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Broad view 

• Fractional quantum Hall effect, rich physics

• wave function, CFT

• TQFT, anyons

• flux attachment

• LLL approaches (Shankar-Murthy...)

• duality
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Rich phenomenology

gapped QH states at ⌫ =
N + 1

2N + 1
<latexit sha1_base64="P9iIlLdgKlgs3FNWFFXYoLwLH14=">AAACDXicbZDLSsNAFIZPvNZ6i4orN4NFEISSdGM3QsGNK6lgL9CEMplO2qGTSZiZCCX0GXwGt7p2Jy71GVz6Aj6Dk1bEtv4ww89/zuEcviDhTGnH+bCWlldW19YLG8XNre2dXXtvv6niVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHiZ11t3VCoWi1s9Sqgf4b5gISNYm6hrH3oivfBCiQnKrs/ccVbJ/65dcsrOROjXuPOmVKu+fYFRvWt/er2YpBEVmnCsVMd1Eu1nWGpGOB0XvVTRBJMh7tOOsQJHVPnZ5PwxOjFJD4WxNE9oNEn/TmQ4UmoUBaYzwnqg5mt5+F+tk+qw6mdMJKmmgkwXhSlHOkY5C9RjkhLNR8ZgIpm5FZEBNiy0ITazJYhyJgsEFk2zUnadsntj4NRgqgIcwTGcggvnUIMrqEMDCGTwAI/wZN1bz9aL9TptXbJ+Zg5gRtb7N5ygnUQ=</latexit><latexit sha1_base64="y10jmsIH0JuvgJpBTlD206KvIxE=">AAACDXicbZDLSgMxFIYz9VbrbVRcuQkWQRDKTDd2IxREcCUV7AU6Q8mkmTY0yQxJRihDn8FncKtrd8WlPoNLH8BXEDOtiG09kPDz/+dwDl8QM6q047xbuaXlldW1/HphY3Nre8fe3WuoKJGY1HHEItkKkCKMClLXVDPSiiVBPGCkGQwusrx5R6SikbjVw5j4HPUEDSlG2lgd+8ATybkXSoRhen3qjtJy9nfsolNyJgV/hTsvitXK6+dXMr6sdewPrxvhhBOhMUNKtV0n1n6KpKaYkVHBSxSJER6gHmkbKRAnyk8n54/gsXG6MIykeULDift3IkVcqSEPTCdHuq/ms8z8L2snOqz4KRVxoonA00VhwqCOYMYCdqkkWLOhEQhLam6FuI8MC22IzWwJeMZkgcCiaJRLrlNybwycKphWHhyCI3ACXHAGquAK1EAdYJCCB/AInqx769kaWy/T1pz1M7MPZsp6+wYJZJ+3</latexit><latexit sha1_base64="y10jmsIH0JuvgJpBTlD206KvIxE=">AAACDXicbZDLSgMxFIYz9VbrbVRcuQkWQRDKTDd2IxREcCUV7AU6Q8mkmTY0yQxJRihDn8FncKtrd8WlPoNLH8BXEDOtiG09kPDz/+dwDl8QM6q047xbuaXlldW1/HphY3Nre8fe3WuoKJGY1HHEItkKkCKMClLXVDPSiiVBPGCkGQwusrx5R6SikbjVw5j4HPUEDSlG2lgd+8ATybkXSoRhen3qjtJy9nfsolNyJgV/hTsvitXK6+dXMr6sdewPrxvhhBOhMUNKtV0n1n6KpKaYkVHBSxSJER6gHmkbKRAnyk8n54/gsXG6MIykeULDift3IkVcqSEPTCdHuq/ms8z8L2snOqz4KRVxoonA00VhwqCOYMYCdqkkWLOhEQhLam6FuI8MC22IzWwJeMZkgcCiaJRLrlNybwycKphWHhyCI3ACXHAGquAK1EAdYJCCB/AInqx769kaWy/T1pz1M7MPZsp6+wYJZJ+3</latexit><latexit sha1_base64="uLhAhsZ1CoYvcvRUfWiPboGWUnk=">AAACDXicbZDNSgMxFIXv1L9a/0bFlZtgEQShzHSjG6HgxpVUsLXQKSWTZtrQJDMkGaEMfQafwa2u3Ylbn8Glb2KmLWJbLyQczrmXe/nChDNtPO/LKaysrq1vFDdLW9s7u3vu/kFTx6kitEFiHqtWiDXlTNKGYYbTVqIoFiGnD+HwOs8fHqnSLJb3ZpTQjsB9ySJGsLFW1z0KZHoVRAoTlN2e++Osmv9dt+xVvEmhX+EvijLMqt51v4NeTFJBpSEca932vcR0MqwMI5yOS0GqaYLJEPdp20qJBdWdbHL+GJ1ap4eiWNknDZq4fycyLLQeidB2CmwGejHLzf+ydmqiy07GZJIaKsl0UZRyZGKUs0A9pigxfGQFJorZWxEZYMvCWGJzW0KRM1kisCya1YrvVfw7r1yrzegU4RhO4Ax8uIAa3EAdGkAgg2d4gVfnyXlz3p2PaWvBmc0cwlw5nz+MnZsY</latexit>

⌫ =
N

2N + 1
<latexit sha1_base64="L6CRloTk+4Am7/eRpVlgu2vfM2o=">AAACC3icdVDLSsNAFL3xWesr2qWbwSIIQkm6sRuh4MZVqWAf0JQymU7aoZNJmJkIIeQT/Aa3unYnbvUfXPoDfoPTVsH6OHDhcM69nMvxY86UdpxXa2l5ZXVtvbBR3Nza3tm19/bbKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vEn51O/c02lYpG40mlM+yEeCRYwgrWRBnbJE8mZF0hMUNbIs2rjxM0HdtmtODMg5xf5ssr12ss7GDQH9ps3jEgSUqEJx0r1XCfW/QxLzQinedFLFI0xmeAR7RkqcEhVP5s9n6MjowxREEkzQqOZ+v0iw6FSaeibzRDrsfrpTcW/vF6ig1o/YyJONBVkHhQkHOkITZtAQyYp0Tw1BBPJzK+IjLFpQpu+FlL8cKGT/0m7WnGdintpyqnDHAU4gEM4BhdOoQ4X0IQWEEjhFu7g3rqxHqxH62m+umR93pRgAdbzB7X4nNQ=</latexit><latexit sha1_base64="9UYvPwR1xD60L8NWZjD0v9GxrEA=">AAACC3icdVDLSsNAFJ3UV62vaJduBosgCCXpxm6EggiuSgX7gKaUyXTSDp1MwjyEEPIJfoNbXbuTbvUfXPoB/oI4bRWsjwMXDufcy7kcP2ZUKsd5sXJLyyura/n1wsbm1vaOvbvXkpEWmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfn0399jURkkb8SiUx6YVoyGlAMVJG6ttFj+tTLxAIw7SepZX6sZv17ZJbdmaAzi/yZZVq1ee3dz05b/TtV28QYR0SrjBDUnZdJ1a9FAlFMSNZwdOSxAiP0ZB0DeUoJLKXzp7P4KFRBjCIhBmu4Ez9fpGiUMok9M1miNRI/vSm4l9eV6ug2kspj7UiHM+DAs2giuC0CTiggmDFEkMQFtT8CvEImSaU6WshxQ8XOvmftCpl1ym7l6acGpgjD/bBATgCLjgBNXABGqAJMEjALbgD99aN9WA9WpP5as76vCmCBVhPHyK8n0c=</latexit><latexit sha1_base64="9UYvPwR1xD60L8NWZjD0v9GxrEA=">AAACC3icdVDLSsNAFJ3UV62vaJduBosgCCXpxm6EggiuSgX7gKaUyXTSDp1MwjyEEPIJfoNbXbuTbvUfXPoB/oI4bRWsjwMXDufcy7kcP2ZUKsd5sXJLyyura/n1wsbm1vaOvbvXkpEWmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfn0399jURkkb8SiUx6YVoyGlAMVJG6ttFj+tTLxAIw7SepZX6sZv17ZJbdmaAzi/yZZVq1ee3dz05b/TtV28QYR0SrjBDUnZdJ1a9FAlFMSNZwdOSxAiP0ZB0DeUoJLKXzp7P4KFRBjCIhBmu4Ez9fpGiUMok9M1miNRI/vSm4l9eV6ug2kspj7UiHM+DAs2giuC0CTiggmDFEkMQFtT8CvEImSaU6WshxQ8XOvmftCpl1ym7l6acGpgjD/bBATgCLjgBNXABGqAJMEjALbgD99aN9WA9WpP5as76vCmCBVhPHyK8n0c=</latexit><latexit sha1_base64="OYwcUm31k7eaggGjA7Al14Fusfc=">AAACC3icdVDLSsNAFL3xWesr2qWbwSIIQkm60Y1QcOOqVLAPaEKZTCft0MkkzEyEEPIJfoNbXbsTt36ES//E6UOwPg5cOJxzL+dygoQzpR3n3VpZXVvf2Cxtlbd3dvf27YPDjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDydXU795RqVgsbnWWUD/CI8FCRrA20sCueCK99EKJCcqbRV5vnrnFwK66NWcG5PwiX1YVFmgN7A9vGJM0okITjpXqu06i/RxLzQinRdlLFU0wmeAR7RsqcESVn8+eL9CJUYYojKUZodFM/X6R40ipLArMZoT1WP30puJfXj/V4YWfM5GkmgoyDwpTjnSMpk2gIZOUaJ4Zgolk5ldExtg0oU1fSylBtNTJ/6RTr7lOzb1xqo3Gop0SHMExnIIL59CAa2hBGwhk8ACP8GTdW8/Wi/U6X12xFjcVWIL19gml9Zqo</latexit>



Composite fermion

• Near half filling: a new quasiparticle

• Traditional view “composite fermion” = electron + 
2 flux quanta

• That picture however is not particle-hole 
symmetric

• New view: composite fermion as a “dual fermion”



Dirac composite fermion

• Composite fermions are “massless Dirac fermions”: 
have Berry phase pi around any loop around p=0

• Number of CFs = 1/2 number of magnetic flux quanta

• CFs live in a magnetic field b = B - 4 pi ne

• Number of electron is NOT  number of CFs



LLL projection

• Some fundamental questions remain :

• is there projection to LLL in the composite 
fermion theory?

• in particular, does the theory realize the algebra 
of the projected electron density operator 
(GMP algebra)

• does density-density correlator ~ q^4 ?



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

@

@t
(mj) +r ·T = j⇥B

<latexit sha1_base64="+Mwxbgbgd5E4+jDOsfP28DPyXYo="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="qFyz4tY8I4Q04xmvwGMK7zv7JnA="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

@

@t
(mj) +r ·T = j⇥B

<latexit sha1_base64="+Mwxbgbgd5E4+jDOsfP28DPyXYo="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="qFyz4tY8I4Q04xmvwGMK7zv7JnA="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>

m ! 0
<latexit sha1_base64="NfA10dXb1h83d3yb8pjwRJj5znQ=">AAAB/HicdVDLSgMxFL3js9ZX1aWbYBFclYwb3YhFNy4r2Ae0Q8mkmTY2yQxJRihDxU9wq2t34tZf8Btc+iemrULr48CFwzn3cu69YSK4sRi/e3PzC4tLy7mV/Ora+sZmYWu7ZuJUU1alsYh1IySGCa5Y1XIrWCPRjMhQsHrYPx/59RumDY/VlR0kLJCkq3jEKbFOqsmWjRFuF4p+CY+B8C/ybRVP3/IndwBQaRc+Wp2YppIpSwUxpunjxAYZ0ZZTwYb5VmpYQmifdFnTUUUkM0E23naI9p3SQVGsXSmLxur0REakMQMZuk5JbM/89EbiX14ztdFxkHGVpJYpOgmKUoHciaPTUYdrRq0YOEKo5m5XRHtEE2rdg2ZSQjmc/sn/pHZY8nHJv8TF8hlMkINd2IMD8OEIynABFagChWu4hwd49G69J+/Ze5m0znlfMzswA+/1EzeZlxI=</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="B5UZyz1+7AEUAT4KMxitYoTFQ+Q=">AAAB/HicdVDLSgMxFL1TX7W+qi7dBIvgqmTc6LLoxmUF+4B2KJk008YmmSHJCGWo3+BW1+7Erf/i0j8xnVZofRy4cDjnXu69J0wENxbjD6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYt0NimOCKNSy3grUTzYgMBWuFo6up37pn2vBY3dpxwgJJBopHnBLrpKbs2hjhXrniV3EOhH+Rb6sCc9R75c9uP6apZMpSQYzp+DixQUa05VSwSambGpYQOiID1nFUEclMkOXXTtCJU/ooirUrZVGuLk5kRBozlqHrlMQOzU9vKv7ldVIbXQQZV0lqmaKzRVEqkHtx+jrqc82oFWNHCNXc3YrokGhCrQtoaUsoJ4uZ/E+aZ1UfV/0bXKldztMpwhEcwyn4cA41uIY6NIDCHTzCEzx7D96L9+q9zVoL3nzmEJbgvX8BrU+VRQ==</latexit>



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

@

@t
(mj) +r ·T = j⇥B

<latexit sha1_base64="+Mwxbgbgd5E4+jDOsfP28DPyXYo="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="qFyz4tY8I4Q04xmvwGMK7zv7JnA="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>

m ! 0
<latexit sha1_base64="NfA10dXb1h83d3yb8pjwRJj5znQ=">AAAB/HicdVDLSgMxFL3js9ZX1aWbYBFclYwb3YhFNy4r2Ae0Q8mkmTY2yQxJRihDxU9wq2t34tZf8Btc+iemrULr48CFwzn3cu69YSK4sRi/e3PzC4tLy7mV/Ora+sZmYWu7ZuJUU1alsYh1IySGCa5Y1XIrWCPRjMhQsHrYPx/59RumDY/VlR0kLJCkq3jEKbFOqsmWjRFuF4p+CY+B8C/ybRVP3/IndwBQaRc+Wp2YppIpSwUxpunjxAYZ0ZZTwYb5VmpYQmifdFnTUUUkM0E23naI9p3SQVGsXSmLxur0REakMQMZuk5JbM/89EbiX14ztdFxkHGVpJYpOgmKUoHciaPTUYdrRq0YOEKo5m5XRHtEE2rdg2ZSQjmc/sn/pHZY8nHJv8TF8hlMkINd2IMD8OEIynABFagChWu4hwd49G69J+/Ze5m0znlfMzswA+/1EzeZlxI=</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="B5UZyz1+7AEUAT4KMxitYoTFQ+Q=">AAAB/HicdVDLSgMxFL1TX7W+qi7dBIvgqmTc6LLoxmUF+4B2KJk008YmmSHJCGWo3+BW1+7Erf/i0j8xnVZofRy4cDjnXu69J0wENxbjD6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYt0NimOCKNSy3grUTzYgMBWuFo6up37pn2vBY3dpxwgJJBopHnBLrpKbs2hjhXrniV3EOhH+Rb6sCc9R75c9uP6apZMpSQYzp+DixQUa05VSwSambGpYQOiID1nFUEclMkOXXTtCJU/ooirUrZVGuLk5kRBozlqHrlMQOzU9vKv7ldVIbXQQZV0lqmaKzRVEqkHtx+jrqc82oFWNHCNXc3YrokGhCrQtoaUsoJ4uZ/E+aZ1UfV/0bXKldztMpwhEcwyn4cA41uIY6NIDCHTzCEzx7D96L9+q9zVoL3nzmEJbgvX8BrU+VRQ==</latexit>

j ⇠ qT

B
<latexit sha1_base64="E7CKGm1RoS9CrblT8QeeknZbXzM=">AAACCnicdVC7SgNBFL3rM8bXGkubwSBYhV0bU4bYWEbIC7IhzE5mkzEzu+vMrBiW/QO/wVZrO7H1A2ytxD9xkigkPg5cOJxzL+dy/JgzpR3nzVpaXlldW89t5De3tnd27b1CU0WJJLRBIh7Jto8V5SykDc00p+1YUix8Tlv+6Gzit66pVCwK63oc067Ag5AFjGBtpJ5duPQUE8gLJCbpFapnqNqzi27JmQI5v8i3VayU318RANR69ofXj0giaKgJx0p1XCfW3RRLzQinWd5LFI0xGeEB7RgaYkFVN53+nqEjo/RREEkzoUZTdf4ixUKpsfDNpsB6qH56E/Evr5PooNxNWRgnmoZkFhQkHOkITYpAfSYp0XxsCCaSmV8RGWJTgzZ1LaT4Ipvv5H/SPCm5Tsm9MOVUYYYcHMAhHIMLp1CBc6hBAwjcwB3cw4N1az1aT9bzbHXJ+rrZhwVYL59AuZyf</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="LlpI88rnwtvX02suzpztSEVOtZ8=">AAACCnicdVDLSsNAFL3xWesr1qWbwSK4KokbXZa6cVmhL2hCmUwn7diZJM5MxBLyB36DW127E7f+hEv/xOlDaH0cuHA4517O5QQJZ0o7zoe1srq2vrFZ2Cpu7+zu7dsHpZaKU0lok8Q8lp0AK8pZRJuaaU47iaRYBJy2g9HlxG/fUalYHDX0OKG+wIOIhYxgbaSeXbrxFBPICyUm2S1q5KjWs8tuxZkCOb/It1WGOeo9+9PrxyQVNNKEY6W6rpNoP8NSM8JpXvRSRRNMRnhAu4ZGWFDlZ9Pfc3RilD4KY2km0miqLl5kWCg1FoHZFFgP1U9vIv7ldVMdXvgZi5JU04jMgsKUIx2jSRGozyQlmo8NwUQy8ysiQ2xq0KaupZRA5Iud/E9aZxXXqbjXTrlam7dTgCM4hlNw4RyqcAV1aAKBe3iEJ3i2HqwX69V6m62uWPObQ1iC9f4FCsWaWA==</latexit>



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

@

@t
(mj) +r ·T = j⇥B

<latexit sha1_base64="+Mwxbgbgd5E4+jDOsfP28DPyXYo="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="qFyz4tY8I4Q04xmvwGMK7zv7JnA="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>

m ! 0
<latexit sha1_base64="NfA10dXb1h83d3yb8pjwRJj5znQ=">AAAB/HicdVDLSgMxFL3js9ZX1aWbYBFclYwb3YhFNy4r2Ae0Q8mkmTY2yQxJRihDxU9wq2t34tZf8Btc+iemrULr48CFwzn3cu69YSK4sRi/e3PzC4tLy7mV/Ora+sZmYWu7ZuJUU1alsYh1IySGCa5Y1XIrWCPRjMhQsHrYPx/59RumDY/VlR0kLJCkq3jEKbFOqsmWjRFuF4p+CY+B8C/ybRVP3/IndwBQaRc+Wp2YppIpSwUxpunjxAYZ0ZZTwYb5VmpYQmifdFnTUUUkM0E23naI9p3SQVGsXSmLxur0REakMQMZuk5JbM/89EbiX14ztdFxkHGVpJYpOgmKUoHciaPTUYdrRq0YOEKo5m5XRHtEE2rdg2ZSQjmc/sn/pHZY8nHJv8TF8hlMkINd2IMD8OEIynABFagChWu4hwd49G69J+/Ze5m0znlfMzswA+/1EzeZlxI=</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="B5UZyz1+7AEUAT4KMxitYoTFQ+Q=">AAAB/HicdVDLSgMxFL1TX7W+qi7dBIvgqmTc6LLoxmUF+4B2KJk008YmmSHJCGWo3+BW1+7Erf/i0j8xnVZofRy4cDjnXu69J0wENxbjD6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYt0NimOCKNSy3grUTzYgMBWuFo6up37pn2vBY3dpxwgJJBopHnBLrpKbs2hjhXrniV3EOhH+Rb6sCc9R75c9uP6apZMpSQYzp+DixQUa05VSwSambGpYQOiID1nFUEclMkOXXTtCJU/ooirUrZVGuLk5kRBozlqHrlMQOzU9vKv7ldVIbXQQZV0lqmaKzRVEqkHtx+jrqc82oFWNHCNXc3YrokGhCrQtoaUsoJ4uZ/E+aZ1UfV/0bXKldztMpwhEcwyn4cA41uIY6NIDCHTzCEzx7D96L9+q9zVoL3nzmEJbgvX8BrU+VRQ==</latexit>

j ⇠ qT

B
<latexit sha1_base64="E7CKGm1RoS9CrblT8QeeknZbXzM=">AAACCnicdVC7SgNBFL3rM8bXGkubwSBYhV0bU4bYWEbIC7IhzE5mkzEzu+vMrBiW/QO/wVZrO7H1A2ytxD9xkigkPg5cOJxzL+dy/JgzpR3nzVpaXlldW89t5De3tnd27b1CU0WJJLRBIh7Jto8V5SykDc00p+1YUix8Tlv+6Gzit66pVCwK63oc067Ag5AFjGBtpJ5duPQUE8gLJCbpFapnqNqzi27JmQI5v8i3VayU318RANR69ofXj0giaKgJx0p1XCfW3RRLzQinWd5LFI0xGeEB7RgaYkFVN53+nqEjo/RREEkzoUZTdf4ixUKpsfDNpsB6qH56E/Evr5PooNxNWRgnmoZkFhQkHOkITYpAfSYp0XxsCCaSmV8RGWJTgzZ1LaT4Ipvv5H/SPCm5Tsm9MOVUYYYcHMAhHIMLp1CBc6hBAwjcwB3cw4N1az1aT9bzbHXJ+rrZhwVYL59AuZyf</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="LlpI88rnwtvX02suzpztSEVOtZ8=">AAACCnicdVDLSsNAFL3xWesr1qWbwSK4KokbXZa6cVmhL2hCmUwn7diZJM5MxBLyB36DW127E7f+hEv/xOlDaH0cuHA4517O5QQJZ0o7zoe1srq2vrFZ2Cpu7+zu7dsHpZaKU0lok8Q8lp0AK8pZRJuaaU47iaRYBJy2g9HlxG/fUalYHDX0OKG+wIOIhYxgbaSeXbrxFBPICyUm2S1q5KjWs8tuxZkCOb/It1WGOeo9+9PrxyQVNNKEY6W6rpNoP8NSM8JpXvRSRRNMRnhAu4ZGWFDlZ9Pfc3RilD4KY2km0miqLl5kWCg1FoHZFFgP1U9vIv7ldVMdXvgZi5JU04jMgsKUIx2jSRGozyQlmo8NwUQy8ysiQ2xq0KaupZRA5Iud/E9aZxXXqbjXTrlam7dTgCM4hlNw4RyqcAV1aAKBe3iEJ3i2HqwX69V6m62uWPObQ1iC9f4FCsWaWA==</latexit>

⇠ q2
<latexit sha1_base64="Nre6BJeBWaTkgfc3HQkI5QWtPos=">AAAB/nicdVDLTgJBEOzFF+IL9aiHicTEE9nlokeiF4+QyCOBlcwOszBhZnaZmTUhGxK/wauevRmv/Io3/RMH0AR8VNJJpao73V1BzJk2rvvmZFZW19Y3spu5re2d3b38/kFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwNfUbd1RpFskbM4qpL3BPspARbKzUbGsm0PC21MkXvKI7A3J/kW+rUD6eVN8BoNLJf7S7EUkElYZwrHXLc2Pjp1gZRjgd59qJpjEmA9yjLUslFlT76ezeMTq1SheFkbIlDZqpixMpFlqPRGA7BTZ9/dObin95rcSEF37KZJwYKsl8UZhwZCI0fR51maLE8JElmChmb0WkjxUmxka0tCUQ48VM/if1UtFzi17VhnMJc2ThCE7gDDw4hzJcQwVqQIDDAzzCk3PvPDsvzuu8NeN8zRzCEpzJJ2wYmGg=</latexit><latexit sha1_base64="RvU+1i87atxfuR9zLsjhIo8lHXk=">AAAB/nicdVC7SgNBFL3rM8ZX1FKRwSBYhd00WgZtLBMwD0jWMDuZTYbMzK4zs0JYAjb+gK3WdmKbX7G09iecJAqJjwMXDufcy733BDFn2rjum7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/YuxX7+lSrNIXplBTH2Bu5KFjGBjpUZLM4FurovtXN4ruBMg9xf5tvKlg1Hl4/5wVG7n3ludiCSCSkM41rrpubHxU6wMI5wOs61E0xiTPu7SpqUSC6r9dHLvEB1bpYPCSNmSBk3U2YkUC60HIrCdApue/umNxb+8ZmLCMz9lMk4MlWS6KEw4MhEaP486TFFi+MASTBSztyLSwwoTYyOa2xKI4Wwm/5NaseC5Ba9iwzmHKTKwD0dwAh6cQgkuoQxVIMDhAR7hyblznp0X53XauuB8zezBHJzRJ19Xmc4=</latexit><latexit sha1_base64="RvU+1i87atxfuR9zLsjhIo8lHXk=">AAAB/nicdVC7SgNBFL3rM8ZX1FKRwSBYhd00WgZtLBMwD0jWMDuZTYbMzK4zs0JYAjb+gK3WdmKbX7G09iecJAqJjwMXDufcy733BDFn2rjum7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/YuxX7+lSrNIXplBTH2Bu5KFjGBjpUZLM4FurovtXN4ruBMg9xf5tvKlg1Hl4/5wVG7n3ludiCSCSkM41rrpubHxU6wMI5wOs61E0xiTPu7SpqUSC6r9dHLvEB1bpYPCSNmSBk3U2YkUC60HIrCdApue/umNxb+8ZmLCMz9lMk4MlWS6KEw4MhEaP486TFFi+MASTBSztyLSwwoTYyOa2xKI4Wwm/5NaseC5Ba9iwzmHKTKwD0dwAh6cQgkuoQxVIMDhAR7hyblznp0X53XauuB8zezBHJzRJ19Xmc4=</latexit><latexit sha1_base64="YthQJTJvho9XT9dgLS3CXYZ4Sow=">AAAB/nicdVDLSgMxFL1TX7W+qi7dBIvgqmS60WXRjcsK9gHtWDJppg1NMmOSEcpQ8Bvc6tqduPVXXPonpg+h9XHgwuGce7n3njAR3FiMP7zcyura+kZ+s7C1vbO7V9w/aJg41ZTVaSxi3QqJYYIrVrfcCtZKNCMyFKwZDi8nfvOeacNjdWNHCQsk6SsecUqsk1odwyW6u610iyW/jKdA+Bf5tkowR61b/Oz0YppKpiwVxJi2jxMbZERbTgUbFzqpYQmhQ9JnbUcVkcwE2fTeMTpxSg9FsXalLJqqixMZkcaMZOg6JbED89ObiH957dRG50HGVZJapuhsUZQKZGM0eR71uGbUipEjhGrubkV0QDSh1kW0tCWU48VM/ieNStnHZf8al6oX83TycATHcAo+nEEVrqAGdaAg4BGe4Nl78F68V+9t1prz5jOHsATv/Qs6E5Yj</latexit>



@⇢

@t
+r · j = 0

<latexit sha1_base64="bAPAKZzCduz8tAnuK5XEsvFMuIU="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="BKxmVh+dSGub8bZOmm9wlLGFd8c="></latexit><latexit sha1_base64="qdHYmHZ99PFzdWXHji6Yb5eovgM="></latexit>

@

@t
(mj) +r ·T = j⇥B

<latexit sha1_base64="+Mwxbgbgd5E4+jDOsfP28DPyXYo="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="GRKVQo0nlcA41Dn3nrS4Yqdtq9M="></latexit><latexit sha1_base64="qFyz4tY8I4Q04xmvwGMK7zv7JnA="></latexit>

⇢ ⇠ qj

!
<latexit sha1_base64="vJ09DN9N/9GRW+w/j1VtxmzSkEU=">AAACEnicdZDLSgMxFIbP1Futt6o73QSL4KrMCGKXRTcuK9gLdErJpJk2NpmMSUYoQ8GH8Bnc6tqduHXh1pX4JqY3sKI/BH6+cw4n5w9izrRx3Q8ns7C4tLySXc2trW9sbuW3d2paJorQKpFcqkaANeUsolXDDKeNWFEsAk7rQf98VK/fUqWZjK7MIKYtgbsRCxnBxqJ2fs9XPYl8zQTyQ4VJeoOuh74UtIvb+YJbPHFHQm7RnZkp8aakUC59viMAqLTzX35HkkTQyBCOtW56bmxaKVaGEU6HOT/RNMakj7u0aW2EBdWtdHzDEB1a0kGhVPZFBo3pz4kUC60HIrCdApue/l0bwb9qzcSEpVbKojgxNCKTRWHCkZFoFAjqMEWJ4QNrMFHM/hWRHrZRGBvb3JZADG0ms8PR/6Z2XPTcondpwzmDibKwDwdwBB6cQhkuoAJVIHAHD/AIT8698+y8OK+T1owzndmFOTlv3yc1oGw=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="EXpHAAWYITzlHFPo6Sim5PLWI84=">AAACEnicdZDLSgMxFIYz9VbrbdSFqJtgEVyVGUHssujGZQV7gU4pmTTTxiaTMckIZSj4ED6DW127E7cu3OpG3PkYZnoBK/pD4Oc753Byfj9iVGnHebMyM7Nz8wvZxdzS8srqmr2+UVUilphUsGBC1n2kCKMhqWiqGalHkiDuM1Lze6dpvXZNpKIivND9iDQ56oQ0oBhpg1r2jie7AnqKcugFEuHkCl4OPMFJB7XsvFM4clJBp+BMzJi4Y5IvFT9et96/tsst+9NrCxxzEmrMkFIN14l0M0FSU8zIIOfFikQI91CHNIwNESeqmQxvGMB9Q9owENK8UMMh/TmRIK5Un/umkyPdVb9rKfyr1oh1UGwmNIxiTUI8WhTEDGoB00Bgm0qCNesbg7Ck5q8Qd5GJQpvYprb4fGAymRwO/zfVw4LrFNxzE84JGCkLdsEeOAAuOAYlcAbKoAIwuAF34B48WLfWo/VkPY9aM9Z4ZhNMyXr5BrHcoj4=</latexit><latexit sha1_base64="bzCtAtHsZ1dGdcF1jwRrjDeKjr8=">AAACEnicdZDLSgMxFIYzXmu9jbrTTbAIroaMILosunFZwV6gU0omzbSxyWRMMkIZCj6Ez+BW1+7ErS/g0jcx007Biv4Q+PnOOZycP0w40wahT2dhcWl5ZbW0Vl7f2Nzadnd2G1qmitA6kVyqVog15SymdcMMp61EUSxCTpvh8DKvN++p0kzGN2aU0I7A/ZhFjGBjUdfdD9RAwkAzAYNIYZLdwdtxIAXt465bQd4pygWRh2amIH5BKqBQret+BT1JUkFjQzjWuu2jxHQyrAwjnI7LQappgskQ92nb2hgLqjvZ5IYxPLKkByOp7IsNnNCfExkWWo9EaDsFNgP9u5bDv2rt1ETnnYzFSWpoTKaLopRDI2EeCOwxRYnhI2swUcz+FZIBtlEYG9vcllCMbSazw+H/pnHi+cjzr1GlelGkUwIH4BAcAx+cgSq4AjVQBwQ8gCfwDF6cR+fVeXPep60LTjGzB+bkfHwD8TKeJQ==</latexit>

h⇢⇢i ⇠ q2
<latexit sha1_base64="ZvrR37WRUaLmm3hF0EDxzmm2fCE=">AAACGnicdZBLSwMxEMdn66vWV9Wjl9AiCELZLYgei148VrAP6K4lm6ZtaJJdk6xQlt79EB78BF717E28evHoNzF9gRUdSPjzmxlm5h/GnGnjup9OZml5ZXUtu57b2Nza3snv7tV1lChCayTikWqGWFPOJK0ZZjhtxopiEXLaCAcX43zjjirNInlthjENBO5J1mUEG4va+YLPsexxinzVj+bfjGgm0O1NuZ0vuqUTdxzILblzMSPejBQrBf/4EQCq7fyX34lIIqg0hGOtW54bmyDFyjDC6SjnJ5rGmAxwj7aslFhQHaSTW0bo0JIO6kbKPmnQhP7sSLHQeihCWymw6evfuTH8K9dKTPcsSJmME0MlmQ7qJhyZCI2NQR2mKDF8aAUmitldEeljhYmx9i1MCcXIejI/HP0v6uWS55a8K2vOOUwjCwdQgCPw4BQqcAlVqAGBe3iCZ3hxHpxX5815n5ZmnFnPPiyE8/ENTsqiWA==</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="WJjbO2qOKh9ls51jDBaSbFmcXf8=">AAACGnicdZA7SwNBEMf34ivGV9TSZokIgnDcBUTLoI1lBPOAXAx7m71kyT7O3T3hONL7ASz9DLZa24mtTUq/iZsXGNGBXf78ZoaZ+Ycxo9p43sjJLS2vrK7l1wsbm1vbO8XdvbqWicKkhiWTqhkiTRgVpGaoYaQZK4J4yEgjHFyO8417ojSV4sakMWlz1BM0ohgZizrFUsCQ6DECA9WX829GNOXw7rbcKR567qk3Dui53lzMiD8jh5VScPI4qqTVTvEr6EqccCIMZkjrlu/Fpp0hZShmZFgIEk1ihAeoR1pWCsSJbmeTW4bwyJIujKSyTxg4oT87MsS1TnloKzkyff07N4Z/5VqJic7bGRVxYojA00FRwqCRcGwM7FJFsGGpFQgraneFuI8UwsbatzAl5EPryfxw+L+ol13fc/1ra84FmEYeHIASOAY+OAMVcAWqoAYweADP4AW8Ok/Om/PufExLc86sZx8shPP5DW8Oo94=</latexit><latexit sha1_base64="LuFm5RQepqhIFfsEzN1jQsewGqQ=">AAACGnicdZBLSwMxEMez9VXrq+rRS2gRPC3Zguix6MVjBfuAtpZsmm1D81iTrFBK734IP4NXPXsTr148+k3MtluwogMJf34zw8z8w5gzYxH69HIrq2vrG/nNwtb2zu5ecf+gYVSiCa0TxZVuhdhQziStW2Y5bcWaYhFy2gxHl2m+eU+1YUre2HFMuwIPJIsYwdahXrHU4VgOOIUdPVSLLyOGCXh3W+kVy8g/RWlA5KOFyEiQkTLIotYrfnX6iiSCSks4NqYdoNh2J1hbRjidFjqJoTEmIzygbSclFtR0J7NbpvDYkT6MlHZPWjijPzsmWBgzFqGrFNgOze9cCv/KtRMbnXcnTMaJpZLMB0UJh1bB1BjYZ5oSy8dOYKKZ2xWSIdaYWGff0pRQTJ0ni8Ph/6JR8QPkB9eoXL3I3MmDI1ACJyAAZ6AKrkAN1AEBD+AJPIMX79F79d6893lpzst6DsFSeB/fJUSgzw==</latexit>

m ! 0
<latexit sha1_base64="NfA10dXb1h83d3yb8pjwRJj5znQ=">AAAB/HicdVDLSgMxFL3js9ZX1aWbYBFclYwb3YhFNy4r2Ae0Q8mkmTY2yQxJRihDxU9wq2t34tZf8Btc+iemrULr48CFwzn3cu69YSK4sRi/e3PzC4tLy7mV/Ora+sZmYWu7ZuJUU1alsYh1IySGCa5Y1XIrWCPRjMhQsHrYPx/59RumDY/VlR0kLJCkq3jEKbFOqsmWjRFuF4p+CY+B8C/ybRVP3/IndwBQaRc+Wp2YppIpSwUxpunjxAYZ0ZZTwYb5VmpYQmifdFnTUUUkM0E23naI9p3SQVGsXSmLxur0REakMQMZuk5JbM/89EbiX14ztdFxkHGVpJYpOgmKUoHciaPTUYdrRq0YOEKo5m5XRHtEE2rdg2ZSQjmc/sn/pHZY8nHJv8TF8hlMkINd2IMD8OEIynABFagChWu4hwd49G69J+/Ze5m0znlfMzswA+/1EzeZlxI=</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="Iqw/5zL6z8G8e8j/7wkeijiT8MI=">AAAB/HicdVDLSgNBEOyNr7i+oh69LAbBU5j1ohcx6MVjBPOAZAmzk9lkzMzsMjMrhCV+g1e96k28+gt+gnj0T5wkComPgoaiqpvq7jDhTBuE3p3c3PzC4lJ+2V1ZXVvfKGxu1XScKkKrJOaxaoRYU84krRpmOG0kimIRcloP+2cjv35NlWaxvDSDhAYCdyWLGMHGSjXRMrGH2oWiX0JjeOgX+baKJ6/ucfLw5lbahY9WJyapoNIQjrVu+igxQYaVYYTTodtKNU0w6eMubVoqsaA6yMbbDr09q3S8KFa2pPHG6vREhoXWAxHaToFNT//0RuJfXjM10VGQMZmkhkoyCYpS7tkTR6d7HaYoMXxgCSaK2V090sMKE2MfNJMSiuH0T/4ntYOSj0r+BSqWT2GCPOzALuyDD4dQhnOoQBUIXMEt3MG9c+M8Ok/O86Q153zNbMMMnJdPPvSYhg==</latexit><latexit sha1_base64="B5UZyz1+7AEUAT4KMxitYoTFQ+Q=">AAAB/HicdVDLSgMxFL1TX7W+qi7dBIvgqmTc6LLoxmUF+4B2KJk008YmmSHJCGWo3+BW1+7Erf/i0j8xnVZofRy4cDjnXu69J0wENxbjD6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYt0NimOCKNSy3grUTzYgMBWuFo6up37pn2vBY3dpxwgJJBopHnBLrpKbs2hjhXrniV3EOhH+Rb6sCc9R75c9uP6apZMpSQYzp+DixQUa05VSwSambGpYQOiID1nFUEclMkOXXTtCJU/ooirUrZVGuLk5kRBozlqHrlMQOzU9vKv7ldVIbXQQZV0lqmaKzRVEqkHtx+jrqc82oFWNHCNXc3YrokGhCrQtoaUsoJ4uZ/E+aZ1UfV/0bXKldztMpwhEcwyn4cA41uIY6NIDCHTzCEzx7D96L9+q9zVoL3nzmEJbgvX8BrU+VRQ==</latexit>

j ⇠ qT

B
<latexit sha1_base64="E7CKGm1RoS9CrblT8QeeknZbXzM=">AAACCnicdVC7SgNBFL3rM8bXGkubwSBYhV0bU4bYWEbIC7IhzE5mkzEzu+vMrBiW/QO/wVZrO7H1A2ytxD9xkigkPg5cOJxzL+dy/JgzpR3nzVpaXlldW89t5De3tnd27b1CU0WJJLRBIh7Jto8V5SykDc00p+1YUix8Tlv+6Gzit66pVCwK63oc067Ag5AFjGBtpJ5duPQUE8gLJCbpFapnqNqzi27JmQI5v8i3VayU318RANR69ofXj0giaKgJx0p1XCfW3RRLzQinWd5LFI0xGeEB7RgaYkFVN53+nqEjo/RREEkzoUZTdf4ixUKpsfDNpsB6qH56E/Evr5PooNxNWRgnmoZkFhQkHOkITYpAfSYp0XxsCCaSmV8RGWJTgzZ1LaT4Ipvv5H/SPCm5Tsm9MOVUYYYcHMAhHIMLp1CBc6hBAwjcwB3cw4N1az1aT9bzbHXJ+rrZhwVYL59AuZyf</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="Ymrdqdjj8r3mA11tF9/xdrXUbgI=">AAACCnicdVC7SgNBFJ31GeNrjYWIzWAQrMKujSlDbCwj5AXZEGYns8mYmdl1ZlYMy/6B32CrtZ3Y+gG22oidn+EkUUh8HLhwOOdezuX4EaNKO86LNTe/sLi0nFnJrq6tb2zaW7m6CmOJSQ2HLJRNHynCqCA1TTUjzUgSxH1GGv7gZOQ3LolUNBRVPYxIm6OeoAHFSBupY+fOPUU59AKJcHIBqyksd+y8W3DGgM4v8m3lS8W3553Xj91Kx373uiGOOREaM6RUy3Ui3U6Q1BQzkma9WJEI4QHqkZahAnGi2sn49xQeGKULg1CaERqO1emLBHGlhtw3mxzpvvrpjcS/vFasg2I7oSKKNRF4EhTEDOoQjoqAXSoJ1mxoCMKSml8h7iNTgzZ1zaT4PJ3u5H9SPyq4TsE9M+WUwQQZsAf2wSFwwTEogVNQATWAwRW4Abfgzrq27q0H63GyOmd93WyDGVhPn8tgnnE=</latexit><latexit sha1_base64="LlpI88rnwtvX02suzpztSEVOtZ8=">AAACCnicdVDLSsNAFL3xWesr1qWbwSK4KokbXZa6cVmhL2hCmUwn7diZJM5MxBLyB36DW127E7f+hEv/xOlDaH0cuHA4517O5QQJZ0o7zoe1srq2vrFZ2Cpu7+zu7dsHpZaKU0lok8Q8lp0AK8pZRJuaaU47iaRYBJy2g9HlxG/fUalYHDX0OKG+wIOIhYxgbaSeXbrxFBPICyUm2S1q5KjWs8tuxZkCOb/It1WGOeo9+9PrxyQVNNKEY6W6rpNoP8NSM8JpXvRSRRNMRnhAu4ZGWFDlZ9Pfc3RilD4KY2km0miqLl5kWCg1FoHZFFgP1U9vIv7ldVMdXvgZi5JU04jMgsKUIx2jSRGozyQlmo8NwUQy8ysiQ2xq0KaupZRA5Iud/E9aZxXXqbjXTrlam7dTgCM4hlNw4RyqcAV1aAKBe3iEJ3i2HqwX69V6m62uWPObQ1iC9f4FCsWaWA==</latexit>

⇠ q2
<latexit sha1_base64="Nre6BJeBWaTkgfc3HQkI5QWtPos=">AAAB/nicdVDLTgJBEOzFF+IL9aiHicTEE9nlokeiF4+QyCOBlcwOszBhZnaZmTUhGxK/wauevRmv/Io3/RMH0AR8VNJJpao73V1BzJk2rvvmZFZW19Y3spu5re2d3b38/kFdR4kitEYiHqlmgDXlTNKaYYbTZqwoFgGnjWBwNfUbd1RpFskbM4qpL3BPspARbKzUbGsm0PC21MkXvKI7A3J/kW+rUD6eVN8BoNLJf7S7EUkElYZwrHXLc2Pjp1gZRjgd59qJpjEmA9yjLUslFlT76ezeMTq1SheFkbIlDZqpixMpFlqPRGA7BTZ9/dObin95rcSEF37KZJwYKsl8UZhwZCI0fR51maLE8JElmChmb0WkjxUmxka0tCUQ48VM/if1UtFzi17VhnMJc2ThCE7gDDw4hzJcQwVqQIDDAzzCk3PvPDsvzuu8NeN8zRzCEpzJJ2wYmGg=</latexit><latexit sha1_base64="RvU+1i87atxfuR9zLsjhIo8lHXk=">AAAB/nicdVC7SgNBFL3rM8ZX1FKRwSBYhd00WgZtLBMwD0jWMDuZTYbMzK4zs0JYAjb+gK3WdmKbX7G09iecJAqJjwMXDufcy733BDFn2rjum7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/YuxX7+lSrNIXplBTH2Bu5KFjGBjpUZLM4FurovtXN4ruBMg9xf5tvKlg1Hl4/5wVG7n3ludiCSCSkM41rrpubHxU6wMI5wOs61E0xiTPu7SpqUSC6r9dHLvEB1bpYPCSNmSBk3U2YkUC60HIrCdApue/umNxb+8ZmLCMz9lMk4MlWS6KEw4MhEaP486TFFi+MASTBSztyLSwwoTYyOa2xKI4Wwm/5NaseC5Ba9iwzmHKTKwD0dwAh6cQgkuoQxVIMDhAR7hyblznp0X53XauuB8zezBHJzRJ19Xmc4=</latexit><latexit sha1_base64="RvU+1i87atxfuR9zLsjhIo8lHXk=">AAAB/nicdVC7SgNBFL3rM8ZX1FKRwSBYhd00WgZtLBMwD0jWMDuZTYbMzK4zs0JYAjb+gK3WdmKbX7G09iecJAqJjwMXDufcy733BDFn2rjum7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/YuxX7+lSrNIXplBTH2Bu5KFjGBjpUZLM4FurovtXN4ruBMg9xf5tvKlg1Hl4/5wVG7n3ludiCSCSkM41rrpubHxU6wMI5wOs61E0xiTPu7SpqUSC6r9dHLvEB1bpYPCSNmSBk3U2YkUC60HIrCdApue/umNxb+8ZmLCMz9lMk4MlWS6KEw4MhEaP486TFFi+MASTBSztyLSwwoTYyOa2xKI4Wwm/5NaseC5Ba9iwzmHKTKwD0dwAh6cQgkuoQxVIMDhAR7hyblznp0X53XauuB8zezBHJzRJ19Xmc4=</latexit><latexit sha1_base64="YthQJTJvho9XT9dgLS3CXYZ4Sow=">AAAB/nicdVDLSgMxFL1TX7W+qi7dBIvgqmS60WXRjcsK9gHtWDJppg1NMmOSEcpQ8Bvc6tqduPVXXPonpg+h9XHgwuGce7n3njAR3FiMP7zcyura+kZ+s7C1vbO7V9w/aJg41ZTVaSxi3QqJYYIrVrfcCtZKNCMyFKwZDi8nfvOeacNjdWNHCQsk6SsecUqsk1odwyW6u610iyW/jKdA+Bf5tkowR61b/Oz0YppKpiwVxJi2jxMbZERbTgUbFzqpYQmhQ9JnbUcVkcwE2fTeMTpxSg9FsXalLJqqixMZkcaMZOg6JbED89ObiH957dRG50HGVZJapuhsUZQKZGM0eR71uGbUipEjhGrubkV0QDSh1kW0tCWU48VM/ieNStnHZf8al6oX83TycATHcAo+nEEVrqAGdaAg4BGe4Nl78F68V+9t1prz5jOHsATv/Qs6E5Yj</latexit>

q4
<latexit sha1_base64="IOLKB1IoF13jvg5zIuRdvskE8ME=">AAAB+XicdVDLSgNBEOyNrxhfUY96GAyCp7ArAT0GvXhM0DwgWcPsZDYZMjO7zswKYckneNWzN/HqxV/xpn/iJFFIfBQ0FFXddHcFMWfauO6bk1lYXFpeya7m1tY3Nrfy2zt1HSWK0BqJeKSaAdaUM0lrhhlOm7GiWAScNoLB+dhv3FKlWSSvzDCmvsA9yUJGsLHS5c11qZMveEV3AuT+It9Wobz/Wn0HgEon/9HuRiQRVBrCsdYtz42Nn2JlGOF0lGsnmsaYDHCPtiyVWFDtp5NTR+jQKl0URsqWNGiizk6kWGg9FIHtFNj09U9vLP7ltRITnvopk3FiqCTTRWHCkYnQ+G/UZYoSw4eWYKKYvRWRPlaYGJvO3JZAjGYz+Z/Uj4ueW/SqNpwzmCILe3AAR+DBCZThAipQAwI9uIN7eHBS59F5cp6nrRnna2YX5uC8fALjpZZz</latexit><latexit sha1_base64="YbyUp4zRxPRaJvPFG97SfdI3bhA=">AAAB+XicdVA9SwNBEJ2LXzF+RS0VWQyCVbgTQcugjWWC5gOSGPY2e8mS3b1zd08IR0pLW63txNYmf8XS2j/hJlFI/Hgw8Hhvhpl5fsSZNq775qTm5hcWl9LLmZXVtfWN7OZWRYexIrRMQh6qmo815UzSsmGG01qkKBY+p1W/dz7yq7dUaRbKK9OPaFPgjmQBI9hY6fLm+riVzXl5dwzk/iLfVq6wOyx93O0Ni63se6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMj51gA6s0kZBqGxJg8bq9ESChdZ94dtOgU1X//RG4l9ePTbBaTNhMooNlWSyKIg5MiEa/Y3aTFFieN8STBSztyLSxQoTY9OZ2eKLwXQm/5PKUd5z817JhnMGE6RhB/bhEDw4gQJcQBHKQKAD9/AAj07iPDnPzsukNeV8zWzDDJzXT9bkl9k=</latexit><latexit sha1_base64="YbyUp4zRxPRaJvPFG97SfdI3bhA=">AAAB+XicdVA9SwNBEJ2LXzF+RS0VWQyCVbgTQcugjWWC5gOSGPY2e8mS3b1zd08IR0pLW63txNYmf8XS2j/hJlFI/Hgw8Hhvhpl5fsSZNq775qTm5hcWl9LLmZXVtfWN7OZWRYexIrRMQh6qmo815UzSsmGG01qkKBY+p1W/dz7yq7dUaRbKK9OPaFPgjmQBI9hY6fLm+riVzXl5dwzk/iLfVq6wOyx93O0Ni63se6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMj51gA6s0kZBqGxJg8bq9ESChdZ94dtOgU1X//RG4l9ePTbBaTNhMooNlWSyKIg5MiEa/Y3aTFFieN8STBSztyLSxQoTY9OZ2eKLwXQm/5PKUd5z817JhnMGE6RhB/bhEDw4gQJcQBHKQKAD9/AAj07iPDnPzsukNeV8zWzDDJzXT9bkl9k=</latexit><latexit sha1_base64="W+tUvyECMn8mAikw0jDS8uQSv44=">AAAB+XicdVDLSgMxFL1TX7W+qi7dBIvgqmRE0GXRjcuK9gHtWDJppg1NMmOSEcrQT3Cra3fi1q9x6Z+YPoTWx4ELh3Pu5d57wkRwYzH+8HJLyyura/n1wsbm1vZOcXevbuJUU1ajsYh1MySGCa5YzXIrWDPRjMhQsEY4uBz7jQemDY/VrR0mLJCkp3jEKbFOurm/O+0US34ZT4DwL/JtlWCGaqf42e7GNJVMWSqIMS0fJzbIiLacCjYqtFPDEkIHpMdajioimQmyyakjdOSULopi7UpZNFHnJzIijRnK0HVKYvvmpzcW//JaqY3Og4yrJLVM0emiKBXIxmj8N+pyzagVQ0cI1dzdimifaEKtS2dhSyhH85n8T+onZR+X/WtcqlzM0snDARzCMfhwBhW4girUgEIPHuEJnr3Me/Fevbdpa86bzezDArz3L7GglC4=</latexit>



Spin of magnetoroton
• Lowest neutral excitation: magnetoroton (Girvin, 

MacDonald, Platzman 1986)

• near q=0: excitations can be classified by orbital 
angular momentum (spin)

h0|⇢|0i ⇠ h0|⇢|MR, qi| {z }
q2

hMR, q|⇢|0i| {z }
q2

⇠ q4

<latexit sha1_base64="4RA0ewwadNNKuJS9AYxgits5/TE="></latexit><latexit sha1_base64="IZpUYlYHOZk7CQwk389fIVUe/hM="></latexit><latexit sha1_base64="IZpUYlYHOZk7CQwk389fIVUe/hM="></latexit><latexit sha1_base64="JDxipiT0BDZq/AuywySnEJQ6YNg="></latexit>
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)n
<latexit sha1_base64="XQLLXnu968kstMt+ECndhIRCtXo="></latexit><latexit sha1_base64="rehNR1XWUD/Bi4JLPMNwu30miCE="></latexit><latexit sha1_base64="rehNR1XWUD/Bi4JLPMNwu30miCE="></latexit><latexit sha1_base64="o1/6b4ues8YmvOSKgcfDKGw1VcY="></latexit>

Magnetoroton at q=0 has spin 2
a dynamical graviton (Haldane)?



A fluid view on FQHE

• Quantum Hall fluid is a fluid, described by a 
hydrodynamic theory

• The fluid has an internal tensor degree of 
freedom: a dynamic “metric”

• Particles of the fluid are dipoles

• Provide a consistent and predictive picture of the 
long-distance behavior of QH fluids

Ref.: DTS 1907.07187
works with A. Gromov and D.X. Nguyen



A crash course in 
hydrodynamics

ojst.jp



Hydrodynamics

• can be formulated as a dynamical system with the 
Poisson brackets

• and Hamiltonian

Landau 1941

ṅ = {H, n}
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Extending Poisson algebra

• Let’s introduce a “dynamical metric” Gij(x)

• The fact that Gij transforms like a tensor fixes the 
Poisson bracket

• {G, G} = ?

{Gij(x), ⇡k(y)} = (Gik(x)@j +Gjk(x)@i + @kGij)�(x� y)
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Chiral metric hydro

• We can consistently impose (det G)1/2 = n

• Hydrodynamics equations

{Gij(x), Gkl(y)} = �1

s
("ikGjk + "ilGjk + "jkGil + "jlGik)�(x� y)
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In 2 spatial dimensions

Ȧ = {H, A}
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Qualitative discussion

• “Metric” perturbation: a gapped spin-2 mode

Gij = n(�ij +Qij)
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At small frequencies, a fluid with Hall viscosity

⌘H =
sn

2
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s = average “orbital spin”

! =
2µ
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“Lamé constant”



What is the relevance 
to FQHE?



CF Fermi surface

Low-energy, long-wavelength 
excitations: fluctuations of the shape of 
the Fermi surface

pF (t,x, ✓) = p0F +
1X

n=�1
un(t,x) e

�in✓.
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FIG. 1. A deformed Fermi surface.

state, the composite fermions live in a magnetic field
b = B/(2N + 1), e↵ectively forming an integer quantum
Hall state. We are interested in the regime of frequency
and momentum of the order of N�1 compared to the
Fermi energy and momentum. We now propose that all
low-energy excitations can be viewed as deformations of
the Fermi surface from the circular shape, which we pa-
rameterize by a function p

F

(t,x, ✓) that depends on time
and space and also on the direction in momentum space
✓ (p

y

/p
x

= tan ✓) (see Fig. 1). Furthermore, we decom-
pose the perturbation into di↵erent angular momentum
channels:

p
F

(t,x, ✓) = p0
F

+ u(t,x, ✓) = p0
F

+
1X

n=�1
u
n

(t,x) e�in✓.

(1)
In the language of Landau’s Fermi liquid theory, the state
parameterized by p

F

(t,x, ✓) corresponds to a distribution
function np(t,x) which is one inside the Fermi line and
zero outside the line.

We now derive the commutation relation between the
u
n

s with the following prescription. If we define an op-
erator F (and similarly G) as

F =

Z
dx dp

(2⇡)2
F (x,p)np(x), (2)

where np(x) is the quasiparticle distribution function,
then we need to impose the condition on the commuta-
tion relation so that

[F, G] = �i

Z
dx dp

(2⇡)2
{F, G}(x,p)np(x), (3)

where the {F, G} is the classical Poisson bracket between
F and G,

{F, G} =
@F

@p
i

@G

@x
i

� @G

@p
i

@F

@x
i

� b✏ij
@F

@p
i

@G

@p
j

, (4)

where we have allowed the composite fermions to be in
an external magnetic field b. For Jain’s sequences b =
±B/(2N + 1). Restricting np to be of the form of the
step function (1 inside the Fermi line and 0 outside), F ,

G, and the right-hand side of Eq. (3) become functionals
of the shape of the Fermi surface, and one can easily
derive the commutator of the small perturbations u:

[u(x, ✓), u(x0, ✓0)] =
i(2⇡)2

p
F

✓
�n

i

(✓)
@

@x
i

+
b

p
F

@

@✓

◆

[�(x� x

0)�(✓ � ✓0)] +O(u), (5)

where n(✓) = (cos ✓, sin ✓). In terms of u
n

, the formula
reads

[u
m

(q), u
n

(q0)] =
⇡

p
F


2bm

p
F

�
m+n,0 + �

m+n,1q+

+ �
m+n,�1q�

�
(2⇡)2�(q+ q

0) +O(u), (6)

where q± = q
x

±iq
y

. This commutation relation has been
previously derived in Ref. [18] by extending Tomonaga’s
bosonization method to higher dimensions. Note that
the algebra depends only on the size of the Fermi surface
p
F

but not on any dynamic properties (Fermi velocity,
Landau’s parameters etc.).
Gauging the Fermi surface.—The composite fermion

is coupled to a dynamical gauge field. A Fermi surface
coupled to a gauge field is a long-standing theoretical
problem, and the bosonized language allows us to partly
address it.
In the bosonic description, the temporal component

of the gauge field a0 is coupled to u0, and the spatial
components are coupled to u±1. In the Dirac composite
fermion theory, the leading term in action for a

µ

is the
Maxwell term. If the dynamical gauge field is at infinitely
strong coupling, then the constraints u0 = u±1 = 0 arise
as the result of the equations of motion �S/�a

µ

= 0. The
assumption of strong gauge coupling should become bet-
ter and better in the limit N ! 1. This is due to two
reasons. First, the coupling of the composite fermions
to the gauge field is set at the Fermi energy ✏

F

and mo-
mentum p

F

, while the scales of interest for our problem
are ✏

F

/N and p
F

/N . This gauge coupling is relevant
for contact and marginal for Coulomb interactions. Sec-
ond, at these low energies the Fermi surface is e↵ectively
O(N) fermionic species (corresponding to O(N) patches
on the Fermi surface in the renormalization group treat-
ment [22, 23]), boosting the ’t Hooft coupling by an ad-
ditional factor of N . (The argument is more complicated
in the case of the HLR theory with a Chern-Simons term
in the action for a

µ

, but the conclusion is the same).
Hamiltonian and equation of motion.—Assuming the

composite fermions form a Fermi liquid with Landau’s
parameters F

n

, the Hamiltonian of the system is

H =
v
F

p
F

4⇡

Z
dx

1X

n=�1
(1 + F

n

)u
n

(x)u�n

(x), (7)

where F
n

are the Landau parameters. In the case of
a marginal Fermi liquid, we may understand by F

n

the

One scalar field per spin

At low momenta we can limit ourselves to a few lowest modes

vF q ⌧ !
<latexit sha1_base64="dsLFb0rC2TLqbtzRvlZrJc86m8g=">AAACCHicbVDLSsNAFL3xWesr6lIXg0VwVRI3uiwK4rIF+4AmhMl00g6dSeLMpFBCf8BvcKtrd+rWv3Cnf+K0FbGtBy4czrmXczlhypnSjvNhLS2vrK6tFzaKm1vbO7v23n5DJZkktE4SnshWiBXlLKZ1zTSnrVRSLEJOm2H/auw3B1QqlsS3ephSX+BuzCJGsDZSYNuD4BrdIY9z5CWCdnFgl5yyMwH6Je48KVWOXmufAFAN7C+vk5BM0FgTjpVqu06q/RxLzQino6KXKZpi0sdd2jY0xoIqP598PkInRumgKJFmYo0m6t+LHAulhiI0mwLrnpr3xuJ/XjvT0YWfszjNNI3JNCjKONIJGteAOkxSovnQEEwkM78i0sMSE23KmkkJxch0stDAImmclV2n7NZMOZcwRQEO4RhOwYVzqMANVKEOBAbwAI/wZN1bz9aL9TZdXbJ+bg5gBtb7N33wm6g=</latexit><latexit sha1_base64="oATEYsPIASGzD5E5dtt8TWM6ieg=">AAACCHicbVC7SgNBFJ2Nrxhfq5aKDAbBKuzaaBkUxDIB84DsssxOZpMhMzvrzGwgLClt/AZbre2MrX9hae1POElETOKBC4dz7uVcTpgwqrTjfFi5peWV1bX8emFjc2t7x97dqyuRSkxqWDAhmyFShNGY1DTVjDQTSRAPGWmEvaux3+gTqaiIb/UgIT5HnZhGFCNtpMC2+8E1vIMeY9ATnHRQYBedkjMB/CXuPCmWD0fVr/ujUSWwP722wCknscYMKdVynUT7GZKaYkaGBS9VJEG4hzqkZWiMOFF+Nvl8CE+M0oaRkGZiDSfq34sMcaUGPDSbHOmumvfG4n9eK9XRhZ/ROEk1ifE0KEoZ1AKOa4BtKgnWbGAIwpKaXyHuIomwNmXNpIR8aDpZaGCR1M9KrlNyq6acSzBFHhyAY3AKXHAOyuAGVEANYNAHj+AJPFsP1ov1ar1NV3PWz80+mIH1/g1xL50O</latexit><latexit sha1_base64="oATEYsPIASGzD5E5dtt8TWM6ieg=">AAACCHicbVC7SgNBFJ2Nrxhfq5aKDAbBKuzaaBkUxDIB84DsssxOZpMhMzvrzGwgLClt/AZbre2MrX9hae1POElETOKBC4dz7uVcTpgwqrTjfFi5peWV1bX8emFjc2t7x97dqyuRSkxqWDAhmyFShNGY1DTVjDQTSRAPGWmEvaux3+gTqaiIb/UgIT5HnZhGFCNtpMC2+8E1vIMeY9ATnHRQYBedkjMB/CXuPCmWD0fVr/ujUSWwP722wCknscYMKdVynUT7GZKaYkaGBS9VJEG4hzqkZWiMOFF+Nvl8CE+M0oaRkGZiDSfq34sMcaUGPDSbHOmumvfG4n9eK9XRhZ/ROEk1ifE0KEoZ1AKOa4BtKgnWbGAIwpKaXyHuIomwNmXNpIR8aDpZaGCR1M9KrlNyq6acSzBFHhyAY3AKXHAOyuAGVEANYNAHj+AJPFsP1ov1ar1NV3PWz80+mIH1/g1xL50O</latexit><latexit sha1_base64="Obu56wfUODvK8gLTwiZiFqLIFK8=">AAACCHicbVDLSgMxFM3UV62vUZdugkVwVWbc6LIoiMsK9gHtMGTSO21oMhmTTKEM/QG/wa2u3Ylb/8Klf2L6QGzrgQuHc+7lXE6UcqaN5305hbX1jc2t4nZpZ3dv/8A9PGpomSkKdSq5VK2IaOAsgbphhkMrVUBExKEZDW4mfnMISjOZPJhRCoEgvYTFjBJjpdB1h+EtfsQdznFHCuiR0C17FW8K/Ev8ZVJGc9RC97vTlTQTkBjKidZt30tNkBNlGOUwLnUyDSmhA9KDtqUJEaCDfPr5GJ9ZpYtjqewkBk/Vvxc5EVqPRGQ3BTF9vexNxP+8dmbiqyBnSZoZSOgsKM44NhJPasBdpoAaPrKEUMXsr5j2iSLU2LIWUiIxtp2sNLBKGhcV36v49165ej1vp4hO0Ck6Rz66RFV0h2qojigaomf0gl6dJ+fNeXc+ZqsFZ35zjBbgfP4AS+uZYw==</latexit>

Gij parametrizes an elliptical Fermi surface



“Nematic” hydrodynamics
• Degrees of freedom:

• density

• momentum density

• effective metric 
Z

dp

(2⇡)2
pipjf(x,p) =

⇡i⇡j

n
+ ⇡n(x)Gij(x)

<latexit sha1_base64="eSJZneA8vhAS3MK+tb8ZocCpufU="></latexit><latexit sha1_base64="8vD9PxEb/zOFlFaWZozcesDybC8="></latexit><latexit sha1_base64="8vD9PxEb/zOFlFaWZozcesDybC8="></latexit><latexit sha1_base64="sLBzVnI9o2wxOUzd7Zfc4XOkOfw="></latexit>

⇡i(x) =

Z
dp

(2⇡)2
pif(x,p)

<latexit sha1_base64="+lz80W3+cFDmonD+jSqvZfAkks4="></latexit><latexit sha1_base64="nnTheIdZOTV2AxC/yRaJJVIowIQ="></latexit><latexit sha1_base64="nnTheIdZOTV2AxC/yRaJJVIowIQ="></latexit><latexit sha1_base64="yAX+Ql+J3sKuREaqBj6l6s7LeZk="></latexit>

n(x) =

Z
dp

(2⇡)2
f(x,p)

<latexit sha1_base64="Wh4m05ICdup+y4Y3hXQ+zV8t7W4="></latexit><latexit sha1_base64="Rqw8lRFctjpWMaFsYG/uONEFL5E="></latexit><latexit sha1_base64="Rqw8lRFctjpWMaFsYG/uONEFL5E="></latexit><latexit sha1_base64="h8D8M5NY+wMx/Rl/KJNkBST1bzU="></latexit>

p
detG = n

<latexit sha1_base64="JmSltojR30GJt8B/cmPQXves3Bk=">AAACCXicbZC7SgNBFIbPeo3xlmhpMxgEq7Bro40QsNAygrlAdgmzk0kyZPbizFklLPsEPoOdaG0ntj6FpW/ibJLCJP5w4Oc/53AOnx9LodG2v62V1bX1jc3CVnF7Z3dvv1Q+aOooUYw3WCQj1fap5lKEvIECJW/HitPAl7zlj67yfuuBKy2i8A7HMfcCOghFXzCKJuqWyq6+V5i6PY7kOiOXxGQVu2pPRJaNMzOVGnRfagBQ75Z+3F7EkoCHyCTVuuPYMXopVSiY5FnRTTSPKRvRAe8YG9KAay+dvJ6RE5P0SD9SpkIkk/TvRkoDrceBbyYDikO92MvD/3qdBPsXXirCOEEesumhfiIJRiTnQHpCcYZybAxlSphfCRtSRRkaWnNX/CAzTJxFAsumeVZ17Kpza+DkZHIV4AiO4RQcOIca3EAdGsDgEZ7hFd6sJ+vd+rA+p6Mr1mznEOZkff0Cbi6bcQ==</latexit><latexit sha1_base64="g+DzNvGPPblJ36b1YpDT0iBoEbQ=">AAACCXicbVC7SgNBFL3rM8ZXoqUIg0GwCrs22ogBCy0jmAckIczOTpIhsw9n7iph2S/wG+xEazuxtfITLC38DyePwiQeuHA4517O5biRFBpt+8taWFxaXlnNrGXXNza3tnP5naoOY8V4hYUyVHWXai5FwCsoUPJ6pDj1Xclrbv9i6NfuuNIiDG5wEPGWT7uB6AhG0UjtXL6pbxUmTY8juUzJGTFawS7aI5B54kxIoQTtp/Ofz/1yO/fd9EIW+zxAJqnWDceOsJVQhYJJnmabseYRZX3a5Q1DA+pz3UpGr6fk0Cge6YTKTIBkpP69SKiv9cB3zaZPsadnvaH4n9eIsXPaSkQQxcgDNg7qxJJgSIY9EE8ozlAODKFMCfMrYT2qKEPT1lSK66emE2e2gXlSPS46dtG5NuWUYIwM7MEBHIEDJ1CCKyhDBRjcwyM8w4v1YL1ab9b7eHXBmtzswhSsj1/txJ07</latexit><latexit sha1_base64="g+DzNvGPPblJ36b1YpDT0iBoEbQ=">AAACCXicbVC7SgNBFL3rM8ZXoqUIg0GwCrs22ogBCy0jmAckIczOTpIhsw9n7iph2S/wG+xEazuxtfITLC38DyePwiQeuHA4517O5biRFBpt+8taWFxaXlnNrGXXNza3tnP5naoOY8V4hYUyVHWXai5FwCsoUPJ6pDj1Xclrbv9i6NfuuNIiDG5wEPGWT7uB6AhG0UjtXL6pbxUmTY8juUzJGTFawS7aI5B54kxIoQTtp/Ofz/1yO/fd9EIW+zxAJqnWDceOsJVQhYJJnmabseYRZX3a5Q1DA+pz3UpGr6fk0Cge6YTKTIBkpP69SKiv9cB3zaZPsadnvaH4n9eIsXPaSkQQxcgDNg7qxJJgSIY9EE8ozlAODKFMCfMrYT2qKEPT1lSK66emE2e2gXlSPS46dtG5NuWUYIwM7MEBHIEDJ1CCKyhDBRjcwyM8w4v1YL1ab9b7eHXBmtzswhSsj1/txJ07</latexit><latexit sha1_base64="43GyP6Npp6DVjI2weCdjmpirguo=">AAACCXicbVDLSsNAFJ3UV62vVpduBovgqiRudCMUXOiygn1AE8pkMmmHziRx5kYpIV/gN7jVtTtx61e49E+ctlnY1gMXDufcy7kcPxFcg21/W6W19Y3NrfJ2ZWd3b/+gWjvs6DhVlLVpLGLV84lmgkesDRwE6yWKEekL1vXH11O/+8iU5nF0D5OEeZIMIx5ySsBIg2rN1Q8KMjdggG9yfIWNVrcb9gx4lTgFqaMCrUH1xw1imkoWARVE675jJ+BlRAGnguUVN9UsIXRMhqxvaEQk0142ez3Hp0YJcBgrMxHgmfr3IiNS64n0zaYkMNLL3lT8z+unEF56GY+SFFhE50FhKjDEeNoDDrhiFMTEEEIVN79iOiKKUDBtLaT4MjedOMsNrJLOecOxG86dXW82i3bK6BidoDPkoAvURLeohdqIoif0gl7Rm/VsvVsf1ud8tWQVN0doAdbXL0z5me4=</latexit>

p
x

<latexit sha1_base64="2CMm8qSPcMoXLkJqhrWcP7YcM1Y=">AAAB+XicbVC7TgMxEFzzDOEVoEI0FhESVXRHA2UkGsogyENKTofP8SVWbN/J9iGiU2oqWqjpEC1fQ8mf4DwKkjDSSqOZXe3uRKngxnreN1pZXVvf2CxsFbd3dvf2SweHDZNkmrI6TUSiWxExTHDF6pZbwVqpZkRGgjWjwfXYbz4ybXii7u0wZYEkPcVjTol10l0aPoWlslfxJsDLxJ+RcvX4OXwAgFpY+ul0E5pJpiwVxJi276U2yIm2nAo2KnYyw1JCB6TH2o4qIpkJ8smpI3zmlC6OE+1KWTxR/07kRBozlJHrlMT2zaI3Fv/z2pmNr4KcqzSzTNHpojgT2CZ4/Dfucs2oFUNHCNXc3Yppn2hCrUtnbkskRy4TfzGBZdK4qPhexb914VRhigKcwCmcgw+XUIUbqEEdKPTgBV7hDeXoHX2gz2nrCprNHMEc0NcvY2CWDg==</latexit><latexit sha1_base64="Z7PZQWptQWul5amzVU/VqLgaqT4=">AAAB+XicbVC7SgNBFL3rM8ZX1EosHAyCVdi10TJgYxnRPCBZltnJJBkyj2VmVgxLaitbre3E1j+xs/Qb/AEnj8IkHrhwOOde7r0nTjgz1ve/vKXlldW19dxGfnNre2e3sLdfMyrVhFaJ4ko3YmwoZ5JWLbOcNhJNsYg5rcf9q5Ffv6faMCXv7CChocBdyTqMYOuk2yR6iApFv+SPgRZJMCXF8uFjpD6PfypR4bvVViQVVFrCsTHNwE9smGFtGeF0mG+lhiaY9HGXNh2VWFATZuNTh+jUKW3UUdqVtGis/p3IsDBmIGLXKbDtmXlvJP7nNVPbuQwzJpPUUkkmizopR1ah0d+ozTQllg8cwUQzdysiPawxsS6dmS2xGLpMgvkEFkntvBT4peDGhVOGCXJwBCdwBgFcQBmuoQJVINCFJ3iGFy/zXr03733SuuRNZw5gBt7HLxtpmAE=</latexit><latexit sha1_base64="Z7PZQWptQWul5amzVU/VqLgaqT4=">AAAB+XicbVC7SgNBFL3rM8ZX1EosHAyCVdi10TJgYxnRPCBZltnJJBkyj2VmVgxLaitbre3E1j+xs/Qb/AEnj8IkHrhwOOde7r0nTjgz1ve/vKXlldW19dxGfnNre2e3sLdfMyrVhFaJ4ko3YmwoZ5JWLbOcNhJNsYg5rcf9q5Ffv6faMCXv7CChocBdyTqMYOuk2yR6iApFv+SPgRZJMCXF8uFjpD6PfypR4bvVViQVVFrCsTHNwE9smGFtGeF0mG+lhiaY9HGXNh2VWFATZuNTh+jUKW3UUdqVtGis/p3IsDBmIGLXKbDtmXlvJP7nNVPbuQwzJpPUUkkmizopR1ah0d+ozTQllg8cwUQzdysiPawxsS6dmS2xGLpMgvkEFkntvBT4peDGhVOGCXJwBCdwBgFcQBmuoQJVINCFJ3iGFy/zXr03733SuuRNZw5gBt7HLxtpmAE=</latexit><latexit sha1_base64="6ELSI0i5JL5tq7kdQb93fEcNMk4=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2WpLYWGKUjwQuZG9ZYMPu3mV3zkgu/ARbre2Mrb/G0n/iAlcI+JJJXt6bycy8KJHCou9/e4WNza3tneJuaW//4PCofHzStHFqGG+wWMamHVHLpdC8gQIlbyeGUxVJ3orGtzO/9cSNFbF+xEnCQ0WHWgwEo+ikh6T33CtX/Ko/B1knQU4qkKPeK/90+zFLFdfIJLW2E/gJhhk1KJjk01I3tTyhbEyHvOOoporbMJufOiUXTumTQWxcaSRz9e9ERpW1ExW5TkVxZFe9mfif10lxcBNmQicpcs0WiwapJBiT2d+kLwxnKCeOUGaEu5WwETWUoUtnaUukpi6TYDWBddK8qgZ+Nbj3K7Vank4RzuAcLiGAa6jBHdShAQyG8AKv8OZl3rv34X0uWgtePnMKS/C+fgEakZRv</latexit>

py
<latexit sha1_base64="gbnvSnBNBFpcsXkVV912jIrWbHc=">AAAB+XicbVC7SgNBFL0bXzG+opY2Q4JgFXZttAzYWEY0D0iWMDuZTYbMY5mZFZYlna2t1unE1q+x9E+cPAqTeODC4Zx7ufeeKOHMWN//9gpb2zu7e8X90sHh0fFJ+fSsZVSqCW0SxZXuRNhQziRtWmY57SSaYhFx2o7GdzO//Uy1YUo+2SyhocBDyWJGsHXSY9LP+uWqX/PnQJskWJJqvTJ9AYdGv/zTGyiSCiot4diYbuAnNsyxtoxwOin1UkMTTMZ4SLuOSiyoCfP5qRN06ZQBipV2JS2aq38nciyMyUTkOgW2I7PuzcT/vG5q49swZzJJLZVksShOObIKzf5GA6YpsTxzBBPN3K2IjLDGxLp0VrZEYuIyCdYT2CSt61rg14IHF04dFijCBVTgCgK4gTrcQwOaQGAIr/AG717uTb0P73PRWvCWM+ewAu/rF0O/lfc=</latexit><latexit sha1_base64="smah5DMnJLpJGUzS5dQdG4F+fNI=">AAAB+XicbVA9SwNBEJ2LXzF+RS0FWRIEq3Bno2XAxjKi+YDkCHt7e8mS3b1jd084jlTWtlqnE1t/jaU/w87NR2ESHww83pthZl6QcKaN6345hY3Nre2d4m5pb//g8Kh8fNLScaoIbZKYx6oTYE05k7RpmOG0kyiKRcBpOxjdTv32E1WaxfLRZAn1BR5IFjGCjZUekn7WL1fdmjsDWifeglTrlcnzz3kYN/rl714Yk1RQaQjHWnc9NzF+jpVhhNNxqZdqmmAywgPatVRiQbWfz04dowurhCiKlS1p0Ez9O5FjoXUmAtspsBnqVW8q/ud1UxPd+DmTSWqoJPNFUcqRidH0bxQyRYnhmSWYKGZvRWSIFSbGprO0JRBjm4m3msA6aV3VPLfm3dtw6jBHEc6gApfgwTXU4Q4a0AQCA3iBV3hzcmfivDsf89aCs5g5hSU4n7/vaJfg</latexit><latexit sha1_base64="smah5DMnJLpJGUzS5dQdG4F+fNI=">AAAB+XicbVA9SwNBEJ2LXzF+RS0FWRIEq3Bno2XAxjKi+YDkCHt7e8mS3b1jd084jlTWtlqnE1t/jaU/w87NR2ESHww83pthZl6QcKaN6345hY3Nre2d4m5pb//g8Kh8fNLScaoIbZKYx6oTYE05k7RpmOG0kyiKRcBpOxjdTv32E1WaxfLRZAn1BR5IFjGCjZUekn7WL1fdmjsDWifeglTrlcnzz3kYN/rl714Yk1RQaQjHWnc9NzF+jpVhhNNxqZdqmmAywgPatVRiQbWfz04dowurhCiKlS1p0Ez9O5FjoXUmAtspsBnqVW8q/ud1UxPd+DmTSWqoJPNFUcqRidH0bxQyRYnhmSWYKGZvRWSIFSbGprO0JRBjm4m3msA6aV3VPLfm3dtw6jBHEc6gApfgwTXU4Q4a0AQCA3iBV3hzcmfivDsf89aCs5g5hSU4n7/vaJfg</latexit><latexit sha1_base64="1ifyhcurWQ+xWR3CHbY3pRLWUSA=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2WpLYWGIUMIEL2VsG2LC7d9ndM7lc+Am2WtsZW3+Npf/EBa4Q8CWTvLw3k5l5USK4sb7/7ZU2Nre2d8q7lb39g8Oj6vFJ28SpZthisYj1U0QNCq6wZbkV+JRopDIS2IkmtzO/84za8Fg92izBUNKR4kPOqHXSQ9LP+tWaX/fnIOskKEgNCjT71Z/eIGapRGWZoMZ0Az+xYU615UzgtNJLDSaUTegIu44qKtGE+fzUKblwyoAMY+1KWTJX/07kVBqTych1SmrHZtWbif953dQOb8KcqyS1qNhi0TAVxMZk9jcZcI3MiswRyjR3txI2ppoy69JZ2hLJqcskWE1gnbSv6oFfD+79WqNRpFOGMziHSwjgGhpwB01oAYMRvMArvHm59+59eJ+L1pJXzJzCEryvXxwklHA=</latexit>



Chiral metric hydro

• The commutation relations can be “derived” from 
semiclassical arguments

s related from the Hall viscosity

= average “orbital spin” of composite fermion

n = 1
<latexit sha1_base64="4VSwMTN7+MsGND3ssJUOsD//QuY=">AAAB+XicbVC7SgNBFL0bXzG+Vi1tBoNgFXZttBEDNpYRzQOSJcxOZpMhM7PLzKwQl3yCrdZ2Yusv+BOW+RNnkxQm8cCFwzn3cu89YcKZNp734xTW1jc2t4rbpZ3dvf0D9/CooeNUEVonMY9VK8SaciZp3TDDaStRFIuQ02Y4vM395hNVmsXy0YwSGgjclyxiBBsrPchrv+uWvYo3BVol/pyUb76fJ1UAqHXdSacXk1RQaQjHWrd9LzFBhpVhhNNxqZNqmmAyxH3atlRiQXWQTU8dozOr9FAUK1vSoKn6dyLDQuuRCG2nwGagl71c/M9rpya6CjImk9RQSWaLopQjE6P8b9RjihLDR5Zgopi9FZEBVpgYm87CllCMbSb+cgKrpHFR8b2Kf++Vq3kyOYpwAqdwDj5cQhXuoAZ1INCHF3iFNydz3p0P53PWWnDmM8ewAOfrFyLWlqI=</latexit><latexit sha1_base64="aI0GS5XWk6X3Eikp8SFCp1J/Gl0=">AAAB+XicbVC7SgNBFL0bXzG+4qOzGQyCVdi1iY0YsNAyonlAsoTZyWwyZGZ2mZkV4pJPsNXaTixs/AV/wjJ/4uRRmMQDFw7n3Mu99wQxZ9q47o+TWVldW9/Ibua2tnd29/L7BzUdJYrQKol4pBoB1pQzSauGGU4bsaJYBJzWg/712K8/UqVZJB/MIKa+wF3JQkawsdK9vPTa+YJbdCdAy8SbkcLV99Po5vMorbTzo1YnIomg0hCOtW56bmz8FCvDCKfDXCvRNMakj7u0aanEgmo/nZw6RKdW6aAwUrakQRP170SKhdYDEdhOgU1PL3pj8T+vmZjwwk+ZjBNDJZkuChOOTITGf6MOU5QYPrAEE8XsrYj0sMLE2HTmtgRiaDPxFhNYJrXzoucWvTu3UC7DFFk4hhM4Aw9KUIZbqEAVCHThGV7g1UmdN+fd+Zi2ZpzZzCHMwfn6Beb6l+Y=</latexit><latexit sha1_base64="aI0GS5XWk6X3Eikp8SFCp1J/Gl0=">AAAB+XicbVC7SgNBFL0bXzG+4qOzGQyCVdi1iY0YsNAyonlAsoTZyWwyZGZ2mZkV4pJPsNXaTixs/AV/wjJ/4uRRmMQDFw7n3Mu99wQxZ9q47o+TWVldW9/Ibua2tnd29/L7BzUdJYrQKol4pBoB1pQzSauGGU4bsaJYBJzWg/712K8/UqVZJB/MIKa+wF3JQkawsdK9vPTa+YJbdCdAy8SbkcLV99Po5vMorbTzo1YnIomg0hCOtW56bmz8FCvDCKfDXCvRNMakj7u0aanEgmo/nZw6RKdW6aAwUrakQRP170SKhdYDEdhOgU1PL3pj8T+vmZjwwk+ZjBNDJZkuChOOTITGf6MOU5QYPrAEE8XsrYj0sMLE2HTmtgRiaDPxFhNYJrXzoucWvTu3UC7DFFk4hhM4Aw9KUIZbqEAVCHThGV7g1UmdN+fd+Zi2ZpzZzCHMwfn6Beb6l+Y=</latexit><latexit sha1_base64="/SaRW9cyr0R6ynmld6yV6gMAgMw=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stBECNpYRzQckR9jbbJIlu3vH7pwQjvwEW63txNZfY+k/cZNcYRIfDDzem2FmXpRIYdH3v73CxubW9k5xt7S3f3B4VD4+ado4NYw3WCxj046o5VJo3kCBkrcTw6mKJG9F47uZ33rmxopYP+Ek4aGiQy0GglF00qO+DXrlil/15yDrJMhJBXLUe+Wfbj9mqeIamaTWdgI/wTCjBgWTfFrqppYnlI3pkHcc1VRxG2bzU6fkwil9MoiNK41krv6dyKiydqIi16kojuyqNxP/8zopDm7CTOgkRa7ZYtEglQRjMvub9IXhDOXEEcqMcLcSNqKGMnTpLG2J1NRlEqwmsE6aV9XArwYPfqVWy9MpwhmcwyUEcA01uIc6NIDBEF7gFd68zHv3PrzPRWvBy2dOYQne1y9x65QE</latexit>

11

then one can identify

s = ±1

2

✓
N +

1

2

◆
, (53)

where the upper and lower signs correspond to ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N +

1), respectively. The replacement can also be justified by the following argument: up to

terms containing second derivatives of Gij, the prefactor is ⌦/n, which in the chiral metric

hydrodynamics is conserved and determined completely by the initial condition. Provided

that at infinite past the system is in the ground state, ⌦/n is then equal to hbi/n. Note

that our semiclassical prescription for computing the Poisson bracket, Eqs. (48) and (49),

cannot in principle yield terms with second derivatives; one may hope a more sophisticated

treatment will reveal their existence. In any case, for the calculation of linear response, the

replacement (52) can always be made.

One may be concerned that the parameter s in Eq (53), which has been previously

identified with the orbital spin per particle, is neither integer nor half-integer. This is not a

problem, as s is the average orbital angular momentum per particle. This suggests another

way to determine s. Recall that in the composite fermion picture, the ⌫ = N/(2N +1) state

has the composite fermions filling up N + 1
2 Landau levels: half of the zero-energy Landau

level (n = 0) and the positive-energy levels with quantum numbers n = 1, 2, . . . , N . Now

the orbital spin of a particle on the n-th Landau level is n, so the average orbital spin is

s =
1

N + 1
2

✓
1

2
· 0 + 1 + 2 + · · ·+N

◆
=

N(N + 1)

2N + 1
. (54)

For the ⌫ = (N + 1)/(2N + 1) state, s flips sign. The value in Eq. (54) does not coincides

with that in Eq. (53), but the relative di↵erence is of order 1/N2 at large N . This discrep-

ancy is should be attributed to the imperfectness of the semiclassical procedure (48). We

thus conjecture that (54) represents the exact value of the parameter s and use it in later

calculations. Note that even for N = 1 the values of the s in Eqs. (53) and (54) di↵er from

each other only by a factor of 9/8.

From Eq. (30) and (54) one can find the odd viscosity of the Hall fluid,

⌘H = ±N(N + 1)

2N + 1

B

8⇡
. (55)

This should be compared with the expectation: ⌘H = 1
4⇢e(S � 1) where S is the shift, and

S � 1 is the part of the shift associated with the guiding centers. Equation (55) exactly

matches this expectation, given that S = N + 2 for ⌫ = N/(2N + 1) and S = �N + 1 for

⌫ = (N + 1)/(2N + 1).

C. Equations of motion of chiral metric hydrodynamics of fractional quantum Hall

states

We now derive the relevant formulas for the metric hydrodynamics of the composite

fermions. Due to the dipolar interaction of the composite fermion with the external electric

⌫ =
N

2N + 1
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Dipoles

• On the LLL, the CF are electric dipole

• dipole moment proportional to and perpendicular 
to momentum

• dipole density

✏ij⇡j
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Electron density
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“vorticity”

dipole contribution

H = H0[n,⇡i, Gij ] +

Z
dx
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Kelvin’s circulation theorem
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• In ideal hydrodynamics vorticity is carried with the 
flow

• Leads to an infinite number of conserved 
quantities (Casimirs of the Poisson algebra)
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Kelvin’s circulation theorem

• In the presence of magnetic field and metric 
degree of freedom, Kelvin’s theorem is modified

• Ω = constant
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s

2

p
GR[G]

<latexit sha1_base64="X3U2pjwd0YxDwoivyAG4wo8fJgI=">AAACF3icbZDLSgMxFIbP1Futt6pLBYNFEAplpgt1WeiiLqvYC3SGkkkzbWgyMyYZoZQufQifwa2u3Ylbl+70TUxbEdv6Q+DnP+dwTj4/5kxp2/6wUkvLK6tr6fXMxubW9k52d6+uokQSWiMRj2TTx4pyFtKaZprTZiwpFj6nDb9fHtcbd1QqFoU3ehBTT+BuyAJGsDZRO3vk591I0C7OIzeQmCBVRK66lRpV0HWr4rWzObtgT4R+jTNvcqWzw/InAFTb2S+3E5FE0FATjpVqOXasvSGWmhFORxk3UTTGpI+7tGVsiAVV3nDykRE6MUkHBZE0L9Rokv6dGGKh1ED4plNg3VPztXH4X62V6ODCG7IwTjQNyXRRkHCkIzSmgjpMUqL5wBhMJDO3ItLDhoc27Ga2+GJkmCwQWDT1YsGxC86VgVOCqdJwAMdwCg6cQwkuoQo1IHAPj/AEz9aD9WK9Wm/T1pT1M7MPM7LevwGIg6A/</latexit><latexit sha1_base64="7548rrFZAvXcImw+cFT16/ZOYTE=">AAACF3icbZDLSsNAFIYn9VbrLepS0cEiCIWSdKEuC13UZRV7gSTUyXTSDp1J4sxEKKFLH8JncKtrd+LWpUsXvofTVsS2/jDw859zOGc+P2ZUKsv6MDILi0vLK9nV3Nr6xuaWub3TkFEiMKnjiEWi5SNJGA1JXVHFSCsWBHGfkabfr4zqzTsiJI3CazWIicdRN6QBxUjpqG0e+gU34qSLCtANBMJQlqArb4WCVXjlVL22mbeK1ljw19izJl8+3a98lQ5uam3z0+1EOOEkVJghKR3bipWXIqEoZmSYcxNJYoT7qEscbUPEifTS8UeG8FgnHRhEQr9QwXH6dyJFXMoB93UnR6onZ2uj8L+ak6jg3EtpGCeKhHiyKEgYVBEcUYEdKghWbKANwoLqWyHuIc1DaXZTW3w+1EzmCMybRqloW0X7UsMpg4myYA8cgRNggzNQBhegBuoAg3vwCJ7As/FgvBivxtukNWP8zOyCKRnv34TXoPQ=</latexit><latexit sha1_base64="7548rrFZAvXcImw+cFT16/ZOYTE=">AAACF3icbZDLSsNAFIYn9VbrLepS0cEiCIWSdKEuC13UZRV7gSTUyXTSDp1J4sxEKKFLH8JncKtrd+LWpUsXvofTVsS2/jDw859zOGc+P2ZUKsv6MDILi0vLK9nV3Nr6xuaWub3TkFEiMKnjiEWi5SNJGA1JXVHFSCsWBHGfkabfr4zqzTsiJI3CazWIicdRN6QBxUjpqG0e+gU34qSLCtANBMJQlqArb4WCVXjlVL22mbeK1ljw19izJl8+3a98lQ5uam3z0+1EOOEkVJghKR3bipWXIqEoZmSYcxNJYoT7qEscbUPEifTS8UeG8FgnHRhEQr9QwXH6dyJFXMoB93UnR6onZ2uj8L+ak6jg3EtpGCeKhHiyKEgYVBEcUYEdKghWbKANwoLqWyHuIc1DaXZTW3w+1EzmCMybRqloW0X7UsMpg4myYA8cgRNggzNQBhegBuoAg3vwCJ7As/FgvBivxtukNWP8zOyCKRnv34TXoPQ=</latexit><latexit sha1_base64="x+JIXgVRwZSS9gYXCymTCt22xqU=">AAACF3icbZC7SgNBFIZn4y3G26qlhYNBEAJhN42WAYtYRjGJkF3C7GQ2GTKXdWZWCEtKH8JnsNXaTmwtLX0TJxfEJP4w8POfczhnvihhVBvP+3JyK6tr6xv5zcLW9s7unrt/0NQyVZg0sGRS3UVIE0YFaRhqGLlLFEE8YqQVDS7H9dYDUZpKcWuGCQk56gkaU4yMjTrucVQKJCc9VIJBrBCGugIDfa8MrMGbdi3suEWv7E0Ef42/aIpgpnrH/Q66EqecCIMZ0rrte4kJM6QMxYyMCkGqSYLwAPVI21qBONFhNvnICJ7apAtjqewTBk7SvxMZ4loPeWQ7OTJ9vVgbh//V2qmJL8KMiiQ1RODpojhl0Eg4pgK7VBFs2NAahBW1t0LcR5aHsezmtkR8ZJksEVg2zUrZ98r+tVesVmd08uAInIAz4INzUAVXoA4aAINH8AxewKvz5Lw5787HtDXnzGYOwZyczx8hdZ6K</latexit>

⌦ =
<latexit sha1_base64="TgwgaK/Z+VXjswP0cTo2iRbbEN0=">AAAB/nicbVDLSgNBEOz1GeMr6tHLYBA8hV0vehEDXrwZwTwgCWF20psMmdldZmaFuAT8Bq969iZe/QB/wmP+xNlExCQWNBRV3XR3+bHg2rjul7O0vLK6tp7byG9ube/sFvb2azpKFMMqi0SkGj7VKHiIVcONwEaskEpfYN0fXGV+/R6V5lF4Z4YxtiXthTzgjBorNVo3EnuUXHQKRbfkTkB+iTdPipefD+MyAFQ6hXGrG7FEYmiYoFo3PTc27ZQqw5nAUb6VaIwpG9AeNi0NqUTdTif3jsixVbokiJSt0JCJ+ncipVLrofRtp6Smr+e9TPzPayYmOG+nPIwTgyGbLgoSQUxEsudJlytkRgwtoUxxeythfaooMzaimS2+HNlMFhJYJLXTkueWvFu3WM6SyZCDQziCE/DgDMpwDRWoAgMBT/AML86j8+q8Oe/T1iXnZ+YAZuB8fAOxKpib</latexit><latexit sha1_base64="XXW573kv7nB/apQn18aOUydHENo=">AAAB/nicbVDLSgNBEJyNrxhf8XHzMhgET2HXi17EgAe9GcE8IFnC7KQ3GTIzu8zMCnEJ+A1e9exNvfoB/oTH/ImTRMQkFjQUVd10dwUxZ9q47peTWVhcWl7JrubW1jc2t/LbO1UdJYpChUY8UvWAaOBMQsUww6EeKyAi4FALehcjv3YHSrNI3pp+DL4gHclCRomxUr15LaBD8FkrX3CL7hj4l3izpHD+eT+8fNtLy638sNmOaCJAGsqJ1g3PjY2fEmUY5TDINRMNMaE90oGGpZII0H46vneAD63SxmGkbEmDx+rfiZQIrfsisJ2CmK6e9Ubif14jMeGpnzIZJwYknSwKE45NhEfP4zZTQA3vW0KoYvZWTLtEEWpsRFNbAjGwmcwlME+qx0XPLXo3bqFUQhNk0T46QEfIQyeohK5QGVUQRRw9oif07Dw4L86r8z5pzTg/M7toCs7HN3Vdmd8=</latexit><latexit sha1_base64="XXW573kv7nB/apQn18aOUydHENo=">AAAB/nicbVDLSgNBEJyNrxhf8XHzMhgET2HXi17EgAe9GcE8IFnC7KQ3GTIzu8zMCnEJ+A1e9exNvfoB/oTH/ImTRMQkFjQUVd10dwUxZ9q47peTWVhcWl7JrubW1jc2t/LbO1UdJYpChUY8UvWAaOBMQsUww6EeKyAi4FALehcjv3YHSrNI3pp+DL4gHclCRomxUr15LaBD8FkrX3CL7hj4l3izpHD+eT+8fNtLy638sNmOaCJAGsqJ1g3PjY2fEmUY5TDINRMNMaE90oGGpZII0H46vneAD63SxmGkbEmDx+rfiZQIrfsisJ2CmK6e9Ubif14jMeGpnzIZJwYknSwKE45NhEfP4zZTQA3vW0KoYvZWTLtEEWpsRFNbAjGwmcwlME+qx0XPLXo3bqFUQhNk0T46QEfIQyeohK5QGVUQRRw9oif07Dw4L86r8z5pzTg/M7toCs7HN3Vdmd8=</latexit><latexit sha1_base64="1uLliY/yXim8eYRFddDlUN5T8lQ=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKex60YsQ8OLNCOYByRJmJ51kyMzsMjMrhCXgN3jVszfx6q949E+cPBCTWNBQVHXT3RUlghvr+19ebm19Y3Mrv13Y2d3bPygeHtVNnGqGNRaLWDcjalBwhTXLrcBmopHKSGAjGt5M/MYjasNj9WBHCYaS9hXvcUatk5rtO4l9Sq47xZJf9qcgvyRYJiWYo9opfre7MUslKssENaYV+IkNM6otZwLHhXZqMKFsSPvYclRRiSbMpveOyZlTuqQXa1fKkqn6dyKj0piRjFynpHZglr2J+J/XSm3vKsy4SlKLis0W9VJBbEwmz5Mu18isGDlCmebuVsIGVFNmXUQLWyI5dpmsJLBK6hflwC8H936pUpmnk4cTOIVzCOASKnALVagBAwHP8AKv3pP35r17H7PWnDefOYYFeJ8/AE6V/Q==</latexit> ⌦̇+ ~r · (⌦~v) = 0

<latexit sha1_base64="ytTvPZArLSedHs0u3ivfubeKwcQ=">AAACKnicbVDLSgNBEOz1/Tbq0cugCIoQdnPRixDw4k0Fo0I2hN5JJw7OzC4zs4EQ8h9+hN/gVc/exIuCBz/D2UTEV8FAUdVN9VSSSWFdGD4FY+MTk1PTM7Nz8wuLS8ulldVzm+aGU42nMjWXCVqSQlPNCSfpMjOEKpF0kVwfFv5Fl4wVqT5zvYwaCjtatAVH56VmqRK3UsfiY0UdZLss7hKPNSYSWcwLZ/vTKgzW3WEHLGyWNsNyOAT7ItFvslllp+8vAHDSLL36EJ4r0o5LtLYehZlr9NE4wSUN5uLcUob8GjtU91SjItvoD/82YFteabF2avzTjg3V7xt9VNb2VOInFbor+9srxP+8eu7a+42+0FnuSPNRUDuXzKWsKIq1hCHuZM8T5Eb4Wxm/QoPc+Tp/pCRq4Dv508Bfcl4pR2E5OvXlVGGEGViHDdiGCPagCkdwAjXgcAN3cA8PwW3wGDwFz6PRseBzZw1+IHj7ABtXp+k=</latexit><latexit sha1_base64="nazzU3CDHwGL/adu78oKihb+B/4=">AAACKnicbVDLSgMxFM3UV31XXboJilARykxBdCMU3LizBatCp5Q76W0bmmSGJFMopf/hR/gNbnXtTlwJIn6GmVbE14HA4Zx7OTcnSgQ31vefvNzM7Nz8Qn5xaXlldW29sLF5aeJUM6yzWMT6OgKDgiusW24FXicaQUYCr6L+aeZfDVAbHqsLO0ywKaGreIczsE5qFcphO7Y0PJfYBXpAwwGyUEEkgIYsc4qfVmbQwT49oX6rsOuX/AnoFwl+k90Krb2/5RcOq63CiwthqURlmQBjGoGf2OYItOVM4HgpTA0mwPrQxYajCiSa5mjytzHdc0qbdmLtnrJ0on7fGIE0ZigjNynB9sxvLxP/8xqp7Rw3R1wlqUXFpkGdVFAb06wo2uYamRVDR4Bp7m6lrAcamHV1/kiJ5Nh18qeBv+SyXAr8UlBz5VTIFHmyTXZIkQTkiFTIGamSOmHkhtyRe/Lg3XqP3pP3PB3NeZ87W+QHvNcPgmioMw==</latexit><latexit sha1_base64="nazzU3CDHwGL/adu78oKihb+B/4=">AAACKnicbVDLSgMxFM3UV31XXboJilARykxBdCMU3LizBatCp5Q76W0bmmSGJFMopf/hR/gNbnXtTlwJIn6GmVbE14HA4Zx7OTcnSgQ31vefvNzM7Nz8Qn5xaXlldW29sLF5aeJUM6yzWMT6OgKDgiusW24FXicaQUYCr6L+aeZfDVAbHqsLO0ywKaGreIczsE5qFcphO7Y0PJfYBXpAwwGyUEEkgIYsc4qfVmbQwT49oX6rsOuX/AnoFwl+k90Krb2/5RcOq63CiwthqURlmQBjGoGf2OYItOVM4HgpTA0mwPrQxYajCiSa5mjytzHdc0qbdmLtnrJ0on7fGIE0ZigjNynB9sxvLxP/8xqp7Rw3R1wlqUXFpkGdVFAb06wo2uYamRVDR4Bp7m6lrAcamHV1/kiJ5Nh18qeBv+SyXAr8UlBz5VTIFHmyTXZIkQTkiFTIGamSOmHkhtyRe/Lg3XqP3pP3PB3NeZ87W+QHvNcPgmioMw==</latexit><latexit sha1_base64="Be90cnFjHbzZc+qPa2cW9Ou7Rig=">AAACKnicbVDLSgMxFM3Ud31VXboJFkERyowb3QgFN+6sYKvQKeVOetuGJpkhyRRK6X/4EX6DW127K64EP8RMW8RaDwQO59zLuTlRIrixvj/2ckvLK6tr6xv5za3tnd3C3n7NxKlmWGWxiPVjBAYFV1i13Ap8TDSCjAQ+RL3rzH/oozY8Vvd2kGBDQkfxNmdgndQsnIet2NLwVmIH6BkN+8hCBZEAGrLMOZlZmUH7p/SK+s1C0S/5E9AfEvwlRTJDpVn4dCEslagsE2BMPfAT2xiCtpwJHOXD1GACrAcdrDuqQKJpDCd/G9Fjp7RoO9buKUsn6u+NIUhjBjJykxJs1/z1MvE/r57a9mVjyFWSWlRsGtROBbUxzYqiLa6RWTFwBJjm7lbKuqCBWVfnXEokR66ThQYWSe28FPil4M4vlsuzdtbJITkiJyQgF6RMbkiFVAkjT+SFvJI379l798bex3Q05812DsgcvK9voIKlcA==</latexit>

13

where ! is the vorticity defined in Eq. (32). One can also compute the electron current

density from jie = �S/�Ai, but the formulas are somewhat cumbersome and will not be

presented here.

Two remarks on the electron density are in order. First, one can easily check that

the Poisson bracket between the electron density (63) at two di↵erent points can be again

expressed in terms of the electron density:

{⇢e(x), ⇢e(y)} = � 1

8⇡2n
✏ij@i⇢e(x)@j�(x� y). (64)

This is the long-wavelength version of the Girvin-MacDonald-Platzman algebra [6]. The

dipole contribution to the electron density encodes a nontrivial aspect of the physics of the

lowest Landau level [27, 28].

Second, using Eqs. (58) and (38), one can rewrite the electron density as

⇢e =
B � ⌦

4⇡
+

s

8⇡

p
GR[G]. (65)

If we consider a problem in which a fractional quantum Hall ground state is perturbed by

an external field, then ⌦ can be determined by its value at t = �1, which is hbi. In this

case the perturbation of the electron density from the average value (B � hbi)/(4⇡) is given
by the curvature of the dynamical metric,

�⇢e =
s

8⇡

p
GR[G]. (66)

Since the Poisson bracket of ⌦ with any field is either zero or proportional to ⌦ itself, the

Gaussian curvature density also satisfies the long-wavelength Girvin-MacDonald-Platzman

algebra [7]. The identification of the Gaussian curvature density with the electron density

was part of Haldane’s proposal [8] and the bimetric theory [7]. Equation (66) will play an

important role in the later calculation of the static structure factor.

D. Illustrative calculation of the density response

We demonstrate the working of the procedure on an example of a model, where the

Hamiltonian has the quadratic form

H =

Z
dx


⇡2

2m⇤n0
+

�

2
(�n)2 +

µ̃

4
Q2

ij

�
, (67)

which, for the simplicity, is assumed to be independent of b. In this case the constraints (58)

become

n =
B

4⇡
, vi = 0, (68)

and the linearized hydrodynamic equations

µ̃@jQ
ij = nei + n✏ijV

jb, (69)

@tQij + @iVj + @jVi � �ij@kVk �
µ̃

sn
(✏ikQkj + ✏jkQki) = 0. (70)

⇢e =
B

4⇡
� b+ !

4⇡
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An immediate consequence
�⇢e =

s

8⇡

p
GR[G]
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! h�⇢e�⇢ei!,q ⇠ q4
<latexit sha1_base64="yYMOCxt3Y7wUGlA7CaYg0Vi3IzA="></latexit><latexit sha1_base64="75TKa2LlkNCY6uf14r6VGym/HYc="></latexit><latexit sha1_base64="75TKa2LlkNCY6uf14r6VGym/HYc="></latexit><latexit sha1_base64="tfV3v/LMDoKEoT2c92tY9oGLWAI="></latexit>
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In particular, one notices that µ̃ cancels out after substituting Eq. (26). This fact has a

deeper reason, going beyond the simple model (67): the long-wavelength behavior of the

equal-time density-density correlator is determined by the Poisson algebra, but not by the

detail form of the Hamiltonian.

To show that, we note that in the quantum theory, to quadratic order the “holomorphic”

component Q ⌘ Qzz = 1
4(Qxx � 2iQxy � Qyy) and the “antiholomorphic” component Q̄ ⌘

Qz̄z̄ =
1
4(Qxx + 2iQxy �Qyy) of the metric tensor have the commutator

[Q̄(x), Q(y)] =
1

sn
�(x� y), (78)

and hence can be consider as creation and annihilation operators. If s > 0, then Q is the

creation and Q̄ annihilation operator, and the roles are reverse for s < 0. To quadratic

order the Hamiltonian contains terms of the form QQ̄, and the problem reduces itself in the

quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q

and one Q̄ appears in a very high order in the derivative expansion, (@̄2Q)2 or (@2Q̄)2 and

can be neglected. The vacuum is then annihilated by the annihilation operator.

Q(x)|0i = 0, if s > 0,

Q̄(x)|0i = 0, if s < 0.
(79)

It is now straightforward to compute the equal-time correlator of the electron density

operator. As shown before, the fluctuating part of the electron density is proportional to

the Gaussian curvature density of the dynamical metric, i.e.,

�⇢e =
s

8⇡

p
GR =

s

2⇡
(@2Q̄+ @̄2Q), (80)

which implies

h�⇢e�⇢eiq =
Z
dx e�iq·xh�⇢e(x)�⇢e(0)i =

s2q4

64⇡2

Z
dx e�iq·x ⇥h0|Q(x)Q̄(0) + Q̄(x)Q(0)|0i

⇤
.

(81)

Now by using Eqs. (78) and (79) we find

h�⇢e�⇢eiq =
|s|

64⇡2n
q4. (82)

For ⌫ = N/(2N + 1) and ⌫ = (N + 1)/(2N + 1) states, using the value of s from Eq. (54),

h�⇢e�⇢eiq =
N(N + 1)

2N + 1

q4

16⇡B
. (83)

By convention, the static structure factor is defined as

s̄(q) =
h�⇢e�⇢eiq

h⇢ei
=

(
1
8(N + 1)(q`B)4, ⌫ = N

2N+1 ,
1
8N(q`B)4, ⌫ = N+1

2N+1 .
(84)

In fact,  numerical coefficient can be found for ⌫ =
N

2N + 1
<latexit sha1_base64="2C03Qwqo3BE+LAXe3FF6SW6U3Q8=">AAACCXicbZA9SwNBEIbn/IzxK9HSZjEIghDu0iiIELSxChHMB+SOsLfZS5bs7R27e0o4Avb+Blut7cTWH2BtJf4TN4mISXxh4OWdGWZ4/JgzpW37w1pYXFpeWc2sZdc3Nre2c/mduooSSWiNRDySTR8rypmgNc00p81YUhz6nDb8/sWo37ihUrFIXOtBTL0QdwULGMHaRO1c3hXJmRtITFAlLVWOnGE7V7CL9ljo1zizplA+/Xy/A4BqO/fldiKShFRowrFSLceOtZdiqRnhdJh1E0VjTPq4S1vGChxS5aXj14fowCQdFETSlNBonP7dSHGo1CD0zWSIdU/N9kbhf71WooMTL2UiTjQVZHIoSDjSERpxQB0mKdF8YAwmkplfEelhw0EbWlNX/HDEZI7AvKmXio5ddK4MnHOYKAN7sA+H4MAxlOESqlADArfwAI/wZN1bz9aL9ToZXbB+dnZhStbbN4bOnEc=</latexit><latexit sha1_base64="F0ezlxJOXLBQW4T9MEfAPWQ/lDM=">AAACCXicbZDLSgMxFIYzXmu9TXXpJlgEQSgzdaEgQtGNq1LBXqBTSibNtKFJZkgyShkK7n0Gt7p2J259ANeCIL6JmVbEtv5w4Oc/53AOnx8xqrTjvFtz8wuLS8uZlezq2vrGpp3bqqkwlphUcchC2fCRIowKUtVUM9KIJEHcZ6Tu98/Tfv2aSEVDcaUHEWlx1BU0oBhpE7XtnCfiUy+QCMNyUiwfuMO2nXcKzkjw17jTJl86+Xy7/TiUlbb95XVCHHMiNGZIqabrRLqVIKkpZmSY9WJFIoT7qEuaxgrEiWolo9eHcM8kHRiE0pTQcJT+3UgQV2rAfTPJke6p6V4a/tdrxjo4biVURLEmAo8PBTGDOoQpB9ihkmDNBsYgLKn5FeIeMhy0oTVxxecpkxkCs6ZWLLhOwb00cM7AWBmwA3bBPnDBESiBC1ABVYDBDbgHD+DRurOerGfrZTw6Z/3sbIMJWa/foDudyA==</latexit><latexit sha1_base64="F0ezlxJOXLBQW4T9MEfAPWQ/lDM=">AAACCXicbZDLSgMxFIYzXmu9TXXpJlgEQSgzdaEgQtGNq1LBXqBTSibNtKFJZkgyShkK7n0Gt7p2J259ANeCIL6JmVbEtv5w4Oc/53AOnx8xqrTjvFtz8wuLS8uZlezq2vrGpp3bqqkwlphUcchC2fCRIowKUtVUM9KIJEHcZ6Tu98/Tfv2aSEVDcaUHEWlx1BU0oBhpE7XtnCfiUy+QCMNyUiwfuMO2nXcKzkjw17jTJl86+Xy7/TiUlbb95XVCHHMiNGZIqabrRLqVIKkpZmSY9WJFIoT7qEuaxgrEiWolo9eHcM8kHRiE0pTQcJT+3UgQV2rAfTPJke6p6V4a/tdrxjo4biVURLEmAo8PBTGDOoQpB9ihkmDNBsYgLKn5FeIeMhy0oTVxxecpkxkCs6ZWLLhOwb00cM7AWBmwA3bBPnDBESiBC1ABVYDBDbgHD+DRurOerGfrZTw6Z/3sbIMJWa/foDudyA==</latexit><latexit sha1_base64="8RTbq5Y4GGcbZJt0Cg4h4d79AWk=">AAACCXicbZDLSsNAFIZP6q3WW6pLN4NFEISSdKMboejGValgL9CGMplO2qGTSZiZKCX0CXwGt7p2J259Cpe+iZO2iG394cDPf87hHD4/5kxpx/mycmvrG5tb+e3Czu7e/oFdPGyqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx/dZP3WA5WKReJej2PqhXggWMAI1ibq2cWuSK66gcQE1dJK7dyd9OySU3amQr/GXTYlmKves7+7/YgkIRWacKxUx3Vi7aVYakY4nRS6iaIxJiM8oB1jBQ6p8tLp6xN0apI+CiJpSmg0Tf9upDhUahz6ZjLEeqiWe1n4X6+T6ODSS5mIE00FmR0KEo50hDIOqM8kJZqPjcFEMvMrIkNsOGhDa+GKH2ZMVgismmal7Dpl984pVa/ndPJwDCdwBi5cQBVuoQ4NIPAIz/ACr9aT9Wa9Wx+z0Zw13zmCBVmfP8dVmZ4=</latexit>

N=1: matches exactly with the Laughlin wave function



Conclusion

• Low-q regime of FQH liquid: described by a fluid 
with internal metric degree of freedom, coupled to 
a gauge field

• Electron density ~ curvature of dynamic metric

• Static structure factor: algebraic calculation



Thank you


