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Twisted link diagram

D : twisted link diagram < D : a link diagram whose dou-
ble points are given the informations

over/under or virtual possibly with
some bars on arcs

A twisted link is the equivalence class of a twisted link diagram under
Reidemeister moves [, I, Ill, virtual Reidemeister moves |, II, I, IV
and twisted Reidemeister moves |, I, 1ll.
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twisted links

Generalized Reidemeister moves

Reidemeister moves

\
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Virtual Reidemeister moves
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twisted links

Extended Reidemeister moves

Generalized Reidemeister moves 4
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Twisted links and link diagrams in closed surfaces

Abstract links

An abstract link diagram (32, D) : a pair of a, possibly
non-orientable compact surface X and a link diagram Dy in X such
that | Dy| is a deformation retract of 3 .

= 8
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Abstract links and Twisted links

Theorem(Bourgoin)

@ ¢ {twisted link diagrams} — {abstract link diagrams}

s.t. ¢ induce a bijection between the set of twisted
links and the set of abstract links.

s e
&3

(D) = (3, Dyx) : an abstract link diagram associated with D
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Twisted links and link diagrams in closed surfaces

Twisted Reidemeister moves and abstract links

ﬁ“ﬁ* ;
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Twisted links and link diagrams in closed surfaces

Link diagram realizations of twisted links

D : a twisted link diagram

(X, Dx) : an abstract link diagram associated with D

(F, Dg) : a link diagram realization of D in a closed surface F’
&< a pair of a closed surface F' and a link diagram Dpg

s.t. there is a embedding f from X to F' whose
image of Dy is Dr (f(Ds) = Dp).

& @ &
> @ K
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Twisted links and link diagrams in closed surfaces

Twisted links and stable equivalence classes

Fe&{closed surfaces }

. . ~ stable equivalence
Etwisted links } < U links in F'x I} /relation

Theorem (M. Bourgoin)

Stable equivalence classes of links in oriented thickened surfaces have
a unique irreducible representative.

4
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Partial writhes of virtual knots

Index diagram

D : a virtual knot diagram

c : a real crossing of D

The index diagram of a real crossing ¢, D. of D is a two component
link diagram d; U d which is obtained from D by smoothing at c

A X=X
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Partial writhes of virtual knots

Intersection index of a real crossing

D: a virtual knot diagram
c : a real crossing of D
We label each component of D, by (1, —1) as in the figure below.

1

sgn (c)=+1 sgn (c)=-1
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Partial writhes of virtual knots

Intersection index of a real crossing

D : a virtual knot diagram ¢ : a real crossing of D
D, : the index diagram of ¢ b : a non self real crossing of D,

AN

t(b) =1 t(b) = —1

The intersection index Ind(c) of a real crossing c is defined by

Ind(c) = » ¢(b)

bedinNds
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The nth partial writhe

The nth partial writhe of D is defined as follows

J.(D)= Y sgn(c)

Ind(c)=n
where sgn(c) is the sign of a real crossing c.

Theorem|[S. Satoh, K. Taniguchi] J

J.(D) is an invariant of a virtual knot for each integer n # 0.

D 0 -1 1 -1

=
o0

T ( M\ __ o T ({ T\ __ (>
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Odd writhe

D : a virtual knot diagram
A real crossing ¢ of D is odd if we meet an odd number of crossings
when we walk along one of arcs of D whose starting point and

ending point are c.
The odd writhe of D is defined as follows

J(D) = ) sgn(c)

c: odd

Theorem [L. Kauffman]

J (D) is an invariant of a virtual knot.
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Partial writhes of virtual knots

Odd writhe and the nth partial writhe

D : a virtual knot diagram

Corollary[S. Satoh and K. Taniguchi]
J(D) = )  Ju(K)

n:odd

Fa

el
? \//\? \? /\5
Ji(D) = -2, J_1(D) = —2, J(D) = —4
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Definition of Index polynomial

The index polynomial of a virtual knot D is defined by as follows

Qp(t) = ) sgn(c) (™4 —1)

C

where ¢ runs over all real crossings of D.

Theorem [A. Henrich, Y. H. Im, K. Lee, S. Y. Lee] J

Qp(t) is an invariant of a virtual knot.

Corollary [S. Satoh and K. Taniguchi]

Qp(t) = ) (Ju(D) + J_n(D)) (™ — 1)
n#0

y
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Example

Ji(D) = —2, J_4(D) = —2, J(D) = —4,
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Index diagrams of twisted links

D : a twisted link diagram

A component of D is said to
be even(or odd) if there are
even (or odd) number of bars
on It.

odd and even even

The index diagram of a real crossing ¢, D.. is obtained from D as
follows;

@ If ¢ is the real crossing of the distinct components of D, say d;
and do, D. = d; U d»

@ If ¢ is the real crossing of a component d of a twisted link
diagram D, D, is a two component link diagram d; U d-
obtained from d by smoothing at ¢
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Frilled Index diagram

I~

The frilled index diagram of a real crossing ¢, D, is obtained from
D.. as follows;

~

@ If dy and d5 are even, D, = D,

@ If d; is odd, 130 Is obtained from D, by adding a bar to d; as in
the figure below. () indicates that d; is an odd component.)

FL O AL HER
di d2 di de di do di do di do di de di de di dedi de
O OO O O OO O oo O O
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Partial writhes of twisted links

Examples

i

@ C@

Naoko KAMADA Numerical invariants of twisted knots




Partial writhes of twisted links

bar-edge

p: {twisted link diagrams } — {immersed loops with some bar}

A XK= X

D : twisted link diagram
e: bar-edge of D <> Preimege of a segment of p(D) between two
bars

RN
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Partial writhes of twisted links

Weight map of a frilled index diagram

D : a twisted link diagram

~

D.: a frilled index diagram of a real crossing ¢ of D

E(D,) : the set of bar-edge of D,

o : a weight map of D. <
o : E(ﬁc) — {1, —1}
st. o(e) # o(e’) for e,e/ € E(D,) if e and €’ are
adjacent .

5 DO
@
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Partial writhes of twisted links

Weight map of a frilled index diagram

A weight map is admissible if the neighborhood of ¢ is as in the
following figure.

= )OO MK
)00 KO

Wi(C) W3 (C) Ws(C)

Wz (C) Wy (C) We (C)
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Partial writhes of twisted links

The nth partial writhe of a twisted link diagram

D : a twisted link diagram
D = d1 U d2 . a frilled index diagram of a real crossing ¢ of D

For a real crossmg b € Jl N ds, Iet Z(b) be as in foIIows
1

e 'XY VY'XX

Vlll

The frllled index of ¢ is deflne as follows

I/II(/fl(C)Z Z Z Z(b)a

O'EW(C) bE(il ﬁd~2

where W(c) is the set of admissible weight maps of D...
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The nth partial writhe of a twisted link diagram

D: a twisted link diagram R(D): the set of real crossings of D

R1(D) ={c € R(D)]| c:

Ra2(D) ={c € R(D)

R4(D) ={c € R(D)
(2 # 7)),

Rs5(D) ={c € R(D)| c:
Re(D) ={c € R(D)| c:

a self crossing, dy, d2: even} |

c: a non self crossing, di, d2: even},
R3(D) ={c € R(D)| c:
&

a self crossing, d;: even, d;: odd (¢ # j)},

. a non self crossing, d;: even, d;: odd

a self crossing, dy, d2: odd},
a non self crossing, dy, da: odd},

where D. = dq U ds is the index diagram for a real crossing, ¢ of D.

For k € {1,2,3,4} and n € Z, the nth partial writhe of a twisted

link is defined as follows:

JX(D) = > sgn(c)
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Theorem

For k € {5,6} and n € {0,1}, J¥(D) is defined as follows

JX(D) = > sgn(c)

cGRk(D),I/Ea(c)En mod 2

Theorem

j,,’;f(D) Is an invariant of twisted links for k = 1,2,3,4and n # 0
(or k =5,6 and n € {0,1}).
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Example 1

1

C1

e @x&&% w
C1 Ca C3 C1 C2 03 1

J} (D)

C2 03) .DCz @ @ @
3.
503 f
N N

=1,J3,(D)=—-1,J%,(D) =1
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Twisted Jones polynomial

D: a twisted link diagram
S :a state S of D : a twisted link diagram which is obtained from D

by applying A or B splices at all real crossings of D

Splice <D> — ZAI:]S(_AZ_A—2)ﬁSMﬁOS

S
)
et where }1.S is the number of A-splices
minus that of B, §S is the number

B of loops in S and §,S5 is the number

PN of loops with the odd number of
bars
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Example 2
a 9\ a 9\
\g\/_% ot

mr — 2 m — 2
D, D,

The twisted Jones polynomials of D,,, and D,,,” are
A—6(A% + A=) — A=4m(A% — A—3)(A + A1) (or
_AS(A* 4 A1) 4 A—ImHI2(A3 _ A3 (A 4+ A1) if mis
even (or odd). However we obtain
Ji (D) = (=)™, J1 (D) = (=)™,
[1](D, ) =(—1)™ x 2
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Double Flype

s >
é «—> é «—>

/&l )\
(1) parallel (ii)non parallel

Proposition
The partial writhe is invariant under parallel double flypes. J
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Example of diagrams related with a non parallel
double flype

023050} C

J3(D,) = J3,(D;) =1
J;(D2) =0
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Example of diagrams related with a non parallel
double flype

023050} C

J3(D,) = J3,(D;) =1
J;(D2) =0

[THANK YOU. |
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