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FQHE in the LLL predominantly occurs at ν = n/(2pn± 1)

J. P. Eisenstein and H. L. Stormer, Science 248, 4962, 1510-1516 (1990)
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FQHE as IQHE of composite fermions

A composite fermion (CF) is a bound state of an electron and even
number of vortices/flux quanta.

J. K. Jain, Composite Fermions, Cambridge University Press (2007)
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Composite fermions experience a reduced magnetic field

B∗ = B − 2pρφ0, φ0 − h/e

ν =
ρφ0

B
, ν∗ =

ρφ0

|B∗| , ν =
ν∗

2pν∗ ± 1

J. K. Jain, Composite Fermions, Cambridge University Press (2007)
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FQHE ground states are analogous to IQHE ones

J. K. Jain, Composite Fermions, Cambridge University Press (2007)
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FQHE wave functions are analogous to IQHE ones

Jain wave functions at ν = n/(2pn ± 1):

ΨCF
ν= n

2pn±1
= PLLL

(
Φ±n

∏

i<j

(zi − zj)
2p
)
.

(dropped Gaussian factor for ease of notation)

Φn wave function of n filled LLs.
PLLL implements lowest Landau level projection.

no adjustable parameters in these wave functions

wave functions can be evaluated for large system sizes
J. K. Jain, Phys. Rev. Lett. 63, 199 (1989)
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Mystery of the ν = 1/2 state

composite fermions absorb all of the magnetic flux: B∗ = 0
Halperin, Lee and Read, Phys. Rev. B 47, 7312 (1993)

In zero effective magnetic field CFs form a Fermi sea
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Spherical geometry

l = |Q|, |Q|+ 1, |Q|+ 2, · · · ln = |Q|+ n m = −l ,−l + 1, · · · , l − 1, l
L and its z-component Lz are good quantum numbers

Nφ = 2Q = ν−1N − S, S → shift, characterizes the state

F. D. M. Haldane, Phys. Rev. Lett. 51, 605 (1983)
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Haldane pseudopotentials parametrize the interaction

Vm: energy of two electrons in a state of relative angular momentum m
fully spin-polarized electrons → only odd pseudopotentials relevant

F. D. M. Haldane, Phys. Rev. Lett. 51, 605 (1983)
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Overlaps of CF states with LLL Coulomb ground states

overlaps obtained from direct projected states

ν N Hilbert space dimension |〈Ψ0LL|ΨCF〉|
1/3 15 2× 109 0.9876 (Laughlin)

1/5 10 4× 107 0.9228 (Laughlin)

2/5 12 3× 105 0.9971

3/7 12 6× 104 0.9988

2/9 8 1× 107 0.9744

|Ψ0LL〉 is obtained by brute-force exact diagonalization
B. Kusmierz and A. Wójs, Phys. Rev. B 97, 245125 (2018)

Ajit C. Balram (unpublished)
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CF theory is extremely accurate in the lowest Landau level
energies obtained using Jain-Kamilla projected states

dashes are obtained by brute-force exact diagonalization
∼ 106 states at each total orbital angular momentum L

Ajit C. Balram, A. Wójs and J. K. Jain, Phys. Rev. B 88, 205312 (2013)
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Onward to the second Landau level
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FQH states in the second Landau level

appearance of even denominator fractions

6/13 appears “out of order”

Kumar et al. Phys. Rev. Lett. 105, 246808 (2010)
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Landau levels differ in their Haldane pseudopotentials

1 3 5 7 9 11 13 15 17 19 21 23
0.0

0.2

0.4

Vm energy of two electrons in a state of relative angular momentum m
stronger repulsion at shortest approach in the LLL

F. D. M. Haldane, Phys. Rev. Lett. 51, 605 (1983)
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Candidate states for ν = 5/2: Pfaffian

ΨMR
ν=1/2 = Pf

[
1

zi − zj

]∏

i<j

(zi − zj)
2

p-wave paired state of composite fermions
G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991)

N Hilbert space dimension |〈Ψ1LL|ΨMR
ν=1/2〉|

20 4× 108 0.6736

B. Kusmierz and A. Wójs, Phys. Rev. B 97, 245125 (2018)
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Candidate states for ν = 5/2: anti-Pfaffian

anti-Pfaffian is the particle-hole conjugate of Pfaffian

ΨaPf
ν=1/2 = Pph


Pf

[
1

zi − zj

]∏

i<j

(zi − zj)
2




Levin et al., Phys. Rev. Lett. 99, 236806 (2007), Lee et al., Phys. Rev. Lett. 99, 236807 (2007)

construction extremely difficult to implement numerically

recent numerics suggest anti-Pfaffian is favored in the
presence of LL mixing
E. H. Rezayi, Phys. Rev. Lett. 119, 026801 (2017)
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Candidate states for ν = 5/2: PH-Pfaffian

ΨPH−Pf,TJ
ν=1/2 = PLLL





Pf

[
1

zi − zj

]∏

i<j

(zi − zj)





∗
∏

i<j

(zi − zj)
3




Th. Jolicoeur, Phys. Rev. Lett. 99, 036805 (2007)

ΨPH−Pf,ZF
ν=1/2 = PLLL



{
Pf

[
1

zi − zj

]}∗∏

i<j

(zi − zj)
2




P.T. Zucker and D.E. Feldman, Phys. Rev. Lett. 117, 096802 (2016)

state is particle-hole symmetric to a good extent
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)

R. V. Mishmash et. al., Phys. Rev. B 98, 081107(R) (2018)

consistent with recent thermal Hall measurements
M. Banerjee et. al., Nature 559, 205-210 (2018)
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Candidate states in the second Landau level

1/3 and 2/3: dressed Laughlin or k = 4 Read-Rezayi
(k-cluster states)
N. Read and E. H. Rezayi, Phys. Rev. B 59, 8084 (1999)

2/5: particle-hole conjugate of k = 3 anti-Read-Rezayi or
Bonderson-Slingerland state (Pfaffian times composite boson)
Parsa Bonderson and J. K. Slingerland, Phys. Rev. B 78, 125323 (2008)

3/8: Bonderson-Slingerland state

6/13: Levin-Halperin state
Levin and Halperin, Phys. Rev. B 79, 205301 (2009)
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Can we find a unified description of the second LL FQHE?

Yes.
In terms of “parton” states.
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Parton states: product of integer quantum Hall states

break each electron into fictitious partons, place partons into
IQH states, fuse the partons back to recover the electron

Ψ{nα}ν = PLLL
k∏

α=1

Φnα({zi})

k is odd for fermions

ν−1 =
k∑

α=1

n−1
α , qα = (−e)

ν

nα

Laughlin state is a “111 · · · ” parton state

Composite fermions states are “n11 · · · ” parton states
J. K. Jain, Phys. Rev. B 40, 8079 (1989)

Ajit C. Balram cb.ajit@gmail.com

Parton paradigm for the quantum Hall effect



Outline FQHE in the LLL FQHE in the SLL Outlook

An example of a non-composite fermion state

Ψ221
1/2 = PLLLΦ2Φ2Φ1

• The parton theory constructs FQH states by first decomposing an electron into fictitious 
fermionic particles called partons, then placing each species of partons into an IQH state, and 
finally fusing the partons back into physical electrons. It is natural to expect that the resulting state 
is incompressible.

• The resulting wave functions are products of single-Slater-determinant IQHE states       .  These 
represent extremely correlated states of electrons.

YH Wu, T Shi, JK Jain 
Nano letters 17, 4643 (2017)

Non-existence of exact Hamiltonians for general fractional quantum Hall states

G. J. Sreejith1, M. Fremling2, G.-S. Jeon3 and J. K. Jain4

4Department of Physics, 104 Davey Lab, Pennsylvania State University, University Park, Pennsylvania 16802, USA
(Dated: June 13, 2018)

Haldane invented in 1983 a truncated pseudopotential interaction that produces the Laughlin
wave function at filling factor ⌫ = 1/m as the exact zero energy ground state. Local interactions
have not yet been identified for which the general LLL projected states of composite fermions at
⌫ = n/(mn ± 1), where m is an odd (even) integer for bosons (fermions), are exact solutions. We
consider here the 2/3 bosonic state, which is the simplest non-Laughlin state. By inspecting its
behavior when some particles are brought into close proximity, we identify the configurations that
are absent, and construct Hamiltonians that penalize these configurations. We demonstrate that no
interaction including two, three and four-particle terms produces the 2/3 bosonic state as the exact
non-degenerate ground state, and speculate that this remains true for arbitrary local interaction.
The general fractional Hall states thus involve correlations that are too intricate to be captured
exactly by local interactions.

 {n�}�parton
⌫ = PLLL�n1

�n2
· · ·�nk

(1)

⌫ =

 X
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1

n�

!�1
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Exactly solvable models that capture nontrivial physics
of real systems occupy a special place in physics. The
quest for such models for the strongly correlated FQH
states began with Haldane’s construction of a truncated
pseudopotential interaction that obtains the Laughlin
wave function at filling factor ⌫ = 1/m as the exact
zero energy solution. The model interaction was reverse-
engineered from the observation that no pair of elec-
trons has a relative angular momentum m � 1 or less
in the Laughlin wave function, and imposing an ener-
getic penalty for these pairs produces Laughlin’s state
uniquely. While model Hamiltonians with multi-particle
interaction have also been constructed for certain sim-
ple, i.e. naturally holomorphic, wave functions, no in-
teractions have been identified that yield the LLL pro-
jected Jain wave functions at fractions ⌫ = n/(mn ± 1)
as the unique exact solutions. Unlike the Laughlin
wave function, the pathway of constructing these wave
functions passes through higher LLs. In their sim-
plest physically-transparent form these wave functions
are non-holomorphic, with amplitude extending outside
the LLL, and projection into the LLL yields rather com-
plicated wave functions tangled by the presence of strate-
gically placed derivatives. While these LLL wave func-
tions can be evaluated on the computer and turn out to

be surprisingly close to the exact Coulomb eigenstates,
their form appears too complicated to a↵ord a hint into
the construction of exact parent Hamiltonians.

It is worth noting that customary LLL constraint,
while undoubtedly useful for testing theories against
computer experiments, is not a necessary condition for
the existence of precisely quantized plateaus of FQHE.
In real experiments, the FQHE always involves some LL
mixing and is known to survive even a lot of it, and,
because it is not possible to write a wave function that
captures an arbitrary LL mixing, our understanding of
the physics must rely on the principle of adiabatic con-
tinuity. Despite residing predominantly in the LLL, the
unprojected Jain wave functions are su�ciently simple
to allow, in some instances, construction of exact parent
Hamiltonians in which some of the lowest LLs are col-
lapsed while the rest sent to infinity. A path connecting
the model Hamiltonian to the LLL Coulomb Hamilto-
nian may sometimes be identified along which the gap
does not close, thus establishing the validity of the CF
physics for the LLL projected wave functions. One may
take the view, however, that the LLL limit, while not
necessary, is an interesting one, and local interactions
that directly produce the LLL projected wave functions
as exact solutions will o↵er important new insight into
the physics of the FQHE.

In this Letter we present a method for constructing ex-
act interaction Hamiltonians for the LLL projected Jain
wave functions. To this end, we first study their be-
havior as a cluster of N particles is brought together.
We find that the wave function in general vanishes faster
than what is required by the Pauli principle, which al-
lows an identification of missing configurations that are
analogous to the missing angular momentum pairs in the
Laughlin 1/m state. Our pivotal observation in this work
is that even though certain N -particle configurations are
present in a given wave function, they may appear only
in some unique entangled combinations. We will explic-
itly construct in this article the interaction that penalizes
the orthogonal entanglement and obtains the bosonic 2/3
state as an exact zero mode solution.
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221 state at ν=1/2

Ψn1n2⋯nm
ν = #LLLΦn1Φn2⋯Φnm

Ψ2211/2 = Φ2Φ2Φ1

n1n2⋯nm state :
Φn
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Incompressible quantussi Hall states

J. K. Jain
Department ofApplied Physics, Yale University, P 0 .Bo.x 2157, Yale Station, New Haven, Connecticut 06520

(Received 15 June 1989)

Considering each electron as a superposition of fictitious fractionally charged particles allows,
with the help of a natural ansatz, a systematic identification and characterization of the in-
compressible quantum Hall states at noninteger filling factors. Explicit Laughlin-type wave func-
tions are obtained for all the incompressible states and their quasiparticles. The order of stability
of the various states predicted on the basis of physically plausible rules is in agreement with ex-
periments. Although in principle all rational fractions are observable, these rules imply that the
even-denominator fractions are in general much less stable than the odd-denominator ones.

H(a) - g (H&+aV'),

pX+ e&

j~J 2m'
(2)

yk e2 g )
(i.) (a,)

]
—) (3)

j&k
There is interaction only between particles of the same
species, and the choice a e /(gqeP) produces the physi-
cal Coulomb interaction. We will not need the explicit

Fractionally charged excitations are a truly remarkable
outcome of the theories of the fractional quantum Hall
effect (FQHE). ' In this paper we assert that a decom-
position of the electrons into fictitious fractionally charged
particles at the very outset straightaway brings out the
complete elementary structure of FQHE. This is made
possible by a natural ansatz relating incompressibility in
the electron system to that in the 6ctitious particle system.
This theory reproduces in a very transparent and uni6ed
fashion all the essential characteristics of the FQHE, in-
cluding identification and the order of stability of various
fractions, experimental scarcity of the even-denominator
fractions, the quantized Hall resistance, and the charge
and statistics of the quasiparticles. It also produces expli-
cit Laughlin-type wave functions for not only all the in-
compressible quantum Hall states but also their quasipar-
ticles. It emphasizes a fundamental connection between
the FQHE and the integer quantum Hall effect (IQHE),
and makes it clear that even though repulsive interactions
are required for FQHE (gapless excitations would exist in
the absence of repulsive interactions), the driving mecha-
nism is, as in IQHE, the Fermi statistics. Unlike previous
theories, it predicts a possibility of FQHE at all rational
6lling factors, but at the same time provides reasons for
why odd-denominator fractions are experimentally so
much more abundant.
We artificially divide each electron into m particles of

m distinct species (labeled by X), solve the problem for
these 6ctitious particles, and in the end enforce the con-
straint that the coordinates of the m particles belonging to
the same electron be equal, i.e., zj"' zl for all X and j.
We start by writing the following Hamiltonian for the
fictitious particles.

p= Zp ' (6)

form of interactions in this paper. The masses m)„are of
no relevance.
Solution of the problem amounts to specifying the state

of the particles of each individual species. We identify the
state obtained after setting zj(") zl for all X, and j with
the electron state. This state is formally an eigenstate of

P(a) =— Qdz; b(z; —z; ) H(a) . (4)

Here we make the following physically plausible ansatz:
An incompressible electron state is obtained if and only if
the particles of each individual species are in an in-
compressible state. The rest of the paper will examine the
consequences of this ansatz and show how it leads to a
natural and consistent description of FQHE.
The physics of the problem makes the following

demands: (i) The particles of all the species must be fer-
mions, because only then can they use their Fermi statis-
tics to produce incompressible states, in analogy to IQHE.
This implies that m must be an odd integer. (ii) Since
each fictitious particle sees the physical magnetic 6eld, AJ
must produce the physical magnetic Seld for all A, . (iii)
The density of each species must be equal to the density of
electrons. As the density is related to the filling factor vi
by density Bei,vi/hc, the 6lling factor of a given species
is inversely related to its charge ei,. The same density of
all the fictitious particles requires the product eipi, to be
the same. (iv) Let us denote the filing factors corre-
sponding to incompressible states of the Sctitious A, parti-
cles by pi, and those corresponding to the incompressible
electron states by p. Clearly, p)„'s can assume any integer
values, which will be our starting point. As we will see
later, integer values of~ generate incompressible states at
fractional filing factors, and more incompressible states
can be obtained by allowing pi, 's to also assume the frac-
tional values thus obtained. In this paper, for simplicity of
illustration, we will assume p),'s to be integers unless men-
tioned otherwise. A given set of filing factors p ), . . . ,p
occurs simultaneously only for the system with e~
const, or, with the condition gi, ei e, when

P&A (5)
r

1989 The American Physical Society

non-Abelian state like Pfaffian and anti-Pfaffian
X.-G. Wen, Phys. Rev. Lett. 66, 802 (1991)

not a good variational state for ν = 5/2
recent proposals to realize this state in graphene
Y.-H. Wu, T. Shi and J. K. Jain, Nano Lett. 17 (8), 4643 (2017)

Y. Kim et al., Nature Physics 15, 154-158 (2019)

J. K. Jain, Phys. Rev. B 40, 8079 (1989)
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Central result of our work
Two parton sequences (and their particle-hole conjugates) capture
almost all the observed FQH states in the second LL

Ψn̄2̄111
ν=2n/(5n−2) = PLLL[Φ∗n][Φ∗2]Φ3

1

Ψn̄2̄2̄1111
ν=n/(3n−1) = PLLL[Φ∗n][Φ∗2][Φ∗2]Φ4

1

These parton states can be evaluated for very large systems

New candidates for 6/13 and 3/8
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 99, 241108 (2019)

Ajit C. Balram et al. Phys. Rev. Lett. 121, 186601 (2018)
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The “n̄2̄111” ansatz

Ψn̄2̄111
ν=2n/(5n−2) = PLLL[Φ∗n][Φ∗2]Φ3

1 ∼
ΨCF

n/(2n−1)ΨCF
2/3

Φ1

n = 1 =⇒ ν = 2/3: standard composite fermion state

n = 2 =⇒ ν = 1/2: parton state in the anti-Pfaffian phase

n = 3 =⇒ ν = 6/13: a new candidate state
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)

Ajit C. Balram et al. Phys. Rev. Lett. 121, 186601 (2018)
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The “2̄2̄111” ansatz ∼ anti-Pfaffian

Ψ2̄2̄111
ν=1/2 = PLLL[Φ∗2][Φ∗2]Φ3

1 ∼
[ΨCF

2/3]2

Φ1

state occurs at a shift S = −1: same as the anti-Pfaffian shift

slightly better than anti-Pfaffian for second LL Coulomb

N |〈Ψ1LL
1/2 |ΨaPf

1/2〉| |Ψ2̄2̄111
1/2 |ΨaPf

1/2〉| |〈Ψ1LL
1/2 |Ψ2̄2̄111

1/2 〉|
10 0.8194 0.9397 0.8975

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)
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Entanglement spectrum

Logarithm of the eigenvalues of the reduced density matrix

Counting of low-lying entanglement levels: carries topological
fingerprint of the state (Li-Haldane conjecture)

can be evaluated from just the ground state wave function
related to edge excitations (bulk-edge correspondence)

H. Li and F. D. M. Haldane, Phys. Rev. Lett. 101, 010504 (2008)

Ajit C. Balram cb.ajit@gmail.com
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Entanglement spectrum of the “2̄2̄111” state

counting: 1, 1, 3, 5, · · ·
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)

Ajit C. Balram cb.ajit@gmail.com

Parton paradigm for the quantum Hall effect



Outline FQHE in the LLL FQHE in the SLL Outlook

The “[2̄]k1k+1” ansatz ∼ anti-Read-Rezayi

Ψ
[2̄]k1k+1

ν=2/(k+2) = PLLL[Φ∗2]kΦk+1
1 ∼

[ΨCF
2/3]k

Φk−1
1

k = 1 =⇒ ν = 2/3: same as the composite fermion state

k = 2 =⇒ ν = 1/2: parton state in the anti-Pfaffian phase

k = 3 =⇒ ν = 2/5: this state lies in the same phase as the
particle-hole conjugate of the Read-Rezayi k = 3 state

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 99, 241108 (2019)
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Quantities from “2̄2̄111” ansatz for large system sizes

potentially enables numerical studies of braiding
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)
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Anyon with charge (−e)/5

Ψ2−quasiparticles
2/5 = PLLL[Φ2−holes

2 ]∗[Φ2
2]∗Φ4

1,

0
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Density profile for N = 80 electrons
Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 99, 241108 (2019)

Ajit C. Balram cb.ajit@gmail.com

Parton paradigm for the quantum Hall effect



Outline FQHE in the LLL FQHE in the SLL Outlook

The “3̄2̄111” ansatz

Ψ3̄2̄111
ν=6/13 = PLLL[Φ∗3][Φ∗2]Φ3

1 ∼
[ΨCF

3/5][ΨCF
2/3]

Φ1

occurs at S = −2: topologically different from 6/13 CF state
energetically better than the 6/13 CF state in the second LL
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Ajit C. Balram et al. Phys. Rev. Lett. 121, 186601 (2018)
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The “3̄2̄111” ansatz gives a good description of 2 + 6/13

HZDS → simulates finite width, H2 → stabilizes Pfaffian

a good overlap with the second LL Coulomb ground state

likely in the same universality class as the Levin-Halperin state

Ajit C. Balram et al. Phys. Rev. Lett. 121, 186601 (2018)
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What makes our parton states special?

Composite fermion (n11 · · · parton) states capture the most
prominent LLL plateaus
→ placing partons into ν = 1 states, i.e., Φ1 =

∏
i<j(zi − zj)

builds good correlations in the many-body state

Simplest generalization → nm11 · · · where m = 2 or m = −2

Comes down to energetics: for the second LL interaction our
sequence of parton states appear most plausible

Open problem: for a given interaction which parton state(s) is
likely to be stabilized

Ajit C. Balram cb.ajit@gmail.com
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Outlook

Composite fermion theory explains almost all the fractional
quantum Hall phenomena occurring in the lowest LL.

Parton sequences:

n̄2̄111, where n = 1, 2, 3 gives 2/3, 1/2, 6/13
n̄2̄2̄1111, where n = 1, 2, 3 gives 1/2, 2/5, 3/8

and their particle-hole conjugates contain most of the
experimentally observed states in the second Landau level.

How well does the parton ansatz fare for excitations?
Counting works out - overlaps needs to be looked into.

Ajit C. Balram cb.ajit@gmail.com
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Thank you for your attention!

Most fractional quantum Hall states are products of integer quantum Hall states

References:

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner,
Phys. Rev. B 98, 035127 (2018)

Ajit C. Balram et al. Phys. Rev. Lett. 121, 186601 (2018)

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner,
Phys. Rev. B 99, 241108 (2019)

cb.ajit@gmail.com
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FQHE in the LLL that is not IQHE of CFs

FQHE of CFs?

Ajit C. Balram cb.ajit@gmail.com
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Incompressibility at ν = 4/11 and 5/13
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Read-Rezayi states: clustering of electrons

ΨRRk
ν= k

k+2

= Φ1S


∏

i1<j1

(zi1 − zj1)2
∏

i2<j2

(zi2 − zj2)2 · · ·
∏

ik<jk

(zik − zjk )2




k = 1 =⇒ ν = 1/3: same as Laughlin

k = 2 =⇒ ν = 1/2: same as Pfaffian follows from Cauchy identity

k = 3 =⇒ ν = 3/5: particle-hole conjugate candidate for
2/5 competes with the Bonderson-Slingerland state

E. H. Rezayi and N. Read, Phys. Rev. B 79, 075306 (2009)

k = 4 =⇒ ν = 2/3: competitive with Laughlin
Peterson et al., Phys. Rev. B 92, 035103 (2015)

3/8 and 6/13 are not part of this sequence

N. Read and E. H. Rezayi, Phys. Rev. B 59, 8084 (1999)
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Bonderson-Slingerland states

Pfaffian times bosonic Jain

ΨBS
ν= n

(2p+1)n±1
= PLLLPf

[
1

zi − zj

](
Φ±n

∏

i<j

(zi − zj)
2p+1

)
.

n = 1, p = 0 and + =⇒ ν = 1/2: same as the Pfaffian
n = 2, p = 0 and + =⇒ ν = 2/3: different from Jain 2/3
second LL Coulomb ground state not uniform at this shift

n = 2, p = 1 and − =⇒ ν = 2/5: different from Jain 2/5
competes with the particle-hole conjugate of the k = 3 Read-Rezayi

Bonderson et al., Phys. Rev. B 108, 036806 (2012)

n = 3, p = 1 and − =⇒ ν = 3/8: feasible in the second LL
Hutasoit et al., Phys. Rev. B 95, 125302 (2017)

6/13 is not part of this sequence

Parsa Bonderson and J. K. Slingerland, Phys. Rev. B 78, 125323 (2008)
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analytical argument relating “2̄2̄111” state to anti-Pfaffian

state Φ2
2 has a central charge of c = 5/2

X.-G. Wen, Phys. Rev. Lett. 66, 802 (1991)

write bosonic Φ2
2 as Φ1χ

CF
l=3

analogous to writing bosonic PfΦ1 as Φ1χ
CF
l=1

[Φ2
2]∗ is essentially [Φ1]∗χCF

l=−3

Φ3
1[Φ2

2]∗ ∼ |Φ2
1|[Φ1]2χCF

l=−3 ∼ Φ2
1χ

CF
l=−3

This state has central charge c = 1− 3/2 = −1/2 which
matches the anti-Pfaffian value
analogous to PfΦ2

1 ∼ Φ2
1χ

CF
l=1 which has c = 1 + 1/2 = 3/2

analogous to Φ2
2Φ1 ∼ Φ2

1χ
CF
l=3 which has c = 1 + 3/2 = 5/2

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 98, 035127 (2018)
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The “n̄2̄2̄1111” ansatz

Ψn̄2̄2̄1111
ν=n/(3n−1) = PLLL[Φ∗n][Φ∗2]2Φ4

1 ∼
ΨCF

n/(2n−1)[ΨCF
2/3]2

Φ2
1

n = 1 =⇒ ν = 1/2: parton state in the anti-Pfaffian phase

n = 2 =⇒ ν = 2/5: same phase as the particle-hole
conjugate of the Read-Rezayi k = 3 state

n = 3 =⇒ ν = 3/8: a new candidate state different from the
Bonderson-Slingerland state

Ajit C. Balram, Maissam Barkeshli, and Mark. S. Rudner, Phys. Rev. B 99, 241108 (2019)
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Projecting a state into the lowest Landau level (LLL)

Direct or exact projection: limited to small sizes
brute force way to retain the part that resides in the LLL
bring all the z̄ ’s to left (“normal ordering”) and z̄ → 2∂z
S. M. Girvin and T. Jach, Phys. Rev. B 29, 5617 (1984)

Jain-Kamilla projection: large systems are accessible

∏

i<j

(zi − zj)
2p =

∏

i 6=j

(zi − zj)
p ≡

∏

j

J p
j

Jj =

′∏

k

(zj − zk) ′ =⇒ j 6= k

Subsume Jj into Slater determinant & project each element
J. K. Jain and R. K. Kamilla, Phys. Rev. B 55, R4895(R) (1997)
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221 parton state possibly realized in n = 3 LL of graphene

Ψ221
1/2 = PLLLΦ2Φ2Φ1

Y. Kim et al., Nature Physics 15, 154-158 (2019)
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