJF0sChOBQeE8BzzgmlEQ04wQqnl2K6YjogmFLK08BHf55VXSvqi5Ts29v6zWb4o4SugEnaJz5KIrVEd3qIlaiKIJekav6M16sl6sd+tj0bpmFTPH6A+szx+GgZOA</latexit>

M ! Mc
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FIG. 8. Exact (orange) and Lorentzian (blue) curvature func-

tion for two arbitrary parameters. The matching is excellent

around the two HSPs k0 = 0 and k0 = ⇡ and at other k point

as well.
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FIG. 9. Correlation function �R (see text) decays with R.

Blue dots represent the lattice coordinate. It is numerically

computed from the exact curvature function F (k,M). (a)

Near the critical line gc = 1.9 (associated with HSP k0 = 0),
�R decays very slowly (purple and black) with a diverging

length scale. Far away, decay is faster. (b) Near the critical

line gc = �0.1, which is associated with HSP k0 = ±⇡. There

is a sign change in (a) but not in (b), as one moves from non

topological to topological phase. Critical behaviour of �R

near gc = �0.1 is dominated by oscillation. Here amplitudes

of oscillation decays with a diverging length scale. Correlation

function has two length scales.

multiple topological phases. We encounter a similar
case in the preceding section. There are some special
paths in parameter space, on which curvature function
is not diverging, even when parameters are very close
to the critical point (see Fig.7 top and bottom panel).
This asymmetry (path dependence) tells that critical
exponents are different when approaching the crossing
point. Crossing point is a multi-critical point. CRG
method, which applies to only HSP k0, is also able to
capture the presence of criticality at non HSP momenta.

F(k, M) as Lorentzian: Here we will provide a jus-
tification of Lorentzian expansion and ⇠k0 as correlation
length at the phenomenological level. Let us approximate
the curvature function as a sum of three Lorentzian in the
entire Brillouin zone (�⇡,⇡),

F (k,M) =
F (0,M)

1 + ⇠20(k � 0)2
+

F (⇡,M)

1 + ⇠2⇡(k � ⇡)2

+
F (�⇡,M)

1 + ⇠2�⇡(k + ⇡)2

=
F (⇡,M)

⇠⇡(M)


1/⇠⇡

1/⇠2⇡ + (k � ⇡)2
+

1/⇠⇡
1/⇠2⇡ + (k + ⇡)2

�

+
F (0,M)

⇠0(M)
⇥ 1/⇠0

1/⇠20 + (k � 0)2
. (21)

Where F (k0,M) and ⇠k0(M) are given by Eq.19-20
respectively. We have used F (⇡,M) = F (�⇡,M) and
⇠⇡(M) = ⇠�⇡(M). This will be a very good approxima-
tion in the entire Brillouin zone as long as parameter
M is not close to the non HSP critical point. In other
words, if the system does not involve gap closing at
k point other than the HSP k0, Eq.(21) would be an
excellent approximation in entire BZ. In Fig.8, we have
shown plots of exact and Lorentzian curvature function
for two arbitrary values of parameters. Note that there
is no fitting parameter other than the length scale itself
which is again computed from Eq.16. This is amazing
that the entire information of curvature function and
hence of the system is carried by the correlation length
only.

⇠k0 as correlation length: The length scale ⇠k0 is un-
derstood as a correlation length of charge polarization
correlation function between Wannier states |0ni and
|Rni in 1D. The complete set of Wannier states are re-
lated to Bloch states |unki (i.e. eigenstates of H(k)) by
Fourier transform in the following way,

|Rni =
Z

BZ

dkeik.(r�R) |unki , (22)

|unki =
X

R

e�ik.(r�R) |Rni . (23)

The Fourier transform of Berry connection F (k,M) =P
n hunk|i@k|unki to real space, is related to the charge

polarization correlation function (�R) between Wannier
states? in 1D as,

�R =

Z

BZ

dkeikRF (k,M) =

Z

BZ

dkeikR
X

n

hunk|i@k|unki

=
X

n

hRn|r|0ni . (24)

The zeroth component �0 is the charge polarization,
which is the topological invariant? . Since Wannier
state hr|Rni = Wn(r � R) is a localized function with
centre at R, the quantity

P
n hRn|r|0ni is expected to

decay? with (r�R). We have computed �R numerically.
Correlation function near criticality is shown in Fig.9.
�R decays and oscillates with R. Correlation function
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⇠⇡(M) = ⇠�⇡(M). This will be a very good approxima-
tion in the entire Brillouin zone as long as parameter
M is not close to the non HSP critical point. In other
words, if the system does not involve gap closing at
k point other than the HSP k0, Eq.(21) would be an
excellent approximation in entire BZ. In Fig.8, we have
shown plots of exact and Lorentzian curvature function
for two arbitrary values of parameters. Note that there
is no fitting parameter other than the length scale itself
which is again computed from Eq.16. This is amazing
that the entire information of curvature function and
hence of the system is carried by the correlation length
only.

⇠k0 as correlation length: The length scale ⇠k0 is un-
derstood as a correlation length of charge polarization
correlation function between Wannier states |0ni and
|Rni in 1D. The complete set of Wannier states are re-
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The zeroth component �0 is the charge polarization,
which is the topological invariant? . Since Wannier
state hr|Rni = Wn(r � R) is a localized function with
centre at R, the quantity

P
n hRn|r|0ni is expected to

decay? with (r�R). We have computed �R numerically.
Correlation function near criticality is shown in Fig.9.
�R decays and oscillates with R. Correlation function



To conclude

Expect this technique to be useful to characterise 
topological phase transitions in multi-dimensional 
parameter spaces, particularly in interacting and 
periodically driven systems - could be numerically 
efficient because phase space is so large.

Still in the exploratory phase


