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Introduction



Twisted bilayer graphene

e Arbitrary
angle




Current understanding

* Dirac cone preserved

* Velocity reduces at small angle but unaffected at Iarge angle
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Current understanding (cont’d.)
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Complete understanding of the small angle physics in non-
perturbative regime is lacking — needs more work

H. K. Pal, arXiv : 1805.08803
G. Tarnopolsky, A. J. Kruchkov, and A. Vishwanath, Phys. Rev. Lett. 122, 106405 (2019)



Experimental discovery of correlation effects
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Further experiments

Tuning superconductivity in twisted bilayer graphene
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Long-wavelength theory

P ©

* Lengthscale: |AK| = |K(60) — K| = 2Ksin(6/2)
Require: |AK| < K, i.e., Bl << 1 (measured from AA or AB).

* Energy scales: interlayer coupling t and vz AK.



Long-wavelength theories (cont’d)

 Expand around K (K’) point

Hl — UF Z '?;"Tltff . k"’;'f:’k- HE — Up Z 'i'r.-"Tl(iTH . (k){‘k
k k

Hig =Y Y Y Hk+K+G)e G iGO-78

kks .8 G,GY
Sk —k+AK + G — Gl thag.

* Lowest Fourier component #(K) =~

. »
k+AK k+AK,
* Choose G, G” such that|BK+G"-G|=|EK]| 2\1{'
L

Lopes dos Santos et al. ,PRL 99,256802 (2007)



Long-wavelength theories (cont’d)
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* Small angle: Reduced velocity
* Large angle: velocity unchanged
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Our theory



Mutually rotated /' Incommensurate

graphene layers

Geomelry

.. Commensurate

Commensuration
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Mele, PRB 81,
161405R (2010)



Starting point: commensuration

Hig =Y Y Y Hk+K+G)e G iGO-78

k.ks a.8 G,G*
(k! —k+AK +GY - G)

-T I
PraWkb 3

« Commensuration in real space implies
commensuration in reciprocal space

 Choose G, G” such that K + G = K(&) + G”

* Use higher Fourier component: (K +G) =V
k" —k+AK+G"'-G) = §Kk’—k)

Mele, PRB 81,161405R (2010)



Commensuration effects

= Consequences y

* Introduces mass: curvature and, — ..« SEO

in some cases, gap /\

* Energyscale: {K+G)=V «mn
* Gap appreciable only at certain k e

angles with small supercell
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Commensuration effects (cont’d.)
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Small vs. large angle

Small angle Large angle

» Small angle from some
commensuration



Theory at angle near commensuration

= Consider angle B near commensuration [,

* @-1but BE=B-E, << 1

= Formally try to expand around K point as before

Hig =Y Y Y Hk+K+G)e G iGO-78

k.ks a.8 G,G*
Sk —k+AK + G — Gl thag.

(k! —k+AK+ G -G) = ﬁqkﬂ—k@@

Formally same as before OK =2[K + Glsin(d6/2) < K
but AK =2|K|sin(f/2) ~ K

H. K. Pal, S. Carter, and M. Kindermann, arXiv:1409.1971



Theory at angle near commensuration(cont’'d.)

= Expand around K+G instead of K
1) Use BK and not BIK
2) Coupling energy scale reduced:
use #{(K+G)=V andnot #{(K)=~

" |n real space:

« Do
L 1 e~ (n—p)
) . ._._t'ﬂK'ill -l‘."
Hing (1) :@: ‘ ({:—‘i%(”_” e~ (1=p) )
TL

Here G = libi + by ,G% = p bl + p,b%°

and [ =11+, p=p+p1

= Reduces to small angle theory at B=0



System at large angles: local gaps

Real space (Non-perturbative limit: &/v 2K >> 1)

Near 6,= 38.21" ~1/BK



Local gaps

Reciprocal space

Real space




Counter-propagating chiral modes

» Effective low-energy physics \/
h, = g,(k) o \/
N3 = [dkg.(Ok,g x 0, g)/4r|g|’ /\ /\
[ A B C

_ ﬂ Real space
Reciprocal space



Network model

= Unitary scattering matrix for each
scattering center
= QObey the symmetries of Hamiltonian:
* C; symmetry around node
* Mirror reflection along line joining
nodes
* Point reflection at midpoint of line
joining nodes

¥ ,BE’.L}L ,BE’.I-A one

Uy =U- :% pe® o  Be | = parameter
pe't fe'’ model !

o = 1/v/1 + 8cos?\ and 3 = —2cos\/v/1 + 8cos?\.



Network model: energy specfrum

e Use Bloch’s theorem
* Exact analytical solution for the eigenstates!

( N+ Leog—1 | 2eac—1)(d4cos2))—1 dispersive
=1(k) = ¢ 27 (5+4cos2X)
- tan—! | SB2A Flat
X ‘ 24-cos2A | ?
co(k) = =1(k) + . Periodic

cx = »_ cos(k, -r), Kk, isvector k rotated by 2n&/3

Features:
* Dirac points and flat band.

 Degeneracy at Bl and K points in

the superlattice BZ. ><><
k1 K

Energy

 Reminiscent of Kagome lattice!



Emergent Kagome lattice

Similarity with Kagome lattice not AN
accidental 1l i

N RN
In the limit of strong backscattering J H H\\
at each scattering center, states get /{\\‘\Tf’\\?ﬁ‘“
localized on each link NG N

Think of a TB model with lattice
points on each link

The emergent lattice is indeed
Kagome!

Origin of flat bands is, therefore,
geometric frustration




Numerical confirmation

* Localization length scales as v¢/B 1 700 lattice constants

* |n order to see localized modes, we need @1 10° atoms

* Numerical calculation is challenging!

* Trick: use artificial coupling between the layers such that
is enhanced

Recall: #{K+G)=V

tﬂ_ﬂ{rifri) :tlj[j(G(s'T‘)HH((j?" — l[)).

t ozf
III




Numerical confirmation

* Tight-binding calculation near commensuration
Choose = 38.546F near commensuration at 38.213[

Lattice contains @ 104 atoms
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H. K. Pal, S. Spitz, M. Kindermann,
Phys. Rev. Lett. 123, 186402 (2019)



Summary and Outlook
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o Commensuration
o Topology

» Emergent frustration
e Look near 38.21[
e New correlation effects?

Thank you



Extras



Extras

DFT calculation showing no preference for any
particular angle

-17.5¢ radius=104 —
radius=204

radiugs=50# -
radiuz=1004A

]
]

0 20

Twisting angle (degree)

1 1
21 4 &0

I'-II
40 60

JOURNAL OF APPLIED PHYSICS 113, 194304 (2013)



Small angle vs large angle: comparison

Flat bands are thus present at both large and small

angles.
But the underlying physics is very different in the two

cases

Large angle Small angle
Flat band persistent at * Recurring flat bands at
non-perturbative regime magic angles
Arises due to geometric e (?) Probably, particle-in-
frustration a- box-like confinement
Electrons localized along * Electrons localized in AA
AB-BA directions. AA regions gapped
regions gapped




Small angle vs large angle: localization

* Localization patterns at large and small angles are
complementary

Near 38.2[] Near 02




System at large angles: local gaps

Real space (Non-perturbative limit: &/v 2K >> 1)




Numerical confirmation

* Localization length scales as v¢/B 1 700 lattice constants

* |n order to see localized modes, we need @1 10° atoms

* Numerical calculation is challenging!

* Trick: use artificial coupling between the layers such that
is enhanced

t 1.2 t\l

Recall: #K+G)=V

t7(ri, ;) = V(ri — ;) + ng(r; — ;)

- . . —(lr;—r;l/1 ]2
1' (1!‘11} = fﬂf ~|I‘ IJ|; 0,

Q(I‘f—l’j) = tle_'”"i—l'jlﬂlil"""‘mﬁ( KLQG |1'1'—1‘j ) 4\



Numerical confirmation

 Tight-binding calculation near commensuration

——

Choose = 38.546F near commensuration at 38.213[
Lattice contains @ 104 atoms
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