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Outlook

» How robust are the topological phases with broken symmetry?
» Robustness of quantum spin-Hall effect with broken time-reversal symmetry.
» New quantization phenomena with electrical potential.

» Helical anomaly, helical magnetic effect, magneto-electric coupling in 2+1D.



Classifications of phases of matter

Broken symmetry
Quantum phases

T : Magnetism

P: Ferroelectricity

PT: Multiferroics

U(1): Superconductivity

Translational: Density waves

Symmetry invariant
Topological phases

Symmetry Dimension

T Cc S 1 2 3 4
0 0 0 0 o Z
0 0 1 Z 0 Z 0
1 0 0 o 0 0 Z
1 1 1 Z 0 0 0
0 1 Z 0 0
4 0 00 Z Z 2
A a4 1| Z 0 7 %
0 1 0|0 Z 0 %
1 -1 1 0 0 Z 0

How robust is the topological table to symmetry breaking?

Topology indicator in symmetry broken topological phases?

Surprisingly robust up to a critical coupling.

Quantum anomalies.

This work: Time-reversal broken Z, topology and Helical anomaly.
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A somewhat general model
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This principle of helicity inversion induced topological phase can be achieved intrinsically, artificially, or via
interaction in condensed matter and optical lattices. TD, Balatsky, Nat. Commun. 4, 1972 (2013).
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A somewhat general model
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This principle of helicity inversion induced topological phase can be achieved intrinsically, artificially, or via

interaction in condensed matter and optical lattices. TD, Balatsky, Nat. Commun. 4, 1972 (2013).
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Quantum Spin-Hall state : TR invariant
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Quantum Spin-Hall state : TR invariant
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Condition: Dirac mass (& 45, ) must change sign
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Symmetry breaking topological phases

T T
Hine = U 2 npng + V Z n;n; .Spln. S; = l/)%: oY
i€(AB) j#iE(A,B) Chiral: Ty = Y5t

T-breaking order parameters:

Exchange energy:
1
FM/AF: M* = Z((SE) + (S)) Ep = UM?

Tx/J/>) Ep = VN

Chiral magnet/chiral sublattice: n*/V = %(<Tx/ Y > + < L

T
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Symmetry breaking topological phases Symmetry invariant

T2 | C* | S | P |(PT)?|(CP)?|(CPT)*| AZ(2D) | Our result(2D) | Sym broken order Topological phases

1011 Z, (QSH)

Symmetry Dimension
o110 |1 0 -1,] 0 Z (QAH) Z, (QSH) FM T C© s|1 2 3 4
0 0 0 o Z 0 Z
0 1 |0 1 0 Ol 0 Z. (QAH) Z. (QAH) FM " 0 1 lz o z o
1 0 0 0 0 0 Z
1 1 1 20 0 0
0 1 0|z Z>0 o
T % %oz o
14 0 0|0 7 7 Z
14 1 1|z 0 Z, Z
0 -1 0 0 0
1 1 1|0 0 Z o

T = Time-reversal

C = Charge conjugation
S = TC =Chiral /sublattice
P = Parity

Altland, Zirnbauer (AZ),
PRB 55, 1142 (1997).
Chiu, Teo, Schnyder, Ryu
RMP 88, 035005 (2016)




(a) PM

FM order: CP-protected Z, invariant 1
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: : (a) PM CP-invariant

FM order: CP-protected Z, invariant 1
Hine = |En|t,Q0, ’ 1 1 ‘
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FM order: CP-protected Z, invariant

Hine = |Ep|T,@0,
Dirac mass become different: EZ—FB = &5 T |En]

Co=+1 if Pmdso Ey < Do | QSH
- 1

C, =1 E, > D, QAH

C_=0

Quantum Spin-Hall state : TR invariant

h+ 0 !/ 144
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Chern numbers C; = +1

Condition: Dirac mass (&5, ) much change sign
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Symmetry breaking topological phases Symmetry invariant

T2 | C* | S | P |(PT)?|(CP)?|(CPT)*| AZ(2D) | Our result(2D) | Sym broken order Topological phases

11111 Z, (QSH)
Symmetry Dimension
0|10 |10 -1, 0 Z (QAH) Z, (QSH) FM T ¢ Ss|1 2 3 a4
0 0o o o0f|o0 zZ o0 z
0|10 |1 0 Ol Z (QAH) Z. (QAH) FM o o 11z o 2z o
0|0 1 1 0 0 -1 0 Z , (QSH) Chiral magnet (CM) 1 ¢ 0|0 O 0 Z
1 1 1|2 0 0 0
0|0 |0 O |O 0 -1 Z (IQH) Z , (QSH) CM+Pbroken (<0 1 0 |Z Z>0 0
A4 1 1| Z Z Z 0
1 0 0|0 7, Z, %
A4 1 1| Z 0 Z: Z
0 -1 0|0 Z 0 %
i 1 1|0 0 z 0

T = Time-reversal

C = Charge conjugation
S = TC =Chiral /sublattice
P = Parity

Altland, Zirnbauer (AZ),
PRB 55, 1142 (1997).
Chiu, Teo, Schnyder, Ryu
RMP 88, 035005 (2016)




_ ] ] (a) PM CPT-invariant
Chiral Magnet : CPT-invariant T1I 1
Hine = |Em|t,®0y - ’ . W
S of - q
Different Newtonian mass: h,Jf = h;f + |E,,| ]
H = $alixq + < kT hm - ); -1 M
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Quantum Spin-Hall state : TR invariant Cy = C, =

hE0

Chern numbers C; = +1

Condition: Dirac mass (&5, ) much change sign
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Chiral Magnet : CPT-invariant T1I 1
Hine = |Em|7,®00 | . W
Sof |
Different Newtonian mass: ki = hii + |Ep,| e
hi +E 0 Z SI l E \i
H = I k m 1
Newtonian mass does not affect the Chern number .
QSH (CPT)?=-1  Buta linear operator S ><
< ‘
1

Quantum Spin-Hall state : TR invariant

h+ 0 ! 14

Chern numbers C; = +1

Condition: Dirac mass (&5, ) much change sign

Dy 5
EABR =0 at — = kO > 0
D1 20




Chiral Magnet : CPT-invariant T1I
Hine = |Em|t,@00

Different Newtonian mass: h,Jf = h;f + |E,,|

Helical anomaly

2
With in-plane electric field: au]g =0 % E

Jo =(p -+ Jo )+ Chiral charge, current per spin g = +.

Total chiral charge: p = 2724 | Helical charge: p; = 2121

Total chiral current: ] = @ Total chiral current: J, = 111

2
d2,]F =0 a“—ez
W = ws = E

No chiral anomaly Helical anomaly

2
Steady state: J; = % |4

A new guantized anomaly indicator

CPT-invariant
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Chiral Magnet : CPT-invariant T1I

Hipe = |Em|Tz®UO

Different Newtonian mass: h,%r = h;f + |E,,|

Helical anomaly

With in-plane electric field:

2
au]f; =O'%E

Jo =(p -+ Jo )+ Chiral charge, current per spin g = .

Total chiral charge: p = 21724 2+Pl
Total chiral current: ] = i)t

" =0

No chiral anomaly

Helical charge: p, = @

Total chiral current: J; =1L

o2

Helical anomaly

2
Steady state: J; = % |4

With in-plane magnetic field:

Zeeman energy density :

E, = uppsB
82
ls = Up IB

Helical magnetic effect

A new guantized anomaly indicator
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Symmetry breaking topological phases Symmetry invariant

T2 | C* | S | P |(PT)?|(CP)?|(CPT)*| AZ(2D) | Our result(2D) | Sym broken order Topological phases

11111 Z, (QSH)
Symmetry Dimension
0|10 |10 -1, 0 Z (QAH) Z, (QSH) FM T ¢ Ss|1 2 3 a4
0 0 0 0 0o Z 0 Z
0 1 0 1 0 Ol Z. (QAH) Z. (QAH) FM o 0 1 2 o 7 o
0|0 1 1 0 0 -1 0 Z , (QSH) Chiral magnet (CM) 1 6 0,0 0O 0 Z
1 1 112 0 0 0
oo |ofofo [o [-1 | zqaom 7,(QSH) |CM+Pbroken 0 1 0 |Z Z>0 o
1 1 1| Z Z Z 0
0|1 0|0 | -1 0 -1 Z Z , (Anomalous spin Hall) AF 41 0 o0 02 ;2 7 7
19 1 1|z 0 Z %
0 1 0|0 Z 0 %
1 14 1|10 0 2z o0

T = Time-reversal

C = Charge conjugation
S = TC =Chiral /sublattice
P = Parity

Altland, Zirnbauer (AZ),
PRB 55, 1142 (1997).
Chiu, Teo, Schnyder, Ryu
RMP 88, 035005 (2016)




AF order: PT-invariant T1I
Hine = |Em |0y
Off diagonal terms.  Chern number is not defined.

Bulk bands are adiabatically connected to the QSH state.

So what is the topological anomaly?

Quantum Spin-Hall state : TR invariant

h+ 0 !/ 144
H = &4l4x4 + ( (;‘ hE)' hE = &30, + ajoy +ajo,

Chern numbers C; = +1

Condition: Dirac mass (&5, ) much change sign

Dy 5
EABRZO at _=k0>0
D,
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AF order: PT-invariant TI
Hint — |Em|Tx®0-x

Off diagonal terms.  Chern number is not defined.

Bulk bands are adiabatically connected to the QSH state.

So what is the topological anomaly?
EA + Em ak €AB 0

$p—E,, —Q

*

—ay EB+Em
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AF order: PT-invariant T1I
Hine = |Em |0y
Off diagonal terms.  Chern number is not defined.

Bulk bands are adiabatically connected to the QSH state.

So what is the topological anomaly?

Sat+ By, ag Eap+iE, 0O
Ak §4—Em 0 £ 5 —1Em
H =
$p—E,, —Q
C.C. .
—ay EB + Em
Jackiw-Rossi model: H = oy.y + &45.T Nucl. Phys. B 190, 681 (1981)
Complex hopping (vortex): &= &4+ iE,
_ -1 E ~
O =tan™" £ VO, = ns(k — ko)k
1 (Across the band inversion: &5, = 0)

+_4 e
Oiy =t — o= [ dk. VO,

N e’k Anomalous spin edge current:
-~ 2mh a;l]—{ﬁ — (auo-xiy)E
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Symmetry breaking topological phases Symmetry invariant

T2 | C* | S | P |(PT)?|(CP)?|(CPT)*| AZ(2D) | Our result(2D) | Sym broken order Topological phases

1] 11 Z, (QSH)

Symmetry Dimension
O (1 ]0 |1 0 -1 0 Z (QAH) Z, (QSH) FM T ¢ sl|l1 2 3 4
0 0 0 0 0 Z 0 Z
0O |10 |1 0 Ol Z (QAH) Z (QAH) FM o o 112 0 2z o
of(o |1 (1|0 0 -1 0 Z , (QSH) Chiral magnet(CM) 1 0 0} 0 0 0 =
1 1 1| Z 0 0 O
0|0 |0 O |O 0 -1 Z (IQH) Z , (QSH) CM+Pbroken (<0 1 0 |Z Z>0 0
1 1 1| Z Z Z 0
oOo|1 0 (0| -1 0 -1 Z Z , (Anomalous spin Hall) AF 1 0 0 02 ;z 7, Z
: L1 1|z 0 Zy 7
0o/ 10|10 -1 0 Z (QAH) Z , (ASH) Chiral sublattice (CS); 4, 4| o 2 o 2
1 14 1,0 0 Z 0

T = Time-reversal

C = Charge conjugation
S = TC =Chiral /sublattice
P = Parity

Altland, Zirnbauer (AZ),
PRB 55, 1142 (1997).
Chiu, Teo, Schnyder, Ryu
RMP 88, 035005 (2016)




CS order (non-magnetic): PT-invariant TI
AF order: PT-invariant TI
SatEn o Eag tiE, O
o e $4—Em 0 €5 —iEm
$p—E,, —Q
c.cC. i
— Uy ";B + Em
Jackiw-Rossi model: H = oy.y + &45.T Nucl. Phys. B 190, 681 (1981)
Complex hopping (vortex): &= &4+ iE,
Oy = tan~" £ VO, = m8(k — ko)k
n e2 1 (Across the band inversion: &,5, = 0)
O'x_y = _%(ZTE)Z f dk VHk
N ek, Anomalous spin edge current:
-~ 2mh auli — (auaxiy)E




CS order (non-magnetic): PT-invariant TI

L]

AF order: PT-invariant TI

fA + Em 29 €AB 0
H = a; fA _Em 0 gAB
e $p—E,, —Q
o —ay, $g+En
Jackiw-Rossi model: H = oy.y + &45.T Nucl. Phys. B 190, 681 (1981)
Complex hopping (vortex): &= &4+ iE, Magneto-electric effect
O =tan” g2 VO, =8 (k — ko)k Ji = o3y By
A he band i ion: =0
o‘xiy g et 1 — [ dk. V6, (Across the band inversion: &5, = 0) Surface bound current: ] = Vx M
— mh (2m)
2 : :
e“k Anomalous spin edge current: n n
— + Mg =-0,,V
— 2mh auli = (auo-xiy)E Y aid




Symmetry breaking topological phases

Symmetry invariant

T2 | C* | S | P |(PT)?|(CP)?|(CPT)*| AZ(2D) | Our result(2D) | Sym broken order Topological phases
10111 Z, (QSH)
Symmetry Dimension
o[1]o|1]0 |-1,]0 7. (QAH) 7., (QSH) FM T 6 sl1 2 3 a
0 0 0 0 0 Z 0 Z
o110 [1]o0 0l 7 (QAH) Z (QAH) FM SO
0 [0 |1 1 0 0 -1 0 Z , (QSH) Chiral magnet (CM) 1 c 0,0 0 0 Z
1 1 1, Z 0 0 0
0[O0 [0 [0 [O 0 -1 Z (IQH) Z ., (QSH) CM + P broken 0 1 0|%Z Z 0 0
A 1 1|Z Z, Z ©
0|1 0 [0 -1 0 -1 Z Z , (Anomalous spin Hall) AF 1 0o o0 02 ;z Tn 7
: Ll 1 zo0 7 Z
0o/ 10|10 -1 0 Z (QAH) Z , (ASH) Chiral sublattice (CS); 4, 4| o 2 o 2
olofo|o|-1|-1]| 0 | zaugH | Z,(ASH) CS+ P broken 1 1 1]0o 0 z 0
111 1 1 -1 1 -1 Z » Z ., s, d SC (spinful) T = Time-reversal
: C = Charge conjugation
-1 1 (1|0 0 0 0 L L, p SC (spinful) S = TC =Chiral/sublattice
111 (1]-1 (-1 1 0 0 s,d SC (spinless) P = Parity
-1(-111 10 0 0 0 0 0 p SC (spinless) Altland, Zirnbauer (AZ),
PRB 55, 1142 (1997).
O(-1j0}1 /0 -1 0 Z L, FM, DM + SC Chiu, Teo, Schnyder, Ryu
o(-1|lo oo |1 |1 7 7)7., AF, S0 + SC RMP 88, 035005 (2016)




Conclusions

» With symmetry breakings, is the ten-fold topological classification table modified?
» 7., topology can be robust to time-reversal symmetry breaking.

»Novel helical anomaly in 2+1D systems. (No chiral anomaly due to Z, invariance).
»Novel magneto-electric effect in 2+1 D.

»Novel quantization with respect to electric potential.

e’ +_ _t
Spin current: /. = %V Helical magnetic effect: J = ug TB My =- 05, V




