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n+d & p+d scattering

Faddeev Approach
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Lisbon - Hannover

Variational Approach & HH
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Challenges in 3N Physics

* Test of nuclear forces in the simplest nuclear
environment (over alarge energy range!)
— Two-body forces
— Genuine three-body forces

* Reaction mechanisms
— Examples: deuteron breakup, (p,n) charge exchange,
exclusive breakup (specific configurations) ...
— Higher Energy: Lorentz vs. Galilean Invariance
— Check commonly used approximations (e.g. Glauber approach)




Total Cross Section for Neatron-Deateron Scattering

—— Theory
- BExperunent

W.P. Abfalterer et al, PRL 81, 57 (1998)




Example: N.B. Ladygina: arXiv:0906.1910

— OME+55+D5

T,=880 MeV Direct + Rescattering
=== ONE+S$S . = =
diagrams explicitly
OME+5S5+D5 glauber Calculated

Relativistic formulation.
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Three-Body Scattering - General

 Transition operator for elastic scattering

U=PGyt+PT v
« Transition operator for breakup scattering

Uy = (1+P)T —vy—p

T=1tP + tG,PT
 Faddeev equation (Multiple Scattering Series)

+1G PtP +---
15t Order In tP

t = v +vg,t =: NN t-matrix P=P,, P,; + P;; P,y = Permutation Operator




3-Body Transition Amplitude

P :%(kz_ks)
T‘QO¢d>:tp‘q0¢d>+tGOPT‘QO¢d> qzz(k

The Faddeev Equation in momentum
space by using Jacobi Variables

+19,) (0, 29+ 05, E-20%)

?) (g+19",q"[T]depq )
)+|g E-2q“-E, +ic

L = symmetrized 2-body t-matrix




Computational Challenge:

3N and 4N systems:

» standard treatment based on pw projected momentum

space successful (3N scattering up to 250 MeV) but
rather tedious

2N: j.=9, 3N:J..=25/2 — 200 "channels’
Computational maximum :
2N:j =7, 3N:J_ .,=31/2

— Suggested approach:

— NO partial wave decomposition of basis states




Variables for 3D Calculation

3 distinct vectors in the problem: g, q p

5 Independent variables:

p=lp| , g=|q

Xp :ﬁ°q0 ’Xq :6"610
X2 = (0o x0)-(dyxp)

] Variables invariant under rotation:
gsystem: z|| g

freedo_m to choose coordinate system for
qo system: z || q, numerical calculation




3D Integral Equation in 5 Variables

(D, Tp, 283, 24, 4| Tgopa) Solved by Padé Summation

5 . L
Pd (\/fﬂ + 195 T qqn:lfq) Moving Singularities
Position depends on

1 .l(]y g T Q0T p " - : ” ”
ts | P, \/—1] + q2 + qqoxy, A : I B — —q g, 9, X
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Fixed deuteron pole




Singularities of 3N Propagator

(*“moving” singularities)

40
Umax

(o

New approach for
treating propagator
singularities :

xo > 1 Elster, Glockle, Witala,
FBS 45, 1 (2009)

Tolg—) = —

Q) ( .}ﬂﬂ' max 40

PhD thesis H. Liu, OU




Faddeev multiple scattering series

T =tP +tG,PT
T =tPH-tG,PtP+---

15t Order or 1A

oREATOPENS
AREAND

Convergence of the MS as function of energy?

Consider total cross sections




ND

multiple scattering series
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— 115 BN
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multiple scattering series

- 0.2 GeV
— 0.5 GeV
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ND ; : ;
Gb;_ multiple scattering series
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Unitarity Relation

(pU]#) —(#V]¢)=[d*a(pU|#) 271 (E-E,) {4, V| #)
+%Id3pd (g |Uo|¢) 271 9(E — E o )(d|Uo| )

A
— (27[)3 3_m Im<Qo L, @ ‘U ‘ qo¢d> = Ot = O T Oy,

0

U = PG;* + PtG,U




n+d Cross Sections in the GeV Regime

 Original suggestion for calculation
— R.J. Glauber 1955

« Specfic calculations:

— D.R. Harrington, Phys. Rev. 135, B358 (1964)
— V. Franco, R.J. Glauber, Phys. Rev. 142, 1195 (1966)
— F.W. Byron, C.J. Joachain, E.H. Mund, Phys. Rev. D8, 2622 (1973)

« (Calculations are

non-relativistic

neglect spin degrees of freedom

S " N .




Unique Opportunity

« Compare the Glauber approximation for 3-body
scattering with an exact Faddeev calculation

« Use the same two-body input for both calculations
— Two-body NN interaction of Malfliet-Tjon type
— Solve for the deuteron wave function
— Solve for the two-body t-matrix and scattering amplitude

c m
fs (piec.m.): _5(27[)2 ts(p’ P, X Ep)

1:sl (kl , ‘9Iab ) = 2 COS ‘9I fsc ( p’ ‘90 ((9| ))

« Use the same kinematics — here non-relativistic




Glauber 3N amplitude

With Deuteron Form Factor:

S(d)= [ d*rlpy (0] € = [ d°rlp, ()]

using ¥ = §+ k(k - 7)




3N Total Cross Section — 15t Order
Fox (@)=25(3q) f,(d)

<CI0 L, ¢, ‘U 1St‘ q0¢d>

Reminder: U = PG, + PT




3N Total Cross Section — 1%t Order

30

e




Glauber 3N amplitude:

I:3C|;\|I (q): 2 S(% q

Further Approximation suggested by Franco-Glauber:

A7

) Gmazx )
00 = —— Re {f‘z(p, T = l)} / dq'q'S(q").
P 0

Faddeev 2 Order Correction: 5o o t.G,Pt.P




2nd order correction to 3N total cross section

_ ND,
G ﬁ_-.l..l'! r

—- O(t)+O(t)

--Gl-2nd

-+ (31-0 - 2nd

-~

| | |
1000 2000
E . [MeV]




nd total cross section
Faddeev and 2nd Order Approximations

full Faddeev
NN

20

- 2nd order Faddeev
26 N 4+Gl-2nd
26 N +Gl-0-2nd

2 6 HO(+O)




3N Differential Cross Section — 15t Order
Fav (d)=25(39) f(d)

Position of g :

(a) Inplane perpendicular to k = k;,, (Glauber)
(b) In plane perpendicular to k+k’ (D.Harrington, C.Joachain)




E = 500 MeV
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Glauber 3N amplitude




Bigi= 500 MeV
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E. = 1000 MeV
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Total Cross Sections
Total Cross Sections for Breakup Reactions

Faddeev

Glauber

E lab [I\IE’\T

ony [fm?] oP

[fnf2

Jb

7

D [fm?]

ol [fm?]

opol(a)[fm?] ogl(b)[fm?]

800
1000
1200
1500
2000

19.00
10.30
7.22
6.00
5.23
4.37
3.35

26.53

15.31
6.74
4.32
3.46
2.96
2.41
1.76

Integration over the

Fivefold differential cross section

7.63
3.69
3.56

2.90
2.54
2.27
1.96
1.59

T

29.00
17.39
9.49
6.77
5.74
5.01
4.22

3.36

0.76 -

2.33 1.93

2.97 2.93
2.56

Via optical theorem




Compare: Faddeev & Glauber

Total Cross Sections

— 1storder terms agree from ~ 250 MeV

— 2" order terms agree from ~ 700 MeV

— At =700 MeV Faddeev and Glauber agree

Differential Cross Sections

— 1storder calculations agree for forward angles

— 2nd order correction in Glauber does not fill in 1st minimum
Total Cross Sections for Elastic Scattering

— 1storder agrees with Faddeev at ~ 1 GeV (2"d order at 2 GeV)
Total Cross Sections for Breakup Reactions

— Faddeev & Glauber agree at 2 GeV

Published in PRC 78, 034002 (2008)
Similar study for p+'Be by R. Crespo et al in PRC 76, 014620 (2007)

Platonova & Kukulin repeated the Glauber study for p+d with cd-bonn
PRC 81, 014004 (2010)




Relativistic Three-Body Problem

« Context: Poincaré Invariant Quantum Mechanics

— Poincaré invariance is exact symmetry, realized by a
unitary representation of the Poincaré group on a few-
particle Hilbert space

— Instant form

— Faddeev equations same operator form but different

iIngredients
« Kinematics
— Lorentz transformations between frames
 Dynamics

— Bakamijian-Thomas Scheme: Mass Operator M=M,+V
replaces Hamiltonian H=H,+v

— Connect Galilean two-body v with Poincaré two-body v
_ Construct V:= M2+ —/MZ+¢’




Kinematic Relativistic Ingredients:

Lorentz transformation Lab — c.m. frame (3-body)
Phase space factors in cross sections
Poincarée-Jacobi momenta

Permutations for identical particles




Kinematics: Poincaré-Jacobi momenta

* Nonrelativistic (Galilel)
1 ‘
}_] — ?[kz — k:jf
2.1 .
q = glki— 5k +ky))

* Relativistic (Lorentz)

kg + k:g ([k; — kj] . [k;_r -+ k:g )
(B2 + E3) + mas

1
) —(ko — ka)
I 2[ 2 ) +

21Mi9g




Relativistic kihematics-
IA (1% order)
T =tP

Lorentz transformation
Lab — c.m. frame) (3-body)

Phase space factors in
cross sections

Poincare-Jacobi momenta
Permutations

500 1000
B, [MeV]




Quantum Mechanics

- i _ KZ
Galilei Invariant: 4 — o th 3 h=h +uR Ry

Poincaré Invariant:  H =vK2+M?2 : M =M,+V, +V,,+V,,

Vi =M; —-M, :\/(mo,ij +Vij)2 + 0 _\/mg,ij + 0

Two-body interaction embedded in the 3-particle Hilbert space

2 2 2 2

2 2 2 2
M, :\/mo,ij + 0y "‘\/mk + 0y




V;; embedded in the 3-particle Hilbert space

Vij = Mij _Mo :\/(mo,ij +Vij)2 +q|§ _\/mg,ij +qf

need matrix elementy : (F|V(p)|k")

l

ol +pT—0)R[1(k k.0
m_(ﬂ,l(\w pr— )Rk k)]

=u( f: B+ i f::)( \.-"'fla{é +p2 — M) i )+

[ L. 1| (Nt pi-w”) L
— (Vo' “+p =" )R HEE 0" ]|+ Pl d°k" kK" ot (kK K" o™

w—wm' w'—w

| (N +p*=w") . . -
—'Pf d3K" T - Hl k"o e* (KK o) ).
w"—w

H. Kamada,"* W. Glockle.>*" J. Golak.>** and Ch. Elster*®
PHYSICAL REVIEW C 66, 044010 (2002)




Two-Body Input: T1-operator embedded in 3-body system

TP pia) =V (0, p;a) + [ dk" V(p'.k";0) T, (K", p; q) .
JERE(P)2+q2 —J(2E(k")2 +q? +is

Do not solve for “Y!

Obtain fully off-shell matrix elements T,(k,k’,q) from half shell
transition matrix elements by

Solving a 15t resolvent type equation:

T,(Q) =Ty(a") + T4(a) [9e(a) - 90(a’ )] To(7)

For every single off-shell momentum point
Proposed in
— Keister & Polyzou, PRC 73, 014005 (2006)

Carried out for the first time in PRC 76, 1014010 (2007) [PhD T. Lin]

1 BB OGS ‘




Obtain embedded 2N t-matrix T,(k,k’,z’) half-
shell in 2-body c.m. frame first :

(k|Ti(q;2") k') = (k|V(q)| k'O)
F. + F

20 + P) 4 12y

VAE} + @ + AE] +

dKk" U(k: k”)t(k”a k'; 2Ek")
Fipr — 2vm?2 + k'"? + je

t(k,kf;2Ekf) = ‘U(k,k,) + /

Solution of the relativistic 2N LS equation with 2-body potential

Two~-body Potential ?




Phase Equivalent 2-body t-matrices based on
Transformation by Coester-Pieper-Serduke (CPS)

(PRC11, 1 (1975)) and given in Polyzou PRC 58, 91 (1998))

« Add interaction to square of non-interacting mass

operator oy
M?=M.+u=4mh with h=—+—+m
m 4m

u=v2+{MZv)

NO need to evaluate v directly, since M, M2, h have the same
eigenstates

Relation between half-shell t-matrices

\ B 4m \ k 2
(Kt 00 [K) = o s (Kt (S k)

Relativistic and nonrelativistic cross sections are identical
functions of the invariant momentum k




Total Cross Section for Elastic Scattering: Scalar Interaction
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Breakup Scattering

k

f;/

Exclusive: Measure energy & angles of two ejected particles

V.Punjabi et al. PRC 38, 2728 (1998) - TRIUMF p+d @ 508 MeV

Outgoing protons are measured in the scattering plane




Exclusive Breakup Scattering E,., = 508 MeV
(symmetric configuration) (V.Punjabi et al. PRC 38, 2728 (1998)

6,=38.1",6,=38.0", 0,,=180", B,=41.5"0,=41.4°, ;=180 NR st wrweeeeee
— R 1';.|t rEmrrnEnane
NR full
ey R full

a3

gt
A

Gfdﬂ] dﬂz dE] (mb/(MeV sr7)]

QFS

220 240 260 280  C 220 240 260 280
E, [MeV] E, [MeV]

d’c/dQ,dQ,dE, [mb/(MeV st7)]

dﬁ

6,=44.1",6,=44.0°, 6,,=180", B,=47.1°,8,=47.0°, p,,=180",

&

| Imb/(MeV s17)]

d"6/d€dQydE, [mb/(MeV st)]

d’6/dQ, dQ,dE

240 260 c 22 240 260 280
E, [MeV] E, [MeV]

£




Exclusive Breakup Scattering E,., = 508 MeV
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Exclusive Breakup Scattering
Space-Star

1
2
3
4
F

=0, %,=0, ¢,,=90 d %q=0, %,=0, ¢p,=90 d

¥
w e
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E,., = 508 MeV




Poincaré Invariant Faddeev Calculations

Carried out up to 2 GeV for elastic and breakup scattering for scalar
Interactions

— Solved Faddeev equation in vector variables = NO partial waves
Relativistic effects are important at 500 MeV and higher

— Relativistic total elastic cross section increases up to 10% compared to the
non-relativistic

Relativistic kinematics determines QFS peak positions in inclusive and
exclusive breakup

— Breakup: Relativistic effects very large dependent on configuration
« Above 800 MeV projectile energy:
— multiple scattering series converges after ~2 iterations

— In breakup QFS conditions 1st order calculations sufficient




Including spin and isospin
degrees of Freedom:
General Form of NN interaction

« Space (e.g. momenta) gz

P _I_j’ ﬁ'+ﬁ’ ﬁlxﬁ

— Basis: vector variables

* Spin — Operators o, and o,

* |Isospin - Operators 7, and 7,

Idea: form scalar functions with the vector variables

handle operators analytically




General Form of NN interaction, cont’d

Allow explicit isospin dependence: #'ml | V| tmy) = SOyt VI

mem’, :

Spin momentum operator structure invariant under
rotation, parity, time-reversal

-~
=

) =1
.02, P.P) = 0109
o, p.p) =i+ (pxp)
1.02.p,p) = o1-(pxp)oy-(pxp)
)
pP.p)

3

1,02.Pp,P

~ ~ ~
= =2 =
—_ e

~
f—
—

/
/
, .
/
/
/

,oo.p'.p) =0,-(p'+p)os-(p +p)
01'(PI—P) Uz‘(P’—P)

o — —
—

[ S O U G Ry
Q
(S

-~
=

1,02,

Most general expression for any NN potential:

G
Vitme — E : .i.;-rnf. (p’. p) wi(oy, o9, P.p)
7=1

where o™ (p’, p) isascalar function of |p'|, |p|, and p"p




Examples:
vEFT LO potential:

1 g4 o1-qoy-¢
2m )3 4FZ2 g + _-“lf;';’

Vie =— (

q=p'—p
vEFT NLO potential:

48¢4ma
4m2 +q?

1 Fmiams
(2m)3 38472 F !

L‘{q}( [1”2*(’1—51'(73(12)
e Cy . C.

VLo = L‘i(q) {4??1';1(59;}1 — 494 — 1)+ q?%(23¢g% — 103 — 1) +

2 k! 2

N (27)3 k)

Cq _— C-
C ( ]

(@m0

—k2_|_(

Fay

@y

)-qx k+ k- ok o,

k=3(p'+p)




NN t-matrix: UL AR L e 1/t C;f”tﬁ”t

6

A — fomf(p p) w (0'1 g2, I)"‘.P)
j=1

5
Vit — Z -f_-;;'mf (p"*_ p) w; (0'1«_ a9, p;? p)
1=1

6 6
Zf_’}’“"(p’.1)'JW_3{1)',p} = Z “”l‘p p)w;(p".p)
j=1 i=1

A

+2 ,tfllln Z / dp n k

I;[

IRAWE AT I fo \
‘pl.p")Wir(p'.p )t (P P) WP, P)

9
!‘J" e - j.l”"




Project with w, from the left
and perform the trace in NN spin space

> A )t (e p) = Z A (0" p)ef™ (p', p)
7 7
(p'.p")Go(p") 5 (", p) Bijj»(p’. p". p)

U functions arxe scalarx !

A (p'.p) = 'Tr('u.’z;(mq.o’zsp’q.p) 'f-f--'j(mﬁazq.p'q.p))

H

) = Tl(”’ﬁ:(o'lwg:z«.pfsp) wi(o.0.p".p") wy(oy, 02, p". p))

NN t-matrix consists of 6 coupled eqs of scalar functions




Structure of some of the A, and B

MJ

Ass(p’
14 non-vanishing

148 non-vanishing

Hp' +p")-(p"+p)}°
H(p' +p)-(p+p")}*




Road to Realistic NN Forces

* Work with operator representation of states
— Operators built from spin & position vectors
— Allows to carry out spin algebra analytically
— Relative momenta are contained in scalar coefficient functions

e Deuteron (Fachruddin, Elster, Glckle, PRC 63, 054003 (2001)

L 5

g’}md — |:'f}1 (p) + ((TLE’I P O@Ey P ;p ) 2 (f})] |1'i']‘1{f:}

with ¢1=ﬁU(Q) and ¢, = 432 \/;—ﬂ_d(Q)

and |¥,,|" = qu qz(uz(q)+d2(q))




Fachruddin, Glockle, Elster,
SH and 3He - Nogga PRC 69, 064002 (2004)

U (p,q) = r) P,q) O;[x™)

1=1 ()l
O-
Os
Apply this to-Faddeev equations Oy
outlined inv O

Glockle, Elster, Golak, Skibinski Og
Witala, Kamada, FBS 47, 25 (2010) O

Glockle, Fachruddin, Elster, Golak O.
Skibinski, Witala, EPJ A43, 339 (2010)  ~°

Isospin states: |(04)3),|(L1)3),|(@%)3)

™) = [(0%)dm)







